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We consider stochastic suppression and stabilization for nonlinear delay differential system. The system is assumed to satisfy local
Lipschitz condition and one-side polynomial growth condition. Since the system may explode in a finite time, we stochastically
perturb this system by introducing independent Brownian noises and Lévy noise feedbacks. The contributions of this paper are as
follows. (a) We show that Brownian noises or Lévy noise may suppress potential explosion of the solution for some appropriate
parameters. (b) Using the exponential martingale inequality with jumps, we discuss the fact that the sample Lyapunov exponent is
nonpositive. (c) Considering linear Lévy processes, by the strong law of large number for local martingale, sufficient conditions for

a.s. exponentially stability are investigated in Theorem 13.

1. Introduction

Usually, for a given nonlinear system
x(t)=f(x(t),t) or delay system
x(@t)=f(x@®),x(t-6(),1),

f satisfies the polynomial growth condition; the solutions
may explode in finite time. It is well know that noises can
stabilize the given unstable system or make this system even
more stable if it is already stable. To stabilize the system,
the authors in [1] introduced a polynomial Brownian noise
to suppress potential explosion and then considered another
linear Brownian noise to stabilize the suppressed equation.
For more details, refer to [1-3].
For example, considering a simple logistic equation

x(t)=x(1+x), (2)

@

with initial value x(0) = 1, the expression of the solution is
x(t) = 1/(=1 + 2¢™), and there has been only a local solution
for 1 <t < log2; that is, x(¢) will explode and the explosion
time is 7, = log 2. To suppress explosion and stabilize system
(2), the dependent scalar Brownian noises are introduced in
[1] and they disturbed system (2) into

X () = x (£) [1+ x (O] dt + 2x (£) AW, (£) + x* (£) AW, ()5
(3)

the theoretical proof and simulations show that noises may
not only suppress explosion of solution (3), but also stabilize
unstable system (2).

However, all of the papers mentioned above only con-
sidered the perturbation by Brownian noises. Recently,
there has been increasing attention devoted to the effect
of different noises. Non-Gaussian random processes also
play an important role in modelling stochastic dynamics.
Typical examples of non-Gaussian stochastic processes are
Lévy processes and processes arising from Poisson random
measures. Further we assume that the different stochastic
processes are independent.

Motivated by the previous articles [1-3], we will study the
following delay SDE with jumps:

dx(t) = f (x (), x (t - 1), 8) dt + olx ()Px (£) AW, (1)
+qlx (t = DIF x (1) dW, (2) (@)
+x(t) J H(x(t7),x(t —1)",u) N (dt,du),

Y

with initial data

x():—t<t<0}={{@®): -t <t<0eCh ([-7,0])}.
(5)
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Here Wi(t) (i = 1,2) is defined on the probability space,
(Q, F{F };50> P) being a complete probability space with a
filtration {#},,, satisfying the usual conditions (i.e., it is right
continuous and F, contains all P-null sets). N(dt, du) is real-
valued Poisson counting measure with characteristic measure
A on a measurable subset Y of [0,00) with A(Y) < oo,
N(dt, du) = N(dt, du) - M(du)dt. W;(t) is the I-dimensional
standard Brownian motion with W;(0) = 0. We assume that
W,(t) and Poisson process N are independent. Let 7 > 0
and C([-7,0]; R") denote the family of continuous function
¢ from [-7,0] to R"”, which is a Banach space with the
norm [|¢[l = sup_,_y,¢(0)]. Denote by Cbgo([—‘r, 0]; R") the
family of all bounded, & ;-measurable, C([-7, 0]; R")-valued
random variable.

We will impose the following assumptions on f : R" x
R" x R, — R"aslocal Lipschitz continuous and satisfy the
polynomial growth condition.

Assumption 1. For any t > 0, u € Y, x,y € R", and
H(x, y,u) > —1. For each integer k > 1,.. ., there is a positive
number L such that

|f (xiy1t) = f (xz,yz,t)|2
+ L/ | H (s yi,u) = x,H (xz,yz,u)|2/1 (du)  (6)

<Ly (|x1 - lez + |y - )’2|2)>

for all t > 0 and those x,, x,, y;, ¥, € R" with |x;| V |x,| Vv
NIV iyl < k.

Assumption 2. There are some nonnegative numbers &, «, &,
and y such that

(x, f (x, y,)) < |x|? (K|x|“ + %|y|a + y) (7)
forall (x, y,t) € R" X R" x R,.

In reference to the existing results in the literature, our
contributions are as follows.

(i) Use stochastic delay differential equation with jump
diffusion to model the evolutions of nonlinear
dynamics.

(ii) Discuss the global solution of the stochastic equation
under polynomial growth condition; in particular, we
compare the effect of suppression solution of different
type of noises.

