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MULTIPLICATIVE SK INVARIANTS
ON Z,-MANIFOLDS WITH BOUNDARY

TAMIO HARA

ABSTRACT. Let Z,, be the cyclic group of order n. In this
paper, we study a map T for Z,-manifolds with boundary
which takes values in the ring Z and is additive with respect
to the disjoint union of Z,-manifolds. We call T a Z,,-SK in-
variant if it is invariant under Z,-cuttings and pastings. Then

T induces an additive homomorphism 7T : SK*Z'" (pt, pt) — Z,

where SKZ» (pt, pt) is a cutting and pasting group (SK group)
of all Z,,-manifolds. First we obtain a basis of a free Z-module
Zy™ of all these invariants by using the Euler characteristic
X of manifolds with boundary. As a result, we determine the

class of all multiplicative invariants, which includes xZs (and
X%s) in particular.

Introduction. Let G be a finite abelian group. Throughout
this paper, by a G-manifold we mean an unoriented compact smooth
manifold (which may have boundary) with smooth G-action. In [2]
and [3], we have studied an equivariant cutting and pasting theory
(SK theory) SK&(pt,pt) based on G-manifolds by using the notion
of G-slice types. We now consider a map T for G-manifolds which
takes values in the ring Z of rational integers and is additive with
respect to the disjoint union of G-manifolds. We call T a G-SK
invariant if it is invariant under G-cuttings and pastings. Furthermore,
such T is said to be multiplicative if T(M x N) = T(M)T(N) for
any G-manifolds M and N. Let X(M) = X(M) — X(0M) for a
pair (M,0M) of G-manifold and its boundary, where X is the Euler
characteristic. Then X and X are multiplicative G-SK invariants for
any subgroup H of G, where X" (M) = X(MH), x* (M) = x(M*) and
M" = {z € M | hx =z for any h € H}.

The main object of this paper is to study such kind of invariants when
G is the cyclic group Z,, of order n, n > 1. Here Z; is the trivial group

{1}.
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For the purpose, we define in Section 1 an SK group SK&[F,F]
obtained by G-manifolds of type F, where F is a family of G-slice types.
In particular, we have SK&(pt,pt) = SKC[F,F] if F is the family
St(G) of all G-slice types. When G = Z,, there is a total ordering
on St(Z,) which gives a basis of SKZ=(pt,pt) as a free SK,-module,
where SK, is the polynomial ring Z[«a] with generator « represented
by the real projective plane RP2.

We may consider a Z,-SK invariant T to be an additive homomor-
phism T : SKZ=(pt,pt) — Z. From this point of view, in Section 2 we
have a basis of a Z-module Z%» consisting of all these invariants by using
the characteristic X (Theorem 2.7). As a result, we see that an element
[M] in SKZ~(pt,pt) is determined by the class {X(M,) | o € St(Z,)}
where each M, is the invariant submanifold of M with slice type con-
tained in o (Proposition 2.9). Further we mention some relations among
Z,-SK invariants (Proposition 2.10). At the end of this section, we
present a multiplicative structure on SK?Z»(pt,pt) given by the carte-
sian product M x N of Z,-manifolds M and N (Proposition 2.12).

In Section 3, we study a multiplicative invariant which may be
considered as a ring homomorphism 7 : SKZ~(pt,pt) — Z. Such T
is said to be of type (s) if T(Zy,/Z;) = 0 for each 0-dimensional Z,,-
manifolds Z,/Z; with 1 <t < s and T(Z,/Z,) # 0. For example, X**
and X% are of type (s). In this case, we see that T is determined by
the values on the unit disk D', with trivial action, and Z,-manifolds
Z,, xz, D(V;) where {V;} is a complete set of nontrivial irreducible
Z,-modules and {D(V;)} are the associated disks (Theorem 3.10). As
an application, we study mod p multiplicative invariants on Zs or Zs-
manifolds, where p is a prime integer (Proposition 3.19).

1. Preliminaries. Let M* be a k-dimensional smooth G-manifold
with boundary OM and let (L,0L) C (M,9M) be a submanifold which
satisfies the following properties:

(1) (L,0L) is a G-invariant codimension 1 submanifold of (M, 0M).
Here we admit the case 0L = @ and OM # @, and

(2) the normal bundle of (L,0L) in (M,0M) is G-equivalent to the
trivial bundle (L, L) x R with trivial action of G' on the set R of real
numbers.
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We assume that L separates M, that is, M = N; U Ny (pasting
along the common parts L) for some G-invariant submanifolds N; of
codimension zero. It is no gain in generality to drop this condition,
since the union of L with a second copy of L, suitably embedded near
L, will separate M.

Definition 1.1. Let M; and M5 be k-dimensional G-manifolds. We
say that M; and M, are obtained from each other by a G-equivariant
cutting and pasting if M; has been obtained from M, by the step
as mentioned above, that is, M; = N;j Ug Ny and My = Nj Uy No
pasting along the common parts L C M; by some G-diffeomorphisms
o, : L — L,i=1,2.

If H is a subgroup of G, then an H-module is a finite dimensional
real vector space together with a linear action of H on it. If M is
a G-manifold and x € M, then there is a G -module U, which is
equivariantly diffeomorphic to a G -neighborhood of x, where G, =
{g € G | gx =z} is the isotropy subgroup at z. This module U,
decomposes as U, = RP @ V, where G, acts trivially on RP and
VG = {0}. We refer to the pair [G,;V,] as the slice type of z € M.
By a G-slice type, we mean a pair [H;V] of a subgroup H and an
H-module V such that V# = {0} in general. A family F of G-slice
types is a collection of G-slice types satisfying the condition that if
[H;V] € F and « € G xg V then the slice type [G,; V;] of = belongs
to F.

Definition 1.2. Let F be a family of G-slice types. Let M; and
Ms be k-dimensional G-manifolds of type F, that is, [G,;V,] € F
for each x € M;. We say that M; and Ms are G-SK equivalent if
M; can be obtained from Ms by a finite sequence of G-equivariant
cuttings and pastings. This is an equivalence relation on the set of k-
dimensional G-manifolds of type F. The set of all equivalence classes
/\/lkc[]:, F] forms an abelian semigroup if we use disjoint union as
addition. The class containing the G-manifold M is denoted by [M].
We define by SKZ[F, F] the Grothendieck group of this semigroup.
By defining SKE[F, F| = @, -q SKF[F,F] we have a graded SK,-
module with multiplication given by cartesian product of manifolds.
When F = St(G), we write SKE[F,F] = SK&(pt,pt). In case G is
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the trivial group {1}, SK,;{l}(pt,pt) is the theory SK.(pt,pt) studied
in [6].

