STRICHARTZ ESTIMATES AND LOCAL WELLPOSEDNESS FOR
THE SCHRODINGER EQUATION WITH THE TWISTED
SUB-LAPLACIAN

ZHENQIU ZHANG AND SHIJUN ZHENG

ABSTRACT. We obtain Strichartz estimates for the linear Schrédinger equation
associated with the twisted sub-Laplacian on C™. As a consequence, we prove
the local wellposedness for semilinear Schrédinger equation with polynomial
nonlinearity in certain magnetic field.

1. INTRODUCTION AND MAIN RESULTS

As is well-known, the Strichartz estimates play an important role in the study
of wellposedness theory for nonlinear dispersive equations [9] [IT]. In this paper we
are concerned with proving the Strichartz estimates for the twisted Laplacian on
C™ and finding applications to the associated semilinear NLS.

The twisted Laplacian L on C” is given by

1 _ _
L= —§Z(ijj+zjzj), (1)
i=1
where Z; = (% +3%), Z; = (% —12;),j=1,...,n, are 2n vector fields on C".
J J
For z = (z1,...,2,) € C", writing z; = x; + iy; and its conjugate z; = x; — iy;.

Then we can also write L on R™ x R™ as

n

1 ,
L=—0g = Ay + (2 +[y*) =i Y _(2;0,, — 40s,) (2)
j=1
- L L.
= Z(aﬂﬁj - §Zyj) + (ayj + §ij) ) (3)
j=1

where z,y € R™. Thus it is a Schrédinger operator with constant magnetic potential
[I7], which can be viewed as a quantization of the motion of a charged particle
(without spin) in a constant magnetic field, cf. Avron, Herbst, Simon et al [I] for
physical background. The spectral theory of twisted Laplacian is well-known and
intimately related to that of the sub-Laplacian on Heisenberg groups [25].

Let )N(j = 0y, — %iyj, 37] =0y, + %zx] Then [Xj,f/k] = 1d;;. Using the Weyl
representation (R?", 7)

dn(X;) = —i&;, dn(Y;) = O,

we have dr(L,) = —Agn+£|?, thus the spectrum of L is the set (L) = {n+2k,k €
N} and each eigenspace Ej has infinite dimensions.
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Consider the Schrédinger equation associated with L
i0pu(t, z) — Lu(t, z) = F(t, 2) (4)
u(0,2) = f(z).

Motivated by the treatment in the Euclidean setting [9, [T1], we will derive the
Strichartz estimates from the dispersive estimates and energy conservation. Similar
considerations have been given in [2, [, [16] [10] for variants of the sub-Laplacian
on Heisenberg groups. Nandakumaran and Ratnakumar [I6] obtained Strichartz
estimates for the Hermite operator. Later Ratnakumar extended the result to the
case of the special Hermite operator [19].

In R™, the Strichartz for the Cauchy problem (ie., L = —A in (@) reads
[22):

o0 2(n+2) n
([ [ e o) o) 57 < O gagaoy + I s ) 9

T4 (R1+7)

This was generalized by Ginibre and Velo [9] for L{LP norm for (g,p) being an
admissible pair when ¢ > 2, and by Keel and Tao [I1] when ¢ = 2.

We say (q,p) is an admissible pair on C™ if % + 2?" = n. Our first result is the
following theorem.

Theorem 1.1. Let (q,p) and (G, p) be admissible pair and 2 < q,q < 00,2 < p,p <
20 Let T >0, f € L*(C") and F(t,z) € LY([-T,T], L°(C")). Then the solution
u(t,z) of satisfies

lullpa-r,7),L0) < Cor(lflle2 + 1Fll Lo (—1,71,27))- (6)

As in the classical cases [, [5], the Strichartz inequality can be applied to show
the local wellposedness for initial data with low regularity. In Section [4] we consider
the Cauchy problem

i0yu — Lu = F(u) (7)
u(0,2) = f(z) € W2,

where F' is a polynomial of order m, F(0) =0, W;* = L=5(LP(C")), the so-called
twisted Sobolev spaces. We obtain

