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The number of orientable small covers over a product of simplices

By Murat ALTUNBULAK and Asli GUGLUKAN ILHAN
Department of Mathematics, Faculty of Science, Dokuz Eyliil University, 35390 Buca-Izmir, Turkey
(Communicated by Kenji FUKAYA, M.J.A., Dec. 12, 2018)
Abstract: In this paper, we give a formula for the number of orientable small covers over a
product of simplices up to D-J equivalence. We also give an approximate value for the ratio

between the number of small covers and the number of orientable small covers over a product of
equidimensional simplices up to D-J equivalence.
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1. Introduction. In 1991, Davis and
Januszkiewicz introduced the notion of small cover
as a topological analogue of real toric manifolds
in [5]. A small cover is a smooth closed manifold M"
which admits a locally standard Zj-action whose
orbit space is a simple convex polytope.

There have been several studies on the number
of small covers over a specific polytope. In [6],
Garrison and Scott use a computer program to find
the number of small covers over a dodecahedron.
In [2], Choi constructs a bijection between the set of
Davis-Januszkiewicz equivalence classes of small
covers over an n-cube and the set of acyclic
digraphs with n-labeled nodes. He also gives a
formula for the number of small covers over a
product of simplices up to Davis-Januszkiewicz
equivalence in terms of acyclic digraphs with
labeled nodes. However, for the orientable small
covers very little is known. In [3], Choi gave a
formula for the number of orientable small covers
over an n-cube, by using a simple criterion found by
Nakayama and Nishimura [7] for a small cover to be
orientable. In [1], Chen and Wang calculated the
number of the equivariant homeomorphism classes
of orientable small covers over a product of at most
three simplices.

In this paper, we obtain a formula for the
number of orientable small covers over a product
of simplices up to Davis-Januszkiewicz equivalence
by using Choi’s idea. It turns out that when all the
simplices have even dimensions, there is no ori-
entable small cover over the product. Then we
restrict our attention to the case where the
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simplices are equidimensional. We estimate the
ratio O"/R™, where R and O are the number of
small covers and the number of the orientable
small covers over a product of n-copy of m-sim-
plices, respectively.

2. Preliminaries. A small cover is a smooth
closed m-dimensional manifold M™ with a locally
standard Zj-action such that the orbit space is a
simple convex polytope P. Two small covers M;
and M, over P are said to be Davis-Januszkiewicz
equivalent (or simply D-J equivalent) if there is a
weakly Zj-homeomorphism f: M; — M, covering
the identity on P.

Let P be an n-dimensional simple convex
polytope, and F(P)={Fi,...,F,} be the set of
facets of P. A map \:F(P)— Zj is called a
characteristic function if it satisfies the non-singu-
larity condition : whenever the intersection A\(F},) N
---NA(F;,) is non-empty, the set {A(F,),...,
A(F;,)} forms a basis for Zj. For a given point
p € P, let Z}(p) be the subgroup of Z7 generated by

k
AFy), - - -, A(F;,) where the intersection 'ﬂlFif is the
=

minimal face containing p in its relative interior.
Then the manifold M(A) = (P x Zj)/~, where
(p,g) ~ (q,h) if p=gq and g 'h € Z}(p), is a small
cover over P. On the other hand, every small cover
over P can be distinguished by a characteristic
function A by the following theorem.

Theorem 2.1 ([5]). For every small cover M
over P, there is a characteristic function A with
Z5-homeomorphism M(X) — M covering the iden-
tity on P.

In 2005, Nakayama and Nishimura give the
following simple criterion for the orientable small
covers.
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Theorem 2.2 ([7]). For a basis {e1, -+, e}
of Zy, let the homomorphism € : Z§ — Zy be defined
by e(e;) =1 for i=1,---,n. Then a small cover

M()\) over a simple convex polytope P of dimension
n s orientable if and only if there exists a basis
{e1,---,e,} of Zy such that the image of the
composition e o X is {1}.