(iii) For stabilization of noise, we can verify that the linear
jump process has an effect on a.s. exponential stability.

To the best of our knowledge, under the assumption of
polynomial growth condition, analysis of nonlinear stochas-
tic system with jumps has not been fully investigated and
few results have been available so far. We aim to discuss the
question in this work.

The organization of the paper is as follows. Section 2
shows the global solution of system (4), which indicates that
Brownian noises or Lévy noise may suppress potential explo-
sion of the solution for some appropriate parameters. The

Journal of Applied Mathematics

results of Section 3 guarantee that SDE (4) is stochastically
ultimate boundedness. Our main results emerge in Section 4.
We discuss the sample Lyapunov exponent is nonpositive and
reveal the stabilization effect of Lévy noise. Conclusions and
extensions are made in Section 5.

2. Global Solution

Now we first prove the existence of the global solution to (4).

Theorem 3. Under the conditions of Assumptions 1 and 2, for
any given initial data {§(t) : -1 <t < 0 € Cbgo([—‘r, oD,

supposing that 23 > max{e, 2’} and o #0, there a.s. exists a
unique global solution x(t) to (4) on t € [-T, 00).

Proof. Since both the drift term and the diffusion terms of (4)
are locally Lipschitz, by similar standard truncated argument
[4, 5], there is a unique local maximal solution x(¢) on t €
[-7,7,), where 1, is the explosion time defined by

T, = inf {t > 0: |x (t)| = oo} . (8)

To show that this solution is actually global, we need to
prove that 7, = co a.s.

Let m, be a sufficiently large positive number such that
|£(0)| < my. For each m > my, we define the stopping time

7, =inf {t € [0,7,) : |x (t)| > m}. 9)

Clearly 7,, is increasingas m — coandlim,, , 7, = T, <

7,; if we can obtain that 7, = co a.s., then 7, = co a.s.; that is,
to complete the proof, all we need to show is that 7., = coa.s.;
this is also equivalent to proving that, for any t > 0, P(t,, <
t) — Oasm — oo0.For p € (0,1), define a C*-function:
R"xS — R, by

V(%) =[x (). (10)

If, for any m > 0 and |x| > m, one can apply Ito formula to
compute that

dV (x) = LV (x, y) dt + polx ()P PdW, (¢)

+ palx OF1x (¢ - 1)IF dw, (1) -
+ J- |x|? [(1 + H (x, y,u))” = 1] N (dt, du),
Y

where y(t) = x(t — ) and LV is defined as

LV (x,y)
: -1 :
= plad” (x, f (3, 3,1)) + @qﬂxv’lylw
+ p(Pz_ 1)0_2|x|2,8+p

+ L{ {|x|P []1 +H (x, y,u)|" =1 - pH (x, y, u)]} A (du),
(12)
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therefore we get from Dynkin’s formula [6], taking expecta-
tion from two sides of (11)
T, AT
EV (x(1,,AT)) =EV(£(0)+E J LV (x(s), y(s)) ds.
0
(13)

Using the inequality x” < 1 +7(x-1),x >0,0<r <1,
we have

(1+H (x, y,u))’ =1 - pH (x, y,u) <0 (14)

because H(x, y,u) > —1.
Combining (11) and (14) and recalling the well-known
Young inequality, we therefore have

LV (x,y) < plxl? Il (slxI* +7]y[* +7)
2B+p

-1 ] -1
+p(p2 )q2|x|p|y|2ﬂ +p(p2 ) 2

o”x]

P(P PP 212840 4 prixpe? prlxl?|y[*

+ pylxl? + lxl?| |

p(P )O,Zl |2ﬁ+p+p<K+ Kp >|x|a+p
a+p
pq . & I I2ﬁ’+p
2ﬁ’+—p
29°p' Wp | KX ) aep ».
M7 T M e (RS

(15)
then we have from (15) that
EV (x(r, AT))

T, AT
— V() +E L N (x(s)) ds
= T, AT
L .oxp [EJ : [1x (s — D) — |x ()] ds
o+ p 0 o
2q ﬁ 2B 28'+p
B [T [l P - P ds

(16)

where

T, AT
L [ (s = DI — |x ()] ds

T, NT—T T, AT
< J |x (s)|*Pds — j |x (s)|**Pds
0

=T

T, AT T, AT
< J | (s)|¥*Pds — J | (s)|**Pds
0

=T

0
< J lE(s)|a+Pds < +00,

T AT , ,
[ [ 0P = P 7] as
0

0 '
< J |E(s)|2ﬁ "Pds < +00,

a+p

x4 p (i + %) |x]

-1
N(x):p(p2 )

+ qzlxlzﬁ Py py|x|p.
(17)

Noting that p € (0,1), and 28 > max{a,28'}, by
the boundedness of polynomial function N(x), there is a
constant N such that N(x) < N. Consider

EV (x (1, A T))

~ aKp 0 ot
<VEO+NT+ TP [ e s g

L2 g 2p'+p
T2 p J ST T ds = Nr.
where N is independent of .
By the definition of 7,,, |x(7,,)| = m, let Q,, = {1,, < T}

for sufficient large m and for every w € Q,, such that x(t,,, w)
equals m; hence,

P(1, < T)|x(,)|" = P(1, <T)V (x(1,))
<E [I{TMST}V (x (1, A T))] (19)
<EV(x(r,AT)) < Np.