Theorem 1.2 (LWP). Let s > 2 — % For every bounded subset B of

2 maz(m—1,2
WE’Q, there exists T > 0 such that for every initial data f € B there exists a unique
solution of
ue C([-T,T),Wp?) N LY([-T, T}, W;P),
where (q,p) is an admissible pair with ¢ > max(m — 1,2) and p > n/s. Moreover,

the flow f — w is Lipschitz from B to C([-T,T], W,jz)

Magnetic NLS have been considered in Cazenave and Esteban [6], Yajima [26],
Bouard [3], Nakamura [I5], Michel [I3] using Fourier integral operator methods.
Also the Strichartz estimates were proved via PDE technique [12]. However, our
method is based on special Hermite expansions and our result treats different non-
linearity using modified Sobolev spaces.

The NLS generated by the twisted Laplacian may suggest the extension of our
result to the NLS problem for the full sub-Laplacian on Heisenberg groups [2] [],
including the endpoint case [IT], 23].

The remaining part of the paper is organized as follows. Section 2 is a brief
summary of some basics regarding the special Hermite expansions. In Section 3
we prove the Strichartz estimates. Section 4 is devoted to the proof of the local
wellposedness result.
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2. PRELIMINARY SPECTRAL THEORY FOR THE TWISTED LAPLACIAN

Let Hy(z) = (—1)ke®” ddk( —2*) ke Zy ={0,1,2,...}. The Hermite functions
are given by hy(z) = (28k!y/m)~Y2e 27" Hy,. For >\ = (A1,...,An) € Z7, define
Py (z) = [Ij=) ho, (25). Let a,3 € Z and 2 = x + iy € C", we define the special

Hermite functions on C™ as
Baalz) = (2m)F [ e Sanle+ Dmate - D ¥

It is easy to show that
L(®ap) = (28] + n)Pag,
where |a] = a3+ -+ ay,. Then {‘I’aﬁ}a.ﬂezi form a complete orthonormal system
in L2(C"), see [25].
The special Hermite functions can be expressed in terms of Laguerre functions.

Let Ly (z), k € Z4 be the Laguerre polynomials of order o > —1 defined using the
generating function
xt
. 9
) 9)

Write L (z) = LY(z). According to the Mehler’s formula [25, Section 1.3, p.19], we
have

SRLot“Li(z) = (1= )7 exp(

o (2 %H W emilal, (10)

The twisted convolution f X g on (C" is given by

fxglz / Flz — w)g(w)e? %@ duw.
For f € L?(C") we can write the expansion in the following form
f(z)=(2m 22Vf X @y, (2) = 2m) T"ERLo f x wi(2), (11)

where ¢ (2) = (2m)2 ZM i ®uu(2) coincide with the Laguerre functions ¢ (z) =
Ly (3z]?)e” i12* Note that (2m) ™™ f X @y is simply the projection of f onto the
eigenspace corresponding to the eigenvalue 2k + n.

Indeed, from the relations [25, Proposition 1.3.2]

2m)2 @ =
‘PWX%ﬁ:{( m)2Pus a=v
0 aF#v
we obtain
(277)%2 (f> V) =[x Py,
from which and f(z) = Zas(f, ® . ) follows.

3. LINEAR ESTIMATES FOR SCHRODINGER EQUATION
Consider the IVP (4)) with F = 0:
i0su(t,z) — Lu(t,z) =0, wu(0)= f € L*(C"). (12)
The solution is given by
u(t,z) = e " f(2) = (2m) TS M f o (2). (13)
In fact, for each t € R,
le™ ™ f(2)72 = (2m) 2" S22l f x wr(2)|Z2 = [IF1I7- (14)
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Since Loy = (2k + n)gg, we have that u(t, z) satisfies in weak L2. Moreover,
since |e~*(F+n) _ 1| < 2, we have

lu(t,z) — f(2)||lr2 — O ast — 0,
by a dominated convergence argument.