In general, let SK, (X, X) be an SK theory for singular manifolds in
arcwise connected space X. Further, let X(M) = x(M) — x(0M) be
a characteristic of a pair (M,9M), cf. [1, Chap. V, Proposition 5.7].
If dim (M) = k is odd, then X(OM) = 2X(M) by applying X to the
double DM = M U M. Hence X = (—1)¥X for any k > 0. It is easy to
see that X is invariant under cuttings and pastings. We then have the
following lemma.

Lemma 1.3 (cf. [6, Theorem 1.2] and [3, Lemma 1.10]). For any
kE>0,X=(-1kx:SKi(X,X) = SKy(pt,pt) = Z, and SK(X, X)
is generated by [D¥;*] where D¥ is the k-disk and x; D¥ — X is the
constant map. Further SK,(X,X) = @~ SKi(X,X) is a free SK,-
module with basis [D°; %] and [D*; ).

Example 1.4. We see that [D?] = « in SKy(pt,pt) by the above
lemma. This is also obtained by an SK process as follows. Put N; =
A74+Bi, 1= 1,2, where A1 = D2, Bl = [a,b] X Sl, A2 = [—1, 1] XZo Sl
and By = [b,c] x S*, a < b < c. We further consider L = L’ 4+ L” where
L' =8 =0A; and L” = {b} x S' C B;. Let ¢ and v : L — L be
identifications:

¢0: A1 DL —L CAy, BiDL'—L"CB,,
w:AlDL/_)LHCBQ, BlDLIIHLICAQ.

Then
Ny Ug Ny = RP? +[a,] x S* and Ny Uy, Ny = D? + [~1,1] xz, S*.

Therefore, we have the equality since [S1] = 0 and [[-1,1] xz, S1]] =
[-1,1]][RPY =0 in SK.(pt,pt), cf. [4, Lemma 1.5 (i) and (ii)].

Let p = [H; V] be a G-slice type, then a G-vector bundle E over a
G-manifold N is said to be of type p if the set of points in F having slice
type p is precisely N. For example, the bundles  : GxgV — G/H and
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n:GxyVxD' — G/HxD?" are of type p. We denote by SK|p, p] the
SK group resulting from equivariant cuttings and pastings of G-vector
bundles of type p. Then we have that SK|p, p] = SK.(BT(p), BT'(p))
for some space BT'(p), cf. [7, Corollaries 1.5.3 and 2.2]. Further, let
(F,F,) be a pair of families of G-slice types such that F — Fy = {p},
p = [H;V]. If M is a G-manifold of type F, then the set M, of all
points in z € M having slice type p is a G-submanifold of M, cf. [4,
p. 37]. We see that a normal bundle v(M,) of M, in M is of type p.
With these notations, we have the following proposition from Lemma
1.3 and [3, Theorem 1.12].

Proposition 1.5. SK%p, p] is a free SK.-module with basis [] and
[7]. Further, the sequence

(15.1)  0— SKE[Fy, Fo] 2 SKC[F,F| 2 SKC[p, p] — 0

is a split exact sequence, where i, is induced by the inclusion Fo C F
and v([M]) = [v(M,)]. A splitting map s to v is defined by s([n]) =
[G xg D(V)] and s([n]) =[G xg D(V x R)].

Let G = Z, be the cyclic group of order n for the remainder of
this paper. Here Z; = {1}. The nontrivial irreducible Zys-modules
are Vp, V1, -+, Vs_1 where V) = R with a generator of Zys acting by
multiplication by —1, while Vj, j > 1, is the set C of complex numbers
with a generator of Zss acting by multiplication by exp (2mij/2s),
i = v/—1. On the other hand, the nontrivial irreducible Zs+1-modules
are Vi, Vs, -+, V; where V; = C with a generator of Zy:, 1 acting by
multiplication by exp (27ij/2t + 1). Then the Z,-slice types are of the
forms:

o2 (A) = a(a(0),a(l),--- ,a(s — 1))
= [2255 H ija(j)} )
o H(B) = a(b(1),b(2),- -+, b(t))

= [ZQtJrl; 1T V}b(j)},
J
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where s > 1 and ¢ > 0 with 2s|n, 2t + 1|n, i.e., 2s, 2t + 1 are divisors
of n, and A = (a(0),---,a(s—1)), B = (b(1),---,b(t)) are sequences
of nonnegative integers. If t = 0 then by o' (B) we mean [1;0] which is
also denoted by o_1, cf. [7; 4.8.2].

Let |02*(A)] = a(0) +2 7,5, a(j) or [0* 1 (B)| = 237, b(j) be the
dimension of 02*(A) or **1(B), respectively. We give a total ordering
on the family St(Z,,) as follows:

(1) o1 < o(A) for all o*(A) with k > 2.

(2) o*(A) < o'(B) if [o*(A)] < |o'(B)].
(3) Suppose that |0*(A)| = |o!(B)], then o*(A) < o!(B) if k < L.
(4) Suppose that |oF(A)| = |o!(B )\ and k = [, then o*(A) < o*(B)

if VA = IL v ) < yB = I, V ) in the ordering of Zj-modules
induced lexicographically from an ordering in the Zog-modules: Vy <
Vi <+ < Vi1 or the Zg;yi-modules: Vi < --- <V, cf. [7, p. 29].

Definition 1.6. Let V be a Z;-module and s (> 1) be an integer with
s[t. Then V denotes the Z;-module induced by the natural inclusion

Z; C Z;. For any slice type o' = [Zy;[]; Vja(j)], we define a slice
type 7° = [Zs; NT([]; V?(j))] where NT'(—) is the nontrivial part of a
Z.-module. Note that ' = o_;.

(1L7) Tt ot = a(a(0),a(l),- - a(((t — 1)/2])) then 7* = a(b(0),b(1),
,0([(s —1)/2])), s > 1, is expressed as follows (here a(0) or b(0) is
excluded if ¢ or s is odd, respectively).

