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Abstract. We give two alternative proofs of the invariance of the Drinfeld pairing under the action of the braid
group. One uses the Shapovalov form, and the other uses a characterization of the universal R-matrix.

1. Introduction

Let U be the quantized enveloping algebra over Q(g) associated to a symmetrizable
generalized Cartan matrix (a;;);, jes. We have the triangular decomposition U = U~ U oy,
where UY is the Cartan part, Ut = (e; | i € I) is the positive part, and U~ = (f; | i € I)
is the negative part of U respectively. In application of the theory of quantized enveloping
algebras to other fields such as mathematical physics and knot theory, the universal R-matrix
plays a crucial role. For example, to each representation of the quantized enveloping algebra
one can construct a knot invariant by specializing the universal R-matrix. Therefore, it is an
important problem to give an explicit description of the universal R-matrix. This problem is
equivalent to giving an explicit description of the Drinfeld pairing T : Ut x U~ — Q(gq),
which is a bilinear form characterized by certain properties, since the universal R-matrix is
defined in terms of 7 (see [1]). On the other hand, the Drinfeld pairing t plays an important
role in many aspects of the representation theory. For example, in the finite case various
properties of representations when ¢ is not a root of 1 are deduced using properties of t (see
for example [2]).

Fori € I, denote by 7; : U — U the algebra automorphism introduced by Lusztig [5]
(in the finite case there is a different definition due to Levendorskii and Soibelman [4]). It is
a lift of the simple reflection of the Weyl group. Let W = (s; | i € I) be the Weyl group. Let
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w € W, and take a reduced expression w = s;, - - - 5;,. Set
e =Tiy - Ty (ei),  fpo =T - Ty (fiy)
fork =1, ..., r. Then there is a well-known formula for the value of
r(e,?,"[ ...egll, f”rr ...fgll) (1.1)

(see [3], [4], [5]). In the finite case {eZ’r’ -~~e211' | m; = 0} (resp. {fgr’ '-'fgl‘ | n; = 0})
forms a basis of U™ (resp. U ™) so that the formula for (1.1) gives an explicit description of

7. A crucial step in the proof of the formula for (1.1) (using Lusztig’s definition of T;) is the
following invariance property;

(7). T () = t(x, y)
xeUTNT;(U), yeU NT;(U)). (1.2)

The original proof of this result in [5] uses lengthy computation concerning certain generating
sets of the algebras U £ N T;(U?) (in the detailed account [2] it occupies whole Chapter 8A).

The aim of this note is to give two shorter proofs of (1.2). The first one relies on a re-
lation between the Drinfeld pairing and the Shapovalov form given in Proposition 5.2 below.
We think Proposition 5.2 is of independent interest. The second one uses a well known char-
acterization of the universal R-matrix. We hope our investigation in this paper concerning
7 including the new proofs of (1.2) will be useful in the future especially in developing the
representation theory of quantized enveloping algebras.

We note that the second proof using the universal R-matrix has been obtained in examin-
ing the comment by H. Yamane suggesting the possibility of another approach along the line
of Levendorskii and Soibelman [4].

2. Quantized enveloping algebras

Assume that we are given a finite-dimensional vector space h over Q and linearly inde-
pendent subsets {£;};es, {@i}ier of b, h* respectively such that ({«, ;)i jer is a symmetriz-
able generalized Cartan matrix. Set

0= Zai, Q" =) Z.oo;.
iel iel
The Weyl group W is the subgroup of GL(h) generated by the involutions s; (i € I) defined
by s;(h) = h — {«;, h)h; for h € h. The contragredient action of W on bh* is given by
siA) = A — (AMhi)a; (1 € I, L € b*). Set E = Ziel Qq;. We can take a W-invariant
symmetric bilinear form

(,):EXE—>Q
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such that w € Z-o forany i € I. Then we have (¢;, aj) € Zfori, j € I. We assume

that we are given a Z-form hz of h such that («;, hz) C Z and t; := wh, € bz for any
iel.Fory =) ,nja € Qsett, =) ;n;t;. Then we have (y, ts) = (y, 8) for y, 8 € Q.
Forn € Z> set
xt—x"

[nl = - Zlx,x7' nlly = [nleln — 1y [1] € ZLx, x 7).