Let Ky(z) = (2m) 77552 je~#(2k+m) ) (2). Write the special Hermite expansions

of u(t, z) in the form

u(t,z) = f x K¢(2).
Then {e~%l ¢t € R} satisfy the semigroup property on L?. Moreover, since u(t +
27, z) = u(t, z), the solution u(t, z) is 2m-periodic in .

In order to give the estimates of the semigroup {e~%% ¢t € R}, we replace the
parameter it with v = 74-it, » > 0. Then the kernel of the semigroup e~7* is given
by

Ko (2) = (2m) " Sige @40 ().

Using formula @D we find
K. (2) = (4m)"(sinh(r + it)) ""e i (coth(rti)l=]? (15)
By the discussion above we easily see that for f € L?, u,.(t,2) := e "X f(2) =
f x K,(z) is the solution of IVP with u(0) = e "L f.
Now we give the L, — L, estimate for the semigroup {e="% ~ € C}.
Lemma 3.1. Letr > 0,t #£0,2<p<ooandp =p/(p—1). Then

e 0L () 1 < e 2w sint| MG £ e

Remark. We can also use the fact that e~*% has kernel

(4m) " (isin t)*”e*i(“’“))‘zl2
to show the L' — L dispersive estimate, then the Strichartz follows as a corollary
of [11].
Proof. First we prove the case r > 0. Since {®,,} is a complete orthonormal
system in L2, for v = r +it, r > 0,

st )z = || Y e T CFHI(f @)@ 10

WV ELTY
ey @)Y = e Sl e (16)
WV ELY
Note that
1—e 4 1—e 2
R coth it) = > >0

coth(r +it) 1+e 4" —2e 27 cos(2t) — 1+e 27

and
1
| sinh(r + it)| = | sinhr cost + i coshrsint| > | coshrsint| > 56T| sint|.

We obtain

lur (2, 8)ll2 = I1(F x Ka)(2)lzm
< (2’| sint]) | Il (17)
Interpolating two inequalities and gives
[ (t, 2)| o < (e7™)¥/P(2me" sint) 23 7%)

<e " |2msint] T D £ (18)
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The case 7 = 0 is a consequence of by applying Fatou’s lemma and a density
argument. O

Now we prove Strichartz estimates for u(t,z) = e "L f(z). Let 2 < p < 2%
Recall that (g, p) is called admissible on C™ if % + 2?” =n.

Lemma 3.2. Let2 < ¢ < 00,2 <p< % and % + 2?” = n. Let u(t,z) be the
solution to . Then for each T > 0, there exists a constant Cyqr < Cqmax(1,T)
such that

(a)
™" £ (2| La(-r.11.L0) < Corll fllz2 (19)
(b)
T .
| /TeltLF(t>Z)dt||L2 < Cq,T||F||Lq’([—T,T},LP/)~ (20)
Proof. We only need to show that inequality (b) holds for all F in L9 ([T, T], L*")

since (a) will then follow by duality. We follow the standard line of proof, the TT™
argument for e**2 as in [I1], see also [16]. Consider the bilinear form

T(F,Q) / / / L E(t,2)eisLG(s, z)dzdsdt.

It is sufficient to show that for all F, G in LY ([-T,T], L")
IT(F,G)| < Oq,T”F”Lq’([fT,T],Lp’)HG”LQ’([fT,T],LrJ’)- (21)
For 0 < T < m, applying Lemma with 1 < p’ <2, we obtain

n

/ L E(t, 2)eLG(s, 2)dz = / e CIL Rt 2)G (s, 2)dz
U oo 1 Y i — )
SIECE ) o G (s, )l o [ sin(t = s)[ 7727727
Since % + 27" = n, applying the generalized Young inequality [20] gives

. —2n(L—
IT(F,G)| < Cq||FHL<1’([7T7T],LP’)||GHL<1’([7T7T],LP’)|||51n5| G 2)”L“"’

[—2T,2T]

<CollFll g (1,17, |Gl Lo (=117, 07 0<T <m,
where we observe that the Young inequality requires that 1 < ¢ < oo,

|sin s|” 2 =3) ¢ [

loc )
1/r:1+1/q—1/q':2/q:n(1—%) and ¢ > 2.