Lettingm — oo implies that

limsupP (z,, < T) = (20)

m— 00

So we must obtain 7., = ©0 a.s., as required. The proof is
complete. O

The key of this proof in Theorem 3 is the boundedness
of LV(x, y), under the conditions of Assumptions 1 and 2
and 28 > max{a, 2[3'}, which imply that the Brownian
noise a(r(t))lx(t)lﬁx(t)dwl(t) plays the important role to
suppress potential explosion of the solution and guarantees
the existence of the global solution.

In what follows, in order to highlight the explosive
suppression by jump processes, we will consider the following
suitable condition.

Assumption 4. Forany t > 0,x € R",u € Y, and H(x, y,u) >
~1.1f p € (0, 1), there exists ', &', 8,8,,8, > 0and &' > o'
such that

J (x,y,p) = L [|1 +H(x,y,u)|p -1 —pH(x,y,u)] A (du)

<6-8,|x +&,|y"
(21)

We still obtain the existence of global solution of (4).

Theorem 5. Under the conditions of Assumptions 1, 2, and 4,
if for any given initial data {§(t) : -1 <t <0 € C;o([—‘[, 0N},
2B < a < o, there a.s. exists a unique global solution x(t) to
(4)ont € [-T,00).



Proof. Since the proof is similar to that of Theorem 3, we here
only sketch the proof to point out the variation between them.
Noting (12), (15), and (16), we obtain from Assumption 4 that
for p € (0, 1), that

LV (x,y)

< p(pz_ 1)(72|x|2‘8+P+p<K+

Kp > |x|¢x+p
a+p

¥ P |y pylxl?

x+p

+ J {Ix[? [I1 + H (x, k,u)|” =1 - pH (x,k,u)]} A (du)
Y

< Maﬂxfﬁﬂ’ _51|x|lx'+P +p<x + Kkp >|x|“+p
[0 4 +p

2
82p o' +p Ko atp
e e
p o %P + (py +8) Il
a +p )
(22)
Therefore, we have
EV (x(1, AT))
T AT _
=V (£(0) + [EJ N, (x (s)) ds + <P
0 a+p

T AT
x E L [l (s = T)|*F = |x (s)|*"P] ds

o) (x” AT o« o

e M LR R O T

(23)
where
-1 '
Ny ) = L= Dppins g s

+p ( + %) %P + 8, x| P + (py + 8) |x/P.

(24)

Noting that p € (0,1) and «' > & > 23, by the bound-
edness of polynomial functions, there is a constant N, such
that N, (x) < N,

EV (x (7, AT))

(25)

<V(EO)+N,T+ 2P jo | ()| Pds
a+pla

8 (° e
+(x"+pL|£(s)| N

where N is independent of .

By p € (0,1) and & > a > 2p, the boundedness of
LV(x, y) follows; thus, the desired assertion can be carried
out the same procedure as the last part of Theorem 3. O

Journal of Applied Mathematics

Remark 6. Theorem 5 indicates under Assumptions 1, 2, and
4and 2B < « < o that jump diffusion process becomes the
leading role of suppressing the explosion of the solution.

Therefore, we give two simulations under Theorems 3 and
5. See Figure 1.

3. Stochastic Ultimate Boundedness

Theorems 3 and 5 show that the solution of SDE (4) with a
given initial data will not explode. This nice property provides
us with a great opportunity to discuss how the solution
varies in R"” in more details. In this section, we will give
two definitions and then give sufficient conditions which
guarantee SDE (4) is stochastically ultimate boundedness.

Definition 7. The solutions x(¢) of SDE (4) are said to be
asymptotically bounded in pth moment if there is a positive
constant K, such that the solution of SDE (4) with a given
initial value has the property that

lim suplE|x (t)|F < K, (26)

t— 00
for any initial data {&(t) : =7 <t < 0 € C%, ([-7,0])}.

Definition 8. SDE (4) is said to be stochastically ultimate
boundedness if, for any ¢ € (0,1), there exist positive
constants y = x(e) such that

limsupP {|x (£)| < x} > 1 —¢, (27)

t— +00

where x(t) is the solution of SDE (4) with any positive initial
data.

