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On a property of Fourier coefficients of
cusp forms of half-integral weight

By

TOSHITSUNE MIYAKE and YOSHITAKA MAEDA

Introduction

Since Shimura's epock- making paper [S1] appeared, modular forms of
half-integral weight have been recognized to be an important object compara-
ble to those of integral weight. This short note is to show a property of
Fourier coefficients of cusp forms of half-integral weight. Before we state
our result, we should remind ourself of a property of Fourier coefficients of

cusp forms of integral weight. Let F(z) = 2 A,¢*"™ be a primitive form in Sy
n=1
(N, x), then the following fact is well known ([M2], (4.6.17)):

An=x ) A, if (m N)=1.

Though this is quite simple and easy to prove, it sometimes plays an impor-
tant role. The present note is to show that a parallel (but somewhat weaker)
relation holds for cusp forms of half-integral weight by using this relation and
the main theorem of Waldspurger ([W]). We denote by Si (N, x) the space
of cusp forms of weight k with level N and character x, and for an odd integer
k we denote by &,z (N, x) the space of cusp forms of weight k/2 (half-integral
weight) with level N and character x.

Theorem. Let f(z) = Zanez’”"’E G2 (N, x) be a common eigen func-

tion of Hecke operators T (p?) for all prime numbers p prime to N, and F the primi-
tive cusp form in Sy (N, x2) corresponding to f. Let m and n be square-free posi-
tive integers relatively prime to N satisfying

m/mn€ (Q;)*

for all prime numbers p dividing N. If L((1—k) /2, F, X ¢ms) and L ((1-k) /2,
F, X ¢nx) are not 0, then

aman)X ) =amany (m) .
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Here L (s, F,X ¢mx) resp. L (s, F, X ¢ns) is a Dirichlet series attached to F with
character X Qm.x resp. X ¢nx. For the precise definitions of them and charac-
ters Qmi, Pni See the text. A similar result is also found in [S2]. Since Shi-
mura pointed out in [S1] the importance of Fourier coefficients a, of cusp
forms of half-integral weight, especially for square-free n, several authors
obtained interesting formulas expressing a, (or we rather say a2 or |a,|?) (see
[K-z], [K], [W], [S2]). Our result is simple but useful to abridge some of
those results. In fact, this result is based on a question arizen from a com-
munication with Shimura, to whom authors wish to express their hearty grati-
tude. In the end of the article, we attach a table of Fourier coefficients of
cusp forms of half-integral weight calculated by M.Yamauchi using a table of
M.Ueda ([U]) by their courtesy.

1 For a positive integer N, we denote by I, (N) the congruence modu-
lar group

Ly(N)= {(‘; Z)ESLZ (Z)|c=0(mod N)} )

a b
For an elemnt ‘r=< d>€SL2 (Z), we put

¢
+ .
(2) =Z‘_:_|_§ , iy, z2) =czt+d .

a b
For an odd positive integer k and for 7’=< d>€f‘0 (4), we put
c

Jira (7, 2) =851<§> (cz+d)?(cz+d) *~ V72 .

Here ¢, = 1 or i according as d =1 or 3 (mod 4), and (cz+d) 2 is defined as
usual. Let f be a function on the upper half plane H. For an element y €
SL,(Z) and an integer k, we put

(fler) (@) =i (r,2) *(r(2)) .

We also define, for a positive odd integer k and y €1, (4),

(flk/zT) (2) =Jir2(1,2) (7 (2)) .

For a positive integer N, we denote by x a Dirichlet character defined
modulo N. We put

x () =x(a) for r=<a b).
c d
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For N, x and a positive integer k, we denote by Sk (N, x) the space of holo-
morphic functions f(z) on H satisfying

(fler) @) =x ()f(2)

and the usual cuspidal condition. Now assume that N is divisible by 4. For
N, x and an odd integer k, we denote by /2 (N, x) the space of holomorphic
functions f(z) on H satisfying

(f'k/zT) (2) =X (T)f(z) .

and the usual cuspidal condition. Those spaces are called the spaces of cusp
forms of integral weight or half- integral weight, respectively. For prime
numbers p not dividing N, we denote by T (p) the Hecke oprators acting on S
(N, x) and by ¥ (p*) the Hecke oprators acting on &,z (N, %), respectvely
(for the definitions of Hecke operators, see [M2] and [S1]).

