Index map, o-connections, and
Connes-Chern character in the setting
of twisted spectral triples

Raphaél Ponge and Hang Wang

Abstract Twisted spectral triples are a twisting of the notion of spectral triples
aimed at dealing with some type I1I geometric situations. In the first part of the article,
we give a geometric construction of the index map of a twisted spectral triple in terms of
o-connections on finitely generated projective modules. This clarifies the analogy with
the indices of Dirac operators with coefficients in vector bundles. In the second part, we
give a direct construction of the Connes—Chern character of a twisted spectral triple, in
both the invertible and the noninvertible cases. Combining these two parts we obtain an
analogue of the Atiyah—Singer index formula for twisted spectral triples.
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1. Introduction

Motivated by type III geometric situations, such as, the action of an arbitrary

group of diffeomorphisms on a manifold, Connes—Moscovici [CM4] introduced the

notion of a twisted spectral triple. This is a modification of the usual definition of
a spectral triple (A, H, D), where the boundedness of commutators [D,al, a € A,
is replaced by that of twisted commutators [D,a], = Da — o(a)D, where o is a

given automorphism of the algebra A. Examples include the following;:
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- conformal deformations of ordinary spectral triples (see [CMA4]);

. twistings of ordinary spectral triples by scaling automorphisms (see [Mo2]);

- conformal Dirac spectral triples (C*°(M) x G, L2(M, §),1,)s, where Iy is
the Dirac operator acting on spinors and G is a group of conformal diffeomor-
phisms (see [CM4]);

- spectral triples over noncommutative tori associated with conformal weights
(see [CT], [CM5]);

- twisted spectral triples associated with various quantum statistical systems,
including Connes—Bost systems, graphs, and supersymmetric Riemann gas (see
[GMT));

- twisted spectral triples associated with some continuous crossed-product
algebras (see [IM]).

We refer to Section 2 for a review of the first and the third examples. Connes—
Moscovici [CM4] showed that, as for ordinary spectral triples, the datum of a
twisted spectral (A, H, D), gives rise to a well-defined index map indp : Ko(A) —
%Z. Moreover, in the p-summable case, this index map is computed by the pair-
ing of the K-theory K((A) with a Connes—Chern character in ordinary cyclic
cohomology.

One goal of this article is to present a geometric interpretation of the index
map of a twisted spectral triple. First, instead of compressing idempotents by D
and its inverse as in [CM4] (see also [FK1]), we define the index map in terms of
Fredholm indices of the following operators:

o(e)De:eMH? — a(e)H!, ec M,(A),e*=e.

This definition is totally analogous to the definition of the index map of an
ordinary spectral triple mentioned in [Mol].

In the case of an ordinary spectral triple, the index map is usually defined
in terms of self-adjoint idempotents, since any idempotent is equivalent to a self-
adjoint idempotent. For a twisted spectral triple (A,H, D), the relevant notion
of self-adjointness is meant with respect to the o-involution a — o(a)*. We shall
say that such an idempotent is o-self-adjoint. In general, it is not clear that an
idempotent is equivalent to a o-self-adjoint idempotent. For this reason, it is
important to define the index map for arbitrary idempotents. As a result, for a
twisted spectral triple the index map a priori takes values in %Z. Nevertheless,
when the automorphism has a suitable square root, it can be shown that any
idempotent is equivalent to a o-self-adjoint idempotent and the index map is
integer-valued (Lemma 4.7). The precise condition is called the ribbon condition
(see Definition 4.5) and is satisfied by all the main examples of twisted spectral
triples.

As it turns out, the aforementioned construction of the index map is only a
special case of a more geometric construction in terms of couplings of the operator
D with o-connections on finitely generated projective modules. We refer the
reader to Section 5 for the precise definition of a o-connection. This is the twisted
analogue of the usual notion of a connection. The two notions actually agree
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when o =id. Given a o-connection on a finitely generated projective module &,
the definition of the coupled operator Dye is similar to the coupling of a Dirac
operator with a connection on an auxiliary vector bundle (see Section 5 for the
precise definition). In the special case £ = e.A? we recover the operator o(e)De by
using the so-called Grassmannian o-connection, which is the twisted analogue of
the Grassmannian connection. We then show that the operator Dye is Fredholm
and we have

(1.1) indp ,[€] = ind Dye.

This provides us with a geometric interpretation of the index map of a twisted
spectral triple. In the case of an ordinary spectral triple we recover the geometric
interpretation of the index map mentioned in [Mol]. The above formula exhibits
a close analogy with the definition of the standard Fredholm index map of a
Dirac operator (the construction of which is recalled in Section 3). In particular,
we recover the latter in the special case of an ordinary Dirac spectral triple (see
the discussion on this point at the end of Section 5).

Another goal of this article is to give a direct construction of the Connes—-
Chern character of a p-summable twisted spectral triple (A, H, D). In [CM4] the
Connes—Chern character is defined as the difference of the Connes—Chern char-
acters of a pair of bounded Fredholm modules canonically associated with the
twisted spectral triple. This is the same passage as in [Col] from the unbounded
Fredholm module picture to the bounded Fredholm module picture. One advan-
tage of our definition of the index map is the following index formula (Proposi-
tion 7.2):

2k+1
)

(1.2) indo(e)De = %Str((Dil[D,e}o) , e=e?e My (A),

where k is any integer greater than or equal to %(p —1) and D is assumed to be
invertible. It is immediate that the right-hand side is the pairing of e with the
cochain given by

mon(a®,...,a*) = ¢, Str(D7'[D,a’), ---D7'[D,a**),), o €A,

where ¢, is a normalization constant. This is the same cochain used in [CMA4]
to define the Connes—Chern character of a twisted spectral triple. We give a
direct proof that 7} is a normalized cyclic cocycle whose class in periodic cyclic
cohomology is independent of k (Proposition 7.6). The Connes—Chern charac-
ter Ch(D), is then defined as the class in periodic cyclic cohomology of any
cocycles 75

We also use some care to define the Connes—Chern character when D is
noninvertible by passing to the unital invertible double, which we define as a
twisted spectral triple over the augmented unital algebra A= A& C. In the
invertible case, we thus obtain two definitions of the Connes-Chern character,
but these two definitions agree (see Proposition 7.15). This uses the homotopy
invariance of the Connes—Chern character, a detailed proof of which is given in
Appendix C.
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With the use of the Connes—Chern character and the geometric interpretation
(1.1) of the index map we obtain the following index formula: for any finitely
generated projective module £ and o-connection V¢ on &,

ind Dye = (Ch(D),, [£]).

This is the analogue for twisted spectral triples of the Atiyah—Singer index for-
mula.

We have attempted to give very detailed accounts of the constructions of
the index map and Connes—Chern character of twisted spectral triples. It is
hoped that the details of these constructions will also be helpful to readers who
are primarily interested in understanding these constructions in the setting of
ordinary spectral triples.

The article is organized as follows. In Section 2, we review some important
definitions and examples regarding twisted spectral triples. In Section 3, we recall
the construction of the Fredholm index map of a Dirac operator. In Section 4,
we present the construction of the index map of a twisted spectral triple and
single out a simple condition ensuring us that it is integer-valued. In Section 5,
we give a geometric description of the index map of a twisted spectral triple in
terms of o-connections on finitely generated projective modules. In Section 6,
we review the main definitions and properties of cyclic cohomology and periodic
cyclic cohomology and their pairings with K-theory. In Section 7, we give a direct
construction of the Connes—Chern character of a twisted spectral triple for both
the invertible and noninvertible cases. In Appendices A and B, we present proofs
of two technical lemmas from Section 5. In Appendix C, we give a detailed proof
of the homotopy invariance of the Connes—Chern character of a twisted spectral
triple.

2. Twisted spectral triples

In this section, we review various definitions and examples regarding twisted
spectral triples.

2.1. Twisted spectral triples
We start by recalling the definition of an ordinary spectral triple.

DEFINITION 2.1
A spectral triple (A,H, D) consists of the following data:

(1) a Zs-graded Hilbert space H=H* ®H™;
(2) an involutive unital algebra A represented by bounded operators on H
preserving its Zs-grading;
(3) a self-adjoint unbounded operator D on H such that, for all a € A,
(a) D maps dom(D)NH* to HT,
(b) the resolvent (D +14)~! is a compact operator,
(¢) adom(D) C dom(D) and [D,a] is bounded for all a € A.
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EXAMPLE 2.2
The paradigm of a spectral triple is given by a Dirac spectral triple,

(COO(M)’LZ(Mv $),ng),

where (M",g) is a compact spin Riemannian manifold (n even) and I, is its
Dirac operator acting on the spinor bundle #. In this case the Zs-grading of
L?(M, §) arises from the Zy-grading § = $+ @ $~ of the spinor bundle in terms
of positive and negative spinors.

The definition of a twisted spectral triple is similar to that of an ordinary spectral
triple, except for some “twist” given by conditions (3) and (4.b) below.

DEFINITION 2.3 ([CM4])
A twisted spectral triple (A, H, D), consists of the following:

(1) a Zs-graded Hilbert space H=H* ®H™;
(2) an involutive unital algebra A represented by even bounded operators
on H;
(3) an automorphism o : A — A such that o(a)* =oc~1(a*) for all a € A;
(4) an odd self-adjoint unbounded operator D on H such that
(a) the resolvent (D +i)~! is compact,
(b) adom(D) C dom(D) and [D,a], := Da — o(a)D is bounded for all
acA.

REMARK 2.4
The condition that o(a)* = o~!(a*) for all a € A exactly means that the map

a— o(a)* is an involutive antilinear antiautomorphism of A.

REMARK 2.5

Throughout the article we shall further assume that the algebra A is closed under
holomorphic functional calculus. This implies that an element a € A is invertible
if and only if it is invertible in £(#). This also implies that all the algebras

M,(A), g €N, are closed under holomorphic functional calculus.

REMARK 2.6

The boundedness of twisted commutators naturally appears in the setting of
quantum groups, but in the attempts to construct twisted spectral triples over
quantum groups the compactness of the resolvent of D seems to fail (see [DA],
[KS], [KW]). We also refer to [KW] for relationships between twisted spectral
triples and Woronowicz’s covariant differential calculi.

2.2. Conformal deformations of ordinary spectral triples
An important class of examples of twisted spectral triples arises from conformal
deformations (i.e., inner twistings) of ordinary spectral triples.

Let us start with a Dirac spectral triple (C°°(M), L2 (M, §), D,) associated
with a compact Riemannian spin oriented manifold (M",g) of even dimension.
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Consider a conformal change of metric,

Gg=k7%g, kcC>®(M),k>0.
We then can form a new Dirac spectral triple (C>(M), L (M, $),1;). Bearing
this in mind, note that the inner product of Lg(M , ) is given by

() = /M (@) n(@) V@ d'e, €neL2(M, §),

where (-,-) is the Hermitian metric of  (and n = dim M). Consider the linear
isomorphism U : Lg(M, 5 — Ls (M, 8) given by

U¢=k3¢ VEeLi(M, $).

We observe that U is a unitary operator since, for all £ € Lg(M, ), we have

(UE,UE), = /M (k(2) % €(2), k(2) % €(2)) V@) 2g(@) "z = (£,E),

Moreover, the conformal invariance of the Dirac operator (see, e.g., [Hit]) means
that

(2.1) lpg =k
Thus,
(2.2) U DU =k 3 (k™ Dok~ 7 )k* =vVEkD,Vk.

Therefore, we obtain the following result.

n+ —n+41

> Dok

PROPOSITION 2.7
The spectral triples (C™°(M),L2(M, §),D5) and (C=(M), L3 (M, 8),VEkD,Vk)
are unitarily equivalent.

REMARK 2.8
Whereas the definition of (C*°(M),L2(M, §),1D;) requires k to be smooth, in

the definition of (C>(M),L2(M, $), VED,Vk) it is enough to assume that k is
a positive Lipschitz function.

More generally, let (A, 7, D) be an ordinary spectral triple, and let k be a positive
element of A. If we replace D by its conformal deformation kDk, then when A is
noncommutative, the triple (A, H, kDk) need not be an ordinary spectral triple.
However, as the following result shows, it always gives rise to a twisted spectral
triple.

PROPOSITION 2.9 ([CM4])

Consider the automorphism o : A — A defined by
(2.3) o(a) =k?ak™ VYac A
Then (A, H,kDk), is a twisted spectral triple.
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REMARK 2.10
The main property to check is the boundedness of twisted commutators [k Dk, a],,
a € A. This follows from the equalities

[kDk,a), = (kDk)a — (k*ak™?)(kDk) = k(D(kak™") — (kak™')D)k
= k[D, kak™']k.

REMARK 2.11

We refer to [PW1] for a generalization of the above construction in terms of
“pseudo-inner twistings” of ordinary spectral triples. We note that this construc-
tion also encapsulates the construction of twisted spectral triples over noncom-
mutative tori associated with conformal weights of [CT].

2.3. Conformal Dirac spectral triple
The conformal Dirac spectral triple of [CM4] is a nice illustration of the geomet-
ric relevance of twisted spectral triples. Let I' be the diffeomorphism group of
a compact manifold M. In order to study the action of I' on M, noncommuta-
tive geometry suggests seeking a spectral triple over the crossed-product algebra
C>(M) x T, that is, the algebra with generators f € C>(M) and u,, p €T,
with relations

u;:uglzqu, Uy f = (f op)ug.
The first set of relations implies that any unitary representation of C*°(M) x T’
induces a unitary representation of I'.