(1.7.1) If t = s(2q), then

=23 (2k—1 )

1<k<q

b(i) =a(i)+ > (a(sk — i)+ a(sk + 1)) + a(sq — i),

1<k<q-—1

1§i§{5_1}

2
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(1.7.2) Ift=s(2q+ 1), then

Mm:a@y+2§:c(@k—mg)

1<k<q

b(i) = a(i) + Y (a(sk—i)+a(sk+i), 1<i< [8_1]

2
1<k<q

(1.8) For each case, we define a subset P(s|t;i) of P(t) = {0,1,

5} if tis even, or {1,--- ,[552]} if ¢ is odd as follows:

(1.8.1) If t = s(2q), then

P(s|t;0) = {(2/<:— 1)%‘ 1<k< q} if s is even, or @ if s is odd,
P(slt;i) ={i} U{sk —i,sk+i| 1 <k <q—1}U{sq—i},

s—1
1<i< {————}.
SiS |

(1.8.2) Ift=s(2g+1), then

P(s|t:0) = {0} U {(Zk— 1) %’ 1<k< q} if s is even, or @ if s is odd,

-1
P(slt;i) = {i} U{sk —i,sk+il 1Sk <q}, 1<i<[>o=]
Further set P(s|t; —1) = P(t)\ U;>0 P(s]t; i) for each case. Then P(t)
is a disjoint union of these P(s|t;7), ¢ > —1. Note that 0 € P(s|t;0)
only if (s,t) satisfies (1.7.2), s even.

Then we see that

a(0) + 2 Z a(j) in case (1.7.1)
jeP(s|t;—1)\{0}

2 Z a(y) in case (1.7.2).

JEP(s]t;—1)

(1.9) o' = I7°] =

Let us consider a Z;-disk D(ct) = D(V) for o = [Z; V]. Since D(o?)
has slice types {7°] 1 < s < ¢, s|t} from Definition 1.6, it is clear that
each point z € D(c')?% has a slice type o* for some u with s < u < t,
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slult. Further D(0")%s = D(o(a(0)’,-- -, a([*5])')) where a(j)’ = a(y)
when j € P(s|t;—1) or 0 when j ¢ P(s|t;—1) from (1.7) and (1.8).
Hence we have the following lemma from (1.9).

Lemma 1.10. D(c!)% is a Z;-invariant disk DI°'|=17°1 in D(c")
with slice types {T*; s|u|t}.

We see that 0 < o! since s < t and [7°| < |o*|. From now on, we
denote the ordering @° < o! by @° < o instead in this particular case.

Rename the Z,,-slice types: 01 =pg < p1 < -+ < pm < Pmt1 < -+
by using the ordering on the family St(Z,) and let F,, be defined
by Fm = {pm|0 < i < m} for each m > 0. Then the ordering <
ensures that each F,, is a family of Z,-slice types. If m is sufficiently
large compared with &, SK,CZ” [Fons Fn] = SK,CZ” (pt, pt). Hence we have
SKZn(pt,pt) = ®m>0SKZ" [pm, pm] from the exact sequences (1.5.1)
when (F, Fy) = (Fm, Fim—1), and obtain the following proposition.

Proposition 1.11 (cf. [3, Proposition 1.13]). SKZ~(pt,pt) is a
free SK,-module with basis B = {xys,%s|0° € St(Zy,)} where xys =
[Z,, Xz, D(c%)] and Tys = [Zy, Xz, D(c® x R)].

2. Z,-SK invariants.

Definition 2.1. For any Z,-manifold M and o = ¢° € St(Z,,), we
define M, to be the set consisting of x € M whose slice type 0, = ¢
or o, >0, le, 0, =0.

Remark 2.2. Note that if 0% # ¢’ then My N Mys = @ and
M?Zs = U,-M,.. We see that each M, is an invariant submanifold
of M as follows. For any © € My, let (Zy,), = Z; for some s <t <n
with s|t|n, and let U, = R? @ V, denote a Z;-invariant neighborhood
of x in M where o, = [Z;V,] is the slice type of x. Note that
UZ: = RP @ V% is a Zsneighborhood (chart) of = in M%:, cf. [4,
p. 37] and [5, Theorem 4.14]. Here we have V.2 = R? x {0} in V,
where g = |0,| —|o®|, and every point y € V,Z* has a slice type o, such
that oy = 0® from Lemma 1.10. This implies that Ust C M,s and it
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is also a chart of M,s as an invariant submanifold of M. We note that
dim (Mys) = p+q = dim (M) — |5|. Tt is clear that d(M,s) = (OM) s
by using a Z,-collar. Further, it follows from the definition that an
equivariant SK process on M induces the one on M,s.

Remark 2.3.
(i) If c = 0_1, then M,_, = M since 0_1 =< ¢ for all o*.

(ii) If 0°(0) = 0*(0, -+ ,0), then M,: (o) is the components of M%:
with dimM,: gy = dim M — [0*(0)| = dim M.

Example 2.4. Let M = Z, xz, D(0) for 0 = ¢'. Then M, =
Z, %z, D(0)% if s|t, 7 = 7° < 0, or M, = @ otherwise. Therefore, we
have that

n

[Mz] = 5 [Dle1=11]
%aw—\a)m[pq if |o| = || (mod 2)
%a(\a\—\ﬁ\—l)ﬂ[pl] if o] = 7| +1 (mod 2)

in SK.(pt,pt) from Example 1.4 and Lemma 1.10.
We now define a Z,-SK invariant.

Definition 2.5. Let T be a map for k-dimensional Z,-manifolds,
which is assumed to take values in Z and to be additive with respect to
disjoint union +, that is, if M = My+M, then T'(M) = T(M,)+T(M>).
We call T a Z,,-SK invariant if (N7 Uy Na) = T(N7 Uy, N3) for any
Z,-diffeomorphisms ¢,v : L. — L in Definition 1.1. Thus T induces
an additive homomorphism T : SK kz (pt,pt) — Z. The set Ikz of all
these invariants T is a Z-module under the natural addition.

Example 2.6. For each o € St(Z,), the map X, defined by
Xo(M) = X(M,) is invariant, cf. Remark 2.2. On the other hand,
X%* mentioned in the introduction is also invariant for each s with s|n.
We note that X,_, = X% = X, cf. Remark 2.3 (i). By considering X
instead of X, we have other invariants X, and X%:.
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Let S° be the set consisting of all o® € St(Z,,).

Theorem 2.7. For each k > 0, the class {6, }:

-tes ¥ o)

TeSt o<1

s a basis of Ikz" as a free Z-module, where o € §%, s > 1, s|n, with
|o| < k and ¢ is the Euler phi-function.

We have obtained the result when n = 2 or 4, cf. [3, Propositions 2.3
and 2.4].

