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THE CONGRUENCE CRITERION FOR POWER OPERATIONS IN
MORAVA E-THEORY

CHARLES REZK
(communicated by Nicholas J. Kuhn)

Abstract
We prove a congruence criterion for the algebraic theory of
power operations in Morava E-theory, analogous to Wilkerson’s
congruence criterion for torsion free A-rings. In addition, we
provide a geometric description of this congruence criterion, in
terms of sheaves on the moduli problem of deformations of for-
mal groups and Frobenius isogenies.

1. Introduction

The purpose of this paper is to prove a congruence criterion for the algebraic
theory of power operations acting on the homotopy of a K (n)-local commutative E-
algebra spectrum, where E denotes a spectrum of “Morava E-theory” at height n.
This criterion is best understood as being a higher chromatic analogue of Wilkerson’s
congruence criterion for A-rings.

1.1. Algebraic theories of power operations

By an “algebraic theory of power operations” for a commutative ring spectrum
A, we mean an algebraic category which models all the algebraic structure which
naturally adheres to . A, the homotopy groups of A. As an exemplar of this notion,
consider the description of the natural operations on the homotopy of a commutative
HT,-algebra spectrum, as given by McClure (see [BMMS86] especially §IX.2). In this
work, it is shown (in modern language) that if A is a commutative HF,-algebra, then
A is an algebra for a certain monad C' on graded F,-vector spaces. Furthermore,
an algebraic description for C-algebras is provided: a C-algebra amounts to a graded
commutative [Fj,-algebra, together with the structure of a module over the May-Dyer-
Lashof algebra, which (i) is compatible with multiplication, in the sense of having
a suitable Cartan formula, and which (ii) satisfies an “instability” relation, which
includes the fact that the “top” Dyer-Lashof operation is equal to the pth power
map. That this is the right answer is justified by the existence of a natural isomor-
phism C(m.M) ~ 7. (PM), where M is an HF,-module and P is the free HF-algebra
functor.
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In this paper, we use the work of Ando, Hopkins and Strickland to develop an anal-
ogous theory for the homotopy of a K (n)-local commutative algebra over a Morava
E-theory spectrum. Let E denote the cohomology theory associated to the universal
deformations of a height n formal group Gy over a perfect field k of characteristic p.
There is a monad T on the category Modg, of graded F, = m, E-modules such that:

L. TE. =~ D,,5¢ £ BXy,, where EL(—) denotes K (n)-localized homology;
2. T(M. ® N,) = TM, ®g, TN, for any F,-modules M, and N,;

3. There is a natural map T(7.M) — 7, PM for E-module spectra M, where PM
denotes the free commutative E-algebra on M. Furthermore, this map induces
an isomorphism T(w, M) = [7,PM]/, where N/» denotes completion of an F,-
module N with respect to the maximal ideal m C moE.

The category of algebras for this monad is denoted Algy; the monad T and its category
of algebras are described in §§3 and 4.

1.2. Description of Algy

The next goal is to give a workable description of Algy. Every object of Algr is (in
particular) a graded commutative ring; it is also a graded right-module for a certain
associative ring I', which we may call a “Dyer-Lashof algebra” (by analogy with the
May-Dyer-Lashof algebra for ordinary mod p homology).

The ring T' is defined in §6; effectively, I' is the ring of endomorphisms of the
forgetful functor Algy — Ab which sends an T-algebra to its degree 0 part, viewed
as an abelian group. Explicitly, I is a direct sum of the Fy-linear duals of the rings
E°BY,« /(transfers).

There is a ring homomorphism 7: Fyg — I' (the image of which is not typically
central). The ring T" is very nearly a Hopf algebra (more precisely, it is a “twisted
bialgebra”; see §5), so that the category of I-modules admits a symmetric monoidal
structure ®: Modf: x Mod}. — Modp., in such a way that the underlying E,-module
of M ® N is precisely M ®g, N.

Let Algl- denote the category of commutative monoid objects in graded I'-modules.
There is a forgetful functor U: Algy — Algf. The first main result in this paper
describes the essential image of the restriction of U to torsion free objects. Before
stating the result, we consider the motivating example.

Ezample 1.1. Let E be p-adic K-theory. In this case, Fy ~ Z,, and I' = Z,[¢)]. The
element ¢ € I corresponds to the pth Adams operation in the K-theory of a space.
A T-algebra is precisely a ¢-ring, i.e., a graded commutative Z,-algebra B together
with a ring homomorphism : B — B. In this case, the structure of Alg} can also
be completely understood, using the work of McClure in [BMMSS86]. In particular,
an object in Algy is essentially what Bousfield [Bou96] calls a Z/2-graded 6-ring.
Thus, an object Algy is strictly commutative graded Z,-algebra B, together with
a function 6: B, — B, which satisfies certain axioms. The operation ) is recovered
from 6 using the identity

P(x) = 2" + pb(x)

for all z € By. The “Wilkerson criterion” states that a torsion free 1-ring B admits
the structure of a #-ring (necessarily uniquely), if and only if ¥(x) = 2P mod pB
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for all € B. (This result is a “p-typicalization” of the original theorem of Wilker-
son [Wil82], which characterizes the torsion free A-rings in terms of congruences on
the Adams operations at all primes.)

Our first result is a generalization of Wilkerson’s criterion. Its statement involves
a representative o € I' of a certain conjugacy class in I'/pl', which is described in
§10.2. We say that a graded I'-algebra B satisfies the congruence condition if for
all z € By,

ro =z mod pB.

Theorem A. An object B € Algl. which is p-torsion free admits the structure of a
T-algebra (necessarily uniquely), if and only if it satisfies the congruence condition.

The proof of Theorem A is completed in §9.

1.3. Interpretation in terms of formal groups

The second result of this paper gives a reinterpretation of the above theorem in
terms of formal groups, and in doing so explains the significance of the element o € T'.

Fix a perfect field k of characteristic p > 0, and a formal group Gy of finite height
over k. Let E be the Morava E-theory associated to the universal deformation of G
in the sense of Lubin-Tate.

Given a complete local ring R, there is a category Defr, whose objects are defor-
mations of Gy to R, and whose morphisms are isogenies of formal groups which
are “deformations of a power of Frobenius”; that is, morphism are isogenies which
are identified with some power of the Frobenius isogeny when we base change to
the residue field of R. The collection of categories Defp for suitable rings R and
base change functors f*: Defp — Defg/ describe a kind of moduli problem. We let
Sh(Def, Alg)* denote the category of quasi-coherent sheaves of graded commutative
O-algebras over Def. An object A of this category is (modulo some issues of grad-
ing) a pseudonatural transformation of pseudofunctors Def — Alg"; more concretely,
an object A consists of data {Agr, As}, where for each ring R there is a functor
Ap: Defr — Algp, and for each local homomorphism f: R — R’ a natural isomor-
phism A¢: Ap f* — f*Apg, satisfying a collection of coherence relations. The precise
definitions of Def g and Sh(Def, Alg)*, including correct treatment of the grading, are
given in §11.

We say that a quasi-coherent sheaf A satisfies the Frobenius congruence if
(roughly), for every [F,-algebra R and every object G € Def(R), we have

Frob * Frob *
Ar(G— ¢"G) = (Ar(G) — ¢"Ar(G)),
where “Frob” denotes the relative Frobenius isogeny on formal groups (on the left-
hand side) and on R-algebras (on the right-hand side). (See §11.10 for the precise
condition.)

Theorem B. There is an equivalence of categories Sh(Def, Alg)* =~ Algf.. Under
this equivalence, sheaves which satisfy the Frobenius congruence exactly correspond
to graded I'-algebras which satisfy the congruence condition.
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As described below, the equivalence of categories of Theorem B is well-known to
experts in this area, and amounts to an interpretation of some theorems of Strickland.
The proof of Theorem B is completed in §12.

1.4. The work of Ando, Hopkins, and Strickland

The structure of power operations on Morava E-theory is largely understood,
thanks to work of Matt Ando, Mike Hopkins, and Neil Strickland. In particular,
the hard results that underlie the version of the theory I will describe are theorems of
Neil Strickland, and are proved in [Str97] and [Str98] (the latter corrected in [Str99]);
this work in turn uses crucially some results of Kashiwabara [Kas98]. Unfortunately,
there is no complete statement yet in print of the picture of operations on E-algebra
spectra. Strickland provides a very brief sketch in [Str97, §14]. The three authors
describe a version of this story in [AHS04]; see especially the material on “descent
for level structures” [AHS04, §11], which has informed §11 in this paper. Unfortu-
nately, the level structure approach of [AHS04] is not convenient for describing the
congruence condition.

Their unpublished work has some overlap with what we discuss in this paper. In
particular, they constructed the algebra I' and perceived the equivalence of Algp ~
Sh(Def, Alg) of Theorem B (a large part of this is accomplished in Strickland’s
papers). They also understood that the difference between the categories Algy and
Algr was precisely an issue of understanding certain congruences, and that these
congruences were generated by ones which are detected in the E-homology of the
classifying space BX,,. The precise economical statement of Theorem A is new, as is
the treatment of gradings.

1.5. Treatment of gradings

We should note that we deal with gradings in a somewhat novel way. Since Morava
E-theory is an even periodic theory, we can regard the homotopy groups of a K(n)-
local commutative E-algebra spectrum as being a Z/2-graded moE-module, rather
than a Z-graded 7, F-module. This would not be a viable procedure, except for the
fact that we can modify the tensor product structure on Z/2-graded modules by
“twisting” with the module w = mF (see §2 for the precise formulation). One can
think of our twisted Z/2-graded category as obtained by adjoining an “odd square-
root” of w to a tensor category. This point of view turns out to be very convenient
for dealing with power operations, and we believe it is worthy of attention.

1.6. Completion

There is a piece of structure on the homotopy 7. B of a K(n)-local commutative
E-algebra spectrum B which is not encoded in our algebraic model Algr; namely, the
fact that 7. B is usually complete with respect to the maximal ideal of moE (or more
precisely, that 7, B is always Lg-complete, see §3.3). It is fair to say that a defect of
this paper is that we do not handle completion issues very well; most of the time, we
sidestep the question. We hope to address these matters at some other time.

1.7. Calculations
As a companion piece to this paper, I have made available calculations of the struc-
ture of I and Algy in a particular case for height n = 2 at the prime p = 2 [Rez08].
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2. Twisted Z/2-graded categories

In this section, we describe a procedure for constructing Z/2-graded additive tensor
categories out of an additive tensor category, by formally adjoining an “odd square-
root” of an object w of the original category. This procedure will be used in the rest of
this paper to handle issues related to the “odd” degree gradings of Morava FE-theory.
It gives a very concise way to explain the graded nature of the objects in question,
and we will use it both for odd degrees in Morava FE-theory (see §7), and for the
graded version of the category of sheaves on the deformation category (as in §11).

2.1. Symmetric objects

Let (C,®,k) be an additive tensor category; that is, an additive category C equip-
ped with a symmetric monoidal structure ® with unit object k, such that ® distributes
over finite sums.

Let Tpynv: M ®@ N — N ® M denote the interchange isomorphism of the symmet-
ric monoidal structure on C. Say that an object w € C is symmetric if 7, ,, = id,gw;
this is equivalent to requiring that the symmetric group act trivially on w®™ for all
m > 0.

2.2. Twisted tensor product

Let C* be the category of Z/2-graded objects of C; an object of C* is a pair
M* = {M° M'} of objects of C, and a morphism f: M* — N* is a pair f': M* —
N?, i =0,1, of morphisms of C. We define a functor ®: C* x C* — C* as follows. If
M* and N* are objects in C*, then we define an object M* ® N* € C* by

(M*@ N )< (M@ N & (M' @ N 9w),

(M* @ N )" < (M@ NY & (M' @ NY),
where the tensor products on the right-hand side are taken in C. We refer to this as
the w-twisted tensor product on C*.

Let k = {k,0} as an object of C*; it serves as the unit object of the monoidal struc-
ture via the evident isomorphisms k ® M* ~ M* ~ M* ® k. Define an interchange

~

map 7F: M* ®@ N* — N*® M* by
(M eNYe (Mo N @w

) "o MY @ (N' @ M'®w),
(mo ® ng, M1 N1  x)

)

)

(N

(T(mo ®ng), —1(Mm1 @ n1) ® x),
(Mo NY e (M @ N°) — (N
(

(mo ® n1, My @ ng

MY @ (N o MO,
T(m1 ®no), T(Mo @ ny)).

—
=
—
—
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(I have written these formulas using “element” notation, but they are easily converted
into “arrow theoretic” formulas, meaningful in any additive tensor category C.)
Finally, there is an associativity isomorphism
a: (M*@ N )@ P* - M*® (N*® P*),

which I will not write out in detail. It is defined using the associativity and interchange
isomorphisms for C, with the interchange map used when needed to move the extra
factor of w into the “correct” position. For instance, ((M* ® N*) ® P*)? contains
a summand of the form (M! ® N! ® w) ® PY, while the corresponding summand of
(M*® (N* @ P*))? is M' ® (N' ® P’ ® w); the map a maps one to the other by
switching w and P° using the interchange map 7.

Proposition 2.1. If w € C is a symmetric object, then the above structure makes
C* into an additive tensor category. The functor C — C* defined by M — {M,0}
identifies C with a full monoidal subcategory of C*.

Proof. The only delicate point is to check the commutativity of the pentagon which
compares the associativity isomorphisms of four-fold tensor products; that this com-
mutes makes essential use of the fact that w is symmetric. O

We will typically identify C with its essential image in C* without comment.

2.3. The odd square root of w

Let w'/? denote the object of C* defined by w'/? = {0,k}. Then w'/? @ w'/? ~
{w,0} ~ w. Furthermore, the interchange map 7* on w'/? ® w'/? is equal to —id.
Every object M* of C* is isomorphic to one of the form M° @ (M' ® w'/?), where
M, M*' € C c C*. Thus we can think of C* as the additive tensor category obtained
from C by “adjoining an odd square-root” of w.

2.4. Functors from a twisted Z/2-graded category

Given an additive tensor category C, and a symmetric object w of C, we define the
groupoid Sqrt(w) of odd square-roots of w as follows. The objects of Sqrt(w) are
pairs (1, f), where 7 is an object of C such that 7,, = —idygy,, and f: n®n —-w
is an isomorphism, and the morphisms (7, f) — (7, f') of Sqrt(w) are isomorphisms
g: n— n' such that f'(g®g) = f.

Now suppose that C is an additive tensor category with symmetric object w, that D
is an additive tensor category, and that F': C — D is a symmetric monoidal functor;
thus F'(w) is a symmetric object of D. Let C* denote the Z/2-graded tensor category
obtained from C and w, and identify C with its essential image in C*. Let G denote the
groupoid whose objects are additive symmetric monoidal functors F*: C* — D such
that F*|c = F, and whose morphisms F}" — F3 are monoidal natural isomorphisms
which restrict to the identity map over C.