The manifold structure is the only diffeomorphism-invariant differentiable
structure on M, so in particular M does not carry a diffeomorphism-invariant
metric. This prevents us from constructing a unitary representation of I' in an
L2-space of tensors or differential forms or a first-order (pseudo-)differential oper-
ator D with a I-invariant principal symbol (so as to ensure the boundedness of
commutators [D,u,]). As observed by Connes [Co2] we can bypass this issue by
passing to the total space of the metric bundle P — M (seen as a ray subbundle
of the bundle T*M ® T*M of symmetric 2-tensors). As it turns out, the met-
ric bundle P carries a wealth of diffeomorphism-invariant structures, including a
diffeomorphism-invariant Riemannian structure. The construction of a spectral
triple over C'2°(P) x I' was carried out by Connes—Moscovici [CM1], who also
computed its Connes—Chern character (see [CM2], [CM3]). The passage from the
base manifold M to the metric bundle P is the geometric counterpart of the well-
known passage from type III factors to type II factors by taking crossed-products
with the action of R.

Even if there is a Thom isomorphism K,(C°(P) xT') ~ K,(C>®(M) x T),
it would be desirable to work directly with the base manifold. As mentioned
above there are obstructions to doing so when dealing with the full group of
diffeomorphisms. However, as observed by Connes—Moscovici, if we restrict our
attention to a group of diffeomorphisms preserving a conformal structure, then
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we are able to construct a spectral triple provided we relax the definition of an
ordinary spectral triple to that of a twisted spectral triple. This construction can
be explained as follows.

Let M™ be a compact (closed) spin oriented manifold of even dimension n
equipped with a conformal structure C, that is, a conformal class of Riemannian
metrics. We denote by G (the identity component of) the group of (smooth)
orientation-preserving diffeomorphisms of M preserving the conformal and spin
structures. Let g be a metric in the conformal class C with associated Dirac
operator [ : C*>°(M, §) — C>°(M, §) acting on the sections of the spinor bundle
$=$T® $. We also denote by LZ(M, §) the corresponding Hilbert space of
L2-spinors.

If ¢ : M — M is a diffeomorphism preserving the conformal class C, then
there is a unique function kg € C°(M), kg > 0, such that

(2.4) beg=k3g.

In addition, ¢ uniquely lifts to a unitary vector bundle isomorphism ¢# : b —
¢« p, that is, a unitary section of Hom($, ¢, %) (see [BG]). We then let Vi :
L2(M, $) = L2(M, $) be the bounded operator given by

(2.5) Vou(z) =¢* (uod™'(z)) Vue LZ(M, §) Vo€ M.

The map ¢ — V, is a representation of G in LZ(M, ), but this is not a unitary
representation. In order to get a unitary representation we need to take into
account the Jacobian |¢'(x)| = ky(x)™ of ¢ € G. This is achieved by using the
unitary operator Uy : L2(M, §) — LZ(M, §) given by

(2.6) Us=k:Vs, $€G.

Then ¢ — Uy is a unitary representation of G in L2(M, ). This enables us
to represent the elements of the crossed-product algebra C°(M) x G as linear
combinations of operators fUy on Lz(M, ), where ¢ € G and f € C*°(M) acts
by scalar multiplication. These operators are subject to the relations

Uy :qul:U; and U¢f:(f°¢7l)U¢'
We then let o4 be the automorphism of C°°(M) x G given by
(2.7) 04(fUp) =kefUy VfeC(M)Vped.

PROPOSITION 2.12 (SEE [CM4], [Mo2])

The triple (C=(M) x G, L2(M, 8),10,)o, is a twisted spectral triple.

g

REMARK 2.13

The bulk of the proof is showing the boundedness of the twisted commutators
Dy, Uglo,, ¢ € G. We remark that

U¢E)9U; = kf (V¢ngV¢71)k¢ = kfﬂ)mgk}p = kglﬂk;g%

w3
w3
w3
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Thus, using the conformal invariance law (2.1), we get

n _(ntl n—1 _n _1 _1
UsDyUss = k2 (ky U2 gk, ™ )k, & =k 2,k .
Using this we see that the twisted commutator [Dy,Upls, = PyUy — kgUpDDy is
equal to

(ngz - ké(U¢ng;)k§)k;§U¢ - (ngi - kgjz)g)k;qub - [Ji)g, ki]k;EWw
This shows that [y, Us),, is bounded.

3. The Fredholm index map of a Dirac operator

In this section, we recall how the datum of a Dirac operator gives rise to an
additive index map in K-theory. In the next two sections we shall generalize this
construction to arbitrary twisted spectral triples.

Let (M™, g) be a compact spin oriented Riemannian manifold of even dimen-
sion n, and let Iy : C°(M, §) — C>(M, §) be the associated Dirac operator
acting on sections of the spinor bundle. As n is even, the spinor bundle splits as
$ =5t d $, where §1 (resp., $7) is the bundle of positive (resp., negative)
spinors. The Dirac operator is odd with respect to this Zs-grading, and so it
takes the form

_ 0 ng_ . (Y00 + oo F
= (e M) EoOnEH s om0
Let E be a Hermitian bundle over M, and let VE : C>(M, E) — C>(M,T*M ®
E) be a Hermitian connection on E. The operator Pyr : C°(M, $ ® E) —
C>®(M, $§® E) is defined by

Dye =Dy @15 +c(VF),
where ¢(VF) is given by the composition

15®@VFE

C®(M,$®E) —2—— C™®(M,$ 2 T*M ® E) <22, C=(M, $ ® E),

where ¢: § @ T*M — § is the Clifford action of T*M on . With respect to the
splitting § @ E = ($T @ E) ® ($~ ® E), the operator Py = takes the form

(3.1) JDVE:<D%E DgE) PE, O (M, §* @ E) » C=(M, §% @ B).

As V¥ is a Hermitian connection, the operator Py = is formally self-adjoint, that
is, (lDJVr z)* = IDgr. Moreover, Dy = is an elliptic differential operator and, hence,
is Fredholm. We then define its Fredholm index by

ind Py :=ind P = dimker P!, — dimker P .
This index is computed by the local index formula of Atiyah—Singer [AS1], [AS2],

ind Pyr = (2im)" 2 /M A(RM) A Ch(FF),
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i {2 /2)) is the (total) A-form of the Riemann curvature

where A(RM) =det z (#
RM and Ch(FF)=Tr(e *") is the (total) Chern form of the curvature F¥ of
the connection V.

We observe that, even without using the Atiyah—Singer index formula, it is
not difficult to see that the value of ind Py = depends only on the class of F in the
K-theory group K°(M). First, it is immediate to see that its value is independent
of the choice of the Hermitian structure of E and the Hermitian connection V¥,
since the principal symbol of Pg= does not depend on these data. Second, let
¢: E — E’ be a vector bundle isomorphism. We push forward the Hermitian
metric of F to a Hermitian metric on E’, so that pushing forward the connection
V% we get a Hermitian connection on E'. Then Pyr = (15 ® ¢.)Pye(1® ¢*),
so that kerlZ%E o~ kerﬂ%E,, and hence ind Pgr = indPye. In addition, let F
be another Hermitian vector bundle equipped with a Hermitian connection V¥.
We equip E @ F with the connection VE®F = V¥ ¢ V¥ Then, with respect to
the splitting SR (EDF)=(FQE)® (@ F), we have Dyror = Pyr O Pyr, so
that kerlpivrm,, = ker]DéE &) kerlev[F. Thus,

indleE@F = indleE + indleF.

It follows from all these that the index ind Py= depends only on the K-theory
class of F/, and there actually is a well-defined additive map,

(3.2) indp: K°(M) — Z,

such that, for any Hermitian vector bundle E equipped with a Hermitian con-
nection V¥, we have

(3.3) indlp[E] = indﬁvE.

Let Hoo(M,C) = @,~ H2i(M,C) be the even de Rham homology of M, and
let HV(M,C) =@,~, H?(M,C) be its even de Rham cohomology. Composing
the natural duality pairing between He, (M, C) and H®"(M,C) with the Chern
character map Ch: K%(M) — H®(M,C), we obtain a bilinear pairing,

(3.4) ()t Hoo(M,C) x K°(M) — C,

so that, for any closed even de Rham current C' and any vector bundle E over M,
we have

<[C]7 [E]> = <C’ Ch(FE)>7

where F'¥ is the curvature of any connection on E. Then the Atiyah-Singer index
formula can be rewritten as

(3.5)  ind Dys = (2im)~ 2 (A(RM)",Ch(FF)) = (2ir) " 2 ([A(RM)"],[E]),
where [A(RM)"] is the homology class of the Poincaré dual of the A-form A(RM).
Finally, we stress that the definition of Py = does not require the connection
VE to be Hermitian, and so the construction of Py= holds for any connection
V¥ on E. In this general case, the operator Dy need not be self-adjoint, but it
still is Fredholm and of the form (3.1). A priori we could consider the two Fred-
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holm indices ind]])@ » and ind g separately. When V¥ is Hermitian, we have
ind Pgx =ind(PY5)* = —ind )Y . The value of these indices is independent of
the choice of Hermitian connection, so we see that indlDJVr p = —ind gy even
when V¥ is not Hermitian. In any case, we equivalently could define the index

(3.6) ind Pyr = %(mdm,a — ind Pg ).

4. The index map of a twisted spectral triple

Let (A,H,D), be a twisted spectral triple. As observed by Connes—Moscovici
[CM4], the datum of (A, H, D), gives rise to a well-defined index map indp , :
Ko(A) = 3Z. The definition of the index map in [CM4] is based on the obser-
vation that the phase F'= D|D|~! defines an ordinary Fredholm module over
A (namely, the pair (#,F)). The index map is then defined in terms of com-
pressions of F' by idempotents. As we shall now explain, we also can define the
index map by using twisted versions of the compression of the operator D by
idempotents. This construction is actually a special case of the coupling of D by
o-connections which will be described in the next section. We still need to deal
with this special case in order to carry out the more general construction in the
next section.

Let e be an idempotent in M, (A), ¢ € N. We regard e9 as a closed subspace
of the Hilbert space HY, so that eH? is a Hilbert space with the induced inner
product. As the action of A on H is by even operators on eH N (H*)? = e(H*t)4,
we have the orthogonal splitting eH? = e(H1)?@® e(H™)9. In addition, the action
of A preserves the domain of D, so we see that e(dom(D))? = (dom(D))? N eH?.
We then let D, , be the unbounded operator from eH? to o(e)H? given by

(4.1) D.,:=0(e)(D®1,),  dom(D,,)=e(dom(D))".

We note that, as D is an odd operator, with respect to the orthogonal splitting
H=H"®H" it takes the form

(4.2) D= (DO+ DO_) . D*:dom(D)NHT = HT.

Incidentally, with respect to the orthogonal splittings eH? = e(H )4 @ e(H™)?
and o(e)HY=o(e)(HT)?® o(e)(H)? the operator D, , takes the form

0 D., + +
De"’:<Dig 0 ) Do =0(e)(D* ®1,).

In order to determine the adjoint of D, , we make the following observation.

LEMMA 4.1

Let S, : eH? — e*HY be the restriction to eH? of €* (which we represent as an
operator on HY). Then S, is a linear isomorphism from eH? onto e*H? such that

(4.3) (Se€i, &) = (61,&) V& € eH
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Proof
Let £ € eH?, j=1,2. Then
<Se£1>§2> = <€*€17§2> = <€17652> = <§17£2>-

In particular, when & =& we get (S.&1,&1) = ||€1]|?, which shows that S, is
one-to-one.

Let n € e*H9. Then (n,-)|cnq is a continuous linear form on eH, so there
exists 7 € eH? so that (n,&) = (7,€) for all £ € eH?. Therefore, for all £ € HY,

(n,§) = (e"n,&) = (n,e€) = (7}, €§) = ("1, ).

Thus, n = e*f = S.7. This shows that S, is onto. As S, is one-to-one we then
deduce that S, is a linear isomorphism. The proof is complete. O

The above lemma holds for the idempotent o(e) as well. In what follows, we
denote by S, (. the linear isomorphism from o (e)H? to o(e)*H? induced by o(e)*.

LEMMA 4.2
Let D; , be the adjoint of De 5. Then

(4.4) D; ;=S¢ ' Doey 05 (e)-

Proof
Let D;U be the operator given by the graph

G(DI,)={(&.n) € a(e) HT x e*H; (€, De o) = (1,¢) V¢ € dom(De5) }.
We note that the graph of D{ ; is

G(DZ,U) = {(fﬂ?) € a(e)?—lq x eHY; <§7De,oc> = <77a<> V(e dom(De,U)}'

It then follows from (4.3) that a pair (§,7) € o(e)H? x eH? is contained in G(D ;)
if and only if (Sy(e)§, Sen) lies in G(DZ,U). That is, S. Dy , = D;USU(S). Therefore,
showing that D} , = S;lDa(e)*’gSa(e) is equivalent to showing that the operators
DI and Dgy(ey+ o agree.

e,o

Let (&,m) € G(De~). For all ¢ € dom(D,), we have

<Da(e)*,cr€’ <> = <0‘(6)*(D ® 1q)€*§,C> = <€,O‘(€)(D ® 1q)€C> = <£7 De,o—c>'

Thus, (£, Dy(e)-,0€) belongs to G(D] ). Then G(Dy e+ ) is contained in G(D]),
that is, D} is an extension of Dy(eys o
Let (&,1) € G(D}), and set R:=o(e)(D ®1,)(1 —e). We note that

R=o(e)(D®1,)(1—e)
=o(e){(1-0(e)(D®1,) - [D® 1,6}
= —a(e)[D ® 1q7e]a~

Thus, R is a bounded operator. Incidentally, its adjoint R* is a bounded operator
as well. Set 7=n+ (1 — e*)R*S;(le)f, and let ¢ € (domD)?. As e¢ € dom(D. )



Index map, o-connections, and Connes—-Chern character 359

and the subspaces e*H? and (1 — e)H? are orthogonal to each other, we have
<ﬁaC> = <77,€C>+<77,(1*6 >+< 1*6 R* g 6)5 C>

= <€7De,a(e<)> + <S;(e)£aR((1 - G)C)>

Moreover as £ € o(e)*H? and R((1 — e)() € o(e)H?, using (4.3) we see that
(S~ U(e X3 R((1—e)()) agrees with (£, R((1 —e)()). Therefore, (7,() is equal to

(€& Deo(e€) + R((1 = €)C)) = (& 0(e)(D @ 14)¢) = (o(e)"¢, (D ® 14)¢)

This shows that (£,7) lies in the graph of the operator (D ® 1,)*, which agrees
with D ® 14 since D is self-adjoint. Thus, (£,7) lies in the graph of D ® 1.
Therefore, we see that £ is contained in both (dom(D))? and o(e)*H9, so it lies
n (dom(D))? No(e)*H? = o(e)*(dom(D))? = dom(D,(e)+,,). This shows that
doleyU is contained in dom(Dg ey« ,»). As DZ,U is an extension of D)+, We
then deduce that the two operators agree. As explained above, this proves that
D;, = S Dy (ey+,055(c). The proof is complete. O

LEMMA 4.3

The operator D, , is closed and Fredholm, and we have

(4.5) ind DZfU = dim ker D& — dimker Do(e)*

Proof
Substituting o(e)* = 0'_1( *) for e in (4.4) shows that D3 oy o S;(e)*DeﬁSe*,
that is, De 5 = S5 (e)- Dy, e)* oS0 L As D* (e) o is a closed operator and the oper-
ators S, ()~ and S;l are bounded, we see that D, , is a closed operator.

