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THE RADON-NIKODYM THEOREM FOR
THE HENSTOCK INTEGRAL IN
EUCLIDEAN SPACE

Abstract
We prove the Radon-Nikodym theorem for the Henstock integral and
hence give a complete characterization of the primitive of a Henstock
integrable function in Euclidean space.

The descriptive definition of the Henstock integral on the real line is well-
known. More precisely, a function f is Henstock integrable on a closed interval
[a,b] if and only if there exists a function F' which is generalized absolutely
continuous in the restricted sense on [a,b] such that F'(x) = f(z) almost
everywhere. (See [3, Theorem 6.22] or [6].) Thus the primitive of a Hen-
stock integrable function on the real line is totally characterized. So far, no
full characterization of the primitive of a Henstock integrable function in Eu-
clidean space has been found. In this note, we shall prove the Radon-Nikodym
theorem for the Henstock integral in Euclidean space, and hence characterize
the primitive of a Henstock integrable function.

We first define the Henstock integral in Euclidean space. Let I be an
interval in n-dimensional Euclidean space R™, that is, the set of all points
z = (x1,...,2,) with a; < x; < b; for j = 1,2,...,n. We write [a,b] =
[a1,b1] X - - X [ap, by] where a = (aq,...,a,) and b = (by,...,b,) and call [a, ]
an interval. If T = [a, f] with a = (a1,...,a,) and 8 = (B4,...,0,), any
point v = (y1,...,7n) With 7; = a; or §; is called a vertex of I. Assume that
the distance between z = (z1,...,z,) and y = (y1,...,¥yn) is defined to be

1/2
n

lz =yl = | > (x5 — ;)
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An open sphere S(z,r) with center z and radius r is the set of all y such that
ly —afl <.

We shall call a finite union of non-overlapping intervals (that is, their
interiors are disjoint) an elementary set. Note that intervals are themselves
elementary sets. A partial division D of E is a finite collection of interval-point
pairs (I, z) with the intervals non-overlapping, and their union a subset of F.
If a partial division D is such that the union of the intervals is E, we call D a
division of E. We shall write D = {(I,x)}. As usual, z is called the associated
point of I.

Let RT denote the set of all positive real numbers and let 6 : £ — RT
be a positive function. A partial division D = {(I,z)} is said to be d-fine if,
for each interval-point pair (I, z), we have I C S(z,d(z)) and where x is a
vertex of I. Since a division of F is a partial division of E, a d-fine division is
similarly defined.

We also call a finite collection P of non-overlapping intervals I whose union
is a subset of E a partial partition of E and we write P = {I}. Again, if a
partial partition P is such that the union of the intervals is E, we call P a
partition of E.

The volume of an interval I = [a, b], denoted by v(I), is defined by

o(I) = [T = ay).

j=1
We recall that two intervals I; and I are non-overlapping if v(I; N I3) = 0.

If a set X C E is Lebesgue measurable, then the Lebesgue measure of X,
denoted by v(X), is defined by

oo

v(X) = inf{ZU(Ii) X C [j[i}a

i=1
where I;, i = 1,2, ..., are intervals in E. When f(z) = g(x) for all z € E\ X
with v(X) = 0, we say that f = g almost everywhere in E.

Definition 1. A real-valued function f defined on E is said to be Henstock
integrable on E with integral value F(E) if for every e > 0, there exists § :
E — R* such that for any d-fine division D = {(I,z)} of E,

(D) F@p(n) - F(EB)| <.
Here (D) Z denotes the sum over all interval-point pairs (I,z) in D. As

usual, we write (H) / fdv=F(E).
E
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This integral is uniquely determined and the set of all Henstock integrable
functions is closed under addition and scalar multiplication. Furthermore,
the integral as an interval function is finitely additive and Henstock’s lemma
holds. (See [3, Chapter 1].) An interval function F' is finitely additive (re-

m
spectively finitely super-additive) in the sense that if I = U I; and the I; are
i=1
non-overlapping, then

F(I)=> F(I) (vespectively F(I) > > F(I})).
i=1 i=1
Next, we state without proof the Radon-Nikodym theorem for the Lebesgue
integral. (See [2, Theorem 19.23].) Throughout the rest of this note, we shall
let an elementary set F be fixed.