Proposition 2.2. There is an equivalence of categories G — Sqrt(F(w)), defined by
F* s (F*(w'/?),g), where

g: F*(w1/2) ®F*(w1/2) o~ F*(w1/2 ®w1/2) F*(f) F*(Ld)

is the composite of the coherence map of D and the map F*(f), where f: w'/?®
w2 — w is the tautological isomorphism in C*.
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2.5. Examples

Ezample 2.3. If w =k, then C* is just the “usual” Z/2-graded category of objects
of C.

Ezxample 2./. Suppose the symmetric object w is also ®-invertible in C, i.e., there
exists an object w™! € C and an isomorphism w ® w~! ~ k. Then we can define a
Z-graded commutative ring object R, of C by Roj, = w®* and Rox,1 = O for all k € Z.
It is straightforward to check that C* is then equivalent to the additive tensor category
of Z-graded modules over R,. This equivalence associates a Z-graded R, module M,
with the object M* = {Mo, M_1} ~ My @ (M_; ® w'/?) in C*.

2.6. FE.-modules

Let E, = m.F, the coefficient ring of an even periodic ring spectrum, and let w =
mo ' viewed as an Fy = mgE-module. We can, and will, identify the category Modg,
of Z-graded E.-modules with the Z/2-graded category Mody, , where w = mFE =
E°S? = myX72F is used as the symmetric object. Observe that under the equivalence
of Z-graded and Z/2-graded E.-modules described above, 7, X9E =~ E,S? is naturally
identified with w~%2. The Kiinneth isomorphism FE, S’ ®p, B.S7 — E(S'AS7) ~
E.(S™7) produces a canonical isomorphism x: w2 @ w=9/2 — = (+3)/2,

If M ={M° M'} is an object of Mody, , then we can recover the Z-graded E,-
module M, associated to it by M, = HomModeo (w—qm’ M).

In the examples we have given above, the symmetric object w was ®-invertible.
Later in this paper, in §§6 and 11, we will consider w-twisted tensor categories in
cases where the symmetric object w is not ®-invertible. It is in these non-invertible
cases that the formalism of twisted Z/2-graded tensor categories proves especially
convenient.

3. Morava E-theory and extended powers

3.1. Morava E-theory

We fix for the rest of the paper a perfect field k of characteristic p, and a formal
group G over k of height n, with 1 < n < co. Let E denote the Morava F-theory
associated to the universal deformation of the formal group Gy.

It is a theorem of Goerss, Hopkins, and Miller, that E is a commutative S-algebra
in an essentially unique way [GHO4].

3.2. FE-modules and F,-modules

Let Modg denote the category of E-module spectra as in [EKMMO95], and let
hModg denote its homotopy category. We write M Ag N and homg (M, N) for the
smash product and function spectrum of E-module, and also for their derived versions
on hModg.

We write By = mgF and w = myF as an Ey-module.

Taking homotopy groups defines a functor 7,: Modg — Modg,. In what follows
we are going to regard Modg, as the Z/2-graded category described in §2.6, so that
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the functor 7, is explicitly described by
7T*M = {7‘1’0]\47 7T,1M}.

Recall that according to our conventions, there are natural isomorphisms m,29M ~
w2 @, M for E-modules M, for all ¢ € Z. (The reader may prefer to regard
Modpg, as the usual category of modules over a Z-graded ring; doing so should not
cause any confusion until §6.)

3.3. The completion functor

Let K(n) denote the nth Morava K-theory spectrum.

Let L: Modg — Modg denote the Bousfield localization functor with respect
to the homology theory on E-modules defined by smashing with the module E A
K(n). It comes equipped with a natural coaugmentation map j: M — LM, which
is a K(n)-homology equivalence. The localization functor L descends to a functor
hModg — hModg on the homotopy category of F-module spectra, which we also
denote L. We have the following equivalent descriptions of L.

Proposition 3.1. We have the following equivalences of coaugmented functors of the
form hModg — hModg, where hModg denotes the homotopy category of spectra:

1. L = Lgn), where Ly, denotes Bousfield localization of spectra with respect to
Morava K -theory.

2. L = Lp(,), where Ly, denotes Bousfield localization of spectra with respect to
a type n-finite spectrum F(n).

3. LM = holim(E A M (ig,...,in-1)) Ag M, where {M(ig,...,in—1)} denotes a
certain inverse system of finite spectra, constructed so that

T ENM(ig, ... in_1)~ E./(p™,ul',... u .

) Pn—1

Proof. Statement (1) is [EKMM95, Prop. VIIL.1.7].

Statements (2) and (3) follow from [HS99, Prop. 7.10]; the proof of (2) uses the fact
that E is an L,-local spectrum, whence the underlying spectrum of every E-module
is K (n)-local. O

Because of the last equivalence in this list, we can think of L as a “completion”
functor.

3.4. Derived functors of m-adic completion

Thus, let Ls: Modg, — Modg, denote the sth left derived functor of M — M.
There is a map LoM — M/, which is not generally an isomorphism since completion
is not right exact.

Proposition 3.2. The functors Ls vanish identically if s > n. If M, is either a flat
E.-module, or a finitely generated E.-module, then Lo(M,) =~ (M) and Ls(M,) =0
for s > 0.

Proof. The first statement is [HS99, Thm. A.2(d)]. The statement about flat modules
follows from [HS99, Thm. A.2(b)], and the statement about finitely generated modules
follows from [HS99, Thm. A.6(e)]. O
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The functor Lo: Modg, — Modg, is equipped with natural transformations M 5
LoM L M. In general, i: LoM — M} is a surjection, but not an isomorphism,
while Ly(7) is an isomorphism. The groups LM can be identified with certain local
cohomology groups of the modules M, as described in [HS99, Appendix A].

Proposition 3.3 ([Hov08, Prop. 2.3]). There is a conditionally and strongly conver-
gent spectral sequence of E,-modules

Ey)' = LymiM = 7oy LM,
which vanishes for s > n.

As a consequence, we have

Corollary 3.4. The map w,M — 7w, LM factors through a natural transformation
LomeM — . LM of functors hModg — Modg,, which is a natural isomorphism
whenever m, M is flat.

For a spectrum X, the completed E-homology of X is defined by E2(X) def

m.L(E A X).

3.5. Complete F-modules
A complete E-module is an E-module M which is K-local, i.e., one such that
j: M — LM is an equivalence. Note that
(a) If M and N are E-modules, and N is complete, then hom (M, N) is a complete
E-module.
(b) If M and N are complete E-modules, then M Ag N need not be complete.

However, L(M Ag N) is a complete E-module, called the completed smash
product.

3.6. Finite and finite free modules
We write hom g (M, N) for the function spectrum in Modg.

Proposition 3.5. Let M be an E-module spectrum. The following are equivalent:
(1) mM is a finitely generated (resp. finitely generated free) E.-module.
(2) mhompy (M, E) is a finitely generated (resp. finitely generated free) E.-module.
If either of (1) or (2) hold, then M ~ LM and M ~ homy(homg(M, E), E).

In particular, if X is a spectrum, E*X s finitely generated (resp. free) if and only
if E2X s so.

Proof. See [HS99, §8]. O

We say a module M is finite if 7w, M is a finitely generated E,-module. A module
is finite if and only if it is contained in the thick subcategory of hModg generated by
E. According to the above proposition, finite modules are complete.

Say that a F-module M is finitely generated and free, or finite free for short,
if m.M is a finitely generated free 7, E-module. All such modules are equivalent to
ones of the form \/f:1 %4 E. Note that if M and N are finite (resp. finite free), then
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so are M Ag N and hom (M, N). Also, retracts of finite free modules are also finite
free.

Let Modg denote the full subcategory of Modg consisting finite free modules. Let
hModg denote the full subcategory of hModg spanned by the finite free modules.

Proposition 3.6. The functor m,: hModg — Modg*, which associates to an E-mo-
dule its homotopy groups, is an equivalence of categories.

Proof. A straightforward consequence of the observation that hModg(X4E, M) ~
7TdM. O

3.7. Flat modules

Say that an E-module M is flat if 7, M is flat as a graded E,-module. We will
need the following analogue of Lazard’s theorem on flat modules over a ring, which
is a variant of an observation of Lurie [Lur07, §4.6].

Let C be a category enriched over spaces. Say that C is filtered if the following
hold:

1. For every finite set of objects X1,..., Xy in C, there exists an object Y and
morphism X; — Y in C forall j =1,... k.

2. For all k > 0, all X,Y objects of C, and all maps S*¥ — C(X,Y), there exists a
map ¢g: Y — Z and a dotted arrow making the diagram

sk ——C(X,Y)

e

DL C(X, Z)

commute.

For a category C' enriched over spaces, let moC' denote the ordinary (enriched over
sets) category with the same objects as C, whose morphisms are the sets of path
components of the mapping spaces of C. If C is filtered in the above sense, then the
ordinary category moC' is filtered in the usual sense.

Proposition 3.7. An object M € Modg is flat if and only if it is weakly equivalent to
the homotopy colimit of some continuous functor F: C — Modg, where C' is filtered.

Proof. This is proved in much the same way as [Lur07, Thm. 4.6.19], though with
changes of detail, since the notions of “flat” and “finite free” we use differ than the
ones Lurie uses. We briefly sketch the ideas here.

For the if direction, it suffices to note that taking homotopy groups commutes with
taking homotopy colimit over a filtered diagram.

For the only if direction, consider the comma category Modg/M, which admits
the structure of a topological closed model category. Choose a set S of fibrant-and-
cofibrant representatives of weak equivalence classes of objects (F, f: FF — M) for
which F' is finite free, and let C' be the full topological subcategory of Modg/M
spanned by S. Now one shows that if M is flat, then C is a filtered topological
category in the sense described above. Given this, it is clear that M is equivalent to
the homotopy colimit of the canonical functor C' — Modg. O
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3.8. Completed extended powers

If M is an E-module, the the mth symmetric power is the quotient (M"2™);5.
of the mth smash power by the evident symmetric group action. The free commutative
E-algebra on M is the coproduct \/,, o Py, (M).

In this paper, we will deal mainly with the mth extended powers; we write

P, (M) def (M"E™)s,  for this; the extended power also passes to a functor on the

homotopy category hModg, also denoted P,,. We recall that, in the EKMM model
for S-modules, if we choose a g-cofibrant model for the commutative S-algebra F,
then the symmetric powers of cell cofibrant R-modules are homotopy equivalent to
extended powers [EKMMO95, ITL.5].

We write P(M) =V, 5o Prn(M). If G C %y, is a subgroup, we write P (M)
(M"e™)} . The functor P defines a monad on the homotopy category of E-modules.
We will assume that the reader is familiar with properties of these functors, for
instance as described in [BMMS86, Ch. 1]. In particular, we note that P defines a
monad on the the homotopy category hModg of E-modules, and any commutative
E-algebra results in an algebra for this monad.

def

Proposition 3.8. The functors P, preserve K-homology isomorphisms. In partic-
ular, the map P, (5): Ppu(M) — P, (LM) is a K-homology isomorphism, and thus
there is a natural isomorphism LP,,(j): LP,, — LP,, L of functors on hModg. The
functor LP: hModg — hModg admits a unique monad structure with the property
that j is a map of monads.

Proof. The functors P are homology isomorphisms for any homology theory; the
remaining statements are straightforward. O

The goal of this section is to prove

Proposition 3.9. If M is an E-module which is finite free, then LP,, (M) is also
finite free.

This is well-known in the case that m,M is concentrated in even degree. (See
[HKR00, Thm. DJ.)

Proposition 3.10. If G contains a p-Sylow subgroup of ¥,,, then Pg(M) — P, (M)
admits a section for any E-module M.

Proof. If G is a subgroup of a group H, with index prime to p, then the map of
spectra X5°(H/G) ) — LT (H/H) ) admits a retraction in the homotopy category
of spectra equipped with a H action. O

Recall that p is the characteristic of the residue field of E.. Let pc, denote the

real regular representation of the cyclic group C,, and let BC’;pO” denote the Thom
spectrum of the virtual representation cpc,, where ¢ € Z.

Lemma 3.11. If c € Z, then E*ABC;pC” is a finitely generated free m.FE-module.
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Proof. First suppose ¢ = 0. Then the cofiber sequence
BC, ~ S(A\®P) — BS' — (BS')*"

associated to the universal line bundle A over BS!, together with the Thom isomor-
phism for E-theory, give

0 — E*BC, — E[z] 2 E[a] — o,

and in particular since [p](x) = 2" mod m, E*BC, is free over E, on 1,...,2P" 1.
Thus hom(XBC),, E) is a finitely generated free E-module, and therefore so is
L(E NX¥BC,) by (3.5).

The Thom isomorphism for E-theory immediately gives the result for even ¢, by
identifying 2dpc, with the complex bundle dpc, @ C. It remains to check the case of
odd ¢, and the Thom isomorphism allows us to reduce to the case ¢ = 1.

If p is odd, then there is a splitting pc, ~ R @ pc, of real Cp-representations, where
the real representation pc, admits a complex structure. The result follows using the
Thom isomorphism, since E is complex orientable.

If p = 2, then pc, =~ R@® pe,, and pc, is the sign representation, so that as spaces,

BCY% ~ SBCY ~ $BC,.

Stably, the latter is a retract of 3(X5°BC3), whose completed E-homology is finite
free as noted above. O

Proof of (3.9). Since (SC)Q&) ~ BC, ", (3.11) implies that LP¢,(X°F) is finitely
generated free. Thus (3.10) shows that LP,(M) is a retract of LP¢, (M), so that
LP,(X°F) is finitely generated free.

The “binomial formula” for P, says that

Pp,(MVN)~ \/ Pi(M)AgP;(N),
i+j=p

and since P;(M) is a retract of M”*#% by (3.10), we conclude that LP,(M) takes finite
frees to finite frees.
We have that

Pg]P)H(M) ~ PHzg(M).

If Zg’ denotes the r-fold wreath power, then we have shown that LP LP,---P

i P
preserves finite frees.

Finally, for m > 0 with m = 3" a;p?, with a; € {0,...,p — 1}, the group ¥,, con-
tains a subgroup G = Hi(Zg)X‘”, which acts on m in the evident way, and which
contains a p-Sylow subgroup of G. By (3.10), P,,,(M) is a retract of the smash prod-

uct of finitely many Pz:;;’ (M), and therefore we are done. O

Remark 3.12. The above proof shows a little bit more. Namely, if M is a finite free
module with 7. M concentrated in even degree, then 7, LIP,, (M) is also concentrated
in even degrees. There is no corresponding result when m,M is concentrated in odd
degree, although the proof of (3.9) implies the following result.
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Corollary 3.13. The graded module 7, LP,(X°E) is concentrated in odd degree if ¢
is odd.