Let D~! be the partial inverse of D, and let Py be the orthogonal projection
onto ker D. Set Q. » :=e(D~'®1,), which we regard as a bounded operator from
o(e)H? to eH?. Note that Q. is a compact operator. Moreover, on o(e)H? we

have
DevQeo=0(e)(D®1,)e(D7'@1,)
— () + () D ® 1y, elo (D' @ 1,) — () (P @ 1)
=1l+eD®1,e](D'®@1,) —a(e)(Py®1,).
Likewise, on e(dom(D))? we have
QeoDeo=e(D7'@1)0(e)(D®1,)=1—eD ' D®1,el, —e(Py®1,)e.

As D~!, Py are compact operators and [D ®1y,€]o is bounded, we see that Q. »
inverts D, , modulo compact operators. It then follows that D, , is a Fredholm
operator.

We note that S. and S,y are even operators, so (4.4) means that
(Dgfa)* =5 1DjF () . i Therefore, the operator S, induces an isomorphism
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ker DT

a(e),

, ~ker(DZE,)*. Thus,
ind D7, = dimker D, — dimker(D;,)" = dimker D, — dimker D7 . .

The proof is complete. |

We define the index of D, , by

1
(4.6) ind De » := §(ind D}, —indD_,).
Thanks to (4.5) we have

1
ind D, s = 3 (dimker D, 4+ dimker D},

(e)*,o
(4.7)
— dim ker D;O_ — dim ker D;

(&))"
In particular, when o(e)* = e we get
ind D, , = dimker D;’)U —dimker D_ .
Let g € Gl;(A), and set é = g~'eg. On (dom(D))? the operator o(é)(D®1,)é
agrees with
a(g) " o(e)a(g)(D @ 14)g 'eg
=0o(g)"to(e)a(g)a(g™ ) (D@ 1g)eg +a(g) " o(e)a(9)[D @ 14,9 ]oeg
=0(9) ' Deog+0(9) " o(e)a(g)[D® 14,97 seg.
As [D® 14,97 "], is a bounded operator, we see that D _ and a(g)*l(Dgfo)g

é,o
agree up to a bounded operator. It then follows that D; and D;'fa have the

same Fredholm index. Thus,

(4.8) indDy-1.9,=ind D, Vge Gl;(A).

g

Moreover, if ¢’ € My (A) is another idempotent, then, with respect to the split-
tings (e @ e/ )(HE)? = e(HE)? @ €/(HE)Y and o(e ® ¢ )(HE)1 = o(e)(HE)? @
o(e')(HE)Y, we have Dei@e/,a =Df, @ D;U. We then see that inde@e/J =

ind DX, +ind D; . Thus,
ind Deger,o =ind De » +ind De/ .

Therefore, we arrive at the following statement.

PROPOSITION 4.4 (SEE [C\V4])
There is a unique additive map indp o : Ko(A) = 3Z such that
(4.9) indp ,[e] =ind D., Ye€ M,(A),e*=e.

As pointed out in Remark 2.4 the fact that o(a)* =0~ !(a*) for all a € A means
that the map a — o(a)* is an involutive antilinear antiautomorphism of A, which
we shall call the o-involution. An element a € A is self-adjoint with respect to
this involution if and only if o(a)* = a. As (4.7) shows, when o(e)* = e the index
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of D, , is an integer. While an idempotent in M,(A) is always conjugate to a
self-adjoint idempotent, in general it need not be conjugate to an idempotent
which is self-adjoint with respect to the o-involution. Nevertheless, this property
holds under a further assumption on the automorphism o.

DEFINITION 4.5
The automorphism ¢ is called ribbon when it has a square root in the sense that
there is an automorphism 7: A — A such that

(4.10) o(a)=7(r(a)) and 7(a)* =77 (a*) for all a € A.

REMARK 4.6
The terminology ribbon is used in analogy to the theory of quantum groups,
where a quasitriangular Hopf algebra is called ribbon when a certain element

admits a square root compatible with the quasitriangular structure (see, e.g.,
[Mal]).

LEMMA 4.7
Assume that the automorphism o is ribbon. Then

(i) Any idempotent e € My(A), g €N, is conjugate to an idempotent which
is self-adjoint with respect to the o-involution.
(ii) The index map indp , is integer-valued.

Proof

The second part follows by combining the first part with (4.8) and (4.5). There-
fore, we only need to prove the first part. In addition, without any loss of gener-
ality, we may assume that ¢ =1 in the first part. Thus, let e be an idempotent
element of A.

Let us briefly recall how we construct a self-adjoint idempotent in A which
is conjugate to e (see, e.g., [Bl, Proposition 4.6.2] for more details). Set a =
e —e*, and set b =1+ aa*. Observing that b is an invertible element of A which
commutes with e and e*, define p = ee*b~ 1. It can be checked that p? = p* =p,
that is, p is a self-adjoint idempotent of A. Moreover, if we set g =1—p+e, then
l=1+p—eand g lpg=e.

We remark that the above construction holds wverbatim if we replace the
involution a — a* by any other involutive antilinear antiautomorphism of A,
provided that it can be shown that the corresponding operator b is invertible
(in A). Thus, if we substitute o(e)* for e* and we assume that b:=1+o(a)*a is
invertible, where a = e — o(e)*, then p:=eo(e)*b~! is such that p?> =o(p)* =p
and ¢ 'pg = e where g:=1— p+ e has inverse ¢g~! =1+ p — e. Therefore, the
main question at stake is to show that b is invertible.

Let 7 be a square root of ¢ in the sense of (4.10). Then 7(o(a)*) =70
o~ Ya*)=7"Y(a*) =7(a)*. Thus,

T(b)=1+7(0(a)*a) =1+ 7(0(a)*)7(a) =14 7(a)"(a).

g has inverse g~
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As 7(a)*7(a) is a positive element of A we see that 7(b) is invertible, and hence
b is invertible as well. The proof is complete. O

As we shall now see, the ribbon condition (4.10) is satisfied by the automorphisms
occurring in the main examples of twisted spectral triples.

EXAMPLE 4.8

Assume that o(a) = kak™! where k is a positive invertible element of A. Then o
has the square root 7(a) = k2ak™2. We note that k2 is an element of A since A
is closed under holomorphic functional calculus.

More generally, we have the following.

EXAMPLE 4.9

Suppose that ¢ agrees with the value at ¢ = —i of the analytic extension of a
strongly continuous one-parameter group of isometric *-isomorphisms (o¢)ier.
This condition is called (1PG) in [CM4]. In this case o is ribbon with square
root T = 0|i=—i/2-

REMARK 4.10

By a result of Bost [Bo] the analytic extension of a strongly continuous one-
parameter group of isometric isomorphisms on an involutive Banach algebra
always exists on a dense subalgebra which is closed under holomorphic func-
tional calculus.

REMARK 4.11
Connes-Moscovici [CM4] showed that, when the condition (1PG) holds, ind D7,
is equal to —ind D,

e,o)

so that in this case the index map indp , is integer-valued.

EXAMPLE 4.12

The ribbon condition is also satisfied by the automorphism ¢, appearing in the
construction of the conformal Dirac spectral triple. From the definition (2.7) of
04 we see that a square root satisfies the ribbon condition (4.10). Indeed, a square
root satisfying (4.10) is given by the automorphism 7, defined by

7o(fUy) = ks fUy Vf€C®(M)VpeG.

In fact, o4 satisfies the (1PG) condition with respect to the one-parameter group
of isometric *-isomorphisms oy, t € R, given by o,(fUy) = k;g fUs.

5. Index map and o-connections

In this section, we present a geometric description of the index map of a twisted
spectral triple in terms of couplings by o-connections on finitely generated pro-
jective modules (i.e., noncommutative vector bundles). As we shall explain in
the next section, this description makes much more transparent the analogy to
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the construction of the index map in the commutative case in terms of Dirac
operators coupled with connections (see, e.g, [BGV]). We refer to [Mol] for a
similar description of the index map in the case of ordinary spectral triples.

Throughout this section we let (A, H,D), be a twisted spectral triple. In
addition, we let £ be a finitely generated projective right module over A, that is,
£ is the direct summand of a finite-rank free module &) ~ A9?. In order to define
o-connections we need to introduce the notion of o-translation.

DEFINITION 5.1
A o-translation of £ is given by a pair (£,0°), where

(i) &7 is a finitely generated projective right module over A, called the
o-translate;
(ii) of:& — €7 is a C-linear isomorphism such that

(5.1) 0% (€a) = 0% (€)o(a) forall €& and a € A.

REMARK 5.2

The condition (5.1) means that o€ is a right-module isomorphism from & onto
£ where £(9) is £7 equipped with the action (¢,a) — £o(a). In particular,
when o = id a o-translation of £ is simply given by a right-module isomorphism
o€ : £ — £°. Therefore, a canonical choice of o-translation is to take (£,id). This
will always be the choice we shall make when o =id.

REMARK 5.3

Suppose that £ = e A9, for some idempotent e € M, (A), ¢ > 1. The automorphism
o lifts to A? by

o(&)=(o(&)) VE=(&) e AL

Note that o is a C-linear isomorphism of A% onto itself and maps eA? onto
o(e)A?, and so it induces a C-linear isomorphism o€ : e 49 — o(e).A9. Moreover,
for all £ =(¢;) €eA? and a € A,

(5.2) oe(8a) = ((&a)) = (0(a)) = (0(&;))o(a) = e (§)o(a).

That is, o, satisfies (5.1). Therefore, the pair (c(e)A%,0.) is a o-translation
of eA?. This will be our canonical choice of o-translation when £ is of the form
eAl, with e? =e € My(A), ¢ > 1.

REMARK 5.4

In general, a o-translation is obtained as follows. By definition, £ is a direct sum-
mand of a free module & ~ A9. Let ¢ : &y — A? be a right-module isomorphism.
The image of £ by ¢ is a right module of the form eA? for some idempotent
e € My(A). Set £7 := ¢~ 1(o(e).A?); this is a direct summand of &. The isomor-
phism ¢ induces isomorphisms of right modules,

e E—eAl and bo(e) 1 E7 — a(e) Al
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Set o€ = (q&a(e))*l o0 o ¢, where o, : eA? — o(e)A? is the o-lift introduced in
Remark 5.3. Then ¢¢ is a C-linear isomorphism from £ onto £7. Moreover, using
(5.1) we see that, for all £ € £ and a € A, we have

0% (€a) = (9o() "' 00 (0(6)a) = (do(e) ™! (0c(§)a(a)) = 0% (¢)o(a).

This shows that o€ satisfies (5.1), and so (£7,0¢) is a o-translation of £.
Conversely, given a o-translation (£,0¢) and a right-module isomorphism

¢:E — eAl, the map ¢, = 0o ¢o (6f)~! is a C-linear isomorphism from £°

onto o(e).A? such that o€ = (¢,) "' 0 0 0 ¢. We note that (5.1) implies that

(0%)7 (¢a) forall €& and a € A.
Combining this with (5.2) shows that, for all £ and a € A, we have
b (€a) = 0" 0 6((0%) (o (@) = 0" (60 (0°) ()0~ () = bu (e
Therefore, ¢, is a right-module isomorphism from £7 onto o(e).A?. In addition,

we note that when o is ribbon Lemma 4.7 enables us to choose the idempotent
e so that o(e) = e*.

Following [CM4] we consider the space of twisted 1-forms
QlD,U(.A) = {Zai[D,bi]g;ai,bi S A}.

We note that QF, ,(A) is a subspace of L(#). Moreover, it is naturally an (A, A)-
bimodule, since

a*(a'[D,b'],)b* = a*a'[D,b'V?], — a*a' o (b")[D,b%], Val b € A.
We also have a “twisted” differential dy : A — Q, ,(A) defined by
(5.3) d,a:=1[D,al, Va€A.
This is a o-derivation in the sense that
(5.4) dy(ab) = (dea)b+o(a)d,b Va,be A.

In what follows we let (£7,0¢) be a o-translation of &.

DEFINITION 5.5

A o-connection on & is a C-linear map V: € — €7 ®4 Qp ,(A) such that
(5.5) V(ta) = (VEa+ ot (&) @dya VECEVac A.

EXAMPLE 5.6

Suppose that €& = eA? with e = e? € M, (A). Then a natural o-connection on &
is the Grassmannian o-connection V§ defined by

(5.6) V5¢ =0o(e)(dy&j) forall €= (&) in £.