Let A(P) be the set of characteristic functions
over P. There is a left action of GL(n,Zs) on A(P)
by o-A:=0c0) for any o€ GL(n,Z;) and A€
A(P). Two small covers M; and My over P are
D-J equivalent if and only if A\; = o - Ay for some
o0 € GL(n,Z,), where A\; and Ay are the character-
istic functions corresponding to M; and M, re-
spectively. This means that the number of D-J
equivalence classes does not depend on the choose
of a basis. Moreover the action of GL(n, Zs) on A(P)
is free and hence the number of D-J equivalence
classes of small covers over P is |GL(n, Zy)\A(P)|.

To a given characteristic function A over P, we
can assign an n X m Zs-matrix A by ordering the
facets and choosing a basis {ey,---,e,} of Z3 by

Assuming that the first n facets intersect at a
vertex, we can choose a representative A = (I,,|A,)
for the D-J equivalence class of A, where I, is the
n X n identity matrix and A, is an n x (m —n)
Then the D-J equivalence classes of
small covers over P are distinguished by A,. The
matrix A, is called the reduced submatrix of \. In
this setting we may rephrase the Nakayama and
Nishimura’s criterion for orientability as follows:

(x) M(X) is orientable if and only if the sum of
entries of the i-th column of A, is odd for

alli=1,---,;m—n.

matrix.

3. Orientable small covers over product

of simplices. In this section, we consider the case
l
where P = A™ x --- x A" with n = > n;. Here AF
n=1

is the standard k-simplex. A facet of P is a product
of a facet of a simplex A™ and the remaining
simplices. Therefore if {fj,---, f.} is the set of
facets of A™ then the set of facets of P is

{F] = A™ x - X AT 1o Al A
1<i<l, 0<j<n}.

Let A\ :F(P)— Z}

Since {F},---,F}

ny?

be a characteristic function.
e FL 7Ffw} intersects at a
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vertex, by choosing them to be the first n-facets,
one can assume that

)\(Fj) = Gty

for 1 < j<mn;. Then

ANE) = ajie;
=1

where aj; =1 for m+--4+n1+1<5<
ny +---+mn;. Therefore A corresponds to an
(n x l)-matrix A, = [a;] up to D-J equivalence.
The matrix A, can be viewed as an (I x [)-vector
matrix [vy;] whose entries in the i-th row are vectors
in Z3'. We refer reader to [4] for details. Note that
the diagonal vy is the vector [1,---,1]" € Zu.

Given a vector matrix A, = [vj;] corresponding
to a characteristic function A, let B(A,) := (b;;) be
the (I x l)-matrix over Zy with b;; = 1 if vj; is non-
zero, and b;; = 0 otherwise. Then B(A.) —I; is an
adjacency matrix of an acyclic digraph with [ nodes
(see [2]). Here, a digraph is a graph with at most
one edge directed from vertex v; to vertex v;. Given
a directed graph G with vertices wy,---,v;, the
adjacency matrix of G is an (I x I)-matrix A(G) =
laij] where a;; =1 if there is an edge directed from
v; to v, and a;; = 0 otherwise. A directed graph is
said to be acyclic if there is no directed cycle. The
outdegree outdeg(v) (the indegree indeg(v)) of a
vertex v is the number of edges directed from
(to) v.

Let G, be the set of acyclic digraphs with
labeled vertex set V(G) = {v1,...,v}. By counting
the pre-images of the function WU : GL(n,Z2)\
A(P) — G, defined by ¥([\]) = G where G is the
acyclic graph whose adjacency matrix is B(A,) — I,
Choi [2] obtains the following formula for the
number of small covers over P.

Theorem 3.1 (Theorem 2.8, [2]). The num-
ber of D-J equivalence classes of small covers over
P=A™ x ... x A™ with zl:ni:n 18

i=1

Z H (271,1 _ 1)outdeg(’u,).