We also note the following interesting consequence (a generalization of an obser-
vation of McClure).

Proposition 3.14. If A is a K(n)-local commutative E-algebra, then the multiplica-
tion on m, A is strictly graded commutative, in the sense that if v € T, A with q odd,
then z2 = 0.

Proof. 1t is clear that we only need to prove something in the 2-local case. Let
f: $9E — A be the F-module map which represents z. Then 2 € my,4 is the image
of an element in 7y, LIP2(X9E) under the map LP(X9E) — LPy(X7A4) — A. But
. LIP3 (X9E) is concentrated in odd degree by (3.13). O

3.9. Power operations
Let R be a commutative E-algebra spectrum. For any space X and any m > 0, we
obtain an operation

Pn: R°X — R°(X x B%,,,),
defined so that an E-module map z: EA XX — R is sent to the composite

EANYT(X x BE,) = EANST X5, ~ PR (EAYXTX) Prle), P,.R — R.
The operation P, is called the mth power operation. It has the property that
P,.(zy) = P, (x) Py (y). Since E°BY,, is a finite free Eg-module, there is an isomor-
phism R%(X x BY,,) ~ R°X ®@p, E°BY,,.

If RX denotes the spectrum of functions from ¥ X to R, which is a commutative
E-algebra, then the power operation P,,: (R¥X)%(x) — (RX)%(BY,,) coincides with
power operation on R°X.

Let

J= 3" im[RY(X x B(S; X Zp_y)) T RO(X x B,
0<i<m
where these are transfer maps associated to the subgroups ¥; X ¥,,,—; C %,,. Thus
J C R°(X x BY,,) is an ideal. We write P,, for the composite map

P

R(X) == R°(X x BY,,) — R°(X x BY,,)/J.

Proposition 3.15. The map P,, is a ring homomorphism.
Leti: X — X x BY,, denote the map induced by inclusion of a basepoint in BY,,.
Proposition 3.16. The composite map

P
2

RO(X) £ RO(X x BY,,) 5 RO(X)

sends © — x™.
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3.10. Relative power operations

There is a “relative” version of the power operation, which we will need in §12.
Let (X, A) be a CW-pair of spaces, let D,,(X, A) C X*™ denote the space which is
the union of the subspaces of the form X* x A x X™~ ¢! and consider the diagram

g

Dy (X, A) X C(g)
l ldiag
Din(X, 4) —— x*m —— C(f),

where Dm(X, A) is the homotopy pullback of f along the diagonal inclusion, and
C(f) and C(g) are homotopy cofibers. The group ¥, acts on every space in this
diagram. We define a pointed space

Bn(X, 4) € C(9)%,:
it comes with a map B,,(X,A) — C(f)p& ~ (X/A)p . Note that B, (X,2) ~
(X X BYy,)+. Given such a pair (X, A), we define
P,.: R°(X/A) — R°B,,(X, A)
so that an E-module map z: EAX*°X/A — R is sent to the composite

EAY®B,,(X,A) = EAS®(XJANE ~ P (BEAS®(X/A) 2 PR R.

The diagram
RO(X/A) -2 ROB,.(X, A)

| |

R'X —— R°X x BY,,

commutes.

We are mainly interested in pairs of the form (D(V),S(V)), where V — X is a
real vector bundle. In this case, we see that the relative power operation amounts to
a map

Pm: ROXV — EO(X X Bzm)V‘gpnz’

where p,, — BX,, is the real vector bundle associated to the real permutation rep-
resentation, V' X p,, is the external tensor product bundle, and the spaces are Thom
spaces.

3.11. Power operations in non-zero degree
The definition of §3.9 extends to arbitrary degree, as follows. Given q € Z, there
is a function

P RX — RY(X4 A B, 97m),

where p,, denotes the real permutation representation; if ¢ > 0, then —qp,, is a virtual
bundle, and thus the target of P, is really RY(33°X A BX.; 7). The function P, is
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defined so that an E-module map z: EA XX A S™7 — R is sent to the composite
ENSEX ANBY, ™ NS™1~ EANYTEX ABY, ™ —
ENEFTXANS s, ~Pp(EAXTXANS™?) - PR — R.

Let X be a pointed space. If m > 0, then the operator P,, defined above restricts
to a function

P! : R1IX — RY(X A BY %m).

Proposition 3.17. Let X be a pointed space, and q € Z. The diagram

5 P - _ Ri(id Ae) ~ _
RIX —— RY(X A BY,9Pm) ——— RI(X A BX(9TDPm)

susp.lm NJ(susp.

RTT(S' A X) RIS A X A BE, (0 D)Pm)

Py,
commutes, where the vertical maps are the suspension isomorphisms, and the map

e: BZT_,L(QH)@” — BY4Pm s the map of Thom spectra induced by the inclusion 0 C
pm of vector bundles.

Proof. A straightforward calculation, using the definitions. O

The following corollary will be crucial for our treatment of gradings in §6. It relates
the action of power operations on R%S9 with the action of power operations on R ().

Corollary 3.18. For all ¢ > 0, the diagram

- P =00 0 RO(id Ae) ~0 o
RS —— R°(S" ABX,,) — R°BX %™

Nl f

R1S1 RY(S A BX,0Pm)

/
P7YL

commutes, where e: BY1Pm — BY0 |

4. Approximation functors

In this section, we are going to produce a monad T on the category Modg, , called
the algebraic approximation functor, and thus a category Algy of algebras for
the monad T. There will be dotted arrow

Algr

T J
T

Algy; —— Modp,

making the diagram commute up to natural isomorphism. Furthermore, the lift is
be “nearly” optimal, in the sense that for a flat E-module spectrum M, the object



342 CHARLES REZK

7w« LPM is be “nearly” isomorphic to the free T-algebra on 7, M. In the above sentence,
“nearly” indicates that the isomorphism holds only after a suitable completion.

The category Alg} has a number of nice properties. Most notably, the forgetful
functor to commutative E,-algebras

U: Algy — Algp,

admits both a left and a right adjoint, so that U preserves both limits and colimits.

4.1. Left Kan extension

Recall that given functors F: J — D and U: J — C, a left Kan extension of
F along U is the initial example of a pair (F,¢), where E: € — D is a functor
and §: F — EU is natural transformation of functors J — D. We denote the left
Kan extension (if it exists) by colim’ F, and we write 3: F — (colim" F)U for the
canonical natural transformation. The universal property of the left Kan extension
is equivalent to the following: if G: € — D is any functor, then there is a one-to-one
correspondence between

(natural transformations F — GU) <= (natural transformations colim” F — @G).

Note that if U is fully faithful, then 3: F — (colim” F)U is a natural isomorphism.
Given essentially small J, choose a set of objects S of J which spans its isomorphism
classes. For ¢ € Z, define a functor B, = Bf’U: € — D by

def
B,x)= [T Fo),
Ioﬂn-*)Iqej
UIq —Xel
where the direct sum is taken over all diagrams Iy — --- — I, in J where the objects
are in .S, together with all morphisms Ul, — X in €. Then the left Kan extension is
the coequalizer of the evident pair of arrows

Bi(X) = By(X) — (colim? F)(X). (1)

Now suppose that we are additionally given a functor V: € — €’. Then we can
form the left Kan extension of F along VU : J — €', and the canonical transformation
F— (colimVU F)VU corresponds (according to the universal property of colimU) to
a natural transformation : colim” F — (colim"Y F)V.

Lemma 4.1. Given a diagram of categories and functors

with J essentially small, if for all objects I in'J and X in C the map C(UI, X) —
€' (VUI,VX) is a bijection, then the transformation ~: colim’ F — (colim"'Y F)V
is an tsomorphism.

Proof. Using the coequalizer (1) above, it suffices to check that the evident maps

BEV(X) — BFVY(VX) are isomorphims, which is immediate from the hypothesis.
O
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4.2. Construction of T,, and T
In this section, we construct the functors T,,: Modg, — Modg,, called algebraic

approximation functors, We will define T(M) o D50 Trn(M).

The idea is to define T,, first on finitely generated free E,-modules using the
equivalence of categories 7, : hMod% — Modf]g*. Thus, for a finite free F,-module M,,
we should set T,,, (M) = 7. LP,,,(M), where M is an E-module such that 7. M =~ M,.
Then we extend T,,, to all E.-modules via left Kan extension.

We will refer to the following diagram of functors

Tu LIP i

—_ T
hModf, — hModg -5 Modg,

T >
Ty | ~v T '

Modf, —— Mod,

in which the left-hand square commutes (on the nose), the functors ¢ and j are
inclusions of full subcategories, and the vertical arrow on the left is an equivalence of
categories.

We define the functor T,,: Modg, — Modg, be the left Kan extension of the
functor m,LP,,i: hMod% — Modg, along the functor m.i = jm,: hModng — Modg,;
this exists because hModg is essentially small.

The functor m,i is fully faithful, and so the tautological transformation

B: o LIP i — Ty, mai
is an isomorphism.

Lemma 4.2. The natural map r: Ty, — colim’ T,,j, which is adjoint to the identity
id: T,j — Tyug, is an isomorphism.

Proof. Since [ is an isomorphism and 7,i = jm,, we have natural isomorphisms
T,, = colim™" 7, LPi ~ colim’™ T,,,jm,.

Since 7, : hModg — Mod%* is an equivalence of categories, we see that

colim’™ T,,jm, ~ colim? T,, . O
4.3. Construction of the approximation map

Let T,,: hModr — Modg, be the left Kan extension of the functor
T LPpi: hModl, — Mod g,

along the inclusion %: hMod% — hModg. There are natural isomorphisms

Tonmri & 7 LP i % 71, L,

where [ is the tautological natural transformation for T,,, which are associated (since

T, is a left Kan extension along i), to natural transformations
Te <& Ty & 1 LP,,

of functors hModg — Modg, .
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Lemma 4.3. The map ~ is a natural isomorphism.

Proof. We are precisely in the setup of (4.1), using that
7y hMod g (F, M) — Modg, (7.« F, m. M)

is an isomorphism for all F' in hModg. O

The natural transformation

Ot T (M) — 7 (LP,, (M)

is defined by ay, = @y~ 1.

Proposition 4.4. When w,M is a finite free E.-module, the map oy, : Ty (me M) —
o LP,, (M) is an isomorphism.
The natural transformation
a: T(r.M) — 7, LP(M)
is defined by

P (mr) 2 PPy M — L (\/ L]P’mM> ~ T, LPM.
m m

m

Note that the analogue to (4.4) does not hold for a.

4.4. T is a monad

Proposition 4.5. The functor T: Modg, — Modg, admits the structure of a mo-
nad, compatibly with the monad structure of LIP, in the sense that the diagrams

oM —— T(m. M) TT(mM) —— T(7. M)
\ J{Q aoTaJ la
7 LIP(M) T« LPLP(M) —— m, LP(M)

commute, with the unlabeled maps being the ones describing the monad structure.

Proof. The structure maps I — T and TT — T of the monad are defined on finite
free modules using the maps

T X — m LPX and T LPLPX — m, LPX
for X € Mod®, together with the equivalence LPP — LPLP as in (3.8). O

4.5. Colimits

Proposition 4.6. The functors T,, commute with filtered colimits and reflexive co-
equalizers.
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Proof. Observe that for ¢ = 0,1, the functor

M — B,(M) = D T LP,, Fy

Fo—---—Fy€hMod'L
T Fg—MeModg,

from Modg, — Modg, preserves filtered colimits, since the objects 7, F, of Modg,
are small, in the sense that homyyoq,, (74 Fy, —) preserves filtered colimits. The filtered
colimit part of the result follows using (1).

The functors M +— By (M) also reflexive coequalizers, since the objects . Fy of
Modg, are projective, in the sense that homyjeq,, (7« Fy, —) carries epimorphisms to
surjections. Thus the reflexive coequalizer part of the result follows using (1). O

4.6. Tensor products
Let £k > 0, and M,..., M} € Modg,. We define a natural map

Ye: T(My) ® - @ T(My,) = T(My @ - - - & My,)
as follows. As in the proof of (4.6), let

By(M) = b P . LB, Fo,

F0—>~-—»Fq€M0d§§* m
Fy—MeeModg,

so that T(M) ~ HyoB(M). We have maps

By, (M) ® -+ ® By, (M) <> By(My) ® - -+ @ By(My) — By(My & - -- & M)

for ¢ = > g;, where s is the Eilenberg-Mac Lane shuffle map, and ¢ is the map con-
structed in the evident way from the “exponential isomorphism” maps

T LP Fy @ - @ W LPpy e — T LP oy oo (FL V -+ V F).

These are maps of chain complexes, and taking the Oth homology group gives the
desired map .

For the following, we will need to make use of comma categories. Given a category
C and an object X of C, the comma category C/X is the category whose objects are
pairs (Y, f: Y — X) where Y is an objects of C, and morphisms (Y, f) — (Y, ') are
maps g: Y — Y’ such that f'g = f.
Proposition 4.7. The map i is an isomorphism.
Proof. Tt is standard that Hy(s) is an isomorphism, so it suffices to show that Hy(t)
is an isomorphism. Consider the comma categories

C = ([ (Modf)* — (Modf, )/ (M, ..., My)
and
D = (m,: hModl, — Modp,)/(M;, @ --- @ My),
and let p: C — D be the functor sending
(Fi7 fi: 7T*Fi — Mi)i:l,...,k to (\/FZ', (fz) 7T*(\/Fi) — @MZ)

Let R: C — Modpg, be the functor sending (F;, f;) to @ mx LPp,, F1 ® -« - w0, LPpy, Fl,
let S: D — Modg, be the functor sending (F, f) to @ m. LP,,F. Let h: R — Sp be



346 CHARLES REZK

the evident natural isomorphism. It is clear that Hy(t) is isomorphic to the map
colim® R ~ colim® Sp & colim® S,

and the result follows from the observation that p admits a left adjoint and therefore
7 is an isomorphism. O

As a consequence, T(M) has a natural structure of a commutative ring, with

product defined by dy: T(M) @ T(M) 2 T(M @ M) Tldar,idae)), T(M).
The naturality of the construction of «; shows the following.

Corollary 4.8. The natural isomorphisms -y give T the structure of a symmetric
monoidal functor (Modg,,0,®) — (Modg,, Ex, ®). Furthermore, the monad struc-
ture maps n: I — T and p: TT — T are maps of monoidal functors.

Proof. Reduce to the case of free modules. O

4.7. Completed approximation functor
We construct completed approximation functors, which are better approxima-

tions to the homotopy of the K (n)-localization of a free E-algebra, but which are less

convenient to deal with algebraically. Thus we define T(M ) def LoT(M) where Ly is

the functor of (3.3), and we let a: T(TF*M) — m.LP(M) be the unique factorization
of a through T(M).