X —Xx"

The quantized enveloping algebra U associated to b, {h;}ics, {ei}ici, (, ), bz is the

associative algebra over F = Q(g) generated by the elements &, ¢;, fi (h € hz,i € I)
satisfying the relations

ko=1, kpkp =kpip (h,h' € bhz), 2.1
kneik—_p = q*Me; (hebz,iel), 2.2)
kn fik—n = g~ f; (hebz,iel), 2.3)
ki — k! .
eifj — fiei =dij—— @i, jel), 2.4
qgi — 4,
Yoo (=D e eje” =0 Gjel i#)), 25)
r+s=1—(a;,h;)
Yo VAR =0 Gjel i#)), 2.6)
r+s=1—(a;,h;)
where k; = k;;, gi = ¢ %%/ fori € I, and efr) = ﬁe{, fl-(r) = [r]l!q,- fl fori €1,

r € L. Fory € Q wesetk, = ki,.
The associative algebra U is endowed with a structure of Hopf algebra by

Atkp) =kn ® ki, Ale)=ei@1+ki®e, A(f)=fi®k'+1fi (27)
etkn) =1, ele) =e(fi) =0, (2.8)
Sk) =k ', Sten) ==k 'ei. S(fi) = —fiki 2.9)
for h € hz,i € I. We will sometimes use Sweedler’s notation for the coproduct;
Aw) = u®uay @el),
(u)
and the iterated coproduct;

Ay (u) = Z”(0)®”’®”(m) wel).
(W)m



888 TOSHIYUKI TANISAKI

Define subalgebras vl ut,u-, UEO’ US0of U by
U= (knlhebz), Ut=(eliel), U =(filiel),
UZ0 = (kn,ei |hebz,icl), US"=(ky fi|hebg,icl).

Then we have

Uoz@Fkh.

hebz
Fory € Q set
Uy ={ueU |kuky' =q""u(hebz)}, UF=U,NU*.
Then we have
Ut=p Ui, .
yeot
It is known that the multiplication of U induces isomorphisms
U=uteUu’eUu-=2U " U'RUT,
v =uteu'zuleut, UzUu @U'z=u'0U-

of vector spaces.
We define an algebra automorphism

:UQU —-URU
by
dweu)=q "uk_s®@u'k_, (y,8€Q, uecl,, u' €Us).
Set

P={eb"| (Abz)CZ}, P ={reP|(Ah)eZlx(icl).

For a (left) U-module V and A € P we set

Vi={veV | kw=qg* " (heby).

(2.10)

A U-module V is said to be integrable if V = @, .p Vi and for any v € V and i € I there
exists some N > 0 such that ef")v = fl-(")v = 0forn = N. For A, € PT define U-modules

Vi(d), V-(=24) by

Vi) =U/< Y UGkn—q™™ +> Uei+) Uﬁ(<x,hi>+1>>’

hebg iel iel
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Vo (=) =U/< Y Utkn—g ™"+ Ufi+ Ue;“’hﬁ“)) :

hebz iel iel

They are known to be irreducible integrable U-modules. For A € P wesetvy =1 € Vi (A),
andv_y =1¢€ V_(—=1).

For U-modules V, V' we regard V ® V' as a U-module via the coproduct A : U —
U®U.IfV and V' are integrable, then sois V ® V'.

The following result follows easily from the proof of [2, Lemma 2.1].

PROPOSITION 2.1. The following conditions on u € U are equivalent to each other:

(@) ue U0 (resp. u € U§0),

(b) for any integrable U-module V and for any A € P* we have u(V ® v;) C V @ vy,
(resp. u(VQ®v_;) CVQu_y),

(c) for any integrable U-module V and for any .. € PT we have u(v; @ V) C v, @ V
(resp. u(v—), ® V) Cv_p ® V).

3. Braid group action

We set
X nn—1)/2
exp, () =) " € Q.
n=0 X

Then we have exp, (y) exp,-1(—=y) = 1.
Fori € I andt € F* we set

0i(t) = exp,, (tq; 'kiei) exp,, (—t 7' f;) exp,, (tqik; " e))

(see [6]). It is regarded as an invertible operator on a integrable U-module. Moreover, for any
integrable U-module V and any A € P we have o; (1) V) = V.. If we are give t; € F* for
each i € I, then the family {o;(#;)};cs satisfies the braid relations. We have

0i(t) = exp,, (tq; "'k e;) exp,, (—1 7 q; k" fi) expy, (tg; " k! T )
= exp,, (—t7'q7" k" fi) exp,, (tq; "k} ei) exp,, (—t g kT )

foranyn € Z.