In the light of Markov inequality, it is obvious that if a
stochastic equation is pth moment boundedness, its solutions
must be stochastically ultimately bounded. So we will begin
with the following lemma and make use of it to obtain the
stochastically ultimate boundedness of SDE (4).

Lemma 9. Under the conditions of Assumptions 1 and 2, for
p € (0,1), if 2B > o, 0 #0, there exists a constant K, such
that the global solution x(t) of SDE (4) with any initial data

{Et): -1 <t<0¢ CZZJU([—T, 0])} has the property that
lifn supE (|x (1)I7) < K,,, (28)

where K, is dependent on p and independent of the initial data.

Proof. First, Theorem 3 indicates that the solution x(t) of (4)
will exist for t € [T, co) with probability 1. For any £ > 0 and
p € (0, 1), by virtue of Dynkin’s formula to €'V (x), we obtain

EV (x) = eV (§(0))

+e F r e [LV (x(s), y (s)) + €V (x (s))] ds.
0
(29)
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(a)

FIGURE 1: The simulation solutions of delay stochastic system (4) under the different conditions of Theorems 3 and 5.

Here LV (x, y) is defined as (12). Therefore, by Assumptions 1
and 2, (11)-(15), we have

LV (x, y) + &V (x)

P(P ) 20 2B+p < Ep > a+p
5 ——=0"|«] +p K+oc+p | x| (30)
p
+pa+p|yl "+ (py+ o),

Similar to the proof of Theorem 3, we have from (29) and (30)
that

EV (x (1))

=e V() +e  E Lt eN* (x(s)) ds

yd t
+e_€tﬂ[Ej e [1x (s = 7)|“F — e |x (s)|*"F] ds,
ax+p 0
(31)
where
N (o = 22 )az|x|2ﬁ*1’+p<x+ﬂ)|x|"‘“’
o+ (32)

Ko
+ esrp—lxlmp +(py +¢)|x|?,
a+p

jte“ [Ix (s = DI*? — & Jx (5)[**] ds
0

t—7
= J' e£(
-7

0
< J es(s+r)|£ (9)|*"ds < oco.
=T

t
s+r)|x (S)|a+‘pd$ _ J es(s+r)|x (S)|‘X+Pd5
0

(33)

Notice that 0 #0; if p € (0,1) and 23 > «, (32) has upper

boundedness N*(x) < N , which means that, combined with
(31),

—%

EV (x) < e 9V (£(0)) + NT (1-

—&t
e)

—. 0
L 0K

t+e ot XKP j e€($+T)|§(s)|“+pds.
a+pl.

(34)

5
0.25 T T T T T
0.2
0.15
0.1
0.05
0 \ A Arh
-2 0 2 4 6 8 10
—— Parameters satisfy Theorem 5
(b)
Lettingt — ©co gives
N*
lim sup E|x (t)|f < —. (35)
t— oo €

Lemma 9'. Under the conditions of Assumptions 1, 2, and 4,
supposing that p € (0,1) and 23 < « < o, there exists a
constant K, such that the global solution x(t) of SDE (4) with
any given positive initial value has the property that

liin sup E (Jx (1)]F) < (36)

where K, is dependent on p and independent of the initial
value.

In order to complete the proof, we only show the key step,
from (29), combined with (22), which was rewritten as

EV (x (1))

_ MY (E(0) + e Jte“Nl* (x () ds

= t
ret XL J. e [lx (s = T)|*F = e |x (s)|*"F] ds
a+p 0
8 a’, t n "
+ e_etnz—[EJ e [lx(s )% P e x (s)|" +p] ds,
o+ p 0
(37)
where
Ny (x)
P(P ) 2| |2,B+p 5 |x|“ +p +p(1€+ Kp >|x|¢x+p
2 a+p
ET— T n "
5,p x| +p+pe K“|x|a+p+ e da Ix[* +p
a"+p a+p a’+p
+(py+8+¢)|x|?,
(38)
t n n
J e [lx(s -7 P — e x (s)|* +P] ds
' (39)

0 "
< J ECIIE ()| Pds < oo,
=T



Because of 28 < a < o, &' < o, the coefficient
of polynomial in (38) is negative, it follows boundedness of
N7 (x). Repeating the procedure of Lemma 9, we have from
(37) and (38) that

—%

EV (x) < e @V (£(0)) + Ny (1-¢)
t

—et “%P J-O e(s+71) oc+pd
ret o). e [€ ()| Fds (40)

o 0, (0 "
te “—,,2 J es(smlﬁ )" "Pds;
o +p )t

the rest of proof can be completed. Omit it here. O

This means that the solution is bounded in the pth
moment; stochastically ultimate boundedness will follow
directly. It shows that the solution trajectory is bounded with
large probability.