Proposition 4.9. If M is a flat E-module, then the maps T(m, M) — [T(m,M)]}
and a: T(m. M) — m . LP(M) are isomorphisms.

Proof. Since M is a flat E-module, T7, M is a flat F, module (since T commutes
with filtered colimits (4.6)), and the first isomorphism follows using (3.2).

Since M is a flat module, then M =~ hocolim; M; for some filtered topological
category J, where the M, are finite free (3.7). Let N denote the category whose
objects are natural numbers, and which has no non-identity maps. Consider the E-
module

N = hOCOlim(i’j)ENXJ LPiMj.

Since each LP;M; is finite free, the £-module N is flat, and thus the map 8: m. N —
m« LN factors through an isomorphism Lom.N — 7. LN by (3.4). It is then straight-
forward to check that g is isomorphic to the approximation map

colim Tym, M; ~ Tr.M 2, 7. Lhocolim LP;M; ~ m, LPM.

Note that in the above, we have assumed that L is a continuous functor. We may
in fact do this, for instance using the description of L given in (3.1)(3). O

4.8. T-algebras

As we have observed above, the functor T: Modg, — Modg, is a monad. Let Algy
denote the category of T-algebras. Every object of Algy is a graded commutative E,-
algebra, and so there is a forgetful functor U: Algy — Algy . (Note that the image
of U is contained inside the strictly graded commutative F.-algebras, by (3.14).)
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Corollary 4.10. The forgetful functor U: Algy — Algy  commutes with colimits.

Proof. 1t suffices to show that U commutes with filtered colimits, reflexive coequal-
izers, and finite coproducts. That it commutes with the first two types of colimit is
immediate from (4.6). O

4.9. Power operations, revisited
Let B be a T-algebra. We obtain functions

Pm : Bo — homMOdE* (TmE*, B)

which are defined by sending an E,-module homomorphism b: F, — B to the com-
posite
T,.FE. — T,,B— B.

We call the map P,, a power operation. If R is a commutative F-algebra spectrum,
then we see that this operation is identified with the operation P,,: R°(x) — R°BY,,
defined earlier, via the natural isomorphism R°BY,, ~ hompioq 5. (Eg BXp,, Ro).
Let f: E.[x] — TE, be the map from the free commutative FE,-algebra on one
generator which sends x to the tautological generator of TFE, as a T-algebra. Let
fm: Ex — T, B, be the restriction of f to the degree m part of E,[z]. In terms of
topology, fm is the map i.: E, ~ E{(x) — E.BY,, induced by basepoint inclusion.

Lemma 4.11. The composite map

By £ hommiod, (T Ex, B) — homyioda,_ (Ex, Bo) = Bo
is the map which sends x +— x™

Proof. Use (3.16). O

4.10. Plethories and plethyistic functors

Let C be an abelian tensor category with tensor product ® and unit object k, and
let A denote the category of commutative monoid objects in C with respect to the
tensor product. Say that a functor U: D — A is plethyistic if

(1) U reflects isomorphisms (i.e., U(f) iso implies f iso), and
(2) U admits both a left adjoint F' and a right adjoint G.

It is a consequence of this definition (using Beck’s theorem [Mac71]) that if M = UF
and C' = UG are the monad and comonad associated to these adjoint pairs, then D
is equivalent to the categories of M-algebras and C-coalgebras.

The basic example of a plethyistic functor occurs when C = Modp for some com-
mutative ring R. Then U: D — Alg, amounts to what Borger and Wieland call a
plethory [BWO05]. (More precisely, Borger and Wieland define a plethory to be a com-
mutative ring P equipped with some additional structure; they extract a plethyistic
functor from this data, in such a way that P = M (R). Furthermore, they show [BWO05,
Thm. 4.9] that a plethyistic functor U: D — Algy determines a plethory in their
sense. )

Proposition 4.12. The functor U: Algy — Algy, is plethyistic.
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Proof. 1t is clear from the definitions that U reflects isomorphisms, and preserves
limits. It clear from (4.6) and (4.7) that U preserves colimits.

Next, we construct a left adjoint F' to U. Let C denote the full subcategory of Algy_
consisting of E,-algebras A, for which there exists an object F’(A,) € Algy and a
natural isomorphism Algy(F’(A), B.) = Algg (A.,U(B.)); the left adjoint F' exists
if C = Algg_ . Since U preserves limits, C is closed under colimits in Algg , and thus
it suffices to show that Sym*(Ep) and Sym*(w'/?) are in C. But it is straightforward
to check that we can take F'(Sym*(FEy)) ~ T(Ey) and F’(Sym*(w'/?)) ~ T(w'/?).

It follows by Beck’s theorem that U is monadic, since U preserves colimits (4.10).

Next, we construct a right adjoint G: Algg — Algy to U. For a T-algebra A,
consider the functor X : (Alg})°P — Set defined by

X(B) = Homayg, (UB,A).

Since U preserves colimits, X carries colimits to limits. The category Algr is locally
presentable, and so X must be representable by an object GA in Algy. O

4.11. Weight decomposition

Suppose that U: D — C is a plethyistic functor, and that the forgetful functor A —
C is monadic. Then the composite forgetful functor D — A — C is also monadic. We
write T': C — C for this monad. For future reference, we note the following structure
carried by T', namely natural maps of functors C — C:

n: M — T(M), w: TT(M) — T (M),
t:k—T(M), 0: T(M)RT(M)— T(M),

which define the monad and commutative ring structures on the functor 7.

A weight decomposition of T is a collection of functors Ty : C — C and a natural
isomorphism T ~ k>0 Ty, such that the dotted arrows exist in each of the following
diagrams:

ko> To(M) Ti(M) @ Ty(M) s Thyo(M)
N I
T(M) T(M)®T(M) —— T(M),
Mo Ti(M) T To (M) > Thoo (M)
N I
T(M) TT(M) —;— T (M)

In each case, the dotted arrow is unique if it exists.

In the case of the plethyistic functor Algy — Algy, , T is precisely the algebraic
approximation functor T. It is clear that the standard splitting T ~ @k>0 Ty is a
weight decomposition for T.
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4.12. Suspension map
There are natural “suspension maps”

E,: X1LP,,(X) — LP,,(2X)
for ¢ > 0. This gives rise to a map of E,-modules
Ey:w 2@ T, (M) = Tp(w 92 @ M)

which we will also call a suspension map.
We record some properties of the suspension map below. They all reduce to cor-
responding properties of the extended power functors.

Proposition 4.13. The diagram

. 4 dOE; , E; , :
w2 @uw I QTM) — w2 @T(w /2@ M) —— T(w /2 @w™/? @ M)

n®idl J(T(H@id)

w2 g T(M) N T(w—(iﬂ')/? ® M)

Eitj
commutes in Modg, for alli,j > 0 and oll M € Modg, .
Proposition 4.14. The diagrams

w 2@ M
id®17J( x
w12 @ T(M) = T(w™ 9?2 ® M)
and

E T(E,
w92 @ TT(M) —— T(w™ %2 @ T(M)) ), TT(w= %% @ M)

id ®ul Ju

w2 @ T(M) T(w™ %% @ M)

Eq
commute in Modg, for all ¢ >0 and all M € Modg, .

Define v: T(M @ N) - T(M) @ T(N) = T(M & N) to be the unique T-algebra
map which extends n®@n: M @ N — T(M) ® T(N).

Proposition 4.15. The diagram

. . id ® id @v . .
W Qw2 @ T(M ® N) 2% w=i/2 @ w=3/2 @ T(M) ® T(N)

“Eitj ”J Jid ®RTRid

T(w ? @w /2@ M ® N) w2 @ T(M)®w /2@ T(N)

T(id ®T®id)l J/E,5®Ej

Tw 2@ M@w /2@ N) —— T(w "2 ® M) ® T(w™7/2® N)
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commutes in Modg, for alli,7 > 0 and all M, N € Modg,, where “E;,;” means the
map defined by composition along the top of the diagram in (4.13).

5. Twisted bialgebras

Let R be a commutative ring. An algebra under R is an associative ring I’
together with a ring homomorphism 7: R — I'. Note that the image of 7 is not
assumed to be central (in which case I' is an R-algebra).

An twisted cocommutative R-bialgebra (or bialgebra) is an algebra I' under
R which is equipped with certain additional structures which make the category of
right ['-modules into a symmetric monoidal category, in such a way that this sym-
metric monoidal product coincides with the tensor product over R of the underlying
R-modules. In the case when R is central in I', then we have the conventional notion
of a cocommutative R-bialgebra (like a cocommutative Hopf algebra, but without an
antipode).

The original definition of bialgebra is due to Sweedler [SweT4]; it was modified
by [Tak77], under the name of “x g-bialgebra”. (Sweedler described a somewhat more
general situation, in which the monoidal structure is not required to be symmetric.)
This notion as well as various generalizations have been much studied in the literature
on Hopf algebras and allied notions. It has entered topology in various guises. I first
learned about the notion from [Voe03]; the motivic Steenrod algebra is naturally a
twisted bialgebra over the motivic homology of the base scheme. Bialgebras can be
thought of as a kind of “dual” version of the notion of Hopf algebroids (or more
precisely, of “affine category schemes”), an observation we will make explicit below
(85.5).

I have taken the terminology “twisted bialgebra” and some notation from [BWO05].

5.1. Bimodules, multimorphisms, and functors
Let R be a commutative ring, and suppose that P and @ be R-bimodules. We
write

def

Pr@rQ = PRQ/(pr®q~perq),
ef

ProQr= PoQ/(proq~paqr).

Because R is commutative, each of these admit three possible R-modules structures.
For instance, Pr ® Qr admits the following three R-module structures (two on the
left, one on the right):

r(p@q =rpRq, 1 ,(pRq=pRre, (PR T=prROqg=peqr

If P and Q1,...,Qk are R-bimodules, then a k-multimorphism is a function
fiP—=(Q1)r® - ® (Qk)r which is a map of right R-modules, and which is a map
of left R-modules for each of the k left R-module structures on the target. Note that
a 0-multimorphism is just a map P — R of right R-modules.

Given an R-bimodule P, let Hy;: Modr — Modg denote the functor defined by
Hp(M) = hompg (P, M), where this means the set of homomorphisms with respect to
the right R-module structure on P. Thus, f € Hp(M) is a additive map f: P — M
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such that f(pr) = f(p)r for all p € P and r € R. A bimodule map b: P — @ induces
a natural transformation b: Hg — Hp, defined by

b: Ho(M) — Hp(M),  f— (p f(b(p)).

More generally, a k-multimorphism b: P — (Q1)r ® - - - ® (Qr)r induces a natural
transformations

b: Ho,(M)r® -+ ® Hg, (My)r — Hp(My @R -+ ®p M)
(i@ @fi) (=Y flg) @@ fa),

where b(p) = > ¢f ® --- ® ¢f. In particular, a 0O-multimorphism b: P — R induces
b: R — Hp(R), ri— (p — b(rp)).

Remark 5.1. The assignments b +— b described above satisfy a number of useful prop-
erties, relating to composition of functors and to the tensor product of R-modules;
these can be safely left to the reader. The language of “multicategories” [Lei04, §2.1]
can be used to encapsulate these properties: bimodules and multimorphisms form
a multicategory B, additive endofunctors Modr — Modgr and multilinear natural
transformations form a multicategory F, and there is a morphism H: B — F of
multicategories. Furthermore, 5 and F admit an additional “monoidal” structure
(corresponding to bimodule tensor product and functor composition respectively),
and H is compatible with this monoidal structure (in the weak sense).

5.2. Twisted commutative R-bialgebra
Let R be a commutative ring. An R-bialgebra (more precisely, a twisted cocom-
mutative R-bialgebra is data (T, €, A, 7, p), consisting of
(a) an associative ring I';
(b) amap n: R — T of rings;
(¢) a map e: I' = R of right R-modules such that ¢(n(r)) =r for all » € R and
e(y) = e(n(e(z))y) for all 7,y € T;
(d) amap A:T' — I'r ® I'r which is a 2-multimorphism of R-bimodules, which is
is coassociative and cocommutative with counit €, and such that

Alzy) = > aiy, @ ay],
where A(z) = > z; @ 2] and A(y) = > y; @ yj.
Note that the multiplication on I' descends to a map pu: I'r ® gI' — T.

The functor Hr is a comonad, with comonadic structure 77: Hr — I and ji: Hp —
Hr Hr induced by n and p. The maps € and A induce natural transformations

& R— Hr(R), A:Hp(M)®gHr(N)— Hr(M ®p N)

which give Hr the structure of a symmetric monoidal functor; this structure is com-
patible the monad structure, so that 77 and fi are transformations of monoidal functors.

By a module over the R-bialgebra I', we mean a pair (M, ,) consisting of an
R-module M, and a map vp;: M — Hp(M) of R-modules such that 779y, = idps and
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Hr(Yar)¥ar = . That is, a module is defined to be a coalgebra for the comonad
(Hr, 7, it). Let Modr denote the category of modules over T'.

Note that what we are calling a module over I' really does coincide with the
usual notion of a right I'-module: the map ¥y : M — Hp(M) is adjoint to a map
Mpr ® pI' = M defining a right I'-module structure on M.

5.3. Symmetric monoidal structure on Modr

There is a canonical I-module structure on R, defined by taking ¥r =€: R —
Hr(R).

Given M, N € Modr we define their tensor product to be (M ®g N, ¥pmenaN);
where

Unionn = Ay @ ¥n): M ®g N — He(M ®p N).

That is is indeed a I'-module follows from the fact that the comonad structure maps
7 and i are compatible with monoidal structures.

Proposition 5.2. The above defines a symmetric monoidal structure on the category
Modr, such that the forgetful functor U: Modr — Modg is a symmetric monoidal
functor.

5.4. TI'-algebras

Let T be an R-bialgebra. By a I'-algebra, we mean a commutative monoid object
B in the symmetric monoidal category of I'-modules. That is, B is equipped with
maps i: R — B and m: B® B — B of I''modules which also provide it with the
structure of a commutative ring. We write Algp for the category of I'-algebras.

The free I'-algebra on an R-module M is seen to have the form Symp(M @ gI'),
where the symmetric powers are taken with respect to the right R-module structure
on I'.

The forgetful functor Algp — Algp, is plethyistic, in the sense of §4.10.

5.5. Graded bialgebras and graded affine category schemes
A grading for an R-bialgebra I' is a decomposition I' = B, I'[k], such that

pTk @) CTk+4,  n(R) S0,  A(T[K]) CT'klr @ Tk

Thus, in particular, I" is a graded ring, and each graded piece I'[k] is a cocommutative
coalgebra.

