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We study nonparametric estimation for current status data with compet-
ing risks. Our main interest is in the nonparametric maximum likelihood es-
timator (MLE), and for comparison we also consider a simpler “naive esti-
mator.” Groeneboom, Maathuis and Wellner [Ann. Statist. (2008) 36 1031-
1063] proved that both types of estimators converge globally and locally at
rate n!/3. We use these results to derive the local limiting distributions of
the estimators. The limiting distribution of the naive estimator is given by
the slopes of the convex minorants of correlated Brownian motion processes
with parabolic drifts. The limiting distribution of the MLE involves a new
self-induced limiting process. Finally, we present a simulation study show-
ing that the MLE is superior to the naive estimator in terms of mean squared
error, both for small sample sizes and asymptotically.

1. Introduction. We study nonparametric estimation for current status data
with competing risks. The set-up is as follows. We analyze a system that can fail
from K competing risks, where K € N is fixed. The random variables of interest
are (X, Y), where X € R is the failure time of the system, and ¥ € {1, ..., K} is
the corresponding failure cause. We cannot observe (X, Y) directly. Rather, we
observe the “current status” of the system at a single random observation time
T € R, where T is independent of (X, Y). This means that at time 7', we observe
whether or not failure occurred, and if and only if failure occurred, we also observe
the failure cause Y. Such data arise naturally in cross-sectional studies with several
failure causes, and generalizations arise in HIV vaccine clinical trials (see [10]).

We study nonparametric estimation of the sub-distribution functions Fyy, ...,
Fok, where For(s) = P(X <s,Y =k),k=1,..., K. Various estimators for this
purpose were introduced in [10, 12], including the nonparametric maximum like-
lihood estimator (MLE), which is our primary focus. For comparison we also con-
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sider the “naive estimator,” an alternative to the MLE discussed in [12]. Charac-
terizations, consistency and n'/3 rates of convergence of these estimators were
established in Groeneboom, Maathuis and Wellner [8]. In the current paper we use
these results to derive the local limiting distributions of the estimators.

1.1. Notation. The following notation is used throughout. The observed data
are denoted by (7', A), where T is the observation time and A = (Ay, ..., Ag+1)
is an indicator vector defined by Ay = {X <T,Y =k} fork=1,..., K, and
Agi1=1{X > T} Let (T;, A"),i=1,...,n, be niid. observations of (T, A),
where Al = (Al ..., Ai[( +1)- Note that we use the superscript i as the index of an
observation, and not as a power. The order statistics of 71, ..., T,, are denoted by
Ty, ..., T(n). Furthermore, G is the distribution of T', G, is the empirical distrib-
utionof 7;,i =1, ..., n, and [P, is the empirical distribution (7;, Ai), i=1,...,n.
For any vector (x1,...,xg) € RX we define Xy = Z,le Xk, so that, for example,
Ay = Z,le Ay and Foy(s) = Z,le Fox(s). Forany K -tuple F = (Fy, ..., Fg) of
sub-distribution functions, we define Fxy1(s) = [, dF(u) = F4(00) — F,(s).

We denote the right-continuous derivative of a function f:R +— R by f’ (if
it exists). For any function f:R +— R, we define the convex minorant of f to
be the largest convex function that is pointwise bounded by f. For any interval /,
D (1) denotes the collection of cadlag functions on /. Finally