For T' > m, the estimate C,r < C,T is a simple consequence of the periodic
property of u(t, z). This completes the proof of Lemma [3.21 O

Remark. Alternatively we can also prove Lemma for e~ ("L (t, 2) first,
and then use Fatou lemma plus a density argument to prove Lemma cf. [19].
However it is more straightforward to prove the result as we proceed here for both
lemmas.

Let u(t, z) solve Equation . By Duhamel principle, u is represented by

t
u(t,z) = e M f(z) - z/ eI (s, 2)ds. (22)
0
Proof of Theorem In view of and Lemma we only need to show

t
H/O e P (s, 2)ds| Lo (—rr).L0) < Co | Fll o (o pory - (23)
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Define

T ot
T(F,G):/ / / eI F(s,2)etLG(t, z)dzdsdt.
—7Jo n
By duality it is sufficient to prove the following bilinear estimate: For any two
admissible pairs (q,p), (¢,P), ¢ # 2,9 # 2,
IT(F, G)| < CNEN por (—r 1), Lo IGl Lo (o 1), 17 (24)

where C' = C, 1 < C,T is the same constant as in Lemma [3.2} in what follows we
are going to impose the same conditions as here on the pairs (g, p), (¢, D).

Let x(0,1)(s) denote the characteristic function of (0,¢). By Lemma [3.2] we have
for ¢ > 2,

t
I / eCILE(s, 2)ds| 12
0

T
—JleitE / | x0a(s)Fls, )]

<CIFl po' (j—1,11,L7")-
Thus by Fubini Theorem and Hoélder inequality, we have
t
TG < sup | [ e ILF(s,2)ds] 2 [Gllor-rin oo
te[-T,T] 0
SC”FHLQ’([—T,T],LP’)HG”LI([*T)TLLz)'
On the other hand, suggests that
IT(F,G)| < C”F”Lq/([—T,T],LP')”GHL‘I’([—T,T],LP/)' (25)

Applying bilinear Riesz-Thorin interpolation, we obtain for (¢,p) with 1 <
¢ <q,2>p >p. By symmetry (noting the symmetric form of the bilinear form
T(F,Q)), write

T T _
T(F,G) = /7T/n (/T X(O’t)(s)el(st)LG(t,z)ds> F(s, z)dzds.

Repeating the same proof above we obtain for ¢’ < ¢, p’ > ¢/,
IT(F,G)| < ClG Lo =z, 1F | Lot (=179,

Thus we have proved that holds for any admissible pairs (g, p), (¢,D), ¢ # 2,
G # 2. This completes the proof. m]

From (22), and Theorem [1.1] we also have
Corollary 3.3. Let T > 0. Then the solution u(t, z) of satisfies
lulleq-r,m),L2) + l[ull Lag=7,7),20)
<Cqr(Ifllz + I Fll e (—1.17,L7))>

where (q,p), (4, p) are admissible pairs with 2 < q,§ < 00, 2 < p,p < %

4. SEMILINEAR SCHRODINGER EQUATION

In this section we consider the local wellposedness for the following Cauchy
problem

tuy — Lu = F(u), u(0,2) = f(2) € W2, (26)

where F' is a polynomial of order m, F'(0) =0, W;¥ = L~*(L?(C")) ={f =L °g:

g € LP(C™)}, the analogue of the usual Sobolev space, with || f|ws» = ||gl[Lr(cn)-
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As in the classical case, we can solve by using the priori Strichartz estimates
coupled with the Sobolev embedding theorem (Proposition .

The twisted Sobolev spaces were introduced in [I8] and later used in [24] in the
study of the spherical means for special Hermite expansions.