Hhi(hi+1)/2 4 qi:thi(hi—l)/z

Fori € I we define operators g; on a integrable U-module V

by

hithi+1)/2, _  FAG)G(hi)+D/2 Fhithi=1)/2, qﬁtk(hi)(k(hi)—l)/Zv

i i ’ i - 1
for A € P, v € V,. Then in the notation of [5] we have

T/ _ q_hi(hi"l‘l)/zai (_1) , T// _ q_hi(hi_l)/zai(l) ,

i—1 =49 i—1=4;
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and T/, = (Ti/,/—l)_l’ = (Ti/,—l)_l'
REMARK 3.1. If we extend the base field F = Q(g) to Q(q1/4), we can write

/ P4 7/4

h?/2 —h _ —h
oi(t)=gq;'""exp,(te)q; ' exp, (=t~ fidg; ' exp,,(te;)

h2/2 _ —h?/4 —h?/4 -
=q;"""exp,, (—t7" fi)g; " exp,, (tei)g; ' exp,, (—t 7! fi)

—h7 /4 - —h?/4 h2/2
=exp,, (ten)q; ' expy, (=17 fi)g; T expg (tei)q;
gy a4 Loy 2
= equ,- (_t lﬁ)qi equ[_ (tei)ql' equi (_t lfi)ql' .

In the following we set T; = o; . In the notation of [5] we have T; =

(_ 1)—1q_hi(hi+1)/2
1

T/,. There exists a unique algebra automorphism 7; : U — U such that for any integrable

U-module V we have Tjuv = T;(u)T;v (u € U,v € V). Then we have T;(U,) = Uy, for

y € Q. The action of T; on U is given by

Titkn) = ke, Tier) = —fiki, Ti(f)=—k'es  (hehy),

Tiep= . (=g eVejel” (jeli#)),
r+s=—(a;,h;)

(=Y. 06 Geli#)
r+s=—(a;,h;)

(see [5]). We can easily check that
Q- (iT)=(TQT)- 2. 3.1)

For i € I and integrable U-modules V, V' we define operators Z; : V V' — VQ V’
andR; : VV — V®V by

Zi=exp, ((gi —q; N fi®e), Ri=exp,'(—(qi —q; Nei® fi).
They are invertible with
z7' = PRy,

where P ® y) = y ® x.
The following result is well-known (see [3], [4], [S]).

PROPOSITION 3.2. Let V and V' be integrable U-modules. Then as an operator on
V ® V' we have

=T -Zi=d "(RTH - (0T .
LEMMA 3.3. Foru € U we have

AT )y =27 (17 @ T H(AW)) - Zi, (3.2)
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AT @)=~ (R - (T @ TH(AW) - 7 (Ry) (3.3)
as operators on the tensor product of two integrable U -modules.
PROOF. By Proposition 3.2 we have
AT W) =17 Aw) - T;
=z (17T AW (i@ T) - Zi
=z 17 e T AW) - Zi
and hence (3.2) holds. The proof of (3.3) is similar. |
Using Proposition 3.2 we see easily the following (see [8, Lemma 2.8]).
LEMMA 3.4. We have
ATWUE) cUR T, ATGWUE) cTWw="eU,
AT UE) MUY e U, AT W) cUeTTUE).
LEMMA 3.5. We have
UtNTW) =Ut WY, UTNLWE) =UT NG,
uvrnT ' W) =utnT ' wty, utnT ' wE)=u-nT W),
PROOF. We only show the first formula since the proof of the others are similar.

Letu € UT N T;(UZ°). Let V be an integrable U-module, and let v € V. For A € P+
we have

T wwev) =z T T HAwW) (v @ v)
by (3.2). By Lemma 3.4 we have

Aw) eu®1+U="® <( . UV+> N T,»(Uio)) :

ye0+\{0}
and hence
I ® T AW e T W ® 1+ U @ U0< D U;) .
yeQ™T\{0}

Therefore, we have

T o) =Z (T woev) =T W e v.
Write

') =Y wiky (u, €UY).
hebg,
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Then we have
T @)=Y untknv @ knvy) = Y g¢* My (knv @ vy)
h h
= Zq“’muhkhv ® vy,
h
Tl._l(u)v R vy = Zuhkhv ® vy,

h

and hence Zhebz(qo"m — DupV = {0} for any integrable U-module V. By [5, 3.5.4] we

obtain Zhehz (g*" — 1uy = 0 for any A € P*. From this we see easily that u;, = 0 for
any h # 0. O

