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ESTIMATE FOR INDEX OF CLOSED MINIMAL
HYPERSURFACES IN SPHERES

ABDENAGO ALVES DE BARROS* AND PAULO ALEXANDRE ARAUJO SOUSA

Abstract

The aim of this work is to deal with index of closed orientable non-totally geodesic
minimal hypersurface " of the Euclidean unit sphere S"*! whose second fundamental
form has squared norm bounded from below by n. In this case we shall show that the
index of stability, denoted by Inds, is greater than or equal to n+ 3, with equality

k [(n—k
occurring at only Clifford tori S¥ (;) x §"k < (nn)> Moreover, we shall prove

also that, besides Clifford tori, we have the following gap: Inds >2n+5.

1. Introduction

One fundamental paper on the theory of minimal hypersurfaces of the
Euclidean sphere S"! is the seminal work of Simons [11]. Among many inter-
esting results, it was proved that, besides totally geodesic spheres, closed minimal
hypersurfaces X" = S"*! whose squared norm of the second fundamental form
satisfies |4|> < n, must have |4|> = n. Moreover, he also proved that, the index
of such hypersurfaces are greater than or equal to one and equality occurs at only
totally geodesic spheres, which yields instability of such class of hypersurfaces.
After that, one celebrated result concerning the equality on the above pinching
was obtained, independently, by Chern-do Carmo-Kobayashi [6] and Lawson [§],
where they proved that Clifford tori are the unique minimal hypersurfaces where
|A|2 =n. Besides totally geodesic spheres, Clifford tori are the most simple
known examples of compact minimal hypersurfaces in S"*!. Then a question
raises from these results: What is the index of a closed oriented minimal hyper-
surface " = S"1?  Moreover, among such hypersurfaces, do Clifford tori have
the lower index? By using the GauB3 map as test function we may show that,
besides totally geodesic spheres, Inds > n+ 3, see e.g. [11], [7] and [10]. More-
over, it is easy to check that minimal Clifford tori have index n + 3. Hence, it
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was conjectured that in fact, Inds > n+ 3, and it is reached only for Clifford
tori. For dimension two, Urbano [12] settled this conjecture by showing that for
non-totally geodesic sphere, a closed orientable minimal surface £? = S, has
index greater than or equal to 5 occurring equality only for the Clifford torus

1 1
S! (ﬁ) x S! (75) For high dimension, some few progress has been made in

the matter of this problem. One of the first result is due to Brasil-Delgado-
Guadalupe [5], where they proved the conjecture, under the additional hypothesis
that the scalar curvature of X" is constant, but, essentially this is a direct conse-
quence of a result contained in the work of Nomizu and Smyth [9]. Recently,
Perdomo [10] also proved such result for hypersurfaces with some type of
symmetries. Since, closed minimal hypersurfaces of the Euclidean sphere with
|4| < v/n are well known, here we shall prove this conjecture provided its second
fundamental form is bounded from below by \/n. More exactly, we shall prove.

THEOREM 1. Let x: X" 9 S™! be a non-totally geodesic minimal isometric
immersion of a closed oriented Riemannian manifold X" with norm of the second
Sfundamental form bounded from below by +/n. Then Inds > n+3 with equality

k | [(n—k
occurring at only Clifford tori S* (E) X S”_l‘< %

We point out that for |A4| constant the result is also a combination of our
one jointly with the theorem of Chern-do Carmo- Kobayashi [6] and Lawson
[8]. On the other hand Perdomo [10] conjectured that, besides totally geodesic
spheres and Clifford tori, closed minimal hypersurfaces of S""! have Inds >
2n+ 5. Under the same hypothesis of Theorem 1 we shall prove this conjecture.

THEOREM 2. Let x:X" 9% S"! be a non-totally geodesic minimal isomet-
ric immersion of a closed oriented Riemannian manifold X" with norm of the
second fundamental form bounded from below by \/n. Then, besides Clifford

tori S* <§> X S"k< (n;7k)> , Inds > 2n+5.