Proposition 4.1. Let s > n/p and 1 < p < co. Then W;"* — L*>(C").
Proof. We only need to show that for n > s > n/p it holds that

IL7% flloecny < Cllfllzrcmy
for all f € L2NW;P. Let e 'L be the heat kernel of L, then for s > 0

L™ f(2) = ﬁ /Ooots—le—“dtf(z).
Since N
e f(z) = (2m) ") eI x o (2) = f X pi(2),
where o

pe(z) = (2m)™" Z et FM) 1 (2) = (47 sinh t)*"efi(‘mhmzﬁ,
k=0

it follows that the twisted convolution kernel of L =% has the expression
oo
Kf's(z) = Cs,n/ tS*l(Sinht)f’nef%(cotht)|z|2dt'
0

Note that if 0 < t < 1, sinht = O(¢), cosht = O(1). Then it is easy to see that for

0<s<mn,
_ |2]25727if 2] < 1,
K2k)|<c
| () =< {6_022 if |z] > 1.

We have for each ¢ > 1

/|K_5(z)|qdz§c / |z\q<23_2")dz+/ ez | < oo
|2]<1 |2[>1

provided s > n —n/q. Hence if n > s > n/p, we obtain for all z € C" and
feL*nw;?,

L2 f(2)] < (1Kl all f]] e,
where 1/p 4+ 1/q = 1. This proves the proposition. O

Remark. The result agrees with the classical result since L is second order and
C™ has real dimension 2n.

To show the LWP for we will also need a “product rule” for fractional
derivatives, namely, Proposition [£.7} whose proof depends on a few lemmas as we
will see below.

Let us first establish the Littlewood-Paley inequality for LP. Fix ¢y and ¢ € C§°
such that g, > 0, suppy C [0,1], supp ey C [1/4,1] and Z;io w?(x) =1 for all
z >0, where 9, (z) = ¥(277x), j > 1.

Lemma 4.2. Let 1 < p < oco. Then there exists a positive constant C), such that
for all f € LP(C™),
1/2

Cy M If e < (D 15 (L) f)

=0

lzr < CpllfllLe- (27)
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The proof of Lemma follows from the classical argument. Using multiplier
theorem and Littlewood-Paley square function we know that the random function
m(€) := +p(279¢), where £ are i.i.d. symmetric Bernoulli, are Mikhlin type mul-
tipliers uniformly in the choice of the signs 4+. Then follows via Theorem
by applying Lemma cf. [2I, Chapter IV].

Consider the multiplier transform of the form

T f(2) = (2m) "2 3 mp)f x ®uu(2).
vELY

For k =1,...,n, define Aym(v) = m(v + ex) — m(v), where e, = (0,...,1,...,0)
with 1 in the k-th coordinate and 0’s elsewhere. If 3 = (81,. .., 5,) € Z7, we define

Aﬁm(l/) = A'fl .- -Ag”m(l/).
We have the following multiplier theorem [25], 27].
Theorem 4.3. Let m be a function defined on Z'} which satisfies

|APm(v)| < C(1+ [v]) 717! (28)
for all B with || < n+1. Then Ty, is bounded on LP(C™) for 1 < p < co.

Let x;(x) = x(277x), where x is a smooth cut-off function in C§° with support
in [1/2,2]. Denote by M; the twisted convolution kernel of T . The following
weighted estimate holds according to [27, Lemma 2.1].

Lemma 4.4. There exists a constant C,, such that for all j > 0,
/ (L+ 27220 (2)Pdz < C2™.

A simple consequence of Lemma is that for all j and all f € LP N L?,
1 < p < > it holds that
I (L) flle < Clfll - (29)
Recall the Rademacher functions from [2I]. Let r,,(t) = ro(2™t), where 7o (t) =
1,if t € [0,1/2]; =1 if t € (1/2,1]. The sequence of Rademacher functions are
orthonormal (and mutually independent) over [0,1].