By Lemmas 3.4 and 3.5 we obtain

AUTNT,WUH) cUZ @ W NTWH), (34)
AUTNT,WU) CWU NTU ) U, (3.5)
AUTNT U cwtnT T Ut e U0, (3.6)
AU NT' W) cU U nT ' (W)U, 3.7)

4. Drinfeld pairing

Set
=@PFk, cv’, 0=2"=0*, U="=0".
yeQ
The Drinfeld pairing is the bilinear form
J >O ® Ué — F

characterized by the following properties:

T, y1y2) = (T @ D(AR), y1 ® 1) (x € U2 y1, 12 € U0, @.1)
T(x1x2,y) = (T @ T)(x2 @ x1, A(y)) (1,12 € U0,y € U2, (4.2)
T(ky. ks) =g~ (y.6€0), (4.3)
ter fj) = —8ij(qi —q; )™ G.jel, (4.4)
t(ei, ky) =t(ky, fi) =0 iel,yeQ). “4.5)

It satisfies the following properties:

t(xky, yks) = T (x, y)g =P (xeUt, yeU ,y,8€0), (4.6)
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(U, UZy) = {0} (y.8€ Q% y #9), 4.7)

T|Uy+xU* is non-degenerate (y e 1), 4.8)
-V

T(Sx, Sy) = t(x, y) (x e U020,y e =9, (4.9)

Moreover, for x € Uzo, y € U= we have

xy = Z T(x(0), Y0)T(X2), SY2)Y1)X(1) (4.10)
(x)2,(»)2
yx = Z T(Sx(0), Y0)T(X2), Y2)X(1)Y(1) (4.11)

(*)2,(»)2

(see [7]).
For the sake of completeness we include proofs of several well-known facts concerning

LEMMA 4.1 (see Proposition 38.1.6 of [5]). We have
UtNTUN) ={ueU" |t U fi) ={0}},
UTNTi(U ) ={ueU” | t(U e, u) ={0}},
UrnT T U ={u e U | t, ;U7) = {0}),
U NT N U)={ueU |t(eUt, u)=1{0}}.
PROOF. We only show the first formula since the proof of the others are similar.
Assume u e UT NT;(UT). ByUTNT;(U") C D, cotns 0 U;r and (4.7) we have
t(UTNT;(U"), f;) = 0. Hence by (3.4) we obtain
T, U™ fi) =Y t(u), Ut fi) = {0}.
(u)

Assume u € U™ satisfies 7(u, U™ f;) = {0}. We have only to show Ti_l(u) e U0, By
Proposition 2.1 it is sufficient to show that for any integrable U-module V and any » € P*
we have

7' w)(Veuv) CVeu. 4.12)
We first show
Aw) c U2 ® ( b u). 4.13)
yeOM\Z.oa;

For r > 0 define u, € UT by

A(u)eZu,k{®6f+ljzo®< @ Uf

r>0 y€0M\Z-ou;
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Then for y € U™, m > 0 we have
O=t(u,yf") = Zt(u(o), Ty, ) = tunk", y)eie, M)
(u)
= T(uma }’)T(elm, f‘lm) .

By t(e!", f") # 0 we obtain u,, = 0 for any m > 0. We have verified (4.13).

On the other hand by U} " C 377, fFU°U;_,, wehave

y—ra;
melsy, yeQ \Zxu = U f"vi ={0}. (4.14)
Now we can show (4.12). By (3.2) we have
T vV @u) =27 (17 @ T HAw)(V © Tivy)
=z7\ 1 e T Haww @ fH"
By (4.13), (4.14) we have
(hi)

(Ahi) Ah)

AWV M) =we v e M) cve f,

and hence
Twyven) cz ' e T My =z ven) = Ve .
O

LEMMA 4.2 (see Lemma 38.1.2 of [5]). The multiplication of U induces isomor-
phisms
Ut =Fle]® U NI (W0H) = 0N T (U) @ Flei]
UT=FIfleU- NI U )) =W ni (U7) @FIf].
PROOF. We only show Ut = F[e;]® (UT N T;(U™T)) since other formulas are proved
similarly. The injectivity of Fle;] ® (UT N T;(UT)) — U™ follows from Y‘i_l(F[ei]) ®
Tl._1 (UTNT;(UT)) c US"Q U™ = U. Hence it is sufficient to show that for any y € Q we

have
dimU}; =) " dimU;,,, NTUY)).
r=0
For § € Q we have dim(UZ; N U~ f;) = dimU_;_,, = dimU;" , , and hence dim(U3" N
T;(U") =dimU” —dim U;" , by Lemma 4.1, (4.7), (4.8). It follows that