Proof. For each o € St(Z,), let g, : SKZ(pt,pt) — SK._|s|(pt, pt)
be a map given by g,([M]) = [M,] and let us define a map f, by

ery)  fo=(er Y e(L)D ).
TES o<T

We now recall the basis elements in Proposition 1.11. The values
for(z5) which do not vanish are as follows:

fo_, =[D"] » on To_, = [Zy],
.12) fr = all” 7DD
£y = alloe®I=71=0/2[p1]
fos = [DY) on Zys,
where 5 < 0°, 57 < 0 with 1 <i,j < s, i|s, j|s and |[7°| = 67|+ 1 =

|o*| (mod 2). Note that ' = o_; and |o_;| = 0. For example,

(o) = (g + Y () D7 g ()

iluls,i<u
A
iluls

— ol 1=D/2 [ poy
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from Example 2.4 and the equality }_,,, ¢(u/t) = s/i. The values on

the elements 7, are given by f,/(Z,) = [D']fs(2,). Thus {f,} are
maps

(2.7.3) fo : SKZ»(pt,pt) — SK._ |, (pt,pt)
of degree —|o| from (2.7.2), which give an SK,-homomorphism
(2.7.4) fo = ®mfo : SKZ(pt,pt) — L = SmSK._p,.|(pt,pt),

where St(Z,) = {pm|m > 0}. Let C,, = {[D"],[D']} be the basis of
mth copy of SK,(pt,pt) in L. Then we can give a total ordering of the
basis B = {z,,,,Z,, |m > 0} or B’ = U;,>0Cy, of L naturally by using
that of St(Z,), x,,, <Z,, and [D°] < [D']. From (2.7.2), we see that
f+« is an isomorphism since the matrix relative to the ordered basis B
and B’ is triangular with components 1 on the diagonal. Therefore,
from Lemma 1.3, any T is factorized as

z - ®nX p”
(2.7.5) T:S8K; ™ (pt, pt) = EBmSKk,|pm‘(pt,pt) = 9,4 — 7
for some T', where the direct sum is taken over all p,, € St(Z,)
such that [p,| < k. Hence we have T = " T'(1,,)0,, where
(®mX)o f = @b, and 1,, = 1 in the copy of Z in ®,,Z corresponding
to pm. This completes the proof. |

Corollary 2.8. Let M be a k-dimensional Z,-manifold such that
Xo(M) =0 (or Xo(M) = 0) for all 0 € St(Z,,) with |o| < k. Then
T(M) =0 for any Z,-SK invariant.

By using the isomorphism &6, in (2.7.5), we have the following
propositions.

Proposition 2.9. Let [M;] and [My] be elements in SKZ(pt, pt).
Then [M;] = [Ma)] if and only if Xo(M1) = Xo(Ma2) (or Xo(M7) =
Xo (M) for all o € St(Z,,) with |o| < k.

Proposition 2.10. For each integer q (> 2), let K(q) be a submodule
of T%» = ", IF" consisting of invariants T such that T(M) = 0
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(mod q) for all Z,-manifolds M. Then K(q) is generated by the class
{q0|c € St(Z,)}.

Example 2.11. (i) Divide §* as 8" = & U S where St consists
of all o' = o(a(0),a(1),---) with a(0); even and S consists of ol =
o(a(0) +1,a(1),---) for any o' € Si. Then, if 0 = 0° € §; then

e Y ()X v 3 W)

(2111) s<t<n,s|t|n TSt o<T T ESE o<T,
=0 (mod ﬁ)
s
from Theorem 2.7 since |o| = |7| =0, |7«| =1 (mod 2). Here we note

that X(M,) = (—=1)3mM=I7Ix(M,) for any 7 € S* and Z,-manifolds
M, cf. Lemma 1.3 and Remark 2.2. Hence X, (M) = (—1)3mMy_ (M)
if 7 € St and X, (M) = (=1)3mM+1yx_ (M). Therefore, we have

12 v+ Yoo X ot Y x)

s<t<n,s|t|n TEST,0<T T ESh,o<T,

=0 (mod %)

from 2.11.1. Now let MZs (or M%) be a union of components of M %

whose codimension are even (or odd) in M, respectively, and define
XZ%:(M) = X(MZ=) where * = ev or od. Since MZ =3 _s. M, and
1

M?% =% __o, M, in general, we have

TES
Z tNyz, _ n
(2.11.3) W+ Y e )X® =0 (mod %),
s<t<n,s|t|n 5 5
from (2.11.2). In particular, if s = 1 then
(2.11.4) X+ Y e®x* =0 (modn).

1<t<n,t|n

(ii) Take n = 2" for example. Then 2770, = X,, =0 (mod 2" %),
that is, X,. = 0 (mod 2"~) for each 7, € 82 since there is no slice

type v such that 7, < v, cf. (1.7.1). Thus ngt =0 (mod 2"t), and
(2.11.5) Xezfs + Z gt—s—1 XeZVQt =0 (mod 27“—3—1)

s<t<r
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from (2.11.3) since ¢(2/) = 297! in general and 2t_3_1xf§t =0

(mod 27571,

Let M x N be the cartesian product of Z,-manifolds M and N
straightening the angle, then it gives a multiplication on SK?Z%~(pt, pt)
naturally.

Proposition 2.12. The multiplicative relations on the basis elements
in B are given by the following (i) and (ii):

(i) [Zn xz, D(0")] " [Zn ¥z, D(7")]

= D0 DU = D+ =17 D][Z,, x 7. D@ x 7)),
tu
where v = (t,u) is the greatest common divisor of ¢ and u, and
¥ x 7' is a product of the induced Z,-modules 7” and 7, i.e., if
o' = o(--,a(i), -) and 7 = o(---,b(i),---) , then 7% x 7% =

o(---,a(i) +b(i), ), and

—
—

(i)y-z2=y-z2=y 2z and (y) = ay for any y, z,

where 7 = [D!]y in general.

Proof. To show (i), let {z'} or {7/} be the class in Definition 1.6 for
ot or 7%, respectively. Then ¥ x 7 gives the class {¢* x 7*;i|v}, and
each side of (i) has

— n o_t _Ei n FU _?i
(2.12.1) inX;iz?(—n‘ =l |-E(—1)‘ =171
nv t —v u —v n —v ,=v —i ., =i
N (- o o P (ol B el P N R b o
2 D) - (=1)

and X, = 0 if v ¢ {&" x 7';i|v} by Example 2.4. This implies (i). The
equalities (ii) are clear. O

3. Multiplicative invariants.

Definition 3.1. Let T be a Z,-SK invariant for all Z,-manifolds.
Then T is said to be multiplicative if T(M x N) = T(M)T(N) for any
Z.,,-manifolds M and N.
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We see that T'(D°) = 0 or 1 since T(D°)? = T(D?), and T is trivial,
ie., T =0if T(D%) = 0. From now on, we treat the case T # 0, hence
any T has the value T(D°) = 1.