Theorem 10. The solution of (4) is stochastically ultimately
bounded under the condition of Lemma 9 or Lemma 9'; that
is, for any € € (0, 1), there is a positive constant y(= x(e)) such
that for any positive initial value, the solution of (4) has the
property that

lim sup P {|x (¢)| > x} <e. (41)

t— +00

Proof. This can be easily verified by Chebyshev’s inequality
and Lemma 9 or Lemma 9’, by choosing x = (Kp/e)l/‘” to be
sufficiently large because of the following

E [|xI?
P(lx ()| > x) < [Xp ) . (42)
Hence,
li E [|x|?
lim supP (|x (#)| < x) > 1 - im SUP: - 1o 1117] >1-¢
t—+00 XP
(43)
as required. O

4, Stabilization of Noises

From Sections 2 and 3, we know that both the Brownian
noises and jump processes can suppress the potential explo-
sion of the solution and guarantee this global solution to
be bounded in the sense of the pth moment. This section is
devoted to considering the stable effect of noises under some
appropriate conditions; we show that jump processes may
stabilize the given unstable nonlinear delay system x(t) =

f(x(®), x(t - 1),1).

Theorem 11. Suppose that for the initial data & € C([-7,0];
R") satisfying x(0)#0, the solution x(t) of SDE (4) is
P(x(t)#0,t > 0) = 1. Under Assumptions 1, 2, and 4, if,
for 0 #0, the solution x(t) of SDE (4) with any initial data
& € C([-7,0]; R") satisfying x(0) 0 has the property

lim supl log|x (t)| <0 a.s. (44)
t— 00 t
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Proof. By Theorem 3, suppose that almost all sample paths of
x(t) of (4) starting from a nonzero state will never reach the
origin for all t > 0. Applying the It6 formula to the function
el log |x(t)| leads to

¢ log |x (t)]
= log|x (0)|

+ L e’ { log |x (s)| + lx (s)| 2 (x(5), f(x(5),y(s),9))
- % [azlx(s)|2ﬁ + qzlx(s —T)|2ﬁ,] ds

+ J (In|1+H (x, y,u)| - H(x, y,u)] /\(du)} ds
Y
+ Jtesalx (s)[Pdw, (s) + Jt &qlx (s — 1)IF dW, (s)
0 0

+ rj e’ In|l+H (x, y,u)| N (ds,du) .
0 Jv )

By virtue of exponential martingale inequality with jumps
[7, Theorem 5.2.9, page 291].

P { sup [
0<t<T

t
+J J e In|1 + H (x, y,u)| N (ds, du)
0 Jv

1 Jt J ( e In [1+H(x,y,u)|
i e -1
e 0 JYy

—"*In |1+ H (x, y,u)| ) A (du) ds]

t t
J eolx ()|Pdw, (s) - ikj =% |x (s)*Pds
0 2¢e* Jo

> 2¢F lnk]» <k
(46)

Choose T' = k, and k € N in the above equation. Since

Z];l k2 < o0, by the Borel-Cantelli lemma, there exists Q) C
Q with P(Q) = 1 such that for any w € Q,, there exists an
integer k = k(w) that can be found satisfying

t
| otx@rfaw,
0
t —_—
+ J J e'In|l+H (x, y,u)| N (ds,du)
o v
k e
<2eInk + > J e=a?|x (s)Pds
0

1 t es—k
+TkJ J <|1+H(x,y,u)| -1
0 Jv

e
—FIn|1+ H (x, y,u)| )A (du)ds
(47)

whenever k > k(w), k— 1<t <k.
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Next, for any w € Qj and k > k(w), we still make use
of exponential martingale inequality, (choose & = e, 8 =
2¢¥Ink)

P { sup [
0<t<T ;
1 /
T 26k JO 62$q2|x(5 - ‘L')Izl3 ds] >2e"1n K} <k 2.
(48)

Thus, forallw € Qgand k-1 < s <t <k, k > k(w), we also
have

Lt e'qlx (s - T)|ﬁ,dW2 (s)

t J
L e'qlx (s — )P AW, (s)
t /
<2¢FInk + ik J e q|x (s - 7)1 ds (49)
2e* Jo

t ’
<28 Ink + % J eqx (s — )% ds.
0

In the following, we divide two cases.
(1) If « > 23, noting inequality x” < 1 +r(x — 1), x > 0,
0<r<lande’ ¥ <1forwe Qpandk-1<s<t<
k, k > ky(w), substituting (47)-(49) into (45) gives

log |x (t)|

<e” log x (0) + 4" Ink

! s—t _
+ L e [loglx(s)l _
+x|x ()| + &y (s)|" + y] ds

t .
+%kJ' e_tJ (|1+H(x,y,u)|e '
e 0 Y

~1-¢"F|H (x, y,u)| ) A (du) ds

0

<e'logx(0) + 4" ' Ink + % J eT|E (s)|"ds

, 2 1— s—k
+J e [_ﬁlx(s)lw + (i + &e") x (s)|*

+y + log |x (s)| ] ds,
(50)

where

O‘2(1 _es_k) 2B =T o
¢ (x) ::—flﬂ +(k +xe") |x|" +y +log|x|.
(51)