For a cusp form f (z) of either integral or half-integral weight, we ex-
press its Fourier expansion as

f(z)=2a, f)e* |
n=1
We also define a function f, by
fo(2) = 2a(n, f)et™ .
n=1

Then we see easily that

So (2) :f(_2_> .

Lemma 1. (1) If F (2) belongs to Sk (N, ), then F,(2) belongs to Sy (N,

X). Moreover, if FiT (p) =AF then FoliT (p) = AF,.
(2) Let k be an odd positive integer. If f(z) belongs to Sz (N, x), then f,(z) be-

longs to Sn (N, X). Moreover, if flinZ p?) =Af then fole 2T (p?) =ifp.

Proof. The first part of (1) is well known ([M2], Lemma 4.3.2). Let us

. a b
prove the first part of (2). For r=( d>€ SL,(Z), we put

c
, [ a —b
7 —c d)

If yET,(N), then we see that

m=831(%€) (cz+d) Y% (cz+d) *-V72
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=i(%) (ca+d) 2 (cz+) 2= (7, )

Therefore we obtain that
azt+d\_ . ( az-l-b)
f”(cz+d)_f< cz+d

= ( —ac( (—i—ffd)

=x M Ji2(7, —2)f(—2)

=x M2, 2)fo(2) .

Since f, (7 (z)) =f (¥ (—2) ), the cuspidal condition is obviously satisfied by f,.
The second parts of both (1) and (2) can be directly proved using the
Fourier expansion and the definition of Hecke operators. Since we omit the
definition of Hecke operators, we also omit the proof. q.e.d.

From now on, we denote by k a positive odd integer #= 3 and by N a
positive integer divisible by 4 and x a Dirichlet character defined modulo N.
Let f €E&,;,; (N, x) be a common eigen function of Hecke operators T (p?) for
all primes p (p IN) and f|,.T (p?) =A,f. Then there exists a unique primitive
form FES,_; (N, x?) such that F|,_,T(p) =A,F. We call F the primitive form
corresponding to f. For a primitive form F(z) in S, (N, xz) of conductor N,
we put

flk/zI (Pz) =a (P F)

G2 (N, x, F) = {/E@k/z(N, x)
for almost all p IN

For a modular form f and a Dirichlet character ¢, we define a Dirichlet
series L (s, f,¢0) attached to f and ¢ by

L, f, <,b)=i::la(n.f)fl’(n)ffs .

For a square-free positive integer n and an odd integer k, we denote by ¢, the

Dirichlet character corresponding to the quadratic extension @ (v#) and ¢
=1\ (k-1)/2
the product of ¢, with (—) . Now one of the main results of Waldspur-

ger ([W]) is as follows:

Lemma 2. ([W], Corollaire 2) . The notation and the assumptions
being as above, let f EGy5 (N, x, F) and m, n square-free positive integers prime

to N satisfying m/n € (Qj)?2 for all prime numbers p dividing N. Then
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a(m, £)2L((1-k) /2, F, X Pni) X n/m)n*/?~1
=a (",f)zL((l-k) /2, F, % ) m*21

Corollary 3. Let the notation and the assumptions be the same as in
Lemma 2. Assume neither L ((1—k) /2, F, X ¢mx) nor L((1—k) /2, F, X Pni)
vanishes. Then for any two element f, § ES,,3 (N, x, F),

alm, flaln, g)=al, flalm,g) .

Proof. By Lemma 2, we easily see that
alm,f)*am, 9)*=am, )% (m, g)*

for any two elements f and g in &,,, (N, x, F). If a(m, f)a (®, f) =0, then
alm, fla(m, g)=an, f)a(m, g) is clear. Assume a(m, f)a(n, f) #0. Since f
and g are arbitrary, it also holds if we take f+g in place of g. This implies the
equality

alm, f)%a, f)+am, g))2=alm, f)2@m, f)+alm, g))? .
Therefore we obtain
2a(m, flan, f) (alm, flatm, g9) —a(n, f)a(m, g)) =0 .
By our assumption we see a(m, f)a(n, g) =a®, f)a(m, g). q.e.d.
Proof of the theorem. Let f be an element in &/, (N, x) which is an eigen

function of Hecke operators ¥ (p?) for all prime numbers p prime to N. De-
note by A, the eigenvalue of T (p?) for f or

f |k/2I (Pz) =Af

and denote by F the corresponding primitive form in S,_; (N, x? . Then we
see that

FleaT (p) =A,F .