GEG v eV(G)

Using the above correspondence and (x), we
have the following result.

Theorem 3.2. Let p>0 and P=
A™ x - x A™ guch that n; is odd for i <p and
even otherwise. Then the number of orientable small
covers over P up to D-J equivalence is
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>

(71)k+1 < Z 2(n,l+---+nufl)(l7k)
k=1 1<i) < <ip<p

. < Z H (2% B 1)0utdeg(vm)>>
)

GeG(iy, i) vieV(G

where Gi(i1, - - ,ix) is the set of acyclic digraphs with
(I — k)-labelled nodes whose labelled vertex set is
{Uh T "Ul}\{vilv T >Uik}'

Proof. Let M be a small cover over P with
vector matrix A, = [vy]. Since every acyclic digraph
has a vertex of indegree 0, B(A, —I;) has a zero
column, say i-th one. This means that the sum of
the entries of the i-th column of A, is n;. If p=10
then the small cover corresponding to A is not
orientable. Therefore there is no orientable small
cover over P.

Now suppose that p > 1. Without loss of
generality, we may assume that B(A,) is of the
following form

) (4 7)
Here, B(A,) corresponds to a characteristic function
if and only if T— I, is an adjacency matrix.
Moreover, M is an orientable small cover then
ny,---,ng must be odd. For the remaining columns
of A, it suffices to control the first row of S. Indeed,
if the sum of the entries greater than n; of i-th
column of A, with ¢ > k, is even, then the sum of
the entries of vi; must be odd or vice a versa. In
both case, we have 2! choices for vy;. For Vi with
2 < j <k, we have 2"-many choices. Therefore, the
number of orientable small covers corresponding
to (1) up to D-J equivalence is 2(ut+m—1)(=k) .
(Xeq uevie (27 = 1)), By applying the
Principle of Inclusion-Exclusion and taking the
cases where the set of vertices with 0O-indegree is
not necessarily vy, - -+, v into an account, we obtain
the required formula. O
Example 3.3. Let P=A"x A" x A"
with n; and ns are odd and ns3 is even. There are
three cases: k=1and i, =1, k=1 and i; = 2, and
k=2, (i1,i2) = (1,2). Therefore the number of D-J
equivalence classes of orientable small covers over
Pis
22 m=1)(gnz 4 gm _7)
+ 22(71271)(27” + ons _ 1) _ 2n1+n271.
This is the first case of Theorem 5.4 in [1].
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4. Equidimensional case. In this section,
we consider the case where all the simplices are
equidimensional, that is, P =A™ x--- x A™. Let
n times
R be the number of all small covers over P and O
the numbers of all orientable small covers over P up
to D-J equivalence. The sum of the outdegree of the
vertices of a graph is | F(G)| where E(G) denotes the
number of edges in the graph G. Therefore, by

Theorem 3.1, we have

Rz)’ = Z (2m _ 1)|E(G)‘ — Z(Qm _

Gegy >0

1)thrL,t

where R,; is the number of acyclic digraphs with
n-labeled vertices and ¢ edges.
Proposition 4.1.

m - i—1 (™ om(n—y)j pm
=S (e,

J=1
> n—7j,k-
Therefore, we have

Rz:"—;&’”—l)‘(ji <>Z( Qj) - )
g g ()

=Y 1"
=
Now, changing the order of the summation in (x)
we get,

m m k(= 3)J ,
=y e (;@ —yH (0 ))RL

Proof. By (4) in [8],

e ()E(

j=1 k=0

>0
- 2(2"1 - 1) (Z(in 1) ( ) )) Rn—j,k
k>0 >0
— Z(Qm 1) 27TL ﬂ ] ]Rn jk
k>0
— gm(n—j)j (Z@m _ 1)kan,k> .
k>0
R
n
Hence, R = _1)7t . 2m(n—j)jRZ:. 0
S (G,

In the previous section we have shown that if m
is an even number, then O = 0. From now on we
assume that m is odd.
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Proposition 4.2.