Also, > 23 means that there exists a constant M, such that
¢(x) < M, which leads to

0

loglx ()] < ¢ log x(0) +& | e™ g 9" + 4 Ink

-7

t
—t
+M1J e ds,
0

log |x (¢)]
Int

1 -t —JO s+t a
T I M
< Y7 [e ogx (0) +x 716 |E(s)| ds + M,

. 4elnk s
Intk-1)
(52)
It follows that

1 t
lim supM < 4e.

t — 00 Int

(53)

Using the limit lim, , (Int/t) = 0 and log|x(¢)|/t =
(log|x(t)|/Int)(Int/t), we can deduce that

1 t
lim supw <0, as. (54)
t— 00
Otherwise, we consider that
(2)if2B<a <o’ anda” < &, we obtain
log |x (¢)]

0

<e'logx(0) +4e" Ink+7% J e"T|E (s)|"ds

t 2(1-e*
o[l [M| PR+ (x + 7e") e ()

+y + log |x (s)] ] ds

v Je [ (0= +aly o) as

0

0
<e'logx(0) + 4" Ink+7% J e TIE (s)|"ds
O [X"
vo | e as

2 1— s—k
+ reﬁ [—Mlx ()% + (k + 7e") |x (s)|°

+y + log |x (s)] ] ds

, J e [}k (6-8x () + 8l <S>'“H)] ds

0

0

<e'logx(0) +4e" ' Ink+7% J eT|E (s)|"ds

0 o t
+9, L ()| ds+ L e ¢ (x) + ()] ds,
(55)



0_2 (1 _ es—k)

5 Ix? + (ic + %e™) |x|* + y + log |x|,

1 o o
1) = — (8 -8,1x1" +8,01" ).
(56)

Noting that forw € Qyand k-1 <s <t <k, k > ky(w), we
know that ¢(x) + J(x) is bounded M, by a polynomial with
negative leading term. Note that

0

log|x (1)] < e log x (0) + & I ¢ TIE (5)|"ds

-T

0 p t
+6, J |E(s)|" ds + 4 Ink + M, J e ds,
-T 0

log |x (t)]
Int

1
[
In(k-1)

X (e_t log x (0) + & JO e"TIE ()| *ds

=T

0 " 4elnk
+82 J_T |£ (S)|a ds + M2> + m a.s.
(57)
We conclude that
1
lim supM <0, as. (58)
t— 00 t

Thus, assertion (44) follows.
In order to highlight the stable effect of Lévy noise, let

H(x(t),x(t-1)",u) = H (t,u); (59)

we will discuss almost sure exponentially stability of the
following SDE with jumps:

dx(t)= f(x(t),x({t—-7),t)dt +0|x (t)Iﬁx () dwy (t)
+qx () 1x (¢ - DI dw, ()

+x(t) L H' (t,u) N (dt,du).

Assumption 12. For any t > 0,u € Y, there exists a constant
C > 0 such that

[, [in (1 1 o)A < c. (61)

Theorem13. Suppose the initial data& € C([-7,0]; R") satisfy
&(0) # 0; then the solution x(t) of SDE (60) is such that x(t) 0

Journal of Applied Mathematics

a.s. for all t > 0. Under Assumptions 1, 2, and 12, if for € €
(0,1) and 23 > «, 0 #0, the solution x(t) of SDE (60) has the
property

lim supl log|x (¢)| < (¢ - H) a.s., (62)

t— 00 t

where

2
(/5 = I;é%)n( {—%|x|2‘8 + (K +f) |X|a +)/} ,

(63)
H=min| [H (tu)-In|1 + H ¢ uw)|| A (du).

t>0

In particular, nonlinear delay system (60) is a.s. exponen-
tially stable if ¢ — H < 0.

Proof. By Theorem 3 and supposing x(t) # 0 a.s., if the initial
data & € C([-t,0]; R") satisfying x(0) # 0, the solution x(t)
with a given initial value will exist a.s. for all £ > 0. Applying
the It6 formula to the function log |x(t)| leads to

log |x (t)| = log |x (0)]
[ O . f 5@ - 1.9)
11, 28 2 28
—5[0 [x ()" + g |x (s = 1)] ]ds
_th [H'(s,u)—ln|1+H'(s,u)|])»(du)ds
o Jy

+ J olx (5)|PdW, (s) + J glx (s = )IF dw, (s)
0 0

t
" L Lln |1+ H' (s,u)| N (ds, du),
(64)

where

t
M, (t) = L olx ()P, (s),
M, (t) = Jo glx (s = 7)[Fdw, (s), (65)

M, (6) = Lt L In |1+ H' (5,)| N (ds, du).