Theorem 2. (Radon-Nikodym Theorem for the Lebesgue Integral). Let F
be a non-negative finitely additive real-valued function defined on the set of
all measurable subsets Y of E which is absolutely continuous with respect to
the Lebesgue measure v. Then there exists a non-negative Lebesgue integrable
function f on E such that, for any measurable subset Y of E,

PO = (@) [ fan 1)
Y
where (L)/ fdv denotes the Lebesque integral of f over Y.
Y

We note that, in the above theorem, f is unique in the sense that if g is any
non-negative Lebesgue integrable function for which (1) holds with f replaced
by g, then f = g almost everywhere in F.

Recall that F' is absolutely continuous with respect to v if and only if, for
every € > 0, there exists 7 > 0 such that, for every measurable subset Y of F
satisfying the condition v(Y) < 7, we have |F(Y)| < &, where | - | denotes the
measure on the real line. It is known that a function f is Lebesgue integrable
on F if and only if it is absolutely Henstock integrable on F, i.e. both f and
|f] are Henstock integrable on E. (See [3, page 110].)

Throughout this note, F' will denote a finitely additive real-valued function
defined on the set of all elementary subsets of E. Our objective is to define
a sequence of non-negative finitely additive measures on F in terms of F' so
that we can apply Theorem 2 to obtain a sequence of Lebesgue integrable
functions, and consequently a Henstock integrable function. We start with a
few definitions.
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Definition 3. A function F is said to be AC(E) if for every e > 0, there
exists 7 > 0 such that for every partial partition P = {I} of E satisfying the

condition (P) Z v(I) <mn, we have (P) Z |F(I)| <e.

Definition 4. Let X be a subset of E. We say that F is ACA(X) if for
every € > 0, there exist § : E — RT and n > 0 such that, for every -
fine partial division D = {(I,x)} of E with x € X satisfying the condition
(D)ZV(I) <n, we have ‘(D)ZF(I)’ < e. If there exist closed sets X,

Xs, -+ whose union is E such that F is ACA(X;) for each i, then we say
that F is ACGA on E.

Definition 5. A function F is said to be strongly ACGa on E if there exist
closed sets X1, Xa, -+ whose union is E such that F is ACA(X;) for each
i, and if the following (L)-condition on E holds : for every interval Iy in E
and for every € > 0 there is a positive integer N such that for any i > N

there exists §; : E — RY satisfying the condition that for every §;-fine division
D ={(1,x)} of Iy, we have

(D) > F(I)| <e.

¢ X;

Here (D) Z sums over all interval-point pairs (I,x) in D with x ¢ X;.
z¢X;

In the above definition, we may assume that §; is a candidate for the
positive function ¢ in the definition of F' being ACA(X;) for each i.

We remark that the primitive F' of a Henstock integrable function f as
an interval function is ACGa on F as is seen in [5]. Furthermore, F' satisfies
the (LG)-condition as defined in [4, Theorem 7]. With the aid of Henstock’s
Lemma, we see that the (L)-condition is equivalent to the (LG)-condition.
Hence F' is strongly ACGA.

Now let us begin with an interval function F which is ACGA on E. Then
there exist closed sets X7, X, -+ whose union is F such that for every i and
for every € > 0 the condition in the definition of ACa(X) in Definition 4 holds
with X, § and 7 replaced by X;, d; and n; respectively. For each i and for each
interval J in E, we define

Gi(J) = infsup(Ds) > F()
g reX;

and
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Gil() = infsup(Ds) 3 [F(D)],
Ds z€X;
where in each case above the infimum is over all positive functions § and the
supremum is over all -fine divisions Ds = {(I, )} of J. We proceed to define,
for each interval J in F,

= inf(P )> Gl (2)

and

|Fi|(J) = inf(P) Y |Gil(1 3)

where in each case the infimum is over all partitions P = {I} of J.