LEMMA 5.7

The set of o-connections on & is an affine space modeled on Hom4(E,£7 ®

Qb o (A))-
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Proof

It follows from (5.5) that two o-connections on £ differ by an element of
Hom(€,£7 ® Qp ,(A)). Therefore, the only issue at stake is to show that the
set of o-connections is nonempty. This is a true fact when £ = eA? with e = €2 €
M, (A) since in this case there is always the Grassmannian o-connection.

In general, as shown in Remark 5.4, we always can find an idempotent e €
M,4(A), ¢ > 1, and right-module isomorphisms ¢ : £ — eA? and ¢7 : £7 — o (e).A9
satisfying (5.1). We then can pull back to £ any connection V on A? to a linear
map V& : &= &7 @4 Qp ,(A) defined by

VE=((0") "' ®1ay () o Voo
For £ € £ and a € A we have
VE(€a) = ((¢7) ' ® Lay () 0 V(¢(€)a) = (VEE)a+ ((¢7) P oo 0 d)(§) ®dea
= (V¥¢)a+ o (&) ® dya.

Thus, V¢ is a o-connection on £. The proof is complete. (Il

In what follows we denote by &’ the dual A-module Hom4(€,.A4). We also recall
that A is a x-algebra represented in £L(H).

DEFINITION 5.8
A Hermitian metric on £ is a map (-,-): € x £ = A such that

(1) (:,-) is A-sesquilinear, that is, it is A-antilinear with respect to the first
variable and A-linear with respect to the second variable;

(2) (:,-) is positive, that is, (£,£) >0 for all £ € &;

(3) (-,-) is nondegenerate, that is, £ — (&,-) is an A-antilinear isomorphism
from & onto &'.

REMARK 5.9

By using (2) and a polarization argument it can be shown that (£1,&) = (£2,61)*
for all ¢; € A.

EXAMPLE 5.10
The canonical Hermitian structure on the free module A7 is given by

(5.7) (Emo=E&m +---+&mn, forall £=(¢;) and n=(n;) in A7
LEMMA 5.11

Suppose that € = e A? with e = e* € M,(A). Then the canonical Hermitian metric
of A? induces a Hermitian metric on £.

Proof
See Appendix A. O
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REMARK 5.12

Let ¢: & — F be an isomorphism of finitely generated projective modules, and
assume that F carries a Hermitian metric (-, -) . Then using ¢ we can pull back
the Hermitian metric of F to the Hermitian metric on £ given by

(&1,62)e = (9(&1),0(&2)) V& €E.

In particular, if we take F to be of the form eA? with e =e? € M,(A), then we
can pull back the canonical Hermitian metric (-,-)o to a Hermitian metric on &.

From now on we assume that £ and its o-translate carry Hermitian metrics. We
denote by H(E) the pre-Hilbert space consisting of € ® 4 H equipped with the
Hermitian inner product

(58) <§1®C17§2®§2> = <C17(§17§2)C2>7 é-] EgaC] EHv

where (-,-) is the Hermitian metric of &.

LEMMA 5.13
The pre-Hilbert space H(E) is a Hilbert space, and its topology is independent of
the choice of the Hermitian inner product of £.

Proof
See Appendix B. O

REMARK 5.14

In [Mol] the Hilbert space H(E) is defined as the completion of £ ® 4 H with
respect to the Hermitian inner product (5.8). As Lemma 5.13 shows, this pre-
Hilbert space is already complete.

We note there is a natural Zs-grading on H(E) given by
(5.9) HE) =HT(E)BH(E), HEE):=EsHE

We also form the Zs-graded Hilbert space H(E7) as above. In addition, we
let V€ be a o-connection on &£. Regarding Qb ., (A) as a subalgebra of L(H) we
have a natural left-action c¢: QFp, ,(A) ®.4 H — H given by

(w®()=w(() forallweQp  (A) and ( €H.

We denote by ¢(V¥¢) the composition (1go ® ¢) 0 (VE @ 14):EQH — E7 @ H.
Thus, for £ € £ and ¢ € H, upon writing V¢ = 3" €, ® w, with &, € £7 and
wa € ,(A), we have

(5.10) (VEYEDO) =Y b ®wall)

In what follows we regard the domain of D as a left A-module, which is
possible since the action of A on H preserves dom(D).
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DEFINITION 5.15
The coupled operator Dye : £ ® 4 dom(D) — H(E7) is defined by

(5.11) Dye(€®C):=0%(&) @ D¢+ ¢(VE)(E®C) for all € € € and ¢ € dom(D).

REMARK 5.16

As the operators 0¢, D, and V¢ are not module maps, we need to check the
compatibility of (5.11) with the action of A. This is a consequence of (5.3).
Indeed, if £ € £ and ¢ € dom(D), then for all a € A

(VE)(€a® ) = (1@ e)(VE(€a) @ ()
=(1®c)((VEa® ¢ +0°(§) @ dy(a) ®C)
= (V) (€@ al) +0°(§) @ dy(a)C.

Thus,
Dye(§a® () — Dye (£ ® a()
= 0% (¢a) ® D¢+ 0% (€) @ dy(a)¢ — o°(£) @ D(ag)
=0 (¢)o(a) @ D¢ — 0% (§) @ a(a) DS,
which shows that Dye(€a ® () = Dye(§®al) in £7 @4 H.
REMARK 5.17

With respect to the Zg-gradings (5.9) for H(E) and H(E) the operator Dye
takes the form

Dye = (DO+ Dgg) ; D%S £ @4 dom(D¥F) = HT(E).
VE

That is, Dye is an odd operator.
Suppose that £ = eA? with e = e? € M,(.A). Then there is a canonical isomor-
phism U, from H(E) to eH? given by
Ue(§®¢) = (§O1<j<q forall §=(§;) €€ and (€ H,
where £ = eAY is regarded as a submodule of A9. The inverse of U, is given by
U7 ((G) =Y e ¢ forall (¢) € eHY,
where eH? is regarded as a subspace of H? and e, ..., eq are the column vectors

of e. We also note that U, is a graded isomorphism.

LEMMA 5.18

Suppose that £ = eA? as above, and let V§ be the Grassmannian o-connection
of €. Then

Ua(e)Dnge_l = De,a»
where D, , is defined in (/.1).
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Proof
The image of € ® 4 dom(D) under U, is e(dom(D))? = dom(D, ). Let ¢ €
dom(D), and let £ = (&;) be in £ C A%. Then
(Vo) E@ Q) =D ole)) @ (dotj)¢ = D 0(e;) ® D(§¢) = D _o(ej) ®a(§;)DC.
The fact that £ € £ means that { =ef =" e;&;. Thus,
> _ole;) ®a(§)D¢ = ol(e;;) ® D¢ =0(€) @ DC.

Therefore,
(5.12)  Dyg(E®n)=0"(€) @D+ c(VE)ED¢) =) ole;) ® D).

For j=1,...,qset (; =&;¢, so that Ue(§®¢) = (§¢)1<5<q = (§)1<j<q- From
(5.12) we get

Uo’(e) (Dvg (f ® U))l = Z U(eij)D(Cj)'
J

In view of the definition of the operator D, , in (4.1) we see that

Us(e)Dvg (€ @n) = 0(e)(DE)1<j<q = Deo ((¢)1<j<q) = De,oUe(€ @ ().

This proves the lemma. O
REMARK 5.19

As U, and U, () are graded isomorphisms, we further have

(5.13) Uy Dee (US) ™1 = DZ,.

LEMMA 5.20
For any o-connection V¢ on &, the operator Dye is closed and Fredholm.

Proof

Let us first assume that £ = eA? and £7 = o(e).A? with e = e? € M, (A). It follows
from Lemmas 4.3 and 5.18 that the operator Dye is closed and Fredholm. By
Lemma 5.7 the difference V& — V§ lies in Homy4(E,£(7) @ Qb .o (A)). We then
deduce that the operator Dye is closed and Fredholm.

In general, thanks to Remark 5.4 we always can find an idempotent e €
M,(A), ¢ > 1, and right-module isomorphisms ¢ : £ — eA? and ¢7 : £7 — o (e).A?
satisfying (5.1). We equip eA? with the Hermitian metric (-,-)y := (¢71(-),
#71("))e, where (-,-)g is the Hermitian metric of €. Likewise, we equip o(e).A?
with the Hermitian metric (-, -)ge := ((¢7)71(+), (¢7)71(-))g~, where (-, -)go is the
Hermitian metric of £7. We then have unitary operators Uy : H(E) — H(e.A?) and
Ugpe : H(E7) — o(e)AT given by

(5.14) Up =01y and Ugpo = @7 @ 1y.
In addition, we denote by V#+¢ the o-connection on e.A9 defined by

(5.15) V&Ei=(¢7 @ 1oy, (a)oVEios .
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Let ¢ € &, and let ¢ € dom(D). Set n = ¢(£), and set VEE =S €, @ wy
with &, € €7 and w, € Q}),U(A) Then V%€n = (¢° ® 1Q1DU(A))(V5§) =
> 07 (€a) ® we. Thus,

(5.16) (V*E) @) =) ¢ (€a) ®wa($) =Usr 0 c(VE)(E D).
We also note that o(n) =0 0 ¢(&) = ¢7 0 € (€), and hence
(5.17) o(n) @ D= (67 @ 130) (0% (€) ® DC) = Ugr (0% (€) © D).
Combining (5.16) and (5.17) we get

Dyo.eUy(§® () = Dyo.s(n©¢) = 0(n) © D¢ +c(VF)(n@ ()

= Uypo Dye (€ ® Q).

This shows that
(5.18) Dye =U,.' Dyo.eUs.
By the first part of the proof we know that the operator Dyes.s is closed and

Fredholm. As Uy and Uy are isomorphisms we then deduce that the operator
Dye is closed and Fredholm. The proof is complete. O

In analogy with (3.6) and (4.6) we make the following definition.

DEFINITION 5.21

Given any o-connection V€ on &, the index of Dye is defined by
. 1, . _

(5.19) ind Dye := 5(md DY, —ind Dg.).

We are now in a position to prove the main result of this section.

THEOREM 5.22

Let £ be a finitely generated projective right A-module. Then, for any o-connection
V¢ on &, we have

(5.20) indp »[€] =ind Dye.

Proof

Let us first assume that £ = eA? with e = e? € M,(A), and let V5 be the
o-Grassmannian connection. As shown in the proof of Lemma 5.20, the Fredholm
operators Dye and Dye differ by a bounded odd operator, and so ind D%s =

ind DE. . Moreover, it follows from (5.13) that ind DZ, =ind DZ,. Thus,
0 0 »

(5.21) ind D, = indD% =ind D, =indp .[e].

In general, we can find an idempotent e € M, (A) and right-module isomor-
phisms ¢ : €& = eA? and ¢7 : £7 — o(e)A? satisfying (5.1). We equip eA? and
o(e)A? with Hermitian metrics as in the proof of Lemma 5.20, and let V¢+€ be
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the o-connection on eA? given by (5.15). Then from (5.18) we have
Dye =U,.' Dyo.cUs,
where Uy : H(E) = H(eA?) and Ugo : H(E7) = H(o(e).A?) are the unitary opera-

tors given by (5.14). As Uy and Uy are even isomorphisms we see that ind Dés =

ind D%mg. Combining this with (5.21) we then get
ind Dye =ind Dys.e =indp ,[e] =indp [£].
The proof is complete. O

We conclude this section by looking at the index formula (5.20) in the example
of a Dirac spectral triple (C*(M),L*(M, §),1,), where (M",g) is a compact
Riemannian spin oriented manifold of even dimension. Let E be a vector bundle
over M, and let VZ be a connection on E. Then £ := C*°(M, E) is a finitely
generated projective module over the algebra A := C>°(M). We observe that A
is a commutative algebra and that we can identify left and right modules over A.
It would be more convenient to work with left modules instead of right modules.
This provides us with a natural identification of A-modules £ ® 4 E3 ~ E @ 4 &1
for the tensor products of two modules & and &; the isomorphism is given by
the flip map & ® &2 — § ® &1

Let ¢: A{T*M — End § be the Clifford representation. Then, for all a and
bin A,

(5.22) alDy,b] = ac(db) = c(adb).
Therefore, we see that
Qllpg (A) = Span{c(w);w € C®(M,T¢M)}.
Note that VE is a linear map from & = C®°(M,E) to C*(M,T*M ® E) =

C®(M,TEM) ®4 €. Consider the linear map V¢ from € to lez)g (A) @4 & ~
E®a Qzlpq (A) defined by

VS = (C@ lg) o VE.
Let £ €&, and let a € A. Using (5.22) we get
VE(ag) = (c® le)(da® & +aVT€) = c(da) + aVE = [Py, aé + aV7e.

Therefore, we see that V¢ is a connection on the finitely generated projective
module £.

As V¢ is a connection on &, we can form the operator Pye = (ID,)ye. Set
H = LZ(M, E). In what follows we identify #(€) = E®aH with H®4 € ~ L*(M,
# ® E), so that we can regard Pye as an unbounded operator of L?(M, § @ E).
Let ¢ € C®(M, $), and let £ € £. Let us write VF¢ =Y w, ® &, where w, €
C®(M,T¢M) and &, € €. For each « let us also write wo =) angdbag, with
aap and bag in C°°(M). Then, using (5.10) and (5.22), we see that Dy (¢ ® &)
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is equal to

ngC ®§+ Z(aaﬁ[pgvbab’])g ® ga = -ngC by f + ZC(WQ)C ®§a
B «@

=Dye((®E).

Thus, under the identification H(€) ~ L?(M, $ ® E), the operators Pye and Dy e
agree. Combining this with (3.3) and (5.20) we then deduce that, for o =1id,

(5.23) indp, ,[€] =ind Dye = ind Dy = indp, [E],

where the second index map is the Fredholm index map (5.19). Thus, under the
Serre-Swan isomorphism K°(M) ~ Kq(C°°(M)) this Fredholm index map agrees
with the index map (3.2).