Definition 3.2. Let T be an invariant which is not necessarily
multiplicative. We define an invariant T{yy by T(x)(M) = T(M) if
k = dim (M) and T (M) = 0 if k # dim (M).

We first consider the case Z; = {1}.

Proposition 3.3. Any multiplicative invariant Ty : SK,(pt,pt) — Z
has a form Ty = Zkzo(—a)ki(;@) where a = Ty(D'). Here, if a = 0,
then we regard a® as 1.

Proof. Tt is easy to check that these Ty are multiplicative. Let Ty be
any multiplicative invariant, then we can write Ty = ;- 7xX(x) for
some 71, € Z from Lemma 1.3. Regarding r{ as 1 if r; = 0, we have
that rp, = r¥, k > 0, since Ty(D¥) = Ty(D1)* and ry = To(D°) = 1.
Taking a = —r1, we have the desired form. a

Remark 3.4. If a = 0, then Ty = (—0)"X(0) = X(0)(= X(0))- If a =1,
then Tp = 34~ o(=1)*X (k) = 3450 X(k) = X from Lemma 1.3. On the
other hand, if @ = —1, then T :72k20 Xy = X.

We now study the invariants on Z,-manifolds with n > 2.

Definition 3.5. Let s be an integer with 1 < s < n and s|n. We say
that a multiplicative invariant T is of type (s) if T(Z,, xz, D(c*(0))) = 0
for each t with 1 <t < s, t|n and T(Z,, xz, D(c°(0))) = 8 # 0, where
ot (0) =0_4.

Lemma 3.6. If T is of type (s), then
(i) T(Z,, xz, D(c")) =0 for any o* witht < s ors <t, stt,

5 (ii)nT(Zn Xz, D(0%(0))) = 2 for s <t < n with s|t|n. In particular,
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Proof. To prove (i), put py = T(Z,, Xz, D(c")). If t < s, applying
T to Proposition 2.12 (i) when o = of, 7 = ¢%(0), we have p, =
219, T(Zy, xz, D(0%(0))) = 0 from Definition 3.5. Next suppose
that s < t < m and s { t. Then we also have p; = 0 by using the
same equality when o = ¢!, 7 = ¢%(0) since T(Z,, Xz, D(a")) = 0,
v = (s,t) < s from the above and 3 # 0. Thus (i) follows. Similarly
we have T(Z,, xz, D(¢"(0)))8 = 23 for s <t < n with s|t|n, which
gives (ii). o

Proposition 3.7. If T is of type (1), then T(M) = To(My) for any
Z,,-manifold M where My = M with ignoring group action.

Proof. By Proposition 2.12, we see that [M] - [Z,] = [Mo] - [Z,)
in SKZ(pt,pt). In fact, there is an equivariant diffeomorphism f :
M x Z,, — Mo x Zy, given by f(z,9) = (¢~ 'z, g) for (v,9) € M X Z,,.
From this, we have T'(M)T(Z,,) = T(My)T(Z,) and T (M) = Ty(My)
since T'(Z,,) # 0. O

We next consider an invariant 7" of type (s) with s > 1.

Lemma 3.8. For each t with s|t|n, let P(t) = U;P(s|t;i), —1 <
1 < [%1] be the partition in (1.8), and let &° be the slice type for
ot = o'(ej) where e; = o(a(0),a(l),---) such that a(j) = 1 or zero
otherwise. Then we have that 7° = ¢°(0) if j € P(s|t;—1), o°(eq) if
j=0¢€ P(s|t;0) in case (1.7.2), s; even, 0°(2,0,---,0) if j € P(s|t;0),
j > 1in general, and o°(e;) if j € P(s|t;i) withi > 1. Further, if T is
of type (s), then

(i-1) in case (1.7.1) or (1.7.2), s; odd,
%a if j=0¢€ P(slt; —1),
Ta? ifjeP(sl—1\{0},
T(Znxz,D(0' (€)=

:—ﬁg if 7€ P(s|t;0) (in case (1.7.1), s; even),
n

16 fIEP(slti, iz 1,

and
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(i-2) in case (1.7.2), s; even,

%GQ if j € P(s]t;—1),
S6  ii=0¢P(slt0),
T(Zy xz, D(0'(e)))) = { 2

& if 5 € P(s|t0)\{0},
S

7& e P(sIti), i1

where a = T(D') and & = T(Z,, xz, D(c*(e;))) for each i.
(ii) & = 2 v for some v; € Z.

Proof. We write 7° as ° = o(b(0),b(1),- - -) for o' = o*(e;). Suppose
that j € P(s|t;4) with ¢ > 1. Then b(i) = 1 and b(p) = 0, p # i,
from (1.7) and (1.8), which means 7° = o°(e;). In the same way, if
j € P(s|t;0) then 7° = 0°(2,0,---,0) when j > 1, and o°(eg) when
j =0 € P(s]t;0) in case (1.7.2), s; even. Finally we see that ° = ¢°(0)
if and only if j € P(s|t; —1). We next prove the parts (i) and (ii). Put
A\j = T(Z,, xz, D(c'(e;))). In case j € P(s|t;i) with i > 0, apply
T to Proposition 2.12 (i) when o = c'(e;) and 7 = ¢%(0). Then
we have \; = 2T(Zy, xz, D(@%)) since |o'(e;)| = [a°| ( = 1 or 2)
from the above result and the facts that T(D%) = 1 and g = 2, cf.
Lemma 3.6 (ii). This implies the result when ¢ > 1 in each case or
(i,7) = (0,0) in case (1.7.2), s; even. If ¢ = 0 and j > 1, substituting
the equality T(Z, Xz, D(0%(2,0,---,0))) = £&5 into A;, we have

Aj = Ll €2. On the other hand, suppose that j € P(s|t; —1). Then we

tn

have \; = %T(D“’t(ef)HES') = %a‘”t(ei” similarly since 7° = ¢°(0),
from which the result follows. Thus we obtain (i). Consider the case
t = n in particular. Set v; = T(D(c"(e;))) with j € P(s|n;i) if ¢ > 1.
When i = 0, we also set v = T(D(c™(eg))) in case (1.7.2), s; even,
while in case (1.7.1), s; even we set 7o = 7 . Then g is an integer
since so is T(D(o™(e;))) = 7¢ with j € P(s|n;0). These imply (ii).
]

Lemma 3.9. T(Z,, Xz, D(ot))lz %a“’”*'as'fy;s for any slice type
ol with s|tin, where vz =[], 7{)(1) if 7° = o(b(0),b(1),---). Ifa or