Suppose that each I'[k] is projective and finitely generated as a right R-module.
Let Alk] = Hrpr)(R). The A[k]’s admit two different R-module structures, which we
call the “source” and “target” module structures; the “source” module structure
is defined by (r -5 f)(x) = f(xr), while the “target” module structure is defined by
(r- f)(x) = f(rx), where f € A, r € R, x € T'[k].
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We define
i Alk) @ Alk] — Afk], p(f @g)(x) =Y fla))g(a),
s*: R — Alk], s*(r)(z) = e(xr) = e(x)r,
t": R — A[k], t*(r)(z) = e(ra),
i*: A[0] — R, i*(f) = f(n(1)),
¢ Alk+ € — Alk]s ©r AL, > f(Fl@)y) = flay),

where A(z) =) z; @z} and we write ¢*(f) = )_ f; ® f;'. The map p makes A[k]
into a commutative ring, and the “source” and “target” R-module structures on A[k]
are are the same as those induced by the ring homomorphisms s* and t*:

res f=flar) =p(s" ()@ f), v f=frz) =pt(r) @ f).

By a graded category, we mean a small category C equipped with a degree func-
tion deg: mor C' — N, such that (i) deg(a o 8) = deg(a) + deg(5), and deg(id) = 0.
The data A = (R, A[k], s*,t*,1*, ¢*) described above determine a graded affine cat-
egory scheme; that is, they corepresent a functor from commutative rings to graded
categories. In particular, R represents the set of objects of C, and A[r| represents the
set of morphisms of C of degree . The maps s*, t*, i*, ¢* correspond to source,
target, identity, and composition in C'.

If A= (R,A[r],s* t*,i*,¢*) is the data representing an affine graded category
scheme over R, then let V: Modr — Modpg be the functor defined by

V(M) € T Alrls ©r M,

r>0

where V(M) obtains its R-module structure from the “target” module structure on
the A[r]’s. The functor V admits the structure of a comonad, in an apparent way;
the counit map VM — M is the projection VM — A[0]; @ g M 18 Ror M~ M,
and the comultiplication VM — VV M is the map

1Al ©r M — [ Akl @R (H All]s ® M) ~ [[Alkls ©r Al @1 M
T 14 k k.l

induced by the maps c¢*. A coalgebra for the comonad V is called an .A-comodule,
and the category of A-comodules is denoted Comod 4.

Under our hypothesis on I', the natural transformation y: V(M) — Hp(M) of
functors Modr — Modpg defined by

X(f @m) = (z— f(x)m)

is an isomorphism for all M, and the comonad structure on V corresponds exactly
to the comonad structure on Hp. Thus, we get the following.

Proposition 5.3. IfT' is a graded bialgebra over R such that each graded piece T'[k]
is projective and finitely generated as a right R-module, and if A is the corresponding
graded affine category scheme, then there is an isomorphism of categories Modr ~
Comod 4.
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6. The bialgebra of power operations

In this section, we are going to construct a twisted commutative Ey-bialgebra T,
together with a symmetric object w in Modr; the bialgebra I' will come with a grading
in the sense of (5.5).

From the point of view of topology, I is the “algebra of power operations in Morava
E-theory”; more precisely, it is (up to issues of completion), the algebra of additive
operations on my of a K(n)-local E-algebra spectrum. The difficult part of the con-
struction was given in [Str98]. From the point of view of the theory of plethories, I is
the “additive bialgebra” of the plethory associated to T, as described in [BW05, §10].

6.1. Additive operations on T-algebras

Let P = Homag: (T(E.), T(E.)). The set P has the structure of a monoid, under
composition of morphisms. Because there is a natural bijection Homjg- (T(EL),A) =
Ay, defined by evaluation at the canonical generator ¢ € T(Ey), we see that P is natu-
rally identified with the monoid of endomorphisms of the forgetful functor Algy — Set
which sends to A to the underlying set Aj of the degree 0 part of A. In particular,
evaluation at « € T(Ey) defines a natural bijection

m: P — [T(E)]o

to the degree 0 part of T(E,). We will use this bijection implicitly in what follows.

Write o: P x P — P for the monoid product on P, defined in terms of composition
of endomorphisms of the forgetful functor. If f, g € P correspond to maps f.g: By —
TEy of Eyp-modules, then f o g corresponds to

Ey & TE, X5 TTE,  TE,.

Observe that if f € T,,Ey and g € T, Fy, then f og € T,,, Ep; this is a consequence
of the fact that p: TT — T carries T, T, into Ty (84.11).

The set P has the structure of an abelian group, by addition of natural endomor-
phisms of the forgetful functor, or equivalently by addition in T(E,). We observe that
o is “left additive”, in the sense that

(f+g)oh=(foh)+(g0oh)
for f,g,h € P.

6.2. The additive bialgebra associated to T
Let I' C P denote the subset of elements f € P which induce additive natural endo-
morphisms of the forgetful functor; that is, f € I" if it induces an endomorphism of
the forgetful functor Algy. — Ab. Thus, I is naturally an associative ring, isomorphic
to the ring of endomorphisms of the forgetful functor Algy — Ab to abelian groups.
Define

At T(E.) — T(E,) @ T(E,)
to be the composite

-1
T(Eo) ~ T(Ey ® Eo) ~— T(Eo) ® T(Eo),
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where A: E, — E, & E, denotes the diagonal. Say an element f € [T(E,)]o is prim-
itive with respect to o if AT(f) = f®1+41® f. It is a straightforward exercise to
check that under the bijection P — [T(FE,)]o, elements of ' correspond precisely to
primitive elements.

Translating this into topology by means of the isomorphism T,,(E,) ~ E2BY,,,
we see that I' ~ €D, I'[k], where I'[k] C T« (Ep) defined by

0Tk = E)BSy — @ E;B(S; x Spej),
0<j<p*
where the maps are induced by transfer map associated to the evident inclusions

¥j x Xpr_j — Xpk. (For a symmetric group of order not a pth power, the kernel of
these transfer maps is 0.)

Proposition 6.1. The submodule I'[k] C T« (Eo) is a direct summand. In particular,
T[k] is a finitely generated free Eg-module.

Proof. By standard considerations involving Sylow subgroups of ¥, it is straightfor-
ward to show that for k > 1, I'[k] is the kernel of the single transfer map E{ BY,» —
Eg B(X,.-1)P. Strickland [Str98] proves that cokernel of the cohomology transfer is
a finite free Ep-module, so that there is an exact sequence

E°B(S,-1)? 5 E°BS . 5 Ry — 0,

where I,x is a finite free Eyp-module. Taking Fy-linear duals gives the desired re-
sult. O

Observe that T'[k] o T'[¢] C T'[k + ¢], whence T' is a graded ring. The unit 1 € T’
corresponds to the canonical generator ¢« € Tq(F,). From now on we omit the “o”
notation when discussing the product on T'.

The map Ey — P defined by r +— r - 1 factors through a map n: Ey — I', so that
n(r) = m(T(\.)), where \.: Ey — Ey denotes multiplication by r € Fy. The map
n: Eg — T is a ring homomorphism. Observe that the image of 77 need not be central
in I" (and in fact it is not, except when k =F, and n =1.)

The ring I" becomes a FEy-bimodule by 7, and multiplication descends to a map
n: PEO ®EOP — I

Let ¢*: P — Eg and A*: P — P ® P be the maps isomorphic to the morphisms
of T-algebras

T(Eo) — FEy, T(EO) — T(E() (&) E‘o)7
which correspond to the maps
Eo % By, Eo =5 Ti(Ey) ® Ti(Eo) C T(Ey) ® T(Ep)

of Ep-modules. (In terms of topology, A* and €* are induced by the space-level
diagonal and projection maps BY,, — BY,, x BY,, and BY,, — x.)

Proposition 6.2. The maps €* and A™ restrict to functions
e: I' = Ey, A:T —-Tg, ®Ig,,
and the data (T, e, A,n, u) constitutes a graded twisted commutative Eqy-bialgebra.
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Proof. The map I‘%g — P®2 is an inclusion, by (6.1). Its image is the set of “inter-
linear elements”; an element f € P ® P is interlinear if the induced operation f: A x
A — A on an T-algebra A is additive in each variable, and if f(zc,y) = f(z,yc) for
all ¢ € Ey; see [BWO05, Prop. 10.2] for a proof. It is clear that A* carries I' into the
set of interlinear elements, and thus we obtain the desired map A. The rest of the
argument is as in [BWO05]. O

Note that the diagonal map sends each graded piece to a single grading; that
is, A(T'[k]) CT'[k]g, ® T'[k]g,- Thus, € and A give I'[k] a cocommutative coalgebra
structure, dual to the ring structure on EYBY, /(transfer). Thus, I' ~ @T[k] is a
graded bialgebra, in the sense of §5.5.

Ezxample 6.3. Let Gy be the multiplicative group over a perfect field & of characteristic
p, and let E be the corresponding Morava E-theory. In this case, E is the extension
of p-complete K-theory to the Witt ring Wy. Let a — a? be the lift to Wy, of the
Frobenius automorphism of k. In this case, I' is isomorphic to the ring Wy (¢)P), where
P is the pth Adams operation (viewed as a power operation on E-algebras), which
satisfies the commutation relation

PP a=a% - Y for a € Wy.

Observe that Wy, is not central in I' (unless k£ ~ F,,.) The grading on I is such that
I'[0] = Wy, and 4P € T'[1]. Since 9" is a multiplicative operation, we have

W) =1,  A@P")=¢"@y".
Let Algp denote the category of I'-algebras. We define a functor U: Algy — Algr
by
U(B) = Homayg, (P, B),

equipped with the I'-algebra structure induced by the action of I' on P. The under-
lying Fp-module of UB is just the underlying Ey-module of B.

6.3. The I'-module w
Let w be the object in Modr defined by the reduced cohomology of CP! ~ §2:

w = Ker[U(E°(CP')) — U(E°)].

It is free of rank 1 as an Ey-module, and thus is a symmetric object in Modr. This is
a slight abuse of notation; we already use w to represent the kernel of E*(CP') — E*
in the category of E,-modules.

7. Operation algebras for non-zero gradings

In the previous section we constructed a bialgebra I', which acts naturally on the
even degree part of a T-algebra. In this section we describe what happens when we
take odd gradings into account. In the end, we will show that underlying an T-algebra
is an object of Mod7, the Z/2-graded w-twisted tensor category of modules over T', in
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terms of the formalism of §2. We will define Alg}- to be the category of commutative
ring objects in Mody,, and will obtain a “forgetful” functor

U: Algy — Algy.

The functor U is plethyistic (7.18), in the sense of §4.10.

To obtain this result, we will first set up a Z-graded theory. In particular, for
each q € Z, we will construct I'? as a set of additive operations sitting inside P? ~
Homajg: (T(w?/2), T(w"?)) ~ @ 7_ o LP,,(S~9E), analogously to the construction of
I in §6. The ring I'? naturally acts on m_, of a K(n)-local E-algebra. The collection
of {I'?} forms a kind of “Z-graded bialgebra”. In particular, there will be coproduct
maps

" ; .
AiJI FZEOJ — FEO ® FJEO
which determine tensor functors

®: Modr: x Modr; — Modpi+;.

Furthermore, there are “forgetful” functors U’ : Algl — Modyi. These will fit together
into a tensor functor

U*: Algy — ModZ:

where the target is a category of “Z-graded U* E,-modules” built from the categories
Modr: (see §7.2).

Two features allow us to reinterpret this structure in terms of the Z/2-graded
formalism of §2. First, the periodicity of the theory E, produces natural equivalences
Modp: & Modpi+2 (7.8). Second, the “suspension map” defines an isomorphism I'' —
'Y of rings (7.13). Using these observations, we reformulate the category ModIZ}’i g, 0
terms of the bialgebra ', by producing (in §7.6) an equivalence of tensor categories
between Mod%** . and the Z/2-graded w-twisted category Modr. of I'-modules.

7.1. The rings I'Y

Let P? = Homwodp, (w2 T(w?/?)) =~ Homjg: (T(w9/?), T(w??)). As in §6.1,
there is a natural identification of P? with the monoid of endomorphisms of the
functor

A — Hompod, (w92, A): Algh — Set.

We let 'Y C P? denote the subset of elements which correspond to additive endo-
morphisms. Thus I'? is isomorphic to the ring of endomorphisms of the functor
A — Homiod, (w2, A): Algh — Ab.

Define A*: P? — P9 ® P9 by postcomposition with the map

7o T(V): Tw?) — T(w?/?) ® T(w/?).

As in §6.2, we see that I'? corresponds to the set of primitives in P¢ with respect to
AT. Observe that I' is just the ring ' of §6.
Furthermore, we have the following.

Proposition 7.1. There are non-canonical isomorphisms of rings T ~ T'92F for all
q,k € Z.
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Proof. This is immediate from the definitions, and the fact that w?/? ~ w(2t2k)/2 a5
FE.-modules. O

In terms of topology, I' = @5, [[k], where T[k] € Homyoay, (w92, Ty (w?/?))
can be identified with Homyjoa,, (E§S™7, K9(k]), where K[k] fits in the exact se-
quence

0— K9k] — ELBS " — @D ELB(S; x Spej) %0k
0<j<pk

defined using transfer, where p,, denotes the real (m-dimensional) permutation rep-
resentation of ¥,,. In particular, it is natural to regard I'’[k] as a submodule of
Eﬁq(BE;kqppk) R~ E@(BE;kqppk ), where p,x C p,r denotes the reduced real permuta-
tion representation.

Proposition 7.2. For allq € Z, the inclusion of T'[k] in Homyiea,,, (w92, Tpr (w?/?))
is the inclusion of a direct summand, whence T9[k] is a finite free Eg-module.

Proof. (Compare [Str98, Prop. 5.6].) We have already addressed the case of

g=0 (6.1), and thus need only consider ¢ = 1. Let B, def D,>0 T LPnXE; this

is a commutative Hopf algebra, with product given by the ring structure of PXY F, and
coproduct given by P(V): PXE — P(XE V XFE). The result follows from the obser-
vation that B, is a primitively generated exterior algebra, since B, =~ ']I‘(wl/ 7). We
prove this using the bar spectral sequence

Ey = Torl*(A,, A,) = B,,

where 4, ~ @m>0 m« LP, E. By a result of Strickland, following Kashiwabara [Str98,
Prop. 5.1], A, is a polynomial algebra, finite type with respect to the grading deter-
mined by m. Thus TorZ (A, A,) is an exterior algebra, with generators represented
by the homology suspensions of the generators of the polynomial ring A,. These
classes survive, since they detect the image of the suspension maps 7,LP,,E —
T«41LP, X E, and thus the spectral sequence collapses at Fs. O

We will need the following result in §8.