6. Cyclic cohomology and pairing with K-theory

In this section, we review the main definitions and properties regarding cyclic
cohomology and its pairing with K-theory. Cyclic cohomology was discovered by
Connes [Col] and Tsygan [Ts] independently. For more details on cyclic coho-
mology we refer to [Co4] and [Lo]. Throughout this section we let .4 be a unital
algebra over C.

6.1. Cyclic cohomology

The Hochschild cochain complex of A is defined as follows. The space of m-
cochains C™(A), m € Ny, consists of (m + 1)-linear maps ¢ : A™+! — C. The
Hochschild coboundary b: C™(A) — C™*1(A), b* =0, is given by

(6.1) bo(a®,...,a™T) = Z(—l)jgo(a07...,ajaj+1, a™th
3=0
(6.2) + (=)™ (@™, ... ,a™), o € A

A cochain ¢ € C™(A) is called cyclic when T = ¢, where the operator
T:C™(A)— C™(A) is defined by
(6.3) Te(d®,...,a™) = (—1)"p(a™,d’,...,a™ "), o €A
We denote by C{*(A) the space of cyclic m-cochains. As b(C3(A)) € O3 (A), we
obtain a subcomplex (C}(A),b), the cohomology of which is denoted by H3(.A)

and called the cyclic cohomology of A.
The operator B : C™(A) — C™~1(A) is given by

(6.4) B=ABy(1-T), where A=14T+---+T™,
and the operator By : C™(A) — C™ 1(A) is defined by
(6.5) Bop(a®,...,a™ Y =p(1,d%,...,a™ ), o €A

Note that B is annihilated by cyclic cochains. Moreover, it can be checked that
B*=0 and  bB+bB=0.
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This enables us to define a further cochain complex (C} (A),b+ B), where

Ci(A) =EPC*t(A), i=0,1,
k=0
and we regard b and B as operators between C{(A) and Cj (A). The correspond-
ing cohomology is called the periodic cyclic cohomology of A and is denoted
by HP*®(A). Note that a periodic cyclic cocycle is a finitely supported sequence
© = (papri) With o € C?FFi(A), k>0, such that

bosk+i + Boagto4+i =0 for all k> 0.

As the operator B is annihilated by cyclic cochains, any cyclic m-cocycle ¢
is naturally identified with the periodic cyclic cocycle (0,...,0,¢,0,...) € C’g(A)7
where 7 is the parity of m. This gives rise to natural morphisms

H2FT*(A) - HP®(A), k>0.

Connes’ periodicity operator S : CF*(A) — Cy"2(A) is obtained from the cup
product with the unique cyclic 2-cocycle on C taking the value 1 at (1,1,1) (see
[Col], [Cod]). Equivalently,

1 m—+1 .
= i m+2) ;(_1) 5

where the operator S; : CJ*(A) — CY*T?(A) is given by
Sj<p(a0, .,a™t?) = Z (—=Dlp(a,...,d'aM . dda? T, a™ )
0<I<j—2

(6.6) A L
+ (=1 p(d, ... ;a7 Tala? T L a™ ),

Here the operator S is normalized so that, for any cochain ¢ € C™*1(A), we
have

(6.7) by is cyclic=> By is a cyclic cocycle and SBy = —by in HY"?(A).

Incidentally, if ¢ is a cyclic cocycle, then S is a cyclic cocycle whose class in
HP*(A) agrees with that defined by ¢ (cf. [Col], [Co4]). Furthermore, Connes
[Col, Theorem II.40] proved that

(6.8) h_n)l(HikJr'(A), S) =HP*(A),
where the left-hand side is the direct limit of the directed system defined by the
maps S: Hi" " (A) — HF2T(A), k> 0.

It is sometimes convenient to normalize the cyclic mixed complex. More

precisely, we say that a cochain ¢ € C™(A) is normalized when

(6.9) @(a®,...,a™) =0 whenever a’ =1 for some j > 1.

)

We denote by ém(A) the space of normalized m-cochains. The normalization
condition (6.9) is preserved by the operators b and B. Note also that B = ABy
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on normalized chains. We thus obtain a subcomplex (a; (A),b+ B) of the peri-
odic cyclic complex, where GE(A) = Dy>0 62k+.(A). We denote by HP'(A)
the cohomology of the normalized periodic complex. Furthermore (see [Lo] and

Remark 6.1), the inclusion of Cj(.A) in C*(A) gives rise to an isomorphism,

(6.10) HP'(A) ~ HP*(A).

REMARK 6.1

For m € Ny let C} (A) be the space of normalized cyclic m-chains. We get a
subcomplex (C5(A),b) of the cyclic complex. We denote by Hj(A) the coho-
mology of this complex. We observe that if ¢ € 6;”(.,4), then the cyclicity and
normalization condition (6.9) imply that

(6.11) o(1,a",...,a™) = (=1)"p(a',...,a™ 1) =0 Va’c A.
In fact (cf. [Lo, Section 2.2.13]), we have
(6.12) H3(A)~ H3(C) & Hy(A).

The cyclic cohomology of C has dimension 1 in even degree and is zero in odd
degree. Thus, given any 0-cochain ¢o € C(A) such that ¢o(1) =1, the isomor-
phism (6.12) can be rewritten as

2k+1
ro

(6.13)  H2(A)~C[S*po] @ Hy (A)  and  HZF(A)~H2 " (A).

Observe that S%¢¢q is cohomologous in HP?(A) to g, which is a normalized
cocycle. Therefore, combining (6.8) and (6.11) gives the isomorphism (6.10).

EXAMPLE 6.2
Let A= C*(M), where M is a closed manifold. For m =0,1,...,n,let Q,, (M) be

the space of m-dimensional currents. Any current C' € Q,, (M) defines a cochain
pc € C™(A) by

619)  polf0 e S = (OO A AT,y € CF (M),

Note that ¢¢ is a normalized cochain. Moreover, it can be checked that bpc =0
and Byc = pgtc, where d* is the de Rham boundary for currents. Therefore, we
obtain a morphism from the mixed complex (Q4(M),0,d") to the cyclic mixed
complex of A=C(M). In particular, we have a natural linear map

o™t Hey joaa(M,C) — HP®* (C*° (M),
where Hey /oq4(M,C) is the even/odd de Rham homology of M.
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6.2. Pairing with K -theory

There are two equivalent ways to define the pairing between HP?(A) and K (.A)
(see [Col], [GS]). Given any even normalized cochain ¢ = (p2) and an idempo-
tent e € My(A), define

(6.15) (p, e) :==tr#po(e Z tr #apgk( ; € ... 7e),

k>1
where tr# o, is the 2k-cochain on My(A) = M,(C) ® A such that, for all
ul, ..., p?* in M,(C) and a’,...,a?* in A, we have

tr #par (0 @ a®, ... p?F @ a®) = tr[ul - 1Fpar(d®, . . ., a?F).

It can be checked that, when ¢ is an even normalized periodic cocycle, the value
of (p,e) depends only on the class of ¢ in WO(A) and the class of e in Ky(A).
Combining this with (6.10) we then obtain a bilinear pairing

(6.16) (-,-) :HPY(A) x Ko(A) — C.

In addition, given any cyclic 2k-cocycle ¢ it can be shown (see Remark 6.4
below) that

(2/€)

(6.17) (p,e) = (—1)" tr#p(e,...,e) Vee My(A),e* =e.

In fact, the right-hand side of (6.17) depends only on the class of ¢ in Hiq(.A)
and is invariant under the periodicity operators S (see [Col], [Co4]). Therefore,
under the inductive limit (6.8) this gives rise to a pairing between HPY(A) and
Ko(A) which agrees with the pairing (6.15).

EXAMPLE 6.3

Suppose now that A = C° (M), where M is a closed manifold, and let e €
M,(C>=(M)), where e =e. Consider the vector bundle E = rane, which we
regard as a subbundle of the trivial vector bundle Ey = M x C?. We note that
by the Serre-Swan theorem any vector bundle over M is isomorphic to a vector
bundle of this form. We equip E with the Grassmannian connection V¥ defined
by e, so that

VEE=e(XE;) forall X € C®(M,TM) and £ = (¢;) € E9=C>®(M, E)".

The curvature of VE is F¥ = e(de)? = e(de)?e, and so its Chern form is given by

Ch(FF)=) (-1)* %u« [e(de)?*] € Q= (M).

Let C = (C2x) be a closed even de Rham current, and denote by ¢ the associated
cocycle defined by (6.14). Noting that all the cochains ¢¢,, satisfy (6.11), we
obtain

(C.Ch(FP)) = Z(fl)kki<6'2k,tr[e(de)2k}>
(6.18)
= Z tr#‘lOCQk( ) = <ch,€>.
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Therefore, the pairing (6.17) between even periodic cyclic cohomology and
K-theory reduces to the classical pairing (3.4) between de Rham homology and
K-theory.

REMARK 6.4
The equality (6.17) is proved as follows. Thanks to (6.13) we know that
(6.19) o=S"pg+1 mod b(C3F1(A)),

where ¢g € C(A) is such that (1) # 0 and ¢ is a normalized cyclic 2k-cocycle.
As @y and S¥pq are cohomologous in HP®(A), we see that ¢ is cohomologous in
HP?(A) to the normalized even cocycle @g + 1. Thus,

(620) <307 6> = <9007 6> + <1/)7 6>.
Set ¢ = (—1)*(k!)~1(2k)!. Using (6.6) we can check that
(6.21) (00, €) = tr#po(e) = cr tr #(S*go) (e, ... ,€).

Moreover, as the cocycle 1 is normalized and cyclic, it follows from (6.15) and
(6.11) that
1
(i, e) :cktr#w<e— 5,6,...,6) =cptr#(e,e,. .., e).
Combining this with (6.19)—(6.21) then gives
(p,€) = crtr#(S™po + 1) (e, ... e) = crtrFple,... e),

which proves (6.17).

7. Connes-Chern character and index formula

In this section, we give a direct construction of the Connes—Chern character
of a twisted spectral triple. Combining this with the results of Section 5 we
shall obtain a reformulation of the Atiyah—Singer index formula (3.5) for twisted
spectral triples.

Throughout this section we let (A, H, D), be a twisted spectral triple. For
p>1 we denote by LP(H) the Schatten ideal of operators T € L(H) such that
Tr |T|P < co. We recall that £P(H) is a Banach ideal with respect to the p-norm

IT|l, = (Tx|T|P)?, T €LP(H).

In what follows we assume that the twisted spectral triple (A,H,D), is p-
summable, that is,

D le LP(H).
7.1. Invertible case

We start by assuming that D is invertible. We shall explain later how to remove
this assumption. We recall the following result.
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LEMMA 7.1 ([H6, LEMMA 7.1]; SEE ALSO [Co1, P. 304])
Let H1 and Ho be Hilbert spaces, and let T € L(H1,H2) be a Fredholm operator.
Let S € L(Ha,H1) be such that 1 — ST € LP(H1) and 1 — TS € LP(Hz). Then

indT = Tr((l — ST)q) — Tr((l — TS)q) Yq > p.

The main impetus for our construction of the Connes—Chern character is the
following index formula.

PROPOSITION 7.2

Let e € My(A), g > 1, be an idempotent. Then, for any integer k > %p,
1

(7.1) ind D, = 5 Str((D7'D,elo) ™).

Proof

We defined D, , as an unbounded operator from eH? to o(e)H?. Alternatively,
let H; be the Hilbert space given by the vector space dom(D) equipped with the
Hermitian inner product

(&, m1:=(&n) +(DE Dn), & nedom(D).

We denote by || - ||1 the norm of H;. This norm is complete since D is a closed
operator. We then can regard D as an invertible bounded operator from #H; to
H. Let a € A, and let £ € dom(D). Upon writing Daé = aD¢ + [D,al§ we see
that

agl = l|a|® + || Da&|?
< [|a&||? + 2([|aDE||? + || (D, a)¢||)
<2(|la|l? + (D, al||*)lI€13-

Thus, a induces a bounded operator on H;. It then follows that e induces a
bounded operator on H{, so that eH{ is a closed subspace of H{. We regard D,
as a bounded operator from eH{ to o(e)H9. Set Q =eD o (e) € L(o(e)H, eHI).
Then the product D, ,Q is equal to

o(e)DeD 'o(e) = o(e)(c(e)D + [D,e]l,) D" o(e)
(7.2)

=1+0o(e)[D,e],D tole),

where we have used the fact that e=1 on eH?. Likewise, the operator QD , is
equal to

(7.3) eD 'o(e)De=eD™ "' (De—[D,e],)e=1—eD '[D,e]se.
We observe that D™1[D, €], D~}[D, e],e is equal to
(e—=D7'o(e)D)(e — D 'o(e)D)e =e—eD 'o(e)De

(74 =eD7 D, el e.
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Similarly, the operator o(e)[D,e], D™D, e], D! is equal to
o(e)(DeD™" —a(e))(DeD ' —a(e)) = —co(e)DeD "o (e) + o e)

—o(e)[D,e]le Do (e).
As D7t € L£P(H) and [D €], is bounded, using (7. 4) we see that eD7YD, e] e is
in the Schatten class £% (eH?). Note also that D~'[D,e], = D~'([D,e],D~1)D.
As D is an isomorphism from H; onto H, we then see that [D,e}C,D*1 induces
on H? an operator in LP(H?). Combing this with (7.5) then shows that
o(e)[D,ele D~ 1o (e) induces on o(e)H9 an operator in L% (o (e)H).

