A COMBINATORIAL PROBLEM !
by R. M. Thrall

1. Introduction.

Letm be anatural number and let (a) = (ay,...,
ay)s a,>a,> ... >a;>0, be a partition of m into un-
equal parts, We associate with the partition (a) a
diagram D(a) of m nodes (or places) having a; rows
and k columns, so arranged that the j-th column has
aj nodes, and that the top node of the j-th column is
in the j-th row (numbered from the top down).

For example,

D(5,3,2)= ... and D(4,3,2,1)= ...

A one-to-one mapping of the nodes of D(a) onto
the set of natural numbers 1, ... , m is called a
labelling of D(a)and is indicated by writing in each
place of D(a) its image under the mapping. A label-
ling is said be be regular if the ''labels'' increase in
each row when read from left to rightandincrease in
each column when read from top to bottom. Thus
the first of the two labellings below is regular where-
as the second is not:

1 1
2 4 32
357 ’ 4710
68910 6589
We denote by g(a) the number of regular label-
lings of D(a). The main result in this note is a for—
mula for g(a). (See Theorem 1). The problem of

] The work on this paper was performed under the
sponsorhip of the ONR.
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determining g(a) is similar in many respects to the
problem of determining the degrees of the irreducible
representations of the symmetric group [2.p.67] and
the formula obtained for g(a) is analogous to the degree
tormula. In the final section there is a discussion of
the connection between the special case (a) = (k, k-1,

.» 1) of this pr,oblem and a phase of the theory of
psychological measurement. It was this connection
which first led to the consideration of the special case
and attempts to handle the special case lead to the
general one.

2. Combinatorial preliminaries.

A node which lies at the bottom of its column
and at the right end of its row is said to be a corner
node. If a corner node lies in the j-th column of D(a),
its removal gives the diagram D(a(i)) where )

(a_(j): (al, « s e 3 a.j_l, aj‘]., aj,,l_l,, PR ak) )

i.e., the j-th component of (a) is decreased by 1.
[In particular if j = k and aj. = 1, (aK) consists merely
of the first k-1 components of (a)].

LetL(a) be any regular labelling for D(a). The
regularity of the labelling requires that the label m
shall be assigned to acorner node. Moreover, if re-
moval of this corner node gives D(a(j)), the labelling
L(a(i)) induced by L(a) is regular. Conversely, if
L(ali)) is'any regular labelling for D(a(j)) then addi -
tion of a node labelled m at the the bottom of the Jj-th
column will give a regular labelling L(a). This argu-
ment establishes the following lemma.

Lemma 1, Leta=(ajs --. , ay)whereaj;> ... >ag.
Then ‘
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(1) gla) = ' glali)

where Z' denotes the summation over allj
for which the bottom node oithé j-th column
of D(a) is a corner node. \
(The results of this section are precisely anal-
ogous to those in the symmetric group case [2.
p.67 ff. ] )

3. The formula for g(a).

For any vector x =(xy, ... %) with compo-"
nents in the field of complex numbers we define

~(2) A (x) = 7Ti>j (Xi‘ L xj)
and
B) V) =Ty, g +x)

(The product A\(x) can also be characterized as the
V?Pl der Monde determinant det “ aij" where ajj =

x7 )

Theorem 1. Letaj, ... , akbenatural numbers
such that aj>ay> ... ak>0. Then we have

(4)  gla) = (al-l\-.,.. +ap) ! LA(a)
aj !...oa ! Ya)
Proof: We denote the function on the right hand
side of (4) by G(a), and consider the domain of G (a)
to be all vectors (x) whose components are non nega-
tive integers, We first observe that G(x) = 0 if-any
two components-of xare equal. Next, if (x) =(x},...,x)
is any vector we define x(j) to be the vector (%1 -+
Xj-1, %Xj-1, %5015 «o0 xk)s (j=1, ... , k). 1‘\Tow5 if
aj]”> ... >ax>0 then either the node at the bottom of
the j-th column of D(a) is a corner node or aj = ajp)+
1 so that G(a(j)) = 0. This establishes the following

lemma.
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Lemma 2. For any aj;”> ... >a;>0 we have

(5) Z' G(a(j)) = J1<1 G(a(j)) -
The equality g(b) = G(b) is readily checked for
small values of by +... +D We now take as induc-

tion hypothesis that g( ) = G(b) for all b;> ... >by>0,
having by +... +by<m, and let (a) = (al, e 5aK),
a;” ... > ag~>0, be a fixed partition of m. Now by
Lemma 1 and Lemma 2 we have

(6) gla) = Z'g(a(j)) = Z'G(é(j)) = ZJEI G 2(3)

Our theorem will then follow if we can show that
(7) Gla) = 2. % ac(al)). /
Lemma 3. For all vectors (x) = (xy, ... , xi) with
disiinct (complex) components we have
(8) A=) = Ax) :Q’J' *v - Xjt

\%
XV-XJ

and

(9) V(X(J)) - V() "’T XV+X.j_-1

V#J Xy + 2‘».j
Using (8) and (9) we get

0 Gald) = 1) A T (ay-agiayta
oY G = ST ) YA Gy aavieg D)

‘aj TT (ay-aj- 1)(av+aj)

= Gla) apt...+ag véj (ag-a a;)(ay+a;-1)
= G(a) hy(a) /
Next set
(11) n(x) = K x TV (s -x41) (3 +x5)
X1+. <o X J 1 V7£J (x - J)(X +XJ l)
= "k h’(X), ’

j=1"
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and we have from (10) that

(12) 2.5 6(al) = Gla)n(a)

Hence to complete the proof of (7) and therefore of
Theorem 1 it is sufficient to establish the following
lemma.