2. The index of minimal hypersurface

Unless stated otherwise, all manifold considered on this work will be
connected, while closed means compact without boundary. During this section
we shall present a briefly introduction of some well known facts concerning to the
stability of orientable hypersurfaces in the Euclidean unit sphere that will be used
on our work. They may be found on the literature, essentially in [1], [3], [4] and
[11]. Given an isometric immersion x:X" 9> 8" of a compact oriented
Riemannian manifold " into the Euclidean unit sphere S"*' we shall denote
its second fundamental form by A while its mean curvature H will be given by
nH =tr A. In particular, if ki,...,k, are the principal curvatures of 4 we have
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(2.1) 4% + 28, = S?
. 2 = 97,

where S; and S, are respectively the first and the second symmetric functions of
the principal curvatures ki, ..., k.

On the other hand, given a differentiable function f € C*(X) there exists a
normal variation x, of the x, with variational normal field fN, such that

d

where A(f) is the area of each immersion x;, and dX stands for the volume

element of X. Therefore, minimal hypersurfaces of unit sphere are critical points

for the area functional. In order to understand the behavior of such critical

points it is fundamental to compute the second derivative of A4(¢) that is given by:
d2

WA([)":O = —Lf]f dx,

where J = A+ |A|* +n is the stability operator, which is also called Jacobi
operator. Hence, we may associate to J a quadratic form Q(f) = —fz fIf dZ,
for fe C*(X). The index of stability of a minimal hypersurface as above,
denoted by Inds, is defined as the maximum dimension of a subspace V' = C* (%)
for which this quadratic form is negative definite. For instance, the constant
functions always have such propriety. Indeed,

o(l) =— L(|A|2 +n)dX < —n Area(X) < 0.

Then any compact oriented minimal hypersurface " = S"*! has Inds > 1, which
means that it is unstable. Moreover, as stated in the introduction Simons [11]
proved that Inds = 1 only for totally geodesic spheres.

3. Analysis of support functions

Given a hypersurface x: X" 9> S"! the support functions /, = {x,v> and
fo = {N,v), where ve R"*? and N stands for the GauB map, play an important
role on the theory of immersions. Since ¥V ={l,:veR"?} and W =
{f, :veR"?} are linear subspaces of the vector space C*(X), by using GauB
and Codazzi equations we may obtain many interesting properties for this couple
of functions, see e.g. Alias [1].

(3.1) Vi, =0v",

(3.2) Hess I,(X,Y) = —I{X,Y)+ f,{AX, Y)

(33) Vfy=—A(@"),

(3.4)  Hess f,(X,Y)= (VAW , X),Y>+ 1,{AX, Y — f,d AX,AY),
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T stands for the projection of

for every tangent vector fields X, Y € ¥(¥). Here v
v on the tangent bundle TZ.

In particular, on the minimal case we have a well known lemma.

LEMMA 1. Let x:X" % S"™' be a minimal isometric immersion of an
oriented Riemannian manifold X". Then we have

(1) Al, = —nl,,

(2) Aty =28/,

(3) In addition, if X" is closed, then [¢l, d¥ =0 and [;S>f, dZ=0.

Proceeding on the analysis of such functions we shall present a series of
lemmas. Some of them already appear on literature, but for readers conve-
nience we shall give their proofs. Henceforth we shall choose a suitable basis
{e1,...,ens2} on the Euclidean space R"™2

LEMMA 2. Let x : 2" 9 8" be an isometric immersion of a closed oriented
Riemannian manifold ¥". Then we have
(1) If x(X") is not a totally geodesic sphere, dim V =n+ 2,
(2) Given a non null vector ue R"™.  Then, either {l,,1} is an independent
set or x(X") is a geodesic sphere,
(3) If x(T") is not a geodesic sphere, dimV =n+3, where V =
{a+1,:aeR,veR"™?}

Proof. The proof of (1) is direct. In fact, let us suppose that {/,...,/,,}
is a dependent set. Hence there exist non null real constants ai,...,a,2
satisfying

n+2

E aile/. =0.
i=1
n+2

Thus considering u =", aje; we conclude that [, ={x,up =0. Then
x(£")=S" is a totally geodesic sphere that finishes (1).