The Zy-grading H = HT @ H~ induces a Zo-grading H; = H & H] with
HE =, NH*E. This gives rise to splittings eH? = e(H )@ e(H; )9 and o(e)HI =
o(e)(H)? @ o(e)(H™)?. With respect to these splittings, the operator @Q =
eDo(e) takes the form,

0 _
Q= <Q+ QO ) where QF :=e(DF) 1o (e).
Therefore, (7.2) and (7.3) can be rewritten as

DE, Q¥ =1+0(e)[DF elo(DF)'ole),  QTDE,=1—¢[DF e]o(DF)"!

where the first equality holds in £(o(e)H*) and the second holds in E(e?—li)
shown above, the operators o(e)[DT,e],(D*)1o(e) and e[DF,e],(DF) e are
in the Schatten classes £% (o(e)(H*)9) and L% (e(HT)?), respectively. Therefore,
we may apply Lemma 7.1 to obtain that, for all k > %p,

(7.5)

ind DE, = Tr(e(DF) ' [D7, e][,e)l€ — Tr(—o(e)[D*, e]a(Di)_lo(e))k.

Thus,
2ind D, , = Str(eD ' [D, el e)" — Str(—o(e)[D, e]l, D "o (e))".
Combining this with (7.4) and (7.5) we then get
2ind D, , = Str((D'[D, ], ) *¢) + Str(a(e) ([D, e} D1)**).
We observe that Str(o(e)([D,e], D)%) is equal to
Str(a(e)D(D YD, el,)* D) = —=Str(DLo(e)D(D (D, e],) ).
Therefore, we obtain

ind De,o = % Str((e — D~'o(e)D) (D' [D,ls) ™) = % Str((D[D,e],) ).

The lemma is thus proved. O

DEFINITION 7.3
For k> 1(p—1) let 7} be the 2k-cochain on A defined by
(7.6) man(a,...,a®*) = cx Str (DD, a’), - D' [D,a®*],) Va’ € A,

where we have set ¢, = %(—1)’“%.
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We note that TQD,~C is a normalized cyclic cochain. Moreover, using (6.17), for
k> 1p, we can rewrite the index formula (7.1) in the form

(7.7) ind D, , = (147,¢) Ve& M,(A),e* =e.

For m > p, we let ¢,, and 1, be the normalized m-cochains on A defined
by

(7.8) @m(a®,...,a™) =Str(a"D'[D,a'],---D7'[D,a™],),
(7.9) ¥m(a®,...,a™) =Str(o(a”)[D,a']oD~" -+ [D,a™],D7 "), o €A
We observe that 1, (a’, ... ,a™) is equal to
—Str(D"'o(a®) DD *[D,a'],--- D' [D,a™],)
=—pm (D_la(aO)D,al, . 7am).
Using the equality D_I[D a’], =a® — D7'o(a®) D, we then see that, for k> Ip,

(7.10)

e lr(a,...,a®) =Str{a®D"'[D,a"],--- DD, a*], }
(7.11) —Str{D"'o(a®) DD [D,a'],---D7'[D,a**], }
= @or(a®,...,a%) + Por(a®, ..., a%").
LEMMA 7.4

Let k> %(p—1). Then
Bajs1 = —Biajsr = (2k + 1oy 7.
Proof

As po4+1 and g4 are normalized cochains, we know that Byag 11 = ABy@ak+1
and Btog+1 = ABotai+1. Moreover, it follows from (7.8) and (7.9) that

Bopog1 = —DBothoky1 =cj, 'y,
As 7L is a cyclic cochain, we then deduce that

Beopy1 = —Bioi1 = c;, ' At = (2k + 1)c;, ' ).

This proves the lemma. O
LEMMA 7.5

Let k> %(p+1). Then

(712) b(pgkfl = P2k cmd b(/)gkfl = —1/)2k.

Proof

For j=1,...,2k let 0 and 0 be the 2k-cochains on A defined by
0(a’,...,a°*) =Str(a®D[D,a']o -+’ --- D7D, a?*],),
07 (a,...,a°") =Str(a°D'[D,a']o--- D" 'o(a?) D' .- D7V [D,a?*],), o €A
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We note that
0(a’,...,a"%) = 07 (a’,...,a°")
=Str(a°D'[D,a'], - (¢/ — D" 'o(a’)D) --- D' [D,a**],)
= por(a®, ..., a%").

Using the equality D~'[D,a’a’*!, = D ![D,d’]l,a’t + D 'o(a’)D -
D~YD,a’*], we also find that

bipan—1(a’,...,a*)=Str(a°D~'[D,a'],--- D D,a’a’ ], .- D' [D,a?"],)

=0,1(a°...,a°")+ 0] (d°,....a°").
Thus, Z?i}l(—l)jbjgpgk,l is equal to
2%—1 ‘ 2%k—1 A
Z (=1)7(0541 +05) = —07 + Z (177101 = 07) — O3,
j=1 j=2
2k—1 A
(7.13) =07+ (—1) oo — Oy,
j=2
-

We also note that
bopar—1(a’,...,a*") =Str(a®a*’ DD, a%, --- D' [D,a**],) =0, (a°,...,a%").
Moreover, the cochain bagpar_1(a’,...,a%") is equal to
Str(a*a'D7'[D,a'],---D~'[D,a*],)
=Str(a"D~ D, a']y - D7D, a* 1), a?")

= Hék(a07 ceey a2k).
Therefore, we find that
2%
bpor—1 = Z(—l)%jwqu = bopar—1 — 07 — 0%y, + barpor—1 =07 — 07 = pay.
=0

As Yop_1(a’,...,a?* 1) = —pop_1 (D7 1o(a®)D,al, ..., a?*1), using (7.13)
we get

2k—1

> (1) bt

j=1
=0/ (D 'o(a®)D,d",...,a*") + 04, (D 'o(a®)D,d",...,a%").
We observe that byor_1(a’, ..., a%") is equal to

—Str(D"'a%' D7D, a%]; -+ DVD,a*,) = ~6 (D" o (a®)D,a’, ..., a* ).
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Moreover, we have
boptbor—1(a’, ... a%")

=— Str(Dfla(a%)a(aO)D -D7[D,a'],- ~-D’1[D,a2k*1]a)

— —Str(D"'a’D- DD, a'],--- D7D, a* 1), D o(a?*)D)

= —03, (Dila(aO)D, at,..., a%).

Therefore, we see that bioy_1(a’,...,a%) = Z?io(—l)jbﬂ/}%_l(ao,...,a%) is
equal to

be(Dro(a®)D,al,.. ., a**) — 04, (D o(a®)D,d',.. ., a%*)
= o, (D" 'o(a”)D,a’, ... a*")
= —thor(a®,at, ..., a%).
The proof is complete. O
PROPOSITION 7.6 ([CM4])
Let k> %(p—1).

(1) The cochain 75 in (7.6) is a normalized cyclic cocycle.
(2) The class of 12 in HP?(A) is independent of the value of k.

Proof
We already know that 75 is a cyclic normalized cochain. We also note that
= —(—1)k*! =— .
et = 5 D ) T 2@k 1)

Combining this with Lemma 7.4 we get

Ck
(7.14) o = mB(@%H —Yaky1) = —Cry1B(P2r+1 — Yart1)-

Using (7.14) and the fact that bB = —Bb we then see that
b1a) = —Crr10B(Part1 — Yart1) = Crp1 BO(P2r41 — Yart1).
Moreover, using (7.11) and Lemma 7.5 we get
(7.15) Tonrz = Chi1 (Parta + Yart2) = Cop1b(@2e1 — Yors1)-
As B is annihilated by cyclic cochains we then deduce that
b7ap = B(ch1b(@2ns1 — Yor41)) = Brap o =0.
That is, 72} is a cocycle. We also see that
Tort2 — Top = Ch1b(Par+1 — Yors1) + o1 B(02rt1 — Yarsr)-

This shows that 74, , and 73, define the same class in HP’(A). Tt then follows
that the class of 7.2 in HP’(A) is independent of the value of k. The proof is
complete. 0O
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REMARK 7.7

The proof of Lemma 7.4 uses the fact that the unit of A is represented by
the identity of H. Otherwise, the equalities Bypor+1 = —Botak+1 = 6;172’:,’g need
not hold. Therefore, the unitality of A is a crucial ingredient of the proof of
Proposition 7.6.

REMARK 7.8
As in [Col], we can get a more precise relationship between the cocycles 72[]1 and
T£€+2 by using the S-operator. Indeed, using (6.7) and (7.12) we get

SB(pari1 — Port1) = —b(02rs1 — Yart1) = —(Part2 + Yonr2)  in HY(A).
Combining this with (7.14) and (7.15) we then deduce that

Star = —ch415B(part1 — Yort1) = Chr1(Port2 + Voni2) = Tonyy  in HY'(A).

As 72 and S7L are cohomologous in HPP(A), this provides us with an alternative
argument showing that 77, and 74, define the same class in HP(A).

DEFINITION 7.9 ([CM4])

Let (A,H, D), be a p-summable twisted spectral triple with D invertible. Then
its Connes—Chern character, denoted by Ch(D),, is the class in HP?(A) of any
of the cocycles 7.5, k > %(p -1).

We are now in a position to reformulate the Atiyah—Singer index formula (3.5)
for twisted spectral triples in the invertible case.

THEOREM 7.10

Let (A,H,D), be a p-summable twisted spectral triple with D invertible. Then,
for any finitely generated projective right A-module £ and any o-connection on &,
we have

ind Dye = (Ch(D),, [£]).
Proof
Thanks to Theorem 5.22 we know that ind Dye = indp ,[€]. Let e be an idem-

potent in some matrix algebra M,(A) such that £ >~ eA?. Then (7.7) shows that,
for k> %p,

indp ,[e] = ind D , = (137, €) = (Ch(D),, [¢]).
As € and e define the same class in Ky(.A) we then deduce that
ind Dye = indp ,[e] = (Ch(D),, [£]).
The proof is complete. O
7.2. General case

The assumption on the invertibility of D can be removed by passing to the unital
invertible double as follows. Consider the Hilbert space H = H & H, which we
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equip with the Z,-grading given by

- (v O
7_<0 —v)’

where ~ is the grading operator of H. On H consider the self-adjoint operators,

_ D 0 0 1 - D 1
po=(y ) 1=(1 o) p=mera=(7 L)

where the domain of Dy and D is dom(D) @ dom(D). As DoJ + JDy = 0 and
J? =1 we get
~ ~ D% +1 0
1 D*=Df{+1= :
(7.16) Chl ( 0 D+ 1)
It then follows that D is invertible. Moreover,
(7.17) Tr|D|™P =Tr(D?*) "% =2Tr(D?*+1)"2 <2Tr|D|7? < co.
That is, D~ € LP(H).
Let m: A— L(H) be the linear map given by

7r(a):<g 8) Vae A

We note that 7 is multiplicative, but as (1) # 0 this is not a representation
of the unital algebra A. As mentioned in Remark 7.7 the representation of the
unit 1 by the identity of H is essential to the construction of the Connes—Chern
character in the invertible case. To remedy the lack of unitality of m we pass to
the x-algebra A= A®C with product and involution given by

(a,\)(b,p) = (ab+ Ao+ pa, Ap),  (a, )" =(a*,}), a,be AN peC,

The unit of A is 1; = (0,1). Thus, by identifying any element a € A with (a,0),
any element @ = (a, A) € A can be uniquely written as (a, A) = a+ A1 ;. We extend
7 into the (unital) representation 7 : A — L(H) given by

7la+Ag)=7(a) + X V(a,\)eAxC.
We also extend the automorphism ¢ into the automorphism & : A — A given by
Gla+Alz)=o0(a)+Al; Y(a,\) e AxC.
For a € A and \ € C, the twisted commutator [D, 7 (a + Al 7)]5 is equal to

B 50 -(9 96 )

_ ([D’aa]ﬂ “’O(a)> € L(H).

Combining all these we obtain the following statement.

PROPOSITION 7.11
The triple (fl,?:[,f?);, is a p-summable twisted spectral triple.
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As D is invertible, we can form the normalized cyclic cocycles 7'2 o k>3 (p 1), a

in Definition 7.3. We note that if ¢ is a cyclic m-cochain on A, then its restriction
®» to A™ T is a cyclic cochain on A. Moreover, by using (6.1) and (6.6) we see
that

(7.18) bp = b and Sp = Sp.

If in addition ¢ is normalized, then the normalization condition and (6.11) imply
that

(7.19) P(a’ + X1 4,....a" + A" ;) =p(a’,...,a") Va' € AVN €C.

Thus, ¢ is uniquely determined by its restriction % to A™+!. Conversely, any
cyclic m-cochain ¢ on A uniquely extends to a normalized cyclic m-cochain @
on A satisfying (7.19).

DEFINITION 7.12
Let lj: > %(p —1). Then 75, is the cyclic 2k-cochain on A given by the restriction
of 74} to A+,

PROPOSITION 7.13
Letk>1(p—1).
(1) The 2k-cochain 75, is a cyclic cocycle whose class in HPY(A) is inde-

pendent of k.
(2) For any idempotent e € My(A), we have

ind D, . = (75, €).

Proof L

It follows from (7.18) that b7L), = szlz =0, so 74 is a cyclic cocycle. By
Remark 7.8 the cocycles ST{% and TQIZ o are cohomologous in H§k+2(fl). There-
fore, by (7.18) their respective restrictions to A, namely, S75 and 75, 4o, are
cohomologous in H3*2(A). As S75, and 725, define the same class in HPY(A),
we deduce that the classes of 72} and 75, in HP’(A) agree. It then follows
that the class of 71} in HPY(A) is independent of k.