Now we put

8

f@)= X (n)a (n, )€™

n

and let F’ the primitive cusp form in Si_; (N, x?) corresponding to f’. Then
by [S1], Lemma 3.6, and the theory of primitive forms ([M2], §4.6), we see
easily that

f’lk/zz (Pz) =X (P) zﬂ_ﬁfl

and also
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F'li1T () =X (P)zﬂ_pF' .

Since A, is the p-th Fourier coefficient of F and x (p) 24, is the p-th Fourier
coefficients of F’, we see by the property of coefficients of cusp forms of in-
tegral weight mentioned in the introduction that

=X (P)Z/z—t: .

This implies that eigen values of T (p) for F and F’ are the same for all prime
numbers p not dividing N and therefore F and F’ must coincide by the theory
of primitive forms ([M1], [M2]). Since f and f’ correspond to the same
primitive form F, we can apply Corollary 3 and obtain our result by taking f’
as g there. q.ed.

Table

The following is a table of Fourier coefficients a (#) of cusp forms fa, f5,
fe, and fp in s/, (28, x) with character x of order 3 defined modulo 7. We
note that dimg®s,2 (28, x) =4 and {f4, /s, fc, fp} is a basis of &s,,(28, x) con-
sisting of common eigen functions of Hecke operators € (p?) satisfying (p, 28)
=1. In the table, w implies 1¥3. We note f4 belongs to &s,, (28, x, Fa) and
f5 belongs to s/, (28, x, Fp) with primitive forms F4, F €S, (14, %) and f¢
and fp belong to &s,, (28, x, G) with a primitive form G €S, (7, x) . In the
table, we omit the bracket in the numerator. So, for example, — 3 + 3w/2
should be read as (—3+3w)/2.

:fA:

n mod8 mod7 /7) xn) a(n) xm)am)/an)
(1 1 1 + 1 1 1
(2) 2 2 + w? w/2 1
(3 3 3 — w —34+3w/2 -1
(4) 4 4 + w 242w 1
(5) 5 5 — w? 0
(6) 6 6 — 1 —5—10w/2 —1
(7 7 0 0 —3—8w/2 0
(8 0 1 + 1 —1—2w —1
(9 1 2 + w? —4w 1
(10) 2 3 — w —1+w/2 -1
(11) 3 4 + w 13+13w/2 1
(12) 4 5 — w? —6—3w -1
(13) 5 6 — 1 0
(14) 6 0 0 24+15w/2 0
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(15)
(16)
17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)

L+ L+t
g -

£

geeg—<>—¢geEe

|+ o+ +

)

N

L+ 1+ +

™

|
geegr-o—-geeg—~<-

L+ ++

N

L+ o+ +

N

N = OO N A WMNR OO U R WNFHF OO WNE OO U whd - O
— O DN D WP ODU R WNRRODUTR WNHEHODU R W OO WD -

—OoOr—RRReR g RO

+

=fB:

n mod8 mod7 m/7) x(n)
) 1 1 + 1
) 2 2 + o’
)

(1
(2
(3 3 3 — w

—17/2
4w
—5+5w
—1—w
26+13w/2
0
0
13/2
—37w/2
5—bw
—2—2w
—28—l4w
34+6w/2
5—3w
0
5lw/2
—13+13w/2
—2—2w
14+7w
—9—18w/2
—56—35w/2
8
0
31—3lw/2
3+3w
—2—w
6+12w
21+56w/2
2
13w
0
—29—29w/2
70+35w/2
—6—12w
—19—18w
6

an)

—2—w/3
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A~~~ o~
~N O O~
~— N

(8
(9
(10)
(11)
(12)
(13)
(14)
(15)
(16)
a7
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)