S n m— m—=K m
0p =y (0 (1) ey,

k=1

Proof. Since all the simplices have the same
dimension, the different choices for iy, - - -, i, for fix k
will make the same contribution to the sum given in
Theorem 3.2. Therefore we have

p
O;:L — Z(_l)k+1 <Z) (2kmfl)(mfk)

k=1
Z H (2m i 1)outdcg(v)

GeG-1veV(Q)

)

! k1T km—1\(m—Fk) pm
=S (M) R,
1

k=
O
In the following tables, we give a few values of
R and O}, respectively.
Table I. Some values of R}
n |1 2 3 4 5
RL|1 3 25 543 29281
RI|l1 7 289 63487 69711361
RS |1 15 2689 5140479 98267258881
R |1 31 23041 365330431 115851037900801
RS |1 63 190465 24568397823 126764735665274881
Table II.  Some values of O}
n 1 2 3 4 5
ol |1 1 4 43 1156
o5 |l1 7 62 597247 5708501761
o? 1 31 46849 3021553663  7795103914721281

Given a sequence A,, we define the family of
chromatic generating functions {A™(x)}
respect to A, as

meN With

n

= x
AMx) =) A, :
D= )
Obviously, C™(z) = A™(x)B™(x), where A™(x),

B™(z) and C™(z) are the m' chromatic generating
functions with respect to the sequences A,, B,
and C,, respectively, if and only if C), =
> rso Aan,k(Z)T”k(”’k). Then by Proposition 4.1,
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we have R™(x)F™(—xz) = 1 where R™(z) and F™(z)
are the m'™ chromatic generating functions for R™
and the constant sequence F)" =1. An easy com-
putation shows that

Z(_l)] n 2m(n—j)j Rn;?‘ +O" = @ i
2 j gis O T g
J=0

Therefore, we have

(@) 0w - (3)

Since R™(%) = ﬁ, we get

Corollary 4.3.

[\

2
Following Choi [3], let G™(z) = F(s)

T 1-Fm(x
Rouche’s theorem, it can be easily sh(()vz/n that
F™(x) has a unique zero a,, satisfying |a.,| < 2 (See
Table III for the approximate values of «,, for
odd m < 7). Then G™(x) has an isolated zero at
2a,,. Standard techniques implies the asymptotic
formula

. Using

G™(z) ~ (G™) (200,) (z — 20uy,).

So we obtain

1 1
Onb(‘r) — ’ ~ ; .
Gm(—z)  (G™)(2am)(—x — 2au,)
Table III.  Zeroes of F*(x)
k 1 3 5 7 9
& —1.488 —-1.071 —1.016 —1.004 —1.001

Note that (F™)'(z) = F™ (). Since
1 _2(1 = F™(20m,))

(Gm),@am) B (Fm)l(am)

S ( . )
—T — 20y, 2ay, =0 200y, ’

we have the following asymptotic formula

1—F"(2a,) i z \"
amFm(h) 2am .

2m n=0

and

O’nl (1,) ~

Therefore

@) op~-lTEw) < ! )é(z)n!.
" 2am

o P (52)

om

On the other hand, since R™(x)F™(—x)=1 and
F™(z) has an isolated zero at a,,, we have
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1 1
Fm(—z) (F"L)l(am)(_m — Q)
1 o0 T n
o (%) n(]( am> ’
and hence

(3) sz—ﬁ( 1)"z<a>n!.

a’ITLF’”L( om am

Combining the estimations in (2) and (3) we obtain
the following result.
Corollary 4.4. When m is odd,
OWZ K
[T
where K =1 — F(2a,).
Here are some values for the constant K:

Table IV. Constant K =1 — F(2a,)

I

m 1 3 5 7 9

1.262 1.858 1.967 1.992 1.998

[1]

[2]

[3]

[4]
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