Proposition 7.3. The inclusion of T C Hompioa,, (w?/2, T(w??)) induces an iso-
morphism

Symp, (M ©w!?) ®Q ~ T(w?) ©Q
of graded E,-modules.

Proof. By (7.2), T'9 @ w?/? is the primitives of the Hopf algebra T(w?/2), and is a
direct summand. Thus, (T ® w??) ® Q is the primitives of T(w?/?) ® Q. The result
follows from the structure theory of graded Hopf algebras. O

Remark 7.4. It may be helpful to consider the following picture. Fix k> 1, and
consider Prim, »— EQBEZ’,:”Ic ~ g LP329E — Indy, where Prim, and Ind, denote
the part of the primitives and indecomposables of @, m.LP,,X?E associated the
m = p¥ summand in dimension ¢; the ring I'? is the direct sum of the Ey-modules
Prim_, as k varies. The suspension map 7y LIP,x¥9E — 7Tq+1LIP>pkEQ+1E factors
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through Prim, — Ind,1; from these maps we obtain the following diagram, which is
2-periodic.

Prim_; Primg Prim; Primsy

/ NJ / fJ / Nl / fJ /

Ind_1 Indo Ind1 Indg.
The vertical maps Prim, — Ind, are isomorphisms for odd ¢ using (7.2). The map
Indy — Prims is an isomorphism by Theorems 8.5 and 8.6 of [Str98], where the result
is stated in “dual” form; specifically, in that paper it is proved that the image of
PrimE°BY, . — IndEYBY« is generated by the Euler class of ﬁgk. The map f is not
an isomorphism, but is a monomorphism with torsion cokernel; the present paper is
a essentially a meditation on cok f.

The bijection Hompgx (T(w9/?), T(w?/?)) — P9 induces an associative monoid
structure on P?, defined by composition, and thus descends to a multiplication on
I'?. There is a ring homomorphism n,: Ey — I'?, defined as for I

Finally, let AY;: P**7 — P*® P’ be the map induced by the “multiplicativity
map” v: T(w"/? ® wi/?) — T(w"? ® wi/?). As before, we have € : P® — F.

Proposition 7.5. The maps A:j restrict to maps
" A .
Aij: Tg) = I, @,
which in turn induce functors
®: Modr: x Modr; — Modri+s,

which are unital, associative, and commutative in the sense that there are natural
isomorphisms

Ec@M~M=~M®®Ey of functors Modr: — Modri,
M, ® (My ® Ms) = (M; ® M) ® Ms,

and
M; ® My = My ® My,

where Ey is regarded as a T°-module. (Note that the interchange map introduces a
sign when applied to elements of odd degree.)

Define functors UY: Algt — Modrq for ¢ € Z by sending B € Algy to the right
I'“-module Homaig: (T(w??), B) ~ Homyied,, (w?/?, B).

Remark 7.6. If A is a K(n)-local commutative E-algebra, so that m.A is a T-alge-
bra, then tracing through the definitions reveals that the underlying Ey-module of
U4(m, A) is canonically identified with 7, A. Thus, we see that 7_, A naturally carries
the structure of a I'%-module.

Proposition 7.7. There are natural transformations
U(M)® U/ (N) — U (M@ N)
of functors Algy x Algy — Modpi+; .
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Proof. The proof is straightforward. O

7.2. Z-graded I'*-modules and U*E*-modules

By a Z-graded I'*-module, we mean a tuple M = (M?%);cz, where M? is a right
I'-module. We write Mod%ﬁf for the category of Z-graded I'*-modules. This cate-
gory admits the structure of an additive symmetric monoidal category, by the tensor
product functors of (7.5), so that M ® N = (P")iez, where P' = @ M9 ® N*79.

Let U*: Algy — Mod%* be the functor which sends a T-algebra B to the Z-graded
I'*-module (U'B). By (7.7), the functor U* is a lax symmetric monoidal functor; i.e.,
there is a coherent natural transformation U*B @ U*C — U*(B ® O).

By these remarks, it follows that U* F, is a commutative monoid object in Modlzfi,
and that U* B is tautologically a U* E,-module object for all B in Algy. Let Modzﬁt 5
denote the category of U *E,-modules; it is a symmetric monoidal category, with
tensor product defined by

M ®g.p. N cok[M® U"E.® N = M ® N].

There is an evident forgetful functor ModZUﬁ B Mod%’i to the Z-graded category of
E.-modules, and this forgetful functor is strongly symmetric monoidal: the underlying
Z-graded E.-module of M ®g., N is just the usual Z-graded tensor product of the
underlying F,-modules of M and N.

Thus, the functor U*: Algy — Mod%: lifts tautologically to a functor

U*: Algy — Modg" . .

Furthermore, it is straightforward to check (by looking at what happens on the under-
lying E,-modules) that the lifted U* is a strong symmetric monoidal functor; i.e.,
U*B Op+p. U*C — U*(B ® C) is an isomorphism.

The rest of this section is devoted to giving a more elementary description of
ModZ: . .

7.3. Periodicity 5
Observe that the underlying Ep-module of U? E, is canonically isomorphic to
7'(',22'E.

Proposition 7.8. The functor Modp: — Modri+2 defined by M — M ®~02E* s an
equivalence of categories, and there are natural isos U'(M) ® U?E, ~ U'T2(M) of
functors Algy — Modypi+z.

Proof. The isomorphism U?(Ey) ® U—2(Ey) ~ U°(Ey) ~ Ey produces an inverse up
to isomorphism for this functor. O

As a consequence, we note the following.

Lemma 7.9. Let
V': Modro x Modp: — ModZ" -
be the functor which on objects sends (M, M) to N, where N* = M° @ U%E, and

N2+l = MY @ U%E,, and N is given a U*E,-module structure in the evident way.
Then V' is an equivalence of categories.
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7.4. Suspension 4 _
Define functions e,: I'"t* — T for all ¢ > 0 and all i € Z so that e,(f) is the
composite

W2 g 0TI @ D)2 JOS —a/2 g a2y Ba, o ,ma/2 g (a4 )/2) g (i)
where F,; is was defined in §4.12.

Proposition 7.10. The maps e,: I'"T — I'" are homomorphisms of associative rings
under Ej.

Proof. This is a lengthy but straightforward diagram chase, which depends essentially
on (4.14). O

Proposition 7.11. The diagram

Aita,j ) .
Fi+j+a+b +4’]+b> Fz—i—a ® Fj+b

ei+jJ( lez@ej

roett A—b> r*ere

commutes.

Proof. This is a lengthy but straightforward diagram chase, which depends essentially
on (4.15). O

Let e;: Modr: — Modri+s denote the functor obtained by restricting along the
ring homomorphism e,.

Proposition 7.12. There are natural and coherent isomorphisms
€a(M) @ ey(N) — e, (M @ N)
of functors Modr: x Modr; — Modri+i+ats.

Proposition 7.13. The suspension map ei: I''T% — T2 4s an isomorphism for all
i € Z. Thus, the functor e} : Modr2i — Modri+2: is an equivalence of categories.

Proof. By periodicity, this amounts to the observation that e;: ™' — I'~2 is an iso-
morphism. We read this off of the fact that the suspension map ElBEZk — E2B§]§f

is an isomorphism on primitives, as proved in Strickland and discussed in (7.4). O

7.5. Z-graded I'*-modules from spheres
For g > 0, define a Z-graded U* E.-module n(q) by

n(q) & Ker [0 (E*S%) — U*(E*(pt))].

Lemma 7.14. There are natural and coherent isomorphisms
n(q) ®g-p, n(d) = nlg+4q).
Proof. Read this off using the Kiinneth isomorphism
E*(S7%x 8) ~ E*S1 @ E*SY . O
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Clearly, (0) ~ U*E,. Observe that 1(2) is a symmetric object of ModIZ}** . (in the
sense of §2.1), and that n(1) is an odd square-root of 7(2).

Proposition 7.15. There is an isomorphism
n(g) ~ e;(U*E.)
of Z-graded I'* -modules.
Proof. This is a straightforward consequence of (3.18). O

Proposition 7.16. There are natural isomorphisms
eaM ~n(q) ®g.p. M
of Z-graded U* E,-modules.
Proof. Clear from (7.15) and (7.16). O

7.6. Z/2-graded I'-modules

Let Mod}. denote the category of Z/2-graded I'-modules. We give this category a
tensor structure using the procedure of §2, where we twist by the symmetric object
w € Algp described above.

Let

V: Modr — Mod%** B

denote the functor which on objects sends M to N, where N% = M ® U%E, and
N?+1 =0, It is clear that V is a strong symmetric monoidal functor. Furthermore,
it is clear from the definitions that V(w) ~ n(2).

Using the method of (2.2), we obtain a symmetric monoidal functor

V*: Modf — Modg:
which extends V and sends w'/2 to n(1).
Proposition 7.17. The symmetric monoidal functor V*: Mod — ModzﬁtE* s an
equivalence of categories.

Proof. Explicitly, the functor V* sends an object M = {M° M'} of Mod}. to the
object V(M%) @ V(M) @ n(1). By (7.16) this functor is naturally isomorphic to the
M — V(M) @ e;V(M). Since e}: Modro — Modr: is an equivalence of categories
by (7.13), the result follows using (7.9). O

7.7. The forgetful functor U ~
Since V* is an equivalence of tensor categories, there is a functor U: Algy — Modr
such that there is a monoidal isomorphism V*U ~ U* of monoidal functors.

Proposition 7.18. The functor U: Algh — Mod;. lifts to a functor U: Algh — Alg}
which is plethyistic.

Proof. In the sequence of forgetful functors
Alg: & Algr LS Algy,

the functor U’ is clearly plethyistic, and the composite U'U is plethyistic by (4.12).
The result follows. O
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8. Rational algebras

We say that an object of Algy (resp. an E,-algebra) is rational if the underlying
E.-module is a (graded) rational vector space. In this section, we prove that if B is
an T-algebra, then Q ® B is also an T-algebra in a canonical way; and also that a
rational T-algebra is the same thing as a rational I'-algebra. Our argument follows
that of Knutson [Knu73]. Recall that U: Algy — Algy admits a right adjoint G
(§4.10).

Lemma 8.1. If A € Algy, is rational, then so is UG(A).

Proof. Let i =0 or 1, and let X(A) denote the ith graded piece of UG(A), regarded
as an abelian group. We have that

X (A) = Modp, (w/? UG(A)) = Algp_ (T(w'/?), A),

where the abelian group structure on X(A) is determined by the coproduct on
T(w/?). We need to show that X (A) is rational, and our proof amounts to observing
that X is a nilpotent abelian group scheme. More precisely, let X,(A) denote the
quotient of the set X (A) under the following equivalence relation; we say that f and
g in X (A) are equivalent if their restrictions to @} _, Tx(w?/?) are equal. Because the
coproduct map A*: T(w"/?) — T(w/?) @ T(w/?) restricts to a defined on this sum-
mand, X,(A) is in fact a quotient abelian group of X (A). We have that X(A) =0,
and
X (A) =lim X, (A),

q

so that it suffices to show that each X,(A) is rational. Furthermore, we have
ker[Xq(A) — Xq-1(A)] = Modg, (Mg, A),

where M, = cok[@,,, Ti (w"?) @ Ty—i(w'/?) — T,(w"/?)]. Since A is rational, this
kernel must be rational, and thus inductively we may conclude that X,(A) is rational
for all q. O

Proposition 8.2. Let B € Algy. There exists a morphism B — B’ € Algy which is
initial among morphisms from B to rational objects of Algy. Furthermore, the evident
map Q@ UB — UB'’ is an isomorphism of rational E.-algebras.

Proof. Let 1p: UB — (UG)(UB) denote the unit of the adjunction. We claim that
there is a unique map ¢¥': Q ® UB — (UG)(Q ® UB) making Q ® UB into a coalge-
bra for the comonad UG such that UB — Q ® UB is a map of coalgebras. Consider
the diagram

UB——" s (UG)(UB)

Q@UB (UG Qe UB).

Since (UG)(Q ® UB) is a rational F,-algebra by the above, it is clear that there is a
unique dotted arrow making the diagram commute. O
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Let Algy o C Algy and Algr o C Algr denote the full subcategories of rational
objects.

Proposition 8.3. Let B be a rational object of Alg}.. Then there is a unique T-algebra
structure on B compatible with the given I'-algebra structure.

Proof. It is enough to check this for S @ Q, where S ~ Symg (I'® w?/?) is the free
I-algebra on one generator in some degree ¢/2; observe that S ® Q is clearly an object
of Alg}.. Let P ~ T(w%?) denote the free T-algebra on one generator, and consider the
tautological map f: S — P. By (8.2), we see that P ® Q is a T-algebra. The result
follows from the observation that f®Q: S® Q — P ® Q is an isomorphism (7.3).

O

Corollary 8.4. The forgetful functor U: Algy — Algf induces an equivalence of cat-
egories Algp o — Algr -

9. Ceritical weights

Let U: D — A be a plethyistic functor, where A is the category of commutative
monoid objects in an abelian tensor category C. Let T: C — C be the monad associ-
ated to this situation. Recall from §4.11 that such a monad comes with mapsn: I — T
and p: TT — T defining the monad structure, and natural maps ¢: k — T'(M) and
§: T(M)®T (M) — T(M) defining the commutative ring structure on T'(M). We
will assume that T is equipped with a weight decomposition, as in §4.11.

Recall that a collection of morphisms {f;: A; — B} in a category called an epi-
morphic family if for any two morphisms g,h: B — C, gf; = hf; for all f; implies
g = h. We say that m > 2 is a regular weight of T if the family of maps in C

d: E(M) ® Tm—i(M) - Tm(M)v M TdTm/d(M) - Tm(M) (2)

is an epimorphic family, where ¢ ranges over integers such that 0 < ¢ < m and d ranges
over divisors of m such that 1 < d < m. In addition, we say that 0 is a regular weight
if t: k — To(M) is an epimorphism, and that 1 is a regular weight if n: M — T, (M)
is an epimorphism. We say that m > 0 is a critical weight of T if it is not a regular
weight.

The idea of the following proposition is that 7" is in some sense “generated” by
phenomena in critical weights.

Proposition 9.1. Let v¢: T(M) — M be a T-algebra structure on M € C. Let
N C M be a subobject of M in A. If p(T,,(N)) C N for each critical weight m,
then there is a unique T-algebra structure on N such that the inclusion N — M is a
morphism of T-algebras.