Lemma 4.5. Let F(t) = Y 0" amrm(t) and 3 |am|* < co. Then F(t) € LP([0,1])
for each p < oco. Moreover, there exist positive c, and C, such that

llFlp < IFll2 = laml*)'? < Gl Flp-
0

The lemma above is contained in [21] Chapter IV, §5.2]. There are also included
evident extensions to multi-dimensions.

Proof of Lemma For p =2, using >, Y3 (x) = 1 we have

IO 1 (L) F ()P 2I1Ee = D (i (L)f,45(L) )
j=0 §=0

:Z Z V22| +n)(f, Ou)? = [ £117-

3=0 p,vez?

So by a standard duality argument, it suffices to prove the second inequality of

@7 Let my(x) = 372 ri(t)eh;(x). We write
Tif(2) = me(L)f(2) = 2m) 7™ Y mu(2k +n)(f x @1)(2).

k=0
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By the second inequality in Lemma we have

Zm 272 <Cp/ |Z¢j St

e /0 T, f(2)|Pdt.

Therefore, since m¢(v) := my(2|v|+n) satisfies (28], we obtain the desired estimate
forl <p< o

[ (S <c [ e

O
Remarks. From the proof one can easily see that the result remain valid if we
only require Y, 9% (z) = 1.

An alternative proof of Lemma, would be to show the estimates L' — weak-
L'(¢9) and L' (¢7) — weak-L', similar to the proof of vector-valued spectral multi-
plier theorem [I7].

As a corollary to Lemma the following norm characterization of W;** holds.

Corollary 4.6. Let 1 <p < oo and s > 0. Then for all f € LP(C"™), there exists
a constant C), such that

oo

Gt I lwge <N 2% w3 (L)1) 2 Nle < Cpll fllwg -

=0
Let ®;(z) = ZV oXV( ), 7 > 1. Using the decomposition

fg= Z(Xi(L)f)(Xj(L)g)
= Z Q;(L)g(x:(L)f) + Z(Xj(L)Q)‘I)jH(L)ﬁ

and applying Corollary and we thus obtain the “product rule for fractional
derivatives”.

Proposition 4.7. Let 1 <p < oo and s > 0. Then for all f,g € L NW}"?,

Ifgllwir < CUSlz=llgllwyr + [ fllwgrllglize).

We are now ready to prove the local existence and uniqueness of (26| .
Proof of Theorem [1.2] By Duhamel principle we consider the mapping

t
Du)(t) = et f—i / LR (u(7))dr (30)
0

on the space Xp = C([~T,T],W;*) N LY([~T,T), W;”?), which is endowed with
the norm

lellxr = maxlu® w2 + lulloq-r.rwy7)-

Let B ={u € Xr : ||u|lx, <7}, where 7 is a constant to be chosen later. Define
the metric p(u,v) := ||u — v||x,. Then (B, p) is a (convex) close set. We will show
that ® is a contraction mapping in (B, p). According to Lemma and Proposition
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[47] we have

T

I#(0lxr < Q1 Mwze + | 1P z200)

T

<1l + [ I ()l ).

where in the first step we have used the property that L°® and e’ commute. Now

we can take ¢ > max(m — 1,2) and take p to be the corresponding Strichartz index
satisfying 1/p = 1/2 — 1/(ng). These are the numbers chosen in the definition of
the space Xp. Finally, we conclude the argument as follows: Proposition [£.1] tells
that

[Tl zoe < Cllul(T)llwyr,
where s >n/p=n/2—1/¢>n/2—1/max(m —1,2). Let r =1— mT_l. Applying
Holder inequality in 7 we obtain
[@(w)l[xr < Cllfllwy2 + C(Tullxr +T"[ullk,)-
Similarly we have
12(w) = @(v)[lxr < CT"(1+ [Jullxy + [0ll2)™ lw = vllxy-
Choose v = 20||f||Wz,2 and 0 < T < 1 so that
1/r
1

T < )
ColL+ [ lyra) ™t

where Cy is a constant. Then it follows that ® maps B into B and is a contraction
mapping on B. This proves the theorem. O
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