Throughout the remainder of this note, we will call the sequence {F;} of
interval functions, where each F; is defined as in (2), the derived sequence of
F.

We shall prove that G; and |G;| are finitely super-additive functions over
non-overlapping intervals, whereas F; and |F;| are finitely additive. Let J =
J1 U Jy where J; and Js are non-overlapping intervals in E. By the definition
of Gy, for every d(x) > 0, there exist d-fine divisions Dy and Ds, of J; and Jo
respectively, such that

Gi(J1) + Gi(J2) < (D1) Y F(I)+ (Da) Y F(I) +2¢

rxeX; zeX;
= (D1UDy) Y F(I)+ 2,

where D; U D5 is a 6-fine division of J; U Jy. It follows that

Gi(Jl) + GZ(JQ) < Gz(']) + 2¢.

Since ¢ is arbitrary, we have proved that G; is finitely super-additive. The
fact that F; is finitely additive is standard as shown in [3]. Similarly, we can
show that |G;| is finitely super-additive whereas |F;| is finitely additive over
non-overlapping intervals.

Since F is ACGa on E and ACA(X;) for each i, the functions G; and |G|
are well-defined and are AC(E) for each i. It follows that F; and |F}| are also
AC(E) for each i.

For each interval I, we further define

FH(I) = |Fz‘|(1)2+Fi(I)
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and

_ B = F()
—

It is easy to see that Ff and F; are well-defined non-negative interval func-
tions such that, for each interval I,

F(I)

F(I) = (D) - F; (1),

K2

Since F; and |F;| are finitely additive over non-overlapping intervals and are
AC(E) for each i, so are F;" and F; .

Let us extend the domains of Fi+ and F;~ to all measurable sets. For each
measurable subset X of E, we define

oo oo
FiH(X)=mf¢ Y FHI): X c (I (4)
j=1 j=1
and
oo (oo}
Fr(X)=info > Fr(L): Xc|JLp, (5)
j=1 j=1

where the I;, j = 1,2,... are intervals in E. Since F;" and F; are AC(E),
the functions F;'" and F; ~ agree with F," and F, , respectively, on each

interval in F and are additive over disjoint measurable sets.
We shall prove the following lemmas.

Lemma 6. The functions F;'" and F; ~ are absolutely continuous with re-
spect to the Lebesque measure v.

PROOF. Let € > 0 be given and let > 0 be as in the definition of F;" being
AC(E). Suppose X is a measurable set such that v(X) < n and let {I;}72,
be a sequence of non-overlapping intervals in E whose union contains X and

is such that Z v(I;) <n. Then
k=1

FH(X) <> Fi(I) <e.
k=1

It follows similarly that F; ~ is also absolutely continuous with respect to
v. O
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Lemma 7. Let Iy be an interval in E. Suppose F is strongly ACGa on E
and F; is as defined in (2). Then F;(Iy) — F(Ip) as i — oo.

PrOOF. Let ¢ > 0 be given and let the sequence of closed sets X7, Xo,---,
the sequence of positive functions 1, do,--- as well as the positive integer
N be as in Definition 5. Let i > N be fixed. We first choose a partition
Py ={J1,...,Jm} of Iy such that

Fi(l)) = 5 < " GilJ) < Fillo) + 5.

2
k=1
For each k = 1,2,...,m, there exists a §;-fine division Dy, of J such that
€ €
i —— < (D F(I i(Jk) + —.
Gi(Jx) = 5= < (Di) D F(D) < GilJi) + 5~

zeX;

m
We then define Dy = U Dyg. Clearly Dy is a §;-fine division of Iy and

k=1
Fi(Io) —e < (Do) Y F(I) < Fi(Io) + ¢,
reX;
where (Dy) Z F(I)=F(Iy) — (Do) Z F(I) in view of the additivity of F.
reX; z¢X;

It follows that

F(Iy) = Fi(Io) — (Do) Y_ F(I)| <e.
z¢X,;

By virtue of the (L)-condition, we have

(Do) Y F(I)| <e.