K3
vi = 0 for some i, then we regard a® or v as 1, respectively.
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Proof. Write o as o' = 0(a(0),a(1),--,a([552])) and set \; =
T(Z,, xz, D(c'(e;))) again. First we have that

tya(g)—1 .
T(Zn XZ, D(Ut(oa e aoa a(j)v Oa T aO))) = <_) )‘q(j)a

(3.9.1) n J

a(j) >0

by using Proposition 2.12 (i) when o = o*(e;) and 7 = ¢*(0, - - - , 0, a(j),
0,---,0) inductively. Then

t\ (o)1 .
£y — a(4)
(3.9.2) T(Zy, %z, D(c")) = (5) ‘H H A

Jj=2—1jep;
where (o) = ) .a(i) and P, = P(s|t;i) are the subsets of P(t) in
Lemma 3.8. Set L; = [];cp, )‘;(]) and L. = [[;5; Li- Then, in case
(i-1) in Lemma 3.8,

e G T () () e

jeP-_1\{0}

2\ !
Ly = (ts_gg) - (%) Oyglo (in case (1.7.1), s; even),
n
(3.9.3)

= () e = () I

from (1.9) and Lemma 3.8 (ii), where l; = >, p a(j) and I, = 3,5, l;.
Substitute these into (3.9.2). Then we obtain the desired formula by
using the equalities I(o) = I_1 + lg + L, b(0) = 2l and b(¢) = I,
i > 1, from (1.7) and (1.8). (Remark: If s is odd, then b(0) does not
exist. In this case, we regard ly as 0, i.e., Ly = 1.) Note that A;
may be zero. Hence we must regard )\? as 1if A; = 01in (3.9.1) since
T(Zy, xz, D(c*(0))) = %, cf. Lemma 3.6 (ii); in other words, a° or 77
is regarded as 1 if a or 7; = 0, respectively. We can prove the lemma
in case (i-2) similarly, so we omit it here. O

Theorem 3.10. Let T be any multiplicative invariant of type (s)
with s > 1, and let {a,~;} be the class of integers in Lemma 3.8. Then
T has the form

T = (~0)*Xo (k4o
k,o
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where the sum is taken over all slice types o = 0% € §* and k > 0, and
Xo,(j) = (Xo)(5) 18 the invariant defined in Definition 3.2. Further, if a
or y; = 0 for some i, then we regard a® or vY as 1, respectively.

Remark. We may consider that X, ;) is defined for j > |o| since
Xo (M) =0 if dim (M) < |o|. Hence we write j = k + |o| with k£ > 0.

Proof of the theorem. First we see that the above T' is multiplicative
since so it is for the basis elements of SKZ~(pt,pt), cf. Proposition
1.11. To show this, set M = Z,, xz, D(c") and N = Z,, Xz, D(7") for
example. If s|t and s|u then ° x 7° is a slice type of M x N, and

(3.10.1) Xox7,(|o|+|7) (M X N) = Xz, (o)) (M) - Xz () (V)

from the first equality in (2.12.1) when ¢ = s, where ¢ = &° and 7 = 7°.
Hence

T(M X N) ( ) '-YUXT XO'XT (|U|+\T\)(M X N)

()" Y5 Xz 1oy (M) - (—0)*" 77 Xz ) (V)
= T(M)T(N)

(3.10.2)

by the equality v+ = Yax7, where k = |o|+|7|—|gx7| and k = k'+k",
K =lo|—|al|, k¥ =|r| = [7]. If stt or s1u, then each side of (3.10.1)
is zero. It is easy to see that the above T' takes values a and % v; as
follows: T'(D™) = (—=a)"Yys(0)Xos(0),(n) (D™) = a™ since Xys(g)(D") =
X(D") = (=1)" from Remark 2.3 (ii) and v,00) = [[;7; = 1. In the
same way, we have T(Z, xz, D(c°(e;))) = % ;. Further we also see
that T'(Zy, xz, D(c'(0))) = 2 if t = s or zero, if t < s, t|n. Thus, T is
of type (s). Now let T be any multiplicative invariant of type (s) with
s > 1. From Theorem 2.7, we can write T" as

(3.10.3) T= Zag (k+lo) o, (k+]o])»

where o € St(Z,), k > 0 and Qo (k+]o)) € Z. By assumption s > 1, we
have T'(Z,,) = 0 and

0=T(D"T(Z,) =T (D" x Z,)

(3.10.4)
=y, )00 (D" X Zp) =a, , ) (-1)*
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since 0,_,(Zy,) = 1. Hence a,_, () = 0 for any & > 0. Next we suppose
that ar (ry|r) =0 for any 7 = 7 with 1 <wu <t < s and k > 0. Let
o' be a slice type and set M = D* x Z,, xz, D(c!). Then

0=T(M)= Y a5 (+io|) 7.0+ 1o (M)
(3.10.5) <ot
= ot (kt|ot]) Oot (ktlot)) (M)

by Lemma 3.6 (i), Example 2.4 and inductive assumption. Thus
Qot (k+|ot]) = 0 since eot,(k+|o‘\)(M) = (—l)k Therefore we may write
T as

(3.10.6)
T=2 o (hetlohXow etlorh £ D D Br it Xt (k7]
k,o° s<t,slt|n k,rt

by the definition of 6,. Consider now M = DF x Z, xz, D(c®).
Then T(M) = Qs (ktjos(—1)F 2 from (3.10.6), while T(M) =
T(D*)T(Z,, xz, D(c®)) = a* - Z2~,: from Lemma 3.9 when ¢ = s.
Therefore we have

(3.10.7) agsv(kﬂgs‘) = (—a)kvgs.
To complete the proof, we must show that (. xq|rt) = 0. Set
M = D* x Z,, xz, D(r) where 7 = 7t. Then T(M) = z + y where

T = Qs (g 7)) Xro (ke 7)) (M)
(3.10.8) y= Y. Bruerir) X o) (M)

s<u<t,s|ult,k

from (3.10.6). Here

rl—|7 n s
7= ()l (1) |

n (_1)\7\—\?

n s
= ok Dol

from (3.10.7) and Example 2.4. Therefore, x =T (D*)T(Z,, xz, D(7))

=T (M) from Lemma 3.9 when o = 7, which implies

n |7
(3.10.9) Y= B iy (“D)FHTT =0,
u,k
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From this, we have 3, 14|ty = 0 by induction on ¢, whose proof is
the same as in the case (3.10.5). This completes the proof. o

Remark 3.11. If n = 1 then St(Z;) = {o_1}. Hence, regarding v,_,

as 1 we have T' = 3, (=a)" Xy, (ktjo_1) = 2op(—a)*X (k) = Tp since
Xo_, = X from Remark 2.3 (i), cf. Proposition 3.3.