Now let us suppose that {/,,1} is a dependent set. Then there exists a real
constant « such that /, = (x,ud =a. Thus, if T, = {p e R"?: (p,u) = a} is the
hyperplane then x(Z") = S"'NT,, i.e. x(Z") =S"(r) is a geodesic sphere with

2_ 2
u~—a
center ¢ = aﬁ and radius r =|T, which finishes item (2).
u
The assertion of (3) follows from (2). O

On the other hand Nomizu and Smyth [9] proved the following theorem.

THEOREM [Nomizu-SMYTH|. Let M be a complete orientable Riemannian
manifold of dimension n > 2 isometrically immersed in S™' and let ¢ be the
associated Gaull mapping.
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i) If (M) is contained in a great hypersphere of S"" then M is imbedded as
a great hypersphere and so ¢(M) is a single point.

i) If ¢(M) is contained in a small hypersphere of S"*' but is not a single
point, then M is imbedded as a small hypersphere and (M) is a full small
hypersphere.

Now we notice that this theorem yields a direct proof of the next lemma.

LEMMA 3. Let x: 2" 9 8" be an isometric immersion of a closed oriented
Riemannian manifold ¥". Then we have
(1) If x(X") is not a totally geodesic sphere, dim W =n+ 2,
() If x(Z") is not a geodesic sphere, dim W =n+3, where W =
{a+ f,:aeR,veR"?}

Proof. For item (1) we address to item i) of the above theorem. While for
item (2) we use item ii) of the cited theorem. Indeed, let us suppose that
{fers--+ fern» 1} i3 a dependent set. Hence there exist non null real constants
ap,...,a,. satisfying

n+2

Za,fei =1.

i=1

Thus considering the hyperplane T', = {p e R"*?: (p,ud =1}, u= Zl”;z ae; we
conclude that N(X") =« S"'NT,, i.e. N(X") =S"(r) is a geodesic sphere with
2
ul”—1
center ¢ = % and radius r = T Therefore, we may apply item ii) of
u
the above theorem to conclude that x(X£") = S" is a geodesic sphere. From here

we have that {f.,..., f.,,,1} is a basis for W up to geodesic spheres, which
concludes the proof of lemma. O

As was pointed out before, besides totally geodesic spheres, Clifford tori
are the most simple examples of compact minimal hypersurfaces of the
sphere. In particular if x;:S¥(p) — RF! and x,: S"%(\/1 — p?) — R"*+!
are the standard immersions, we may consider x = (x;,x;) and N =

V1-p? N
PN 1=p?
tively. Therefore considering Sk(p) X S”’k(\/l —p?) < R @ R ! it is easy
to see that f,, = Al for i=1,...,n+2, where ¢; and 4 will be chosen appro-
priately.

On the other hand, in a recent result due to Alias-Brasil-Perdomo [2] they
proved that if a hypersurface x : £" &> S"*! has constant mean curvature with the
support functions satisfying 7, = if, for some v e R"" and ZeR then x(X) is
either a totally umbilical sphere or a Clifford torus. We remark that we may

x3 | to describe a Clifford torus and its normal, respec-
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prove a slight modification of this result for minimal hypersurface. More exactly
we have the next lemma.

LEMMA 4. Let x:X" 9 S"! be a non-totally geodesic minimal isometric
immersion of a closed oriented Riemannian manifold ¥". If I, = Af, for some non
null vectors u,v e R"? and a real number )., then x(X") is a Clifford torus.

Proof. Let us suppose that /, = Af, for some non null vectors u,v € R""2.
If /,=0 then x(X")=S" is totally geodesic, which contradicts our assump-
tion. Hence we may assume that /, # 0. Taking into account that /, = Af, we
have 1 # 0 and Lemma 1 yields

—nl, = Al, = JAf, = 2.8, f, = 2S51,.