> dim(Uy mT(Uﬂ)—Z(dlmUy Loy —dimUS ) = dimUY
rzo rZO
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since dim U, = 0 for r > 0. 0

LEMMA 4.3 (see Proposition 38.2.30f [5]). (i) For x € UT N T;(U"), y «
U NT;(U),m,n e Z;O we have

t(xel’, yf")y = t(x, y)r (e, f).
(i) Forx e Ut NT7'(UY),y e U~ NI (U7), m,n € Z, we have

(e x, fi'y) =1, »Tle”, ).

PROOF. We only show (i) since (ii) is proved similarly. For x ¢ UT N T;(UT), y €
U NTi(U ), m,ne Zgo we have

t(xe!, yfi') =@ @ v)(ef" @ x, A(yf"))

=@ ®x, Y Y0l ® ynki™)
)

= Z (e, yo) fi)T(x, yyk; ™)
)

=D @@ D)(AE", yo) ® f)Tlx, 1)
o

=Y Tk, vt [T, yay) = T(ef, [T, ).
»

Here, the second identity follows from Lemma 4.1, and the fifth identity is a consequence of
(3.5) and Lemma 4.1. The statement (i) is proved. ]
5. Invariance

5.1. Mainresult. The purpose of this note is to give two simple proofs of the follow-
ing fact.

THEOREM 5.1 (see Proposition 38.2.10f [5]). Forx € UT NT;(U%),y ¢ U™ N
T; (U™) we have

(17 @, T O =t )
5.2. The first proof. By the triangular decomposition U = U~ ® U’ ® U+ we have
U ={(U NKer(e)U + UWU' NKer(e)} @ U°.
We define a linear map
p:U— Ul

as the projection with respect to this direct sum decomposition. The following fact is crucial.
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PROPOSITION 5.2 (see Proposition 19.3.7 of [5]). Lety € Q%, and let x € Uj, y €

U __V. Assume

A ex®l+ Y U @US
seX

for X € Q7 \ {0}. Then we have

pxy) € k—y (r(x, v+ ZF/«M) :

seX

PROOF. Writing

A)=) xks, ®x, (6 € Q" x, €U x/ € UTy),
r

AW =) 3 ®kyy,  (neQb yeUs, .y eU,_ )
N

we have

Ao(x) €D xjks, ® ks, ® x, + UZ' @ UOUT NKer(e) @ U,
r

20 €D s ®koy, ®k_yy, + U™ ® (U™ NKer(e)U’ @ UZC.
N

Hence by (4.6), (4.7), (4.10) we have

pay)= Y (ks )T, Skoy, y))ks, —y,
5r+}/s:V

= k_y< Y Tyl S(y;»kza,.) :
S +ys=y
from which we easily obtain our desired result. O

Now let us give our first proof of Theorem 5.1. We may assume x € U N T;(U™),
yeU_, NT;(U7) for y € QT. By Proposition 5.2 it is sufficient to show

p(T;l(xm‘l(y))ek_si(y)<r(x,y>+ > sza)-
8e0™\{0)

By (3.4), (3.5) we can write

AX) =) xlks, @xr, AW =Dy @k,
r )
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where 8, ys € QT N5 Q% x, € U NTi(UT), x] € U 5,y € UZ, NTH(U7), y; €

U Furthermore, by (3.4), (3.5) and Lemma 4.2 we can write

__(V_)/s).
A € > e ks, oy ® xem + UZUT NT;(UH) NKer(e) @ U

m=>0

A €Y Yon ® k—(ymnap [ + U~ ® (U™ NT;(UT) NKer(e) U=’
n=0

where x,,, € U(;t NT; (U, ysn € U —nay N Ti(U7). Then we have

—muo;

Ao(x) = Y xlks, ® €™ ks, oy ® Xpm € U @ UZOWUT NT(UY) NKer(e)) @ U,

r.m

2500 =Y Yon @ kyyna £ ® k¥l € U @ (U™ NT;(UT) NKer(e)) U= @ U,

s,n

Hence by (4.6), (4.7), (4.10) we obtain

Xy — Z r(x;, Ysm)T (Xrm, S(y;))k—(ys—ma,-)fi(m)ei(m)kér—mai
V.€+5r:y_mai
e (U™ NT;(U)NKer(e)U +UUTNT;(UT) NKer(e)). 5.1
In particular, we have
pay) = D T ys0)T (0. SOk 125, -
Vs+5r:y
and hence