Example 3.12. We now give typical multiplicative invariants.
(1) Ifa =0 then T = Zk7a(—0)k”ygyg,(k+|g| > o YoXo,(|o]) SinCE
(—0)° = 1. In this case, if 7, = 0 for any 4, then T = XUs(O) 0 =

(X%)(0) = (X? *)(0) since Yp:(0y = [[; 0° = 1 and , = 0 otherwise. On
the other hand, if v; = 1 for any 4, then T(M) = X(F°) = Xx(F°) for
any Z,-manifold M where F© is the set of isolated points in MZ%s.

(2) If @ = 1 then T = Zka( 1)k X, (k+|o))- Hence, if 7 = 0
for any 4, then T = Y, (=1)"X,=(0),(k)- In other words, T(M) =
(—1)*X (M (0)) = X(Mys(0y) since dim M,y = dim M (= k). On the
other hand, if ; = 1 for any 7, then T(M) = Zk+|0|:m( 1*Xg, (m) (M)
= Z’ngl:m(—l)kY(MU) where m = dim M. Thus T'(M) =Y x(M,)
= X% (M) since dim (M,,) = m—|o| = k and M%: = U, M,, cf. Lemma
1.3, Remarks 2.2 and 2.3 (ii).

(3) Suppose that a = —1. Then T'(M)
X(Mys(0y) if v;= 0 for any 4, and T'(M )=

:Y( My (o)) = (=1)8m M x
XZ* (M) if v;= 1 for any 1.

We conclude this section with an application of the above theorem.
Let p (> 2) be a prime integer. Here we consider mod p invariants,
that is, Z,-SK invariants which take values in the field Z /pZ of integers
modulo p. To distinguish this field from the action group Z,,, we denote
it by Z/pZ for the rest of this section.

Let Z(p)%» = Hom (SKZ(pt,pt),Z/pZ) consisting of all these in-
variants 7. Then a natural map i, : Z%» — Z(p)%» induced by
i Z — Z/pZ is epic since SKZ=(pt,pt) is a direct sum of copies
of the integers Z, cf. Lemma 1.3 and (2.7.5).

Definition 3.13. Such T is said to be multiplicative if T(M x N) =
T(M)T(N) in Z/pZ for any Z,-manifolds M and N.
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We also study an invariant 7" which is nontrivial, hence T'(D%) = 1.

Now we have the results in our case, which are similar to the previous
ones, as follows.

Proposition 3.14. In case Z1 = {1}, any mod p multiplicative
invariant T has a formT =", - (—a)*X () (mod p) where a = T(D")
is an integer modulo p. Here, if a = 0, then we regard a® as 1. In
particular, Xy = X(o) (when a = 0) and X = X (when a = 1) are
possible mod 2 multiplicative invariants.

Proof. We may write T'as T =), o 7xX(x) (mod p) for some 7, € Z
by using the surjection i, : ZZ1 — Z(p)%1. The multiplicative property
of T in Z/pZ implies the result in the same way as the original case in
Proposition 3.3. When p = 2, see Remark 3.4. ]

‘We next consider an invariant for Z,-manifolds with n > 2.

Definition 3.15. Let s be an integer with 1 < s < n and sn.
Then a mod p multiplicative invariant T is said to be of type (s) if
T(Z, xz, D(c'(0))) = 0 for each ¢t with 1 < ¢ < s and t|n, and
T(Z, xz, D(c%(0))) = £ 0.

Lemma 3.16. If T is of type (s) then
(i) T(Zy, xz, D(c%)) =0 for any o witht < s or s <t, s{t,
(ii) T(Zn xz, D(0'(0))) = % #£ 0 for s < t < n with s|tn. In
particular, 8 = .
Proof. We will obtain (i) in the proof of the following Proposition

3.18, while we have (ii) since § is a unit in Z/pZ, see the proof of
Lemma 3.6 (ii). Note that 2 # 0 since 2 - L =2 £ 0. o

t s s

Proposition 3.17. If T is of type (1), then T(M) = To(My) for any
Z,,-manifold M where My = M with ignoring group action.

The proof is similar to that of Proposition 3.7 since T'(Z,) is a unit
in Z/pZ.
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When s > 1, we then have two lemmas (Lemmas 3.8 and 3.9) in our
modulo p case. Each proof is exactly the same as the original case.
Here we only use the fact that both % and % are units in Z/pZ for each
t with s|t|n. Using these results, we have a proposition.

Proposition 3.18. Let T be any modp multiplicative invariant of
type (s) with s > 1 and {a,~;} be the class of integers modulo p in
Lemma 3.8. Then T has the form

T= Z ) Yo Xo,(k+lo) (mod p)

where the sum is taken over all slice types 0 = 0° € §° and k > 0. If
a orvy; =0 for some i, then we regard a® or 4? as 1, respectively.

Proof. We use the notations in the proof of Theorem 3.10. Write T’
as

(3.18.1) T=>ao4tiohlo.itlop (mod p)
k,o

by using the surjection i, : Z%» — Z(p)%». By assumption s > 1,
we have a, , () = 0 in Z/pZ for any k > 0, cf. (3.10.4). Suppose
that a, (ryj-) # 0 for some 7 = 7,1 < t < s, and some k, and
ay,(14)v)) = 0 for any v = v* with 1 < wu < ¢ and any /. Then, putting
M = DF x Z,, xz, D(t), we have

T(D")T(Zy Xz, D(7")) = T(M)
D am el O i) (M)

(3.18.2)
TU<rt
= (—1)ka7t7(k+|7t|) 7% 0
by inductive assumption, cf. (3.10.5). This implies that

T(Z,, xz, D(t%)) # 0 in particular. Then, from Definition 3.15 and
Proposition 2.12 (i) we have

0= T(Z, xz, D(6"(0)T(Z, xz, D(+')) =

|3

T(Zy xz, D(1")),
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which implies that % = 0. On the other hand,

0# T(Zy, xz, D(71))* = = T(Z,, xz, D(1" x 7))

-3

and % # 0, which contradicts the above. Therefore, we have a, (1 |7) =
0 for any 7t with 1 < ¢ < s and k > 0. Thus, T is written as (3.10.6).
(Equivalently we have the first part of Lemma 3.16 (i). The second
part is obtained from the first one.) Then there is no trouble proving
(3.10.7) and (3.10.9) to show (¢ (4 |-ty = 0 for any 7" with s <t <n
and s|t|n, paying attention to the fact that % # 0 in Z/pZ. This
completes the proof. ni

As an application, we consider possible mod p multiplicative invari-
ants in case G = Z,, (n = 2 or 3). By the above proposition, such T is
determined by the values a = T(D') and v = T(D(V)) in Z/pZ, where
V = R with a natural Z, action if n = 2 or C with a natural Zs action
if n = 3. We see that St(Z,) = {o0_1} U{0o; = [Zn;V?]|i > 0} where
oo = 0(0). Note that each T is of type (1) or (n), and if T is of type
(1) then T = Ty, cf. Proposition 3.17. We now treat the case T is of

type (n).