Let e € M,(A), ¢* = e. Regarding e as an idempotent in M,(A), we have

€

7(e)H = (0 O) (HI D HY) =e(H) ® {0} ~ eHI.
Likewise, 7(c(e))H? = o(e)(H9) @ {0} ~ o(e)H?. Moreover,

(9 9E 36 -0 )

Thus, under the identifications 7(e)H? =~ e} and 7(o(e))H? ~ o(e)H? above,
the operators Deo— and D, , agree. Therefore, using (7.7) we get ind D, , =
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ind D, , = <7'2]2, e). As (7.19) implies that <7'2’;€, e) = (75 ,e), we then deduce that
ind D, , = (7)., ). The proof is complete. O

DEFINITION 7.14
Let (A, H, D), be a p-summable twisted spectral triple. Then its Connes—Chern
character, denoted by Ch(D),, is the class in HP?(A) of any of the cocycles 7).,
E>1(p-1).

=3

Assume now that D is invertible. We then have two definitions of the Connes—
Chern character: one in terms of the cocycles 7.5 and the other in terms of the
cocycles 75).. We shall now show that these definitions are equivalent.

Consider the homotopy of operators

Dy=Dy+tJ, 0<t<I1.

In the same way as in (7.16) we have
~o = D? +¢2 0
2 2, 42
Di=Do+t _< 0 D*4#2)

which shows that D, is invertible for all ¢ € [0,1]. Moreover, as in (7.17) we have
Tr|Dy| P =2Te(D? +t?)"% <2Tr|D|P.

Thus, (D; ')o<i<1 is a bounded family in £ (#). Therefore, the family (D;)o<¢<1
satisfies the assumption of Proposition C.1 in Appendix C on the homotopy
invariance of the Connes-Chern character. We then deduce that (A, H, D;)s is
a p-summable twisted spectral triple for all ¢ € [0,1] and, for k> 1(p+ 1), the

cocycles TQD,J’ and 7'2% = 7L are cohomologous in H3*(A). Denote by ?gc" the

restriction to A2¥*1 of 72°. Then (7.18) shows that 75 and 72, are cohomolo-
gous in HZF(A).
Bearing this in mind, we note that, for a € A, we have

sl =2 )60 (8 6 )= )

Thus,
L e DYD,d], 0
Dyt (Do, 7(a)], = ( 0 O) and
N D~ 'D,d], O
PYDol[D(),’/T(a)]&: (7 ([) ] O)
It then follows that, for a°,...,a?* in A, we have
7212" (a...,a**)=Tr(yD'[D,a"), --- D' [D,a®*],) = 75, (a",...,a®").

That is, the restriction of 7'2%’ to A% s precisely the cocycle 74, Therefore,
we arrive at the following statement.
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PROPOSITION 7.15
If D is invertible, then for any k > %(p + 1) the cyclic cocycles 72[,1 and F% are
cohomologous in H3*(A) and, hence, define the same class in HP?(A).

It follows from this that, when D is invertible, Definitions 7.9 and 7.14 provide
us with equivalent definitions of the Connes—Chern character of (A, H, D).

Finally, using Proposition 7.13 and arguing as in the proof of Theorem 7.10
enable us to remove the invertibility assumption in Theorem 7.10. We thus obtain
the following index formula.

THEOREM 7.16
Let (A,H,D), be a p-summable twisted spectral triple. Then, for any finitely
generated projective right A-module £ and any o-connection on £, we have

ind Dge = (Ch(D),, [£]).

REMARK 7.17

The cocycles 72% and ?36 may be difficult to compute in practice, even in the
case of a Dirac spectral triple (see [Col, Part I, Theorem 6.5] and [BF]). In
the ordinary case, a representation of the Connes—Chern character in entire
cyclic cohomology is given by JLO cocycle of Jaffe-Lesniewski—Osterwalder
(see [JLOJ, [Co3]), the existence of which only requires #-summability. We refer
to the paper of Quillen [Qu] for interpretations of the Connes—Chern charac-
ter and the JLO cocycle in terms of Chern characters of superconnections on
cochains.

REMARK 7.18

Under further assumptions, a representative in periodic cyclic cohomology is
given by the CM cocycle of Connes—Moscovici ([CM1]; see also [Hi]). The com-
ponents of the CM cocycle are given by formulas that are local in the sense that
they involve universal linear combinations of functionals of the form

][ao[Dyal][m]...[D,a%][a%]D—z(\aHk)’ deA,

where TU! is the jth iterated commutator of 7' with D? and f is an analogue
of the noncommutative residue trace of Guillemin [Gu] and Wodzicki [Wol].
This thus expresses the index pairing as a linear combination of residues of var-
ious zeta functions, in the spirit of the index formula of Atiyah—Bott [At]. We
refer to [Wo2], [Ka], [MN], and [MoN] for other types of residue index formu-
las.

REMARK 7.19

Let (M™,g) be a compact Riemannian manifold. The Connes—Chern character
of the Dirac spectral triple (C°°(M),L*(M, §),1D,) is represented by the CM
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cocycle. This CM cocycle can be computed by heat kernel techniques (see [CM1],
[Po]). We obtain the even cocycle ¢ = (pax) given by

LPZk(va“'ank):%/MA(RM)/\defl/\'“/\ dr*.

In other words ¢ = (Qiﬂ)*%goA(RM)A in the sense of (6.14), where A(RM)" is
the Poincaré dual current of the A-form A(RM ). Let us explain how this enables
us to recover the Atiyah-Singer index formula. Let e € M,(C>(M)), €? =,

and form the vector bundle E =rane, which we equip with its Grassmannian
connection VZ. Then by (5.23) we have

ind Pyr =indp, ,le].

As (2im) "2 ¢ A(rayn represents the Connes—Chern character, by Theorem 7.16
we have

indlpg,a[e] = (Qiﬂ)_% <¢A(RN1)A7€>~
Moreover, using (6.18) we have

(@A €) = (A(RM)", Ch(FF)) :/ A(RM) A Ch(FE),
M

where FF is the curvature of V¥. Therefore, we obtain

ind Poe — (2im) 3 /M A(RM) A Ch(FP),

which is the Atiyah—Singer index formula.

REMARK 7.20

It remains an open question to construct a version of the CM cocycle for twisted
spectral triples. Moscovici [Mo2] devised an ansatz for such a cocycle and verified
it in the case of twistings of ordinary spectral triples by scaling automorphisms.
To date, this seems to be the only known example of twisted spectral triples
satisfying Moscovici’s ansatz. It would be interesting to have a version of Connes’s
[Co4] Hochschild character formula. We refer to [FK1] for a Hochschild character
formula in the special case of twistings of ordinary spectral triples by scaling
automorphisms.

REMARK 7.21

We refer to [PW2] and [PW3] for the computation of the Connes—Chern character
of the conformal Dirac spectral triple of [CM4] (the construction of which is
recalled in Section 2).

Appendix A: Proof of Lemma 5.11

It is immediate that the restriction of (-,-)o is A-sesquilinear and positive. The
only issue at stake is nondegeneracy.
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LEMMA A1
Set E* =e* A1. Then the restriction of (-,-) to £* x &€ is nondegenerate.

Proof of Lemma A.1
We need to show that ®:E* 3 & — (§,-)o|le € £’ is an A-antilinear isomorphism.
Let £ = (&) € £*. Then

(67 66)0 = (6*675)0 = (675)0 = Zf;f]

It then follows that if (£,-)o vanishes on &, then all the positive operators £;¢;
vanish on H and hence £ = 0. This shows that ® is injective.

Let ¢ € &', and let ¢ € (A?)" be defined by @(£) = ¢(e€) for all £ € A?. The
nondegeneracy of (-, ) implies that there is 7 € A9 such that ¢(£) = (7,£)o for
all £ € A. Set n=e*n € E*. Then, for all £ € &,

p(&) = @(e€) = (7, e€)o = ("7, §)o = (1,€)o-

Thus, ¢ = ®(n). This shows that ® is surjective. Therefore, ® is an A-antilinear
isomorphism. Likewise, U : &3 n — (-,n)olex € (£*) is an A-linear isomorphism.

This completes the proof of the lemma. |
LEMMA A.2
Denote by t: & — E* the A-linear map defined by

tE=e"¢ VEEE&.

Then t is an A-linear isomorphism from £ onto £*.

Proof of Lemma A.2

If F is a right submodule of A9, then we shall denote by F* its orthogonal
complement with respect to the canonical Hermitian metric of .A9. For a € M, (A)
we shall identify a with the associated A-linear map A% — A%. We observe that
with this convention a* is identified with the adjoint of a with respect to (-,-)o,
that is,

(a"&m)o = (&, an)o V&, n e AL
We deduce from this that, for any idempotent f € Mq(,A)7
(A.1) (fA9)* = (ran f)* =ker f* =ran(1 — f*) = (1 — f*) A%

We note this implies that ((f.A9)1)L = fA9.
Using (A.1) we get

kert =kere* Nrane = (rane)™ Nrane = {0},

which shows that t is one-to-one. Moreover, as A is closed under holomorphic
functional calculus, there is g € GL,(A) such that f:=e*eg is a self-adjoint
idempotent which is similar to e* (cf. [Bl]). Thus,

rane*e =rtan f = ((qu)J‘)J‘ = ((ranee*)J‘)L = (kere*e)t.
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Obviously kere C kere*e. As (e£,ef)o = (e*e€,€)o for all £ € A7, we see that
kere*e is contained in kere, and so the two submodules agree. Thus,
rane*e = (kere*e)t = (kere)t =rane*.

This shows that t(£) = e*(rane*) =rane*e =rane* = £*, that is, t is onto. There-

fore, the A-linear map t is an isomorphism. O

Let us go back to the proof of Lemma 5.11. For all £; and & in &£, we have

(&1,&2)0 = (&1,€€2)0 = (€761, &2)0 = (1, &2)0-

As (+,+)o is nondegenerate on £* x £ by Lemma A.1 and t is an A-linear isomor-
phism by Lemma A.2, we then deduce that (-,-)o is nondegenerate on £ x £. This
completes the proof of Lemma 5.11.

Appendix B: Proof of Lemma 5.13

Let us first assume that £ = A? for some g € Ny. Let us denote by H(A?)g the
pre-Hilbert space associated with the canonical Hermitian metric (-,-)o on A%.
There is a canonical isomorphism Uy : A7 ® 4 H — H? given by

Uo(§® () = (&G, §C) for all £=(;) € A” and ( € H.

The inverse of Uy is given by
U*(Clw"?Cq):51®Cl+"‘+€q®<-qa CjEHv

where €1,...,¢, form the canonical basis of .49. We also observe that, for £ € A?
and ¢ € H,

U@ 0" =3 (€i¢.6¢) = D (¢, 660 = (¢, (€.)0¢) = llE @ CII3,

7 7

where | - ||o is the norm of H(A%)y. This shows that Uy is an isometric isomor-
phism from H(A%) onto H?. As H? is complete, we then deduce that H(A?)g
is a Hilbert space.

Let (-,-) be a Hermitian metric on .A49. We denote by H(€) the associated
pre-Hilbert space and by (-,-) its inner product. The nondegeneracy of (-,-) and
(+,-)o implies there is a self-adjoint element g € GL,(A) such that

(&n) = (gm0 VEne AL

We also denote by g the representation of g as a self-adjoint bounded operator
of H7. Let § = (§;) and §' = (£}) be in A%, and let ¢ and ¢’ be in H. Then
(E@¢E¢) =(6(68)) = (¢ (966)0¢) =D (¢, (& g56)¢)
,J

=D (615(650).€¢") = (gl © ). Do € © O).
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By bilinearity it then follows that (n,n') = (gUgn, Upn) for all n and n’ in H(A?).
Thus, for all n € H(A?) and ¢ € HY,

(B.1) 171 = (gUon,Uon) ~ and  (g¢.¢) = 1Ug <[>

The second equality in (B.1) shows that g is a positive operator of H?. As ¢
is invertible, we see that its spectrum is contained in an interval [¢~!, ¢] for some
c¢>1, and so, for all ( € HY,

(B.2) cHICH? < (g€, O < ell¢]*.

Combining (B.1) and the fact that Uy is an isometry from #H(A%)y onto H? we
deduce that, for all n € A2 ® 4 H, we have

InlI* = {gUon, Uon) € [e~H|Uonll*, el Uonl*] = [~ Inll5, clinll3]-

This shows that the norms || - || and || - || are equivalent on A% ® 4 H. Therefore,
H(A?) has the same topology as H(A%)y. In particular, H(A?) is complete and,
hence, is a Hilbert space. This proves Lemma 5.13 in the special case £ = AY.

Let us now assume that £ = eA? with e =e? € M, (A). By Lemma 5.11 the
canonical Hermitian metric of A? induces a Hermitian metric on £. We denote
by (-,-) and H(E)o the associated inner product and pre-Hilbert space. We also
denote by e the representation of e as a bounded operator on H?. We note that
as e is idempotent, eH? is a closed subspace of H1.

Let { = (&) € AY, and let (€ H. For i =1,...,q, we have

Up((e€) ®C), = (e€)iC = Zeijsjq = Z%Uo@ ®¢); = (elUo(€ (),

That is,
Uo((e€) @ ¢) = elUn(€ @ ).

As Uy is an isometric isomorphism from #H(.A9)y onto H? we see that Uy induces
an isometric isomorphism from H(€)o onto eH?. As eH9 is complete (since this
is a closed subspace of H7) we deduce that H(E)o is a Hilbert space.

Let (-,-) be a Hermitian metric on €. Thanks to the nondegeneracy of (-,-)o
and (-,-) there is a unique A-linear isomorphism a : £ — £ such that

(¢,m) = (a&,n)o for all £ and n in €.

We then extend (-,-) into the A-sesquilinear form on .47 defined by
(B.3) (&) == (ae&,m)o+ (1 —e)&, (1 - 6)77)0 for all £ and 7 in AY.

We note that (-,-) is positive on A%, and
(€,m) = (g9&,m)o for all € and 7 in A7,

where we have set g =e*ae+ (1 —e)*(1 —e).