Lemma 4. For all vectors (x) with complex compo-

nents

We first remark that h(x) is a rational symmet-
ric function of degree zero in x;, ... , Xx. We next
show each potential factor in the denominator for h(x)
is actually cancelled out when the summands hj(x) are
added together,

For a pair i,j with i#j the factors (xi—xj) and
(x;+x:-1) appear only in the denominators of the two
summands h;(x) and hj(x). Let

Cofx) = 7—\_ (xv-xi+1)(xv+X‘)
flJ(X) = v/l-i,j (Xv‘xi)ﬁ(xv;"xj‘il)

The identity
(z—xi+l)(Z+xi) - (Z-Xj+1)(Z+Xj) = -(xi-xj)(xi+xj~l)
shows that flj(x) - fji(x) is divisible by
(xi-Xj)(xi+xj-l) , say,

fij(x) - fji(x) = (xi—xj)(xi+xj-l) fij*(x)

where fij*(x) is a rational function whose denominator

) or (x;j+x:-1)as a factor.

does not contain either (xi-xJ 3

Now we have
(x; + ... x)[h;(x) + hj(x)]
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_ Xi(xj —Xi+1)(xi+Xj) £5(x) + Xj(x,i"xjil)(xi"'xj) fji.(x)
(Xj -Xi)(Xj +x5-1) (x;-x)(xi+x5-1)

(x;- j)(xi+Xj—1)
f37%(x)] + Xj(xi"xj+1) fji(x) }

+ { -x;(x;j —xi+1)[fji(x)+(xi—Xj)(xi+xj— 1)

= (X1+XJ) Xl(XJ-X1+l) fl‘]*(X) + (Xi+Xj) fjl(X)’

which shows that (xi—x€)(xi+XJ-l) cancels from the de-

nominator of hj(x) + hj(x) and, therefore, from thede-

nominator of h(x).

Thus we have

h*(x)

h(x) N x1+
1 ...+Xk

where h*(x) is a symmetric polynomial of degree one
and therefore h*(x) = c(x1+...4x;) and hence h(x) = ¢

for all (x). To caluclate ¢ consider lim h(x). We
Xl"’m
have X%i)r(% hi(x) =0 ifi # 1 andXII_i,rono. hi(x) = 1. Hence,

c =1+040 ... +0 = 1. This c.ompletes the proof of
Lemma 4 and Theorem 1 follows.

4. A special case and a related geometric problem.

If (a) is the partition (k,k=1, ... , 1) thenm =
k(k+1)/2, A\a)=112!... (k-1)! and

V@) 1121 ... k! = (2k-1)1.« (2k-3)! .., 311!

Hence™ |,

-

. | .
Formula (13) was suggested by D. Mela on the basis
of empirical study.
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_ cox [k(k+1/2]0(k-1)1 ... 1
(,13) gl ., 1) =g (2k-1)1(2k- 3) 1!

Now consider the following situation. Let (x) = (x X
X5 ceo Xk) be a vector Wlth real components such
that xo<x1< ... <xk, and let P be the point on the real
line with coordinate x;(i =0, ... , k).  Let Q;; be the
midpoint of P; and Pj (0<i<j<k), and let x;; be the co-
ordinate of Q1_] We suppose the xj so chosen that the
m = k(k+1)/2 opoints o] j are distinct, and let them be
enumerated as they lie frorn left to right, say dg{i, j)
is the rank order of QIJ '

Next consider the diagram D; of the partition
(k,... , 1). We may designate the j-th node in the
(i+1)-stcolumnof Dy by the symbol(i,j) (0 < i < J < k).
Then the mappinz (i,j) >4, (i,]) is a regular ‘label—
ling for Dk andhenceg is an upper bound for the num-
ber of possible orderinge for the midpoints Qjj- Itis
an open question whether every regular labbeling for
Dy can be obtained as a '"midpoint'" labelling.

The midpoint problem had its origins in psycho-
logical research and was proposedby C.H. Coombs [1].
Supposé that k+l individuals called stimuli possess
some attribute, the amount of which can be measured
by a real number, say, stimulus i has amount x; of
the given attribute. We suppose the stimuli so order-
ed that x,<x)< ... <xp. A further individual, called
a judge, who possesses x of the givenattribute is ask-
ed to rank order the stimuli by mapping i—+d; such
that the numbers lx -Xd; I cee s Ix X dy ] will be in
increasing order. Suppose i<j. Clearly Ix x;| <
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|x-xj| or 'X"Xil > lx-—le according as X;jj”X or Xjj<x,
respectively. The basic problem is to see how much
information can be obtained about the numbers x,,.. .,
Xk given only the rank orders provided by some set of
judges, and the midpoint problem is one of the sub-

problems of the basic problem.

Bibliography

1. Coombs, C.H., "'Psychoiogical Scaling Without a
Unit of Measurement'', Psychological Review,
1950, Vol. 57, pp. 145-158,

2. Littlewood, D.E., The Theory of Group Charac-
ters, Oxford (1940). ’

University of Michigan November, 1951.