TEX;
Consequently, |F;(Ip) — F(Io)| < 2¢ and the result follows. O

Definition 8. A sequence {F;} of interval functions is said to satisfy the basic
condition with an interval function F if for every € > 0 there is a function
M (x) taking integer values such that for infinitely many m(x) > M (x) there is
d : E — RT satisfying the condition that for any d-fine division D = {(I,z)}
of E,

(D) Py (1) = F(E)| <.
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What follows is a result which we will need later.

Theorem 9. (Lee, [3, Theorem 21.4].) Let the functions f;, i = 1,2,... be
Henstock integrable on E with primitives Fy;, i = 1,2,.... Suppose fi(x) —
f(x) almost everywhere in E as i — oo, and F;(I) converges to F(I) for every
interval I C E. Then in order that f should be Henstock integrable on E with
primitive F, it is necessary and sufficient that the sequence {F;} of primitives
satisfies the basic condition with F'.

We are now ready to prove the Radon-Nikodym Theorem for the Henstock
integral which is stated in the following theorem.

Theorem 10. Let F be a finitely additive function strongly ACGa on E such
that the derived sequence of F' satisfies the basic condition with F. Then there
exists a Henstock integrable function f defined on E such that

F(Eo) = (H) | fdv (6)
Ey
for all elementary subsets Eg of E. Moreover, f is unique in the sense that,
if g is any Henstock integrable function for which (6) holds with f replaced by
g, then f = g almost everywhere in E.

PROOF. Let € > 0 be given and let X3, X5, --- and N be as in Definition 5.
We may assume that X; C X,y for ¢ = 1,2,.... We define F;, |F;| and
subsequently F;t" and F, ~ as in (2), (3), (4) and (5) respectively. We recall
that F,'* and F, ~ are non-negative functions finitely additive over disjoint
measurable sets. Further, by Lemma 6, the functions FZ-++ and F; ~ are
absolutely continuous with respect to v. Hence, by Theorem 2, for each i
there exist non-negative Lebesgue integrable functions f;r and f;~ on E such
that

EPO0 =) [ v and B0 =) [ £y
b's b's
for all measurable subsets X of E. It follows from the definitions of G; and |G|

that whenever I N X; = ), we have G;(I) = 0 and |G;|(I) = 0. Consequently,
FfT(I)=0and F;~(I) = 0 whenever I N X; = (. That is,

(L)/Ifjdy:o and (L)/If;duzo

for all intervals I such that I N X; = (). Therefore f;" and f;” vanish almost
everywhere in E \ X;. Now for each i = 1,2,..., we define
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file) = fif (z) = f7 (2)
for each x € E and define the function f on E given by f(z) = fi(x) for
x € X;,1=1,2,.... The function f is well-defined due to the uniqueness of
fi on X; and obviously f;(x) — f(x) almost everywhere in E as i — co. Also
note that f; is Lebesgue integrable on E and so is Henstock integrable on F
with primitive F; for each i. Furthermore, F;(I) converges to F'(I) as i — oo
for every interval I C E by virtue of Lemma 7. So since the derived sequence
of I also satisfies the basic condition with F', by Theorem 9, the function f
is Henstock integrable on E with primitive F'. Now, for each interval I in F,

F() = B (0 = (0 = W) [ = 17y dv=qan) [ pa
I X;nI
since, once again, f;” and f;~ vanish almost everywhere outside X;. Then, by
Lemma 7 and Theorem 9, we see that for each interval I,

i—00 i—00

F(I)= lim F;(I) = hm(H)/x-mde:(H)/]fdu

Since F' is finitely additive, for any elementary subset Ey of E, we have
F(Ey) = (H) / f dv as desired. The proof of the uniqueness of such a func-
E

tion f follows from the known fact that, if the primitives of two Henstock
integrable functions agree on every elementary subset of an elementary set F,
then the two functions agree almost everywhere in E. (See [1, Theorem 5.7].)
This completes the proof. O

We remark that in view of Theorem 9, the derived sequence of the primitive
F of a Henstock integrable function satisfies the basic condition with F. In
other words, that its derived sequence satisfying the basic condition with itself
is a property of the primitive and is therefore not an additional condition
imposed on F' in Theorem 10. The same applies to the strong ACG a-condition
as seen in the remark after Definition 5.