Proposition 3.19. If p=2 or 3, then mod p multiplicative invariant
of type (n) is as follows.

n=3and p=2

T is:

(1) (a,7) = (0,0): (X**)10) = (X%)(0),
(2) (a,7) = (0,1): X(F°) = x(F°),

(3) (a,7) = (1,0): Xo(0) = Xo(0);

(4) (a,7) = (1,1): X = x%.

(1) (a,7) = (0,0): (X*
(2) (a,7) = (0,1): X(F

~—

0 = (X%)(0),
) = X(F°),

o
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(3) (a,7) = (0,2): (1) MEX(FO) = (~1)"MEX(FO), T(M) =
0 if dim M 1is odd,

(4) (a,7) = (1,0): Xa(o) = (=1)M™ MY ),

(5) (a,7) = (1,1): X% = (—1)dimMx%,

(6) (a,7) = (1,2): 32,(=1)'X(Fi) = (=1)F™ M 37, (=1)'X(F),

(7) (a,7) = (2,0): Xo(0) = (=1)"MXo(0),

(8) (0:7) = (2,1): ¥ = (~1)tim s,

(9) (a,7) = (2,2): 22,(=1)'X(Fag) = (=1)F M 37, (=1)"X(F).

n=2

Ifp=2orp=3, (a,v) = (0,0),(0,1),(1,0) or (2,0), then such T
is the same as the above, replacing Z3 with Z5. On the other hand, if
b= 37 (aa’Y) = (Oa 2)7 (L 1)7 (L 2)7 (2a 1) or (2a 2)7 then

(3)" (a,7) = (0,2): (=M MX(F) = (—1)m My (F?),
(5) (a,7) = (1,1): x?,

(6)' (a,7) = (1,2): (~1)HmMx™,

(8)' (a,7) = (2,1): X,

(9)' (a,7) = (2,2): (—1)8mMxZ,

In the above, Fy; is a union of codimension 2i fixed point sets of Zs-
manifold M. See Example 3.12 for the other notations.

Proof. Consider the case n = 3, then each T has a form

(3.19.1) T= Z ) 9" Xi,(k42)  (mod p)

from Proposition 3.18 where X; = X,,, ¢ > 0. Let p = 3 in particular,
then we have obtained the form in case (a,v) = (0,0),(0,1),(1,0),
(1,1), (2,0) or (2,1) in Example 3.12. Note that, in case (1,1) or
(21),

(3.19'2) XZ3 (M) = (_1)dimM _1)dimMZSXZ3 (M)

(
_ (_l)dim JVIYZ3 (M)
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since codim M?%3 is even. The form in case (1,2) or (2,2) is given in a
general manner later. Thus we give the proof in case (0, 2) here. From
(3.19.1),

T=> (—0)"2'X; (rs20)

ki
= ZT Xi2i) (by (=0)" =1)

= ZY%’(M) - ZY2i+17(4i+2) (by 22i =1 and 22i+1 = —1),
i i

which implies the result since T(M?*™) = (=1)"X 2m)(M) =
(—=1)™X(F°) for any Zz-manifold M of dimension 2m and T(M) = 0
if dim M is odd. The proof in case n = 2 is similar, so we omit it here.
O

Finally, when n = 3 and p > 3 in general, we study mod p multi-
plicative invariants in some cases. Let a = 1 (mod p) and let v be an
integer with 1 <y < p. Then

T= Z oh X2i,(2k+4i) T Z ytt X2i4+1,(2k+4i+2)
ki ki

- (Z 7 X2i,(2k+4i+1) T Z yH 72i+1,(2k+4i+3)) (mod p)
ki ki

from (3.19.1). Now let e = e(y?) be the multiplicative order of 42 in
Z/pZ, then

T(M*™) = Z 72iy2i,(2k+4i)(M)+ Z 72i+1y2i+1,(2k+4i+2)(M)

k+2i=m k+2i+1=m
= > PXE)+ Y, PTX(Fuire)
0<i<[m/2] 0<i<[(m—1)/2]

> V2I(ZY(F40)+ > VQZH(ZY(FMH)),
i=l i=l

o<li<e—1 o<l<e—1
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where ¢ = means ¢ =1 (mod e). When dim M = 2m + 1, we have the
same form with minus sign. Therefore,

Tn) = (3 (N E)

o<l<e—1
+ Z 721+1<Z:X Fuiro )}
0<i<e—1
= Z ’YQI(ZX(FM)) Z 721+1(ZX Fiira) )
o<l<e—1 i=l 0<i<e—1

from (3.19.2). For example, if p = 3 and (a,v) = (1,2), then ¢(2?) =1
and
M) = ZX(FM) - ZX(F41'+2)
= Z X(Fai),

which gives (6) in Proposition 3.19. If p = 5 and (a,7) = (1,2), then
e(2%) =2 and

T(M) = X(Fai) +2) X(Fsit2) +4 Y X(Fsiya) +3 ) X(Fsie)-
Next consider the case a =+ (mod p). Then

_ 2425 2h+2it 15
T= Z YT Xai (2k+40) + Z YT X, (2k+4i42)
ki ki

2k+2i+1~ 2k+2i4+2~
- ( E Y X2i,(2k+4i+1) T E v X2i+1,(2k+4i+3)>
ki ki

from (3.19.1). In the same way as the above, we have
T(M™) = Y 72l( > X(Fy) ) > AT 1( > Y(F4i+2))7
0<i<e—1 m—i=l 1<i<e m—i=l

and

oy = (Y (Y W)

0<i<e—1 m—i=l

+ Y (Y MFu))

0<i<e—1 m—i=l
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For example, if p = 3 and a = v = 2, then we have (9) in Proposi-
tion 3.19 similarly. Further, if p =5 and a = v = 2, then

TOP™) = (=)™ (S X(Fs) +3 3 X(Fsie)
-:- 4y Y(FSH:) +2)° X(Fyiro)),
and
TP™) = (~1)" (3D X(Fai) +4 3 X(Fira)
+ 2 > X(Fira) Z+ > X(Fyir) ).

In fact, we see that T is multiplicative by straightforward calculation.
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