By virtue of exponential martingale inequality [4, Theorem
7.4, page 44].

P { sup [
0<t<T

>&ln K} <Kk %,

r olx (s)[Fdw, (s) - < jt o?|x (5)|2‘Bds]
0 2 Jo
(66)

Choose T = x,andx € N,0 < e < 1,y > 0,and e§ > 1
in the above equation. Since Zgl k™% < 0o, by the Borel-
Cantelli lemma, there exists an Q, ¢ Q with P(Q,) = 1 such
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that, for any w € Q, there exists an integer ¥ = x(w, €) that
can be found such that

J-talx ()[FdW, (s) < Elnk + < roﬂx (s)|#ds.  (67)
0 2 Jo

Whenever k > k(w,€),k — 1 < t < k a.s. Similarly, we can
obtain

t ! t U
.[0 qlx (s - T)|’3 dW, (s) < 2lnk + % L qzlx(s - T)|2’B ds.
(68)

Whenever k¥ > k(w,€),k —1 <t <k a.s.
In other words, we have shown that

log |x (1)
<log|x (0)| +&lnk +2Inx

’ J [‘@'”5)'2‘; Frlx I + ']y (5)|" +y | ds
- Lt L [H' (s,u) = In |1+ H' (s,u)|] A (du) ds

* Lt Lln|1 + H' (s,u)| N (ds, du)

< log |x (0)] +Eln1€+21n1c+%[: € (s)|"ds

* L [—#Msn% (1 +7) |x<s>|“+y] ds

_H [H' (s, )~In |1+ H' (5,)|] A (du) ds
0 JYy

t
+j j ln'1+H'(s,u)'N(ds,du)
Y

0

< log|x (0)| +£lnx+21nK+%J € (s)|"ds

+Lt[¢€—ﬁ]ds+J

0

t

J In '1 +H' (s,u)| N (ds,du),
‘ (69)

2
¢, =: max (—wlxlzﬁ +(x + %) x| + Y) )
(70)

H= I?zi(? L [H' (t,u) —ln'l +H' (t,u)” A(du).

Next, noting Assumption 12, for any w € Q, and 0 < € <
1,k — 1<t < kwithk > x(w,e),

(M; (£), M5 (t)), = Lt L |1 +H' (s, u)'z/l (du) ds < Ct.
(71)

10140
10120 L
10100 L
1080 L
1060 L
1040 L

1020 L
10° | —

10720 . . . . . . .
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4

—— Determined problem of Example 1

FIGURE 2: We simulate the discrete equations for delay equation (77).

Then the strong law of large numbers yields

t
limlJ‘ I 1n|1+H’ (s,u)jﬁ(ds,du)=o. (72)
t—ootf IPAY

Thus, forw € Qyand (k — 1) <t <k, — 0, it follows from
(69) and (72) that

lim sup% log|x(t)| <¢p-H a.s. (73)

t— 00

Clearly, if ¢ — H < 0, system (60) is a.s. exponentially stable;
the proof is completed. O

Remark 14. Compared with results in [1], authors discussed
the SDE:

dx(t) = f(x(t),x(t—8(t),t)dt
(74)

+qx (£) AW, (t) + olx (0)1Px (£) AW, ()5
the results show that polynomial Brownian noise
olx(t)l‘6 x(t)dW,(t) can suppress this potential explosion and
another linear Brownian noise gx(t)dW; (t) has an effect to

stabilize the suppressed equation.

Theorem 13 shows that under Assumptions 1, 2, and 12,
choosing appropriate function H, together with 2 > «,
0 # 0, Brownian noises may suppress the given deterministic
equation x(t) = f(x(t), x(t — 7),t). Linear jump process has
stable effect on system (60); it has the same role as linear
Brownian noise.

Example 1. Consider stochastic differential equation
dx (t) = x (1) [1+2x° (t) + 6x7 (£ - 7)| dt + 22 (£) AW, (¢)
+2x% (t - 1) x (t) W, (t)

Fx(t) L H' (u) N (dt, du),
(75)
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-5 0 5 10 15 20
— Parameters satisfy Example 1

FIGURE 3: We simulate the discretization equations for stochastic
delay equation (75), where 0 = 2,k = 6,k =2,y = L,a = B = 2,
B =2,and H' = 0.1¢™"* such that [¢ - H] < 0.

whereq=2,0=2,k=6,k=2,y=1,a==2,8 =2,

¢= max {-2x"+8x*+1} =09,

XERx#0
(76)
H= J [H' () -1n|1 +H' (u)]] A (du).
Y
Figure 2 shows the differential equation
d’;it) =x () [1+2x7 (1) + 6x° (t - 7)]. (77)

Simulation indicates that the solution of (78) is explosive in
finite time. See Figure 2.