Proof. It suffices to show that the image of the composite T'(N) — T' (M) YoM is
contained in N. We will show by induction on m > 0 that ¢ o a,,

Ty (N) 2 T (M) 2 M

factors through N. When m is a critical weight this is true by hypothesis. If m = 0 is
not critical, then ¢: k — Ty(M) is epimorphic, and thus «q factors through N since
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N is a subobject. If m =1 and is not critical, then n: M — T,(M) is epimorphic,
and thus a7 must factor through N since ¥ on =idy;. If m > 2 and is not critical,
then there is a unique dotted arrow making the diagrams

Ti(N) @ T i(N) —— Ty (N) —— Ty (M)

wwl Jgp

NON——— N
and
TiTya(M) —— T, (N) —— T (M)
Td(w)J/ lw
Ty(N) " N M
commute. O

10. Proof of the congruence criterion

In this section we prove Theorem A, using the results of §§8 and 9.

10.1. The only critical weight of T is p

The proof of the following proposition owes something to McClure’s discussion
in [BMMS86, Ch. IX].

Proposition 10.1. With respect to the standard weight decompositions, the only crit-
ical weight for the algebraic approrimation functor T is p.

Proof. We will see later in this section exactly how p is a critical weight. Right now
we prove that all other weights are regular.

It is clear that 0 and 1 are regular weights for T, since ¢: E, — To(M,) andn: M —
T (M,) are isomorphisms for all F,-modules.

To show that m is a regular weight, it suffices to show that the collection of maps
of (2) is epimorphic when M, is a finitely generated and free E,-module, since T
commutes with filtered colimits and reflexive coequalizers. Suppose that M, is a
finite free F,-module. For m > 2 and m # p, there are two cases:

Case of m relatively prime to p. In this case, let r > 0 be the largest integer such
that p” < m. I claim that

§: Tyr(M,) ® To_pr (M) — Ty (M)

is surjective.
Case of plm and m # p. In this case, let d = m/p > 1. I claim that

e TdTp(M*) - Tm(M*)

is surjective.
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In either case, the claim proves regularity. To prove these claims, choose a finite
free E-module N such that 7, N ~ M,. Then the claims amount to showing that

LPy ,xsx, N — LP,N
and
LPs,s,N — LP,N
are surjective on homotopy groups; in fact, each of these maps admits a section

by (3.10), since Xpr X X, pr C Xy, (in the first case) and £g1 X, C X,, (in the second
case) have index prime to p. O

10.2. The Frobenius class

Let I C E°BY,« denote the kernel of the augmentation map i*: EYBY x — E°,
and let J C E°B ¥+ denote the ideal generated by the images of transfer maps from
subgroups ¥; X Yx_; C Xk, for 0 <i < p*.

Lemma 10.2. For k > 0, the image i*(J) of J under the augmentation map is pEy,
and E°BY. /(I 4+ J) = Eo/(p).

Proof. We compute the projection of the transfer ideal along the augmentation map.
Let m > 1, and consider the fiber square

Zm/(El X Em—z) —_— B(EZ X Zm—z)

* - BY,,.

?

Applying the double-coset formula in E-cohomology shows that the image of
E°B(S; x By,_;) 2ansfer, popy, 7, go

is precisely the ideal generated by the binomial coefficient (T) The result follows

from the observation that ged { (p:) |0<i<p®}=p for k>0. (Note that for m
prime to p, E°BY.,,,/J ~ 0 already.) O

Proposition 10.3. The augmentation map i*: EOBEp — E restricts induces an
isomorphism J — pE°, and induces a homomorphism o*: EYBY,/J — E°/(p) on
quotients. Furthermore, the commutative square

E°BY, —— E°B%,/J

/| |-

B ———E"/(p)

is a pullback square of E°-modules.

Proof. Since k =1, the ideal J is equal to the image in cohomology of the stable
transfer map t: X°BY, — X°B{e} associated to the inclusion of the trivial sub-
group {e} C ¥,. Thus J is a free Eg-module on the one generator t*(1) € EYBY,,
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and therefore the surjective map J — pEy must be an isomorphism. The existence of
o* is immediate from (10.2), and the square is clearly a pullback. O

For any E.-module M,, there are maps
u: M, ® g, I[1] — T,(M,), v: SymY, (M,) — T,(M,).

The map u is induced by the standard I'-module structure TM, ® I' — TM,, which
carries Ty M, into T, M,. The map v is induced by the tautological commutative E,-
algebra map Symip, (M.) — T(M.). We will be particularly be interested in the case
when M, = FE,, so that all objects are concentrated in even degree and the maps have
the form
w: I'[1] — T, (Ep), v: By — Tp(Ep).
In this case, observe that hompg, (E°BY,, Ey) ~ T,(Ey), and that the inclusion
u: F[l} — TP(E())

is dual to the projection E°BY.,, — E°BY,/I. Likewise, observe that v is dual to the
augmentation map i*: EOBEp — EY.

Let ¢ € T'[1] ®g, Eo/pEy denote the element corresponding via duality to the
homomorphism o*: E°BY,,/I — E°/pE° of (10.3). We will call 5 the Frobenius
class. Pick a representative o € I'[1] of this congruence class.

Proposition 10.4. There is a pushout square in Eg-modules of the form

Eo.—p>E0

(O‘,— ld)l l,ﬁ

(u,v)
Proof. Consider the diagram

0 —— E"BY, —— E°BY,/1® E® —— E°/pE’ —— 0

Ve (",

; )

0 E° E° E°/pE® —— 0,

‘P

where the top row is obtained from the pullback square of (10.3), and §* is the
unique map making the diagram commute. The long exact sequence associated to
Extpo(—, E%) gives exact sequences

0 Eq ke B Extho(E°/pE°, E®) ——— 0

(07_ ld)J 5\\

0——T[]® Ey o Ty (Eo) — Extho (E°/pE°, E°) —— 0.

w,v)

The corresponding odd degree result is simpler.
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Proposition 10.5. The inclusion T[1] @ w?/? — T,(w¥?) is an isomorphism when
q 1s odd.

Proof. By periodicity, we may assume that ¢ = 1. In this case, this amounts to the
claim that

E*BYf — E*BS4/T

is an isomorphism, where [ is the image of the transfer map, which is immediate
from (3.13). O

10.3. The case of weight p
Proposition 10.6. Let M, be an E.-module. The image of the map

Ty (M) — Tp(M.) ® Q

is generated by the images of u, v, and by elements of the form (cx — zP)/p as x
ranges over elements of M.

Proof. The functors T, and Sym” commute with filtered colimits and reflexive co-
equalizers, so it suffices to check the result when M, is a finite free E,-module. The
“binomial formula”

T,(M. ® N.) ~ @ Ti(M.)® T;(N.),
i+j=p

together with the fact that w: Sym’(M,) — T;(M,) is an isomorphism for i < p,
allows us to reduce to the case that M, is free on one generator in some degree,
which amounts to (10.4) for even degree and (10.5) for odd degree. O

10.4. Proof of Theorem A

Say an object of Algy (resp. Algy) is torsion free its underlying F,-module is tor-
sion free as an abelian group. Say that an object B of Alg] satisfies the congruence
condition if

ocr =2 mod pB

for all x € BY.

Let U: Algy — Algl. denote the forgetful functor. If B € Algy, then U(B) satisfies
the congruence condition; this is the content of (10.4). In fact, if z € B, represented
by a map f: T(Ep) — B, then oz — 2P € B is represented by the composite

E, (0,—1d)

(u,v)

(1) ® By 2 T,(Ey) L B,

which factors through multiplication by p by (10.4).

Proof of Theorem A. By the above remarks, it suffices to show that an object B
of Algl. which is torsion free and which satisfies the congruence condition admits a
unique structure of T-algebra.

Let B’ = B ® Q; this is an object of Algr o by (8.2), and thus there is a unique T-
algebra structure on B’ compatible with the I-algebra structure. By (9.1) and (10.1),
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it suffices to show that the dotted arrow exists in

Ty(B) —— Tp(B')
lw
§>—> B
Because B is a I'-algebra, we know that ¢(u(B ® I'[1])) € B and ¥ (v(Sym”(B))) C B.
The map T,(B) — B’ factors uniquely through a map T,(B) ® Q — B’, and thus

by (10.6) it suffices to check that ((cz — aP)/p) € B for all & € By; this is precisely
the congruence condition. O

11. Sheaves on categories of deformations

Fix a prime p and an integer n > 1. Let k be a perfect field of characteristic p, and
let Gy be a (one-dimensional, commutative) formal group of height n defined over k.

11.1. Deformations of Gy
Let R denote the category whose objects are complete local rings whose residue
field has characteristic p, and whose morphisms are continuous local homomorphisms.
If Re R, then we write m C R for the maximal ideal, and 7: R — R/m for the
quotient map.
Let R € R. A deformation of Gy to R is a triple (G, 14, «), consisting of
(a) a formal group G defined over R,
(b) a homomorphism i: kK — R/m, and

(¢) an isomorphism «: i*Gy — 7*G of formal groups over R/m.

11.2. The Frobenius isogeny

Suppose that R € R has characteristic p. We write ¢: R — R for the pth power
homomorphism (¢(z) = zP). For each formal group G over such a ring R, the Frobe-
nius isogeny Frob: G — ¢*G is the homomorphism of formal groups over R induced
by the relative Frobenius map on rings. We write Frob”: G — (¢")*G for the homo-
morphism inductively defined by Frob” = ¢* (Frobr_l) o Frob.

11.3. The “deformations of Frobenius” category
Let (G,i,«) and (G',i',a’) be two deformations of Go to R. We say that a homo-
morphism f: G — G’ of formal groups over R is a deformation of Frob" if

(i) 109" =1, so that (¢")*i*Gg = (i')*Gp, and
(ii) the square

i*Go % (¢7)"i* Go

[

TG — G

of homomorphisms of formal groups over R/m commutes.
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We let Defp denote the category whose objects are deformations of Gy to R, and
whose morphisms are homomorphisms which are a deformation of Frob” for some
(unique) r > 0.

Remark 11.1. Say that a morphism in Defr has a height r (where r > 0), if it is
a deformation of Frob”. The height of a composition of morphisms is the sum of
the heights. For G, G’ objects of Defg, let Def(G,G’) C Defr(G,G’) denote the
subset of the hom-set consisting of morphisms of height 7. Note that Def% (G, G’) are
precisely the isomorphisms from G to G’ in Def, i.e., the isomorphisms G — G’ of
formal groups which are deformations of the identity map of Gy.

Observe that if R is an Fp-algebra, then for every object (G,i,a) in Defgr the
Frobenius isogeny defines a morphism Frob: (G,i,a) — (¢*G, ¢i,¢*«) in this cate-
gory. R

Given f: R — R’ € R, we define a functor f*: Defpr — Defr by base change. The
base change functors are coherent, in the sense that if R ENy Ny T , then there are
natural isomorphisms ¢g* f* & (g f)* satisfying the evident coherence property.

Remark 11.2. We can summarize the above using 2-categorical language: Def is a
pseudofunctor from R to the 2-category grCat of graded categories.

11.4. Lubin-Tate theory

According to the deformation theory of Lubin-Tate, there exists a ring L € R ,
and a deformation (Guniv,id, univ) which is a deformation of Gy to L, such that
for each G € Defp there exists a unique map f: L — R € R for which there is an
isomorphism u: G — f*Guniv in Defg, and that furthermore the isomorphism wu is
itself unique. The ring L has the form L ~ Wk[uq, ..., un—1]. As we hope the reader is
already aware, L is canonically identified with 7y F for the Morava E-theory spectrum
associated to Gy.

Say that a groupoid D is thin if between any two objects of D there is at most
one isomorphism. As a consequence of the Lubin-Tate theorem, the groupoids Def%
are thin.

Given a category C' and a subcategory D C C' which is a thin groupoid and which
contains all the objects of C, we can define a quotient category C'/D as follows. The
object set ob(C'/D) is defined to be ob C'/ ~, where we say that X ~ Y if there exists
f: X — Y € D; morphisms in C/D are defined by (C/D)([X],[Y]) = C(X,Y). That
this becomes a category uses the fact that D is thin. There is an evident quotient
functor C' — C/D, which is an equivalence of categories.

11.5. Subgroups of formal groups
Let Subg def DefR/Def%. Thus the quotient functors Defr — Subg are equiva-
lences of categories for all R. The assignment R — Subpg is a functor R — Cat, (i.e.,

not merely a pseudofunctor.)

Proposition 11.3. There is a one-to-one correspondence ob Subg ~ ﬁ(L, R).

Proof. This is Lubin-Tate deformation theory. O
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For objects G,G’" € Subg, let Subjr(G,G’) C Subgr(G,G’) denote the image of
Def: (G, G").

Proposition 11.4. Given a deformation G, the assignment f — ker f is a one-to-
one correspondence between H[G,] Sub% (G, G’) and the set of finite subgroup
schemes of G which have rank p".

€ob Subg

Thus any pair ([G], K) consisting of an object [G] of Subg and a subgroup K of G
of rank p” determines an object [G'] of Subg, which is represented by any deformation
of Frobenius f: G — G’ with ker f = K; we will write [G/K] for the object [G'].

Proposition 11.5. For each r > 0 there is a complete local ring L[r] such that
R(L[r], R) is in one-to-one correspondence with the set of pairs (|G], K), where [G]
is an object of Subgr and K is a subgroup of G of degree p". Under the continuous
homomorphism L — L[r] which classifies (|G|, K) — [G], the ring L[r] is finite and
free as an L-module.

Proof. See [Str97]. O
Corollary 11.6. Let
Subl, = 11 Subk(G, G").

[G],[G’]€ob Subr

Then Suby, ~ R(L[r], R).

11.6. The formal graded category scheme Sub

Let can*: L[r] — FEy/(p) be the map that classifies the kernel of Frob”: 7*Gyniv —
(¢")*7*Guniv, where m: Ey — Eo/(p). Observe that if a deformation g of Frob” is
represented by some ring map f: L[r] — R, then f factors through can* if and only
if g is equal to Frob".

Let cany: L[r] — k denote the composite of can* with Fy/(p) — k; it classifies
the kernel of Frob”: Gy — (¢")*Go. The maps can* and canjj are surjective, and the
kernel of canfy is precisely the maximal ideal of L[r]. Let s*,¢*: L[0] — L[r] be the
maps in R which classify ([G], K)— [G] and ([G], K) — [G/K] respectively. It is
clear that the diagram

id o

commutes. Since k is perfect, we see that the tensor product L[r]s ®g, +L[r’] is also
a complete local ring with residue field k. There are maps ¢*: L[r +1'] — Lir]s ®g,
+L[r'] and i*: L[0] — Ey in 7%, corresponding to composition and identity maps in
Sub; from what we have already shown, it follows that ¢* and i* are local homomor-
phisms, inducing isomorphisms on the residue fields. In fact, ¢* is an isomorphism.
Thus, Sub is what we might call a formal affine category scheme; it is repre-
sented by data £ = (Ey, L[r], s*,t*,i*,¢*), which are objects and morphisms in R.
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11.7. Sheaves on the deformations category

For R € 7%, let Modr and Algp denote the category of R-modules and commutative
R-algebras respectively. If f: R — R € 7€, let f*: Modg — Modpgs (or f*: Algp —
Algp,) denote the evident basechange functors, defined in either case by f*(M) =~
R’ ®pr M. These functors are coherent, in the sense that if R I, R £ R then there
are natural isomorphisms g* f* & (gf)* satisfying the evident coherence property.