We shall call the function f obtained in Theorem 10 the Radon-Nikodym
derivative of F' on E and we say that F' is Radon-Nikodgm differentiable on
E. We shall also use the notation

/= DgnF.

Note that since a Radon-Nikodym differentiable function is the primitive of
a Henstock integrable function, it is a finitely additive and strongly ACGAa
function on F.
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With Theorem 10, we can now have a complete characterization of the
primitive of a Henstock integrable function on n-dimensional Euclidean space.

Theorem 11. An interval function F' is the primitive of a Henstock integrable
function f on E if and only if F is a finitely additive strongly ACGa function
on E such that the derived sequence of F satisfies the basic condition with F'.

As we can see, Theorem 11 serves as a descriptive definition of the Henstock
integral on n-dimensional Euclidean space.

Given a point function G, we may define a corresponding additive interval
function F, called the associated interval function and conversely. (See [3,
page 128].) We say that a point function G with associated interval function
F is differentiable on E with derivative G’ if for each x € E, for every € > 0,
there is a positive number §, such that

[F(I) = G'(@)v(I)] < ev(I) (7)

whenever I C S(z,d,) and where z is a vertex of I. With this concept, we
can prove the following corollary as a simple consequence of Theorem 10.

Corollary 12. Let G be a real-valued point function defined on an elemen-
tary set E C R™ and let F be the associated interval function. Suppose G is
differentiable on E with derivative G'. Then G' = DrnyF almost everywhere
n F.

PROOF. For each z € E and for every € > 0, let d, > 0 be such that (7) holds
for all intervals I C S(x,d,) where z is a vertex of I. Letting d(x) = ¢, for
each x in F, we obtain

(D) > 1G (x)v(I) = F(I)| < ev(E)

for each d-fine division D of E. Then G’ is Henstock integrable by applying
the Henstock Lemma. In fact, for each elementary subset Ey of E, we have

(H) / G'dv = F(Ep). Then the result follows from the uniqueness of the
E

Radon—oNikodym derivative. O

We shall end our discussion in this note by deducing from Theorem 10
two known results for Henstock integrals on the real line. In what follows the
function F' is a point function.

Corollary 13. (The Fundamental Theorem of Calculus). Let [a,b] be an
interval on the real line. If F is a point function differentiable on [a,b] with
derivative F', then F' is Henstock integrable on [a,b] and
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b
(H)/ F' = F(b) — F(a).

PROOF. The result follows by applying Theorem 10 for the case when n =1
and Corollary 12. O

Corollary 14. Let [a,b] be an interval on the real line. A function f defined
on [a,b] is Henstock integrable on [a,b] with primitive F' if and only if F is
an ACG* function such that the derivative F' exists and F'(x) = f(x) almost
everywhere in [a, b].

Here F is ACG* if [a,b] is the union of closed sets X7, Xo, -+ such that,
for each 4, the following condition holds : for every € > 0, there exists n > 0
such that, for any partial partition P = {[u,v]} of [a,b] with w or v in X;
satisfying the condition (P) Y |v —u| < 1, we have ) |F(v) — F(u)| < €. (See
[3] or [6].) The definition of ACGA can be viewed as a generalization of the
definition of ACG™* to higher dimensions. As it is shown in Corollary 14, the
(L)-condition and the basic condition which we impose on the function F of

intervals in n-dimensional Euclidean space is superfluous when n = 1 and if
Fis ACG*.
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