If we choose function H' = 0.1¢ 72 such that (- H] <
0, we can conclude that system (75) is a.s. exponentially stable
by Theorems 13. See Figure 3.

But we cannot indicate that system (75) is a.s. exponen-

tially stable if we choose function H' such that [¢ — H] > 0,
although it has global solution. See Figure 4.

Example 2. Consider another stochastic differential equation
dx (t) = x (1) [1+2x° (1) + 22 (t - 7)] dt
+0.12° (t) AW, (t) + 3x (t — 7) x (£) AW, (t) (78)
+x(b) L H' (u) N (dt,du),
whereq=3,0=01,x=2,k=2,y=1La=6=38 =1,

B I & 3
= max 1———x +4x +1¢,

x€R,x#0 200
(79)

H= | [H 6=t H (] A .

Figure 5 shows that the corresponding determined delay
equation of (78) is explosive in finite time.

Journal of Applied Mathematics

0.25 |

=5 0 5 10 15 20

—— Parameters satisfy Example 1

F1GURE 4: We simulate the discretization equations for stochastic
2 —
delay equation (75); H' = 10e™* /2 such that [¢—H] > 0.

10180
10160 L
10140 L
10120 L
10100 L
1080 L
1060 L
1040 L
1020 L
10°

10720 - - - : : ; ) ’ '
-01 0 01 02 03 04 05 06 07 08 09

_

—— Determined problem of Example 2

FIGURE 5: We simulate the discretization equations for determined
delay equation: dx(t)/dt = x(¢)[1 + 2x3(8) + 253 (t - 7).

If we choose function H' such that [¢ - H] < 0, we can
show that system (78) is a.s. exponentially stable. See Figures
6and7.

5. Conclusions and Extensions

In this paper, we consider stochastic nonlinear delay dif-
ferential system with jumps, where f satisfies the one-
side polynomial growth condition. Our main results include
the following theoretic analysis. Theorems 3 and 5 show
that Brownian noises or Lévy noise may suppress potential
explosion of the solution for some appropriate parameters.
Using the exponential martingale inequality with jumps, we
discuss that the sample Lyapunov exponent is nonpositive in
Theorem 11. Lévy noise is sudden and severe environmental
perturbations; if we propose linear Lévy processes in (60),
by the strong law of large number for local martingale, suffi-
cient conditions for a.s. exponentially stable are investigated.
Theorem 13 reveals the stabilization property of Lévy noise.

Two interesting questions deserve further consideration
and investigation.
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0.3
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0 L

-0.1

=02 1

_03 L

_0‘4 L L L L L
=2 0 2 4 6 8 10
—— Parameters satisfy Example 2

FIGURE 6: We simulate the discretization equations for stochastic
delay equation (78), where g = 3,0 = 0.1,k = 2,k = 2,y = 1,
« = B =3and ' = 1, if we choose function H' = 0.1e™/ such
that [¢ — H] < 0.

1.5
n 1
0.5 b
ol 1 _J
-0.5 ;
ol 1
-1.5F R
-2 n n n n n
-2 0 2 4 6 8 10

—— Parameters satisfy Example 2

FIGURE 7: We simulate the discretization equations for stochastic
delay equation (78), where g = 3,0 = 0.1,k = 2,k = 2,y = 1,
a=pf=23,and [5' = 1. Choose function, which is different from

Figure 6, H' = ¢/ such that [¢—H]<O.

If we use the continuous time Markov chain «(t) with
finite state space S = {1,2,..., N} to model abrupt changes
in their structure and parameters, another complex hybrid
system with jumps can be studied:

dx(t) = f(x(t),x({t—-1),a(t))dt
+0 (@) lx (OFx &) dw, ()
+q(a(®) |x(t-7)f x () dW, (t)

+x(t) L H(x(t),x(t-1)",at),u) N (dt,du),
(80)

with initial data {x(t) : -7 < t < 0}
C%., (-7, 0])}.

&) : -1 <t<0¢€

1
We can also consider stochastic functional equation:
dx () = f (x,a(t))dt +q(a () x () dW; (t)
+ o (@(®) [x O x (1) dW; (1) (81)

+ x (t) LH(a (t),u) N (dt, du) .

The effect of suppression solution of different types of
noises and stabilization of jump process to system (80) or
(81) still attract our main attention. These investigations are
in progress and we will report it in several articles.
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