From here we conclude that i/, = 0, where &7 = 25, + n.  Suppose that there
exists p € X" such that i(p) # 0. By continuity we have a neighborhood # of p
where h(q) #0 for all ge %. Hence /,(q) =0 on %, i.e. {x,uy(q) =0 for all
q €U, this means x(X"N%) = S". Using analyticity of x we deduce x(£") = S”"
is totally geodesic, which contradicts our hypothesis. Thus 7 =2S, +rn=0. By
using equation (2.1) we derive that |A|2 =n. Therefore, we are able to use the
result due to Chern-doCarmo-Kobayashi [6] or Lawson [8] to conclude that x(X")

is a Clifford torus S* (%) X S”k< _(n ; k)> 0

LEMMA 5. Let x:%" 9% S"! be a non-totally geodesic minimal isometric
immersion of a closed oriented Riemannian manifold X". Then, for all non null
vectors u,v € R"2,

(i) Either, {l,, f»,1} is independent,

(i) Or x(X") is a Clifford torus.

Proof. We may suppose that /, #0 and f, #0. As before let us start
supposing that {/,, f,,1} is a dependent set. Then there exist non null real
constants a, b such that

(3.5) l, = af, +b.

If b =0 on equation (3.5) we have /, = af, with a # 0 and Lemma 4 yields that
x(Z") is a Clifford torus. Otherwise, we suppose b # 0 and making use of
equation (3.5) and Lemma 1 we obtain

a(28S, + n) f, = —bn.

Since b # 0, we have that the left hand side of this equation never vanishes.
Then, either f, >0 or f, <0. But, this tell us that N(Z") = (S""")°, where
(S"1)° denotes an open hemisphere of the Euclidean unit sphere S™!. Then we
may apply Theorem 5.2.1 of Simons [11] to conclude that x(X") =S”" is totally
geodesic, which yields a contradiction. O
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4. Proof of Theorems 1 and 2

Proof. In order to prove the theorems we introduce the vector subspace
n+2 n+2
¥ = {fe COO(Z) cf=a-1 +Zbile[+zcile[ :a+lu+fv}-
i=1 i=1

Now we shall show that Q(f) < 0 for all non zero functions f € Z. First of all
we recall that

o(f) = - Lf[Af VAP 4 nf] d.

Given f =a+ 1, + f, € Z we make use of Al, = —nl, and Af, = —|A|*f, to infer
Af +|APf +nf = a(|A]” +n) + |A]'L, + nf..
Hence a straightforward computation yields
SIS+ |APS + nf] = AP (L + @) +n(f + a)?
—aAl, — aAf, + (n+ |A|2)lufv~

Taking into account Green’s identity we also obtain

J nl,f, dx = J |A|*L,f, dX.
z z

Therefore we arrive at

o(f) = - L[|A|2<zu +a)® +nlfy+ @)’ dE - 2n j LS, dX.

Notice that we may write 1, f, = (I, +a)(f, +a) — a(l, + f, + 2a) + a*>. Hence,
for |A]* > n we have

0(f) < —nJ ((l+a) + (fy + @)} d%

p>
~ 2 [+ @) +0) — all + £+ 20) + ] d
p>
= —nJ (L + f + 2a)* dZ—nJ (=2a)(l, + fo + 2a) dZ—nJ 2a* dX.
b b b
From here we conclude
(4.1) O(f) < —n L(ﬁ +a?) dz.

Therefore the quadratic form Q is negative definite on the vector space Z. On
the other hand, using Lemmas 3 and 5, we obtain
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(4.2) dm % =n+3

and, if x(X) is not a Clifford torus

(4.3) dim & >2n+>5.

Since Q is negative definite on &, using (4.2) and (4.3), we complete the proof of
Theorems 1 and 2. O
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