T, = Y T, ys0)T (X0, SOL) (5.2)
Ys=v,8r=0

by Proposition 5.2. Next we apply Tl._1 to (5.1). We can easily check that

T (™M™ = ™ f™ ¢ [ﬂ + U NKer(e)) + (U™ NKer(e)U ,
where
[“]- LR
mn r=1 q{ —d; ’
It follows that

_ ki
T — Y T Yem) T K, SG)) [m} Ksi(6,—y2)
Ys+8, =y —ma;
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e UWUT NKer(s)) + (U™ NKer(e))U ,
and hence
_ ki
T ey = Y TGy TGm, SO)) M sy~ -
Vs+6r=y —ma;
Note

k.
I:n;:| S k—m(x,- <F>< + ZFkme,-) .

n>0
If ys 4+ 8, = y — ma;, then we have
$i(6r — ys) —mo; = —s;y + 25;(8, — ma;) .

Recall that x,, € U(;:—ma,« N T;(UT). Hence if x,,, # 0, then s; (8, — ma;) € OF. Moreover,
by 8, € 0T Ns; O, 8, — ma; = 0 happens only if §, = 0 and m = 0. It follows that

p(Ti_l(Xy))ek—siy< Yot 0T SO+ Y sza)

8 =0,ys=y 3e0\{0}

=k gy (r(x, LESEDY sza)

8e0™\{0}
5.3. The second proof. For each y € QT we denote by ®, € US ® UZ, the
canonical element of the non-degenerate bilinear form T|Uy+xU* . Namely, for bases {x;},
-V

by (5.2). The proof is complete.

{yj}of U}T, UZ,, respectively such that 7 (x;, yx) = 8k we set @), = Zj x;®y;. Weregard
the infinite sum

yeQt
as an operator on the tensor product of two integrable U-modules. For u € U we set
Al(u) = P(A®u)),
where P(u; ® uz) = uz ® uj. The following fact is crucial.
PROPOSITION 5.3 (see Theorem 4.1.2 of [5]). We have
Awu)-0 =0 -(@(Aw)) wel). 54

Moreover, the family ©, € U;“ QUZ, (v € O™) is uniquely determined by the equation
(5.4).
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Let us give our second proof of Theorem 5.1.
Define a bilinear form
T:UtxU —F
by
Tel" yff) = (7 ), T e, £
forx e UrNTi(U"),y e U NT;(U7), m,n € L (see Lemma 4.2). Then it is sufficient
to show T|y+y - = 7 in view of Lemma 4.3. For y € Q™ let @y be the canonical element
of f|U;fo:y, and set @ = ZV€Q+ @y. Since t|y+xy- and T are uniquely determined

by @ and O respectively, it is sufficient to show ® = @. Moreover, by the uniqueness in
Proposition 5.3 this is equivalent to

Aw)-0=0- -d(Aw)) wel). (5.5)

For y € QF N 5(Q") let ®, and ©; be the canonical elements of

Tl(U,Tﬂ]}(U*))x(U:Vﬂﬂ(U*)) and r|(UV+QT;1(U+))X(U:V0T;1(U_)) respectively, and set @' =
> yeotnsioh @y and O =37 5in o+ Oy By Lemma4.3 and the formula

n(n—1)/2
r(em, fn) = Smnl_i[n]!qi
o (g7 —q)n
we have
©=0"R =R -0", 6=T0T)O") R;. (5.6)
It follows that

Aw)-0=4A"w-(T; @ TH(O") - R;
= (T TH((T ' @ T, (A ) - ©") - R;
=(T; @ TH(R" - AT (w)) - Ri©®") - R
= TR - AT W) - ©) - R
=(T; ® T)(R7'O - & (AT w)))) - Ri
=(T; ® T)(O" - O(AT] ' (w)))) - Ri

OR - (T; @ TH(®(AT () - R;

=OR - O((T; @ AT W) - R;

=60 0@ "(R)™ (T ® THAT; ' w))) - &7 (R))
=6 - d(A))
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by (3.1), (3.2), (3.3), (5.6). We have proved (5.5), and hence our second proof of Theorem 5.1
is complete.

tion.
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