By Lemma A.2 we know that e* induces an A-linear isomorphism from eA?
onto e* A7 and (1 — e*) induces an isomorphism from (1 — ¢e).47 onto (1 — e*).A1.
As a is an isomorphism from & = e A% onto itself, we deduce that ¢ is a right-
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module isomorphism from A9 onto itself. Combining this with (B.3) we then see
that (-,-) is nondegenerate on A? x A?. Thus, (-,-) is a Hermitian metric on A?.
Therefore, by the first part of the proof, the associated norm on A? ® 4 H is
equivalent to the norm of H(.A%). As these norms restrict to the norms of H(E)
and H(E)g on € =eA?, we then deduce that the norms of H(E) and H(E)o are
equivalent. This proves Lemma 5.13 in the special case £ =e A9, e =2 € M,(A).
Let us now prove Lemma 5

projective module, that is, it is the direct summand of a free module &. Let
¢ : & — A be an A-linear isomorphism. Then ¢(&) = e A? for some idempotent
e€ My(A). If (-,-) is a Hermitian metric on &, then we define a Hermitian metric
(+,+)¢ on eA? by

&= (¢""(€),0 () forall £ and n in eA”.

We denote by (-, ) and H(e.A?), the associated inner product and Hilbert space,
respectively.

Set Uy := ¢ ® 1. This a vector bundle isomorphism from £ ® 4 H onto
(eAT) @4 H. Let £ and & be in &, and let ¢ and ¢’ be in H. Then

(Us(€®€), Us(€ @), = (¢, (6(6), 8(€)) ,¢") = (¢, (€,€)¢)

=({E®GE).

Thus, Uy is an isometric isomorphism from H(€) and H(eA?)4. As H(eA?)y is
a Hilbert space, we then deduce that H(E) is a Hilbert space as well.

Finally, we observe that pushing forward norms by U, gives rise to a one-
to-one correspondence between norms on £ ® 4 H and (eA)? ® H arising from
Hermitian metrics on £ and eA?. As all those norms on eA? are equivalent
to each other, we then deduce that the same result holds on £. That is, the
topology of H(E) is independent of the choice of the Hermitian metric. The
proof of Lemma 5.13 is complete.

.13 when & is an arbitrary finitely generated

Appendix C: Homotopy invariance of the Connes-Chern character

In this appendix, we give a proof of the homotopy invariance of the Connes—Chern
character in the following form.

PROPOSITION C.1
Let (A,H,D), be a p-summable twisted spectral triple. Consider an operator

homotopy of the form
Di=D+V,, 0<t<1,

where (Vi)o<i<1 is a C1 self-adjoint family in L(H) such that Dy is invertible for
all t €0,1] and (D; ')o<i<1 is a bounded family in LP(H).

(1) (A, H,Dy)s is a p-summable twisted spectral triple for all t € [0,1].

2) For any k> +(p — 1), the cocycles Do and 7B are cohomologous in
2 2k 2k

H*(A).
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(3) The twisted spectral triples (A, H, Do)y and (A, H,D1), have the same
Connes—Chern character in HPY(A).

By assumption the resolvent D; ! lies in £P(#). Moreover, for all a € A,
(C.1) [Dy,a), = [D,alo + (Via— o(a)V;) € L(H).

Therefore, (A,H,D;), is a p-summable twisted spectral triple, and so, for any
integer k > %(p — 1), we can form the cyclic 2k-cocycle

Tﬁt(ao,...,a%) =cp Str(D[l[Dt,ao](,-~-D[1[Dt,a2k]g), al e A.

The rest of the proof is devoted to comparing the cocycles 7'2% and 7'2%’.
In what follows, we set V; = %Vt, and for a € A, we define

d:(a) = D [ViD; o (a)] Dy
We note that
6:(a) = [D; 'Vi, Dy Yo (a) Dy = [Dy ' Viya] — [D; Ve, [Dy, a)s) .-

As (C.1) shows that ([Dy,als)o<i<1 is a continuous family in L£(H) and
(D;1W)0§t§1 is a continuous family in £P(H), we then see that (§;(a))o<i<1
is a continuous family in £P(H). For j=1,...,2k 41, we let 1} be the (2k + 1)-
cochain on A defined by

77;‘(0'07 LR a'2k+1) = StI‘(Oéj(ClO)Dt_l[Dt, 0'1]0' e 5t(aj) e Dt_l[Dta a2k+1]0')7

al € A,

where a;(a) = a if j is even and «;(a) = D; 'o(a)D; if j is odd. Note that 75 is
a normalized cochain.

In what follows we shall say that a family (¢')o<t<1 C C™(A) is C*, a >0,
when, for all a®,...,a™, the function t — ¢'(a’,...,;a™) is C® on [0,1]. Given a
C!-family (¢")o<i<1 of m-cochains, we define m-cochains £, t € [0,1], by

d d 4
(E@t> (GO,..-7am) = E(()Dt)(ao’-”’arn)7 aj EA

Given a CO-family (¢/%)o<t<1 of m-cochains we define the integral [! as the
m-cochain given by

1 1
(/ wtdt)(ao,...,am) ;:/ M0, .a™)dt, o € A
0 0
If F is any of the operators b, A, By, or B, then
d o\ _d t b _ Lo
(C.2) F(E@ ) = 2 (F¢')  and F(/O " dt) _/0 Fytdt.

Moreover, we have

(C.3) /;(%d) dt = ot — Y.
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LEMMA C.2
The family (T;Zt)ogtgl is a C*-family of 2k-cochains and we have

d c 2k+1

D k t
4D _ Bnt.
di?k T 2k 11 ; j

Proof

It follows from (C.1) that ([D:,al,)o<t<1 is a C'-family in £(#H) and we have
d . .

(C4) E[Dtaa]a =Via —Vio(a).

By assumption the family (D; *)o<;<1 is bounded in £P(H). Moreover,

D, = D;'=-D;\(Dirs — Dy)D; ' = =D} (Vigs — Vi) D

We then deduce that (D; )o<i<1 is a continuous family in £P(#). Combining
this with the above equality then shows that (D; !)o<;< is a differentiable family
in £P(H) with

d

(C.5) %Dt‘l =-D;'V,D; .

As the above right-hand side is a continuous family in £P(H) we eventually
see that (D; )o<i<1 is a C'-family in £P(#). The product in £(H) induces a
continuous bilinear map from LP(H) x L(H) to LP(H). Therefore, we deduce
that (D; '[Dy,a]s)o<t<1 is a Cl-family in £P(H), and using (C.4) and (C.5) we
obtain

d i B R .
- D '[Dy,al, = —D; 'ViD; YDy ale + Dy (Via — o(a)Vy)

(C.6) :Dt_l(—‘-/}a—l—VtDt_la(a)—I—Vta—a(a)Vt)
= 575(&).

Let a°,...,a%* be in A. As 2k + 1 > p the product of £(H) induces a con-
tinuous (2k + 1)-linear map from LP(H)?**1 to L'(H). Therefore, the map
t — D;'[Dy,a%, --- D; Y [Dy,a?** Y, is a C'-map from [0,1] to £'(H). Com-
posing it with the supertrace on £!(H) we then deduce that the function ¢ —

Tﬁt(ao,...,a%) is C1 on [0,1]. Moreover, using (C.2) we get
d _p, o 2%k
ETth(CL yee,a™)

2k
= CkZStI‘(Dt_l[Dt,a/o]a_ .. 6t(aj) . 'Dt_l[Dt,(ZQk]o.),
Jj=0

Noting that a;(1) =1 we seec that

Str(Dt_l[Dt,ao}U-~-(5t(aj)~--Dt_1[Dt,a2k]U) :Bonj_,_l(ao,...,a%).
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Therefore, we see that (Tﬁ*)ogtg is a Cl'-family of cochains and %72% =

Ccr Z?Zﬁl Bonﬁ-. As the 77;-’5 are normalized cochains and TQI,); is a cyclic cocy-
cle, using (C.2) we get

d p 1 d . p 1 d ot ,
& = arrat = AlE) — w 2 ABon;
o 2k+1B t
Tl
The proof is complete. O

LEMMA C3
Forte|0,1] and j=1,...,2k+1 the cochain 7]5- is a Hochschild cocycle, that is,
bnt =0.

J

Proof

Let 8 and «y be the (2k + 2)-cochains on A given by
B(a°,...,a**?) = Str(a;(a”) D [D,a']s - 6y(a’ 1) -+ DD, 0 42),),
v(a®,...,a***?) = Str(a;(a®) D' [D,a'], -+ 6¢(a’) - -- DD, a**?],),

a’ € A.
For l=1,...,j we let 8] and 3 be the (2k + 2)-cochains defined by
B0, ..., a%+?)
= Str(ej(a®) D7D, al]y - al - 8p(a? 1) - DD, a?* ),
(0, ...,a?*t?)

=Str(a;(a”) D' [D,a'],--- D 'o(a')D--- 6, (a’*t) - -- D7D, a?*2,).

We note that 8/(a°,...,a%""2) — B/ (a%,...,a?**2) is equal to
Str(a;(a®)D~[D,a'], - (a' = D 'o(a")D) -
(C.7) x 6¢(a’ ™)~ D7D, a**,)
=B(a,...,a***?).

Moreover, from the equality D~![D,a'a'™!], = D7D, d!],a"*t! + D~to(a!)D -
D7D, a1, we deduce that

(C8) burt = By + By

Forl=j+1,...,2k+1 we let v/ and ;" be the (2k + 2)-cochains on A defined
by

v/(d®,...,a**?)

(C.9) o e
=Str(a;(a®)D7'[D,a']ls -+ 6i(a’)--a'--- D7D, a**?],),
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Y (a’,...;a
:Str(ozj(ao)D_l[D,al]a~--5,5( N...D oD -- -D_l[D,aZkH}U).
Asin (C.7) and (C.8) we have

(C.10)

(C.11) Y—v'=~ and  bn=7/, +m

In addition, using the equality d;(a’a’*!) = 6;(a’)D 1o (a?) D+ D~ a? D;(a’+1)
we find that

bjn§(a0,...,a2k+2)
(C.12) :Str(aj(aO)Dfl[D,al]f~-5t(ajaj+1)~~~D71[D,a2k+1]a)
:»y;’_kl(ao,...,azkﬁ)+B}’(a0,...,a2k+2).
Using (C.7)—(C.12) we obtain
2k+1 j—1 2k+1
Z b = (=1 (Bla + B) + (=1 (B +B7) + Y (1) (Bl + 57
1=1 I=j+1
J 2k+1
=B+ (DB = B)+ DY (D' =) =
1=2 1=j+2
J 2k+1
==+ (DB Y (DT =
1=2 I=j+2

Noting that Y°7_,(—1)!"' = —1(1+ (=1)) and 37211, (1) = L(1 - (-1)%)
we see that
2k+2

bnf = b}
=0

(C.13) .
=bon =B =5 (1+(=

We note that bon(a®,...,a®**2) — g7(a®,...,a***?) is equal to
D~

Str(aj(ao)( (at) — ( )D)
X D—I[D’QQ]U_..(St(aJ-H)“_D—1[D’a2k+2]a).

( - (= 1)j>7+b2k277—7§k+1~

(C.14)

We also observe that
bgk+2n§ (a®,...,a?**?)
= Str(e (a®*2)a;(a®) D7D, a'], - - 8i(a?) - -- D7D, a?*+2],)
= Str(a;(a®)D~Y[D,a'], ---6i(a’) --- D7D, a®**?),a; (a?+?2)).
Thus, b2k+277§ (aoa .- 'aa2k+2) - 52k+1(a0, . ,a2k+2) is equal to

(C.15) Str(a;(a®)D'[D,a],---61(a?)--- DTV[D, a2, (a; (a®+2) — a®+2)).
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Suppose that j is even, so that a;(a) = a. Then (C.15) shows that bagyon —
Bok+1 = 0. Moreover, aj(a) — D™ 'o(a)D = D7'[D,al,, and so using (C.14) we
see that bgn — 7 = . Therefore, in this case (C.13) gives

1 1
by =5~ 51+ 1B+ 5 (1-1)7+0=0.

When j is odd, a;(a) = D~ 'o(a)D, and we similarly find that byn — 8 =0 and
bakt2n — Bar+1 = —7. Thus, in this case (C.13) gives

1 1
bn§:0+—§(1—1)5+§(1+1)’y—’y:0.

In any case, 77§ is a Hochschild cocycle. The proof is complete. O

Let us go back to the proof of Proposition C.1. In the same way as in the proof
of Lemma C.2 it can be shown that each family (1})o<t<1 is a continuous family
of cochains. Note also that these cochains are normalized. Let 1 be the (2k + 1)-
cochain defined by

2k+1

1
=3 [ wa
j=1"0

It follows from (C.2)—(C.3) and Lemma C.2 that

1 2k+1

Bn= /0 ( z; Bn§») dt = (2k +1)c; " /01 (%TQ%) dt
=

(C.16)
= (2k + 1)6;1(7_2[];1 — 72.D°).

Moreover, using (C.2) and Lemma C.3 we get

2k+1

1
bn:Z/ bn' dt =0.
j=1"0

In particular, as 7 is a normalized cochain and by is cyclic, we may apply (6.7)
to get

(2k + Ve (ST — STy =SBn=—bnp=0 in HZ*"2(A).

As by Remark 7.8 we know that TQ%H and S 7'2% are cohomologous in HZ*2(A),
and we then deduce that 7'2%’4_2 and 7'2%4_2 define the same class in ka"'z(A). This
proves the second part of Proposition C.1. This also implies that T,? ° and TkD !
define the same class in HPY(A), and so the twisted spectral triples (A, H, Do)y
and (A,H, D), have the same Connes-Chern character in HP(A). This com-

pletes the proof of Proposition C.1.

REMARK C.4
By using the bounded Fredholm module pairs associated with a twisted spectral
triple in [CM4], we also can deduce Proposition C.1 from the homotopy invariance
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of the Connes—Chern character of a bounded Fredholm module in [Col, Part I,
Section 5].
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