A quasi-coherent sheaf of O-modules on Def consists of data of the form
M = ({Mg},{M;}), where for each R € R we have a functor Mp: Def?} — Modg,
and for each f: R — R’ € 7%, we have a natural isomorphism M;: f* Mg — Mg/ f*,
such that for all R %5 R % R” , both ways of constructing a natural isomorphism
g f*Mpr — Mpg*f* coincide, and for idg: R — R, the natural isomorphism M;q,:
idp Mg — Mgidy is the identity transformation.

A morphism v: M — N of quasi-coherent sheaves modules consists of data {yr},
where ygr: Mr — Npg for each R € R is a nattiral transformation compatible with
base change, in the sense that if f: R — R’ in R, then Nf(f*vr) = (Yyrf*)Mj}.

Let Sh(Def, Mod) denote the category of quasi-coherent sheaves of O-modules. It is
a tensor category, with tensor product defined “objectwise”, so that (M ® N)r(G) =
Mg(G) @ Nr(G). The unit object is O, defined so that Og: Defgp — Modpg is the
constant functor sending every object to R.

In a similar way, we define a category Sh(Def, Alg) of quasi-coherent sheaves
of O-algebras, by replacing “Modg” in the above definitions with “Algp”. The
category Sh(Def, Alg) is plainly isomorphic to the category of commutative monoid
objects in Sh(Def, Mod).

It is clear from the definition that Sh(Def, Alg) and Sh(Def, Mod) have all small
colimits and finite products.

Remark 11.7. The above is easily summarized using 2-categorical language: Def,
Mod, and Alg are pseudofunctors R — Cat, and Sh(Def, Mod) and Sh(Def, Alg)
are defined to be the categories of pseudonatural transformations and modifications
between pseudofunctors Def — Mod and Def — Alg respectively.

11.8. Sheaves are comodules

Recall that for a graded affine category scheme such as defined by the data L,
there is an associated category of comodules Comod, (5.5).

Proposition 11.8. There is an equivalence of tensor categories between

Sh(Def,Mod) and Comod,.

Proof. This is straightforward. Given an £-comodule (M,v¢: M — V M), we produce
a sheaf by the following procedure. Let

Yr: L[r]y g, M — Lir]s @, M

denote the extension of ¢.: M — VM — Lr]s ® g, M to a map of L[r]-modules.
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On objects h: Fy — R of Defg, the functor Mg : Def g — Modp, is given on objects
of Defgr by

MR(h) =Ry R E, M.

On morphisms g: L[r] — R of Powg, the functor Mg is given by

Mg(g: L[r] = R) =
id @,
(Reg® M~ R, @ Llr), ® M 22 R, @ L[], ® M ~ Ry-y ® M).
Ey Li[r] Eq L[r] Eo Eo
Likewise, given an object M of Sh(Def, Mod), we obtain an L-comodule by evalu-
ating M at the the universal deformation of Gy, and at the universal examples of
deformations of Frob". O

(Note that although L is really a formal graded category scheme, formality does
not play a role here.)

11.9. The sheaves F, w, and Z/2-graded sheaves
If G is a formal group over a local ring R, then let Fz denote the ring of functions on
G; it is an R-algebra non-canonically isomorphic to R[z]. We define F € Sh(Def, Alg)
by
. def
Fr((G,i,a)) = Fg.
The evident algebra maps @ — F = O induce a direct sum splitting F ~ O @ T as

modules. Let
def

w=T/1?
as an object of Sh(Def, Mod); observe that the R-modules wgr((G,4,«)) are non-
canonically isomorphic to R, so that w is a symmetric object in the sense of §2.1.
Let Sh(Def, Mod)* denote the Z/2-graded w-twisted tensor category (§2) associ-
ated to Sh(Def, Mod). Let Sh(Def, Alg)* denote the category of commutative monoid
objects in Sh(Def, Mod)*.

11.10. Frobenius congruence

Suppose that R € R has characteristic p. The pth power map ¢ defines a functor
¢*: Algp — Algp by base change, together with a natural transformation Frob: ¢* —
id, where Frob: ¢*A — A is the relative Frobenius defined as the unique map making

the diagram
R ¢ R
A A

4>R

¢

commute.
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Given an object B € Sh(Def, Alg), we say it satisfies the Frobenius congruence
if for all R € R of characteristic p, and for all G € Defg, the diagram

6" Br(G) —= Br(¢*G)

& JBR(F‘rOb)

Br(G)

commutes. Roughly speaking, the Frobenius congruence condition says that B carries
the relative Frobenius on formal groups to the relative Frobenius on algebras.

Example 11.9. Both O and F satisfy the Frobenius congruence.

Let Sh(Def, Alg)cong C Sh(Def, Alg) denote the full subcategory consisting of
sheaves which satisfy the Frobenius congruence. Let Sh(Def, Alg)¥ . C Sh(Def, Alg)*

cong
denote the full subcategory consisting of sheaves whose even degree part is in

Sh(Def, Alg) cong-

Proposition 11.10. Let A be an object of Sh(Def, Alg), and let (B,%: B — CB)
be the corresponding commutative monoid object in Comod 4. Then A satisfies the
Frobenius congruence if and only if the composite map

an™® ® id
20 91, (Bo/(p)s ®m, B ~ B/pB

B L1, ®p, B
18 equal to x — xP.

Proof. This amounts to checking the congruence condition on the universal
example. O

12. Bialgebra rings as sheaves on the deformation category

We retain the notation of the previous section.

12.1. The formal graded category scheme Pow

The discussion of §5.5 applies to our twisted L-bialgebra I' of power operations
defined in §6. Thus, let A = (Ey, A[r], s*,t*,i*,¢*) be the data obtained by “dualiz-
ing” T, so that A[r] ~ Hyp,)(Eo) ~ E°BY,- /(transfer), and in particular A[0] ~ Eo.
Our first order of business is to show that, like £, the data A consists of objects and
morphisms of R, and thus defines a formal graded category scheme (11.6), which we
will call Pow.

For r > 0, let A[r] denote the quotient ring of A[r] defined by

A[r] ¥ E°BY.,- /((transfer) + (aug)),
where (aug) denotes the kernel of the augmentation map E°BY,» — E° induced by

inclusion of the base point * — BXP". Additionally, we set A[0] “X Eq/pEo. By (10.2),
the augmentation quotient induces an isomorphism A[r] — Ey/(p).

Lemma 12.1. The ringsz[r] are local rings, with mazximal ideal given by the kernel
of the composite Alr] — Alr] = Ey/pEy — k.
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Proof. The ring A[r] is finite as an Eyp-module (using s*), and thus every maximal
ideal of A[r] must contract to the maximal ideal of Ey by the “going up theorem”.
Thus it suffices to show that A[r] ®g, k is a local ring. Since A[r] is a quotient of
EBY,, it suffices to show that E°BY,» @p, k is a local ring. Let K denote the
generalized cohomology theory obtained by killing the maximal ideal of E, so that
E°BY,r ®p, k ~ KYBY,; the result follows from the observation that the augmen-
tation ideal of K°BY,- is nilpotent, since BY, is connected of finite type. O

Lemma 12.2. Let B be an object in Algy. Then the composite
By — Homg, (T'[r], B) ~ B ®g, sAlr] = B ®g, sAlr] ~ B/pB
sends x +— xP" .

Proof. Immediate using (4.11) and (10.2). O

Let can*: A[r] — A[r] =~ k denote the evident projection. The diagram

id é"

commutes, because s* is induced by the “standard” inclusion Ey — EOBZpk, while t*
is induced by the structure map Ey — Hompg, (T'[r], Ey) which defines the canonical
I'-module structure on the ground ring Fy, and thus is the p"th power map on quo-
tients by (12.2). Thus the rings A[r]s ® 4[g) A[r'] are complete local with residue field
k, and the homomorphisms s*, t*, c¢*, * are all local homomorphisms.

Thus, Pow is a formal graded category scheme. Observe that POW% is a thin
groupoid for all R € 7%, and that Pow: R — grCat is a functor (not just a pseud-
ofunctor).

12.2. Isomorphism between Sub and Pow

We are going to construct a pseudonatural transformation F': Pow — Def of pseud-
ofunctors R — grCat, and we will show, by applying a theorem of Strickland, that
Fr: Powr — Defg is an equivalence of graded categories for each R € R. This imme-
diately implies the following.

Proposition 12.3. The natural transformation

F': Pow <5 Def — Sub

of functors 7€A—> grCat induces an isomorphism Powgr — Subpg of graded categories
for all R in R.

Observe that an object M € Modr determines functors Mgz: Powr — Modg, as
follows. Let t: M — Hpp (M) ~ Alr]s ®g, M denote the structure map of the
I-module M; it is a map of Eg-modules, using the module structure on Alr] given
by the ring homomorphism t*: Eq — A[r]. If X is a space, then E°X is an object of
Algr, and thus we get a functor (E°X)g: Powr — Alg(R).
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The next observation is that if we take X = CP°, then we get a functor from Pow g
to Def r. More precisely, for each f: Ey — R, the projective system {R ® g, E'CP™}
determines a formal scheme over R, and the maps

{R®p, E°CP'" — R®p, E°(CP" x CPY)}

give it the structure of a formal group over R, which we will call f*Gypiv. Let fo: k —
R/m be the homomorphism obtained from f by passing to residue fields. Then the
triple F'(f) = (f*Guniv, fo,1d: fiGo — 7* f*Guniv) is a deformation of Gy to R.

A map g: Alr] — R determines a homomorphism of formal groups (s*¢)*Guniv —
(t*9)*Guniv over R.

Lemma 12.4. This homomorphism is a deformation of Frob"; i.e., it determines a
morphism F(s*g) — F(t*g) in Def.

Proof. 1t suffices to check the universal example, corresponding to the identity map
of Alr]. In this case, it is enough to note that the composite

E°CP™ Y Hypyy (E°CP™) — E°CP™ @, Eo/(p) — E°CP™ @, k
is the map z — 2, and that this composite is the same as
E°CP>™ — Alr], ®p, E°CP>® — A[r], @, E°CP™, O

Thus we have obtained functors F': Powg — Defg, which are clearly natural in
R, and thus a functor F’': Powr — Subg. By the Yoneda lemma, the functor F’
determines and is determined by a collection of homomorphisms F*: L[r] — A[r] in
R.

It remains to show that F”’ is an isomorphism of graded categories. It is clear that
F’ is a bijection on objects. To show that F is a bijection on morphism, it suffices
to check that F*: L[r] — A[r] is an isomorphism for each r > 0. By the definition of
L[r], this map classifies a pair ([G], K), where G = F(s*: Ey — A[r]) and K is the
kernel of the isogeny F(idap): F(s*: Eo — A[r]) — F(t*: Ey — A[r]). The kernel
K is a closed subscheme of G} its function ring Ok is the pushout of Fy-algebras

ﬁp’f'
EOCP>® —— E°(CP* x BY,r)/(tr)

T

EO Ok.

Lemma 12.5. Let p;C,r denote the complex vector bundle over BY,- associated to
the permutation representation, and let m: P(ppr ® C) — BX,r denote the projective
bundle associated to this vector bundle, with tautological line bundle L classified by
l: P(pg,«) — CP*°. Then there is a pushout square of Eg-algebras of the form

P
EOCP>® —— E°(CP* x BY,)/(tr)

Z*J l((,w)*

B ———— E"P(p,)/(tr).
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Proof. Examine the diagram

~ Py, ~ C ~
E°(CP™)E —"= EO(CP™ x BY,,) ®m —— EO(CP™ x BY,,) @ /I’

* *
z z

EOCP® ——™— EOCP™ x BY,, —— E°CP® x BE,,/I
. (3)

EYS(L) E°S(LR pC) ——————— EOS(LK pC) /1"

* * —
™ ™ T

0 0 0.

The left-hand and middle columns of vertical maps of (3) arise from the cofiber
sequence coming from the pair (D(V), S(V)) associated to the Thom space XV; they
are exact, since the Euler class of any complex bundle of the form LXKV — CP* x X
is a non-zero divisor. The right-hand vertical column is obtained by quotienting the
middle column by transfer ideals, denoted I, I’, and I””. We claim that the right-hand
column of (3) is also exact, which amounts to showing that 7*I = I”’, which in turns
amounts to the observation that the diagrams

transfer

E°(CP* x BY; x BY,, ;) ——— E'CP™ x BY,,

E°S(LR pf ® pp,_;) ———— E°S(L R pf,)
commute, and that the map marked 7} is also surjective. (Note that if m is not a pth
power, then the right-hand column of (3) is identically 0.)

The two long horizontal composites in (3) are ring homomorphisms, which we
denote P,,.

Choose any complex orientation for E, let u € E°(CP*)% denote the Thom class
of L, and let z = 2*(u) € E°CP* denote the associated Euler class, so that E°S(L) ~
EOCP>/(x).

We have that i*P,,(z) = i*2* Py, (u) = 0, and therefore there is a ring homomor-
phism indicated by the dotted arrow in (3) making the square

EOCP® —2 E°CP™® x BS,,/I

] i

E°S(L) —— E°S(LK pf,) /1"
commute. Since the class P,,(u) is a Thom class for L X p% . the kernel of 7* is a
cyclic ideal generated by P, (z) = 2* P, (u), and thus the kernel of 7 is also a cyclic
ideal generated by P,,(x). Therefore we conclude that the square is a pushout square
in rings; since S(L) ~ * and S(L X p< ) ~ P(pC,), we obtain the desired result.  []
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Theorem 12.6 (Strickland, [Str98]). The map L[r] — A[r] ~ E°BY, /(tr) classify-
ing the subgroup K of G described above is an isomorphism.

As an immediate corollary, the maps F*: L[r] — A[r] are isomorphisms as desired.

12.3. Equivalence of Sh(Def, Mod) and Modr, and proof of Theorem B
We have equivalences of tensor categories

Sh(Def, Mod) ~ Comod =~ Comod 4 ~ Modr,

which clearly induce an equivalence Sh(Def, Alg) ~ Algp. The standard object w of
Sh(Def, Mod) defined above corresponds to the I'-module w defined above, and thus
we obtain an equivalence of tensor categories Sh(Def, Alg)* = Algf.. Theorem B
follows immediately, with the statement about congruence conditions proved
using (11.10).
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