NO U WNFRF OO WNRF OO WD OO WNRFRF O WD OSSN0 O

T W OO W ODUTLER WNDHF ODDUEAE WD HEH ODDUT S WNFR OO W~ OO g
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+

i+ T +4+ T+l ++ L+l ++ T+t T+ 4+

+ 1+ +

eNl—*OO—'eNe

~N

g ~°—gee

g~o—geegr-orgees

g —°o—gee

N

™

EEEE-CTEEE

0
2+4w/3

—14tw
—1—5w/3

—2— 2w

0
—2—w/3

w
2+4w/3
4—4w/3
5+4w/3

3+3w

0

0

—2w
—5—10w/3
4—4w/3
—8+2w/3

3+3w

-3

442w

0
—8—16w/3
—5+4+5w/3
—8+2w/3

—4—4w

1—w/3
25+20w/3
0
2
—10—5w/3
—6w
2+4w/3
0
—1—-5w
—4—4w
2
8+4w/3
w
5+10w/3
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(49)
(50)

:fc_:

n

NN N N N N~
N O UL W N
_ T D N

(8)
(9
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)

0

2

mod 8 mod 7 (n/7)

DWW RO U WD OO AE WO UE WD ONOo O W=

—H O DU WN R ODU RN WNH O A WNRF ODULRA WNF OO U WD -
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I+ 01 ++ T4+ ++ T+ ++ T+ ++ 1+ ++

_.|_

1

1

x ()

—_

~

N

geeg—~=o—¢geeEg

)

™

™

3 geegr-o—geegr-onr

4—4w/3
0
4+4w

an)

1
—w/2
—1+w/2
2+2w
—4—2w
—3—6w/2
7/2
—3
4w
—T7+7w/2
T+7w/2
6+3w
—4—8w
—Tw/2
—3/2
—12w
3—3w
5+5w
—18—9w/2
448w
14+14w
3/2
w/2
—94+9%w
—2—2w
442w
—7—14w/2
—21—-21w
4
—19w/2
9—9w/2
242w
—18—9%w
17+34w/2
Tw/2
—8
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(37)
(38)
(39)
(40)
(41
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)

:fD:

n

(1)
(2)
(3)
(4)
(5)
(6)
(7
(8
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)

N O NSO WP OO0,

mod 8 mod 7 (n/7)

HF OO U WNH OO UEE WP OO0 Ok W =

— — O UL WD OO U W

B W HE O UTE WNHEH OO WD OO U W
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+

[+ |

L+ L+

+

L+ ++ L+ 1 ++ '+ 1 ++

+ 1+

N

n

&

—eo—-gEEREETOTEEREE

x ()

~N

~N

™

™

N

™

gEegro—"geeEEg~"o—"geEEEgTOTEEREE"T

30w
1—w/2
—11—-1lw
42+21w
—2—4w
—21/2
14
—2lw
20— 20w
—27—27w/2
—14—7w
—2—4w
21+14w
—6

an)

1
3w/2
3—3w/2

—6—6w

442w
94+18w/2
—21/2

1

4w
21—21w/2
—21—21w/2

—2—w

448w
21lw/2
9/2

4w

3—3w

—15—15w
544+27w/2

4+8w

—14— 14w
—9/2
—27w/2

3—3w

—2—2w

x m)am)/a(n)



(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)

(K]
[K-Z]
M1]
M2]
[s1]
[s2]

w]

(ul
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2 5 - o’ —12—6w -1
3 6 — 1 21+42w/2 —1
4 0 0 T+7w 0
5 1 + 1 —4 1
6 2 + o? 57w/2 1
7 3 - w —27+27w/2 —1
0 4 + w 10+10w 1
1 5 — w? —18—9%w -1
2 6 — 1 —51—102w/2 —1
3 0 0 —21lw/2 0
4 1 + 1 24 1
5 2 + o? —30w 1
6 3 — w —3+3w/2 —1
7 4 + w 33+33w 1
0 5 - w? —14—7w -1
1 6 — 1 —2—4w —1
2 0 0 63/2 0
3 1 + 1 —42 1
4 2 + o? Tw 1
5 3 - w —20+20w —1
6 4 + w 81+8lw/2 1
7 5 - o’ 42+21w/2 —1
0 6 — 1 —10—20w —1
1 0 0 21+ 14w 0
2 1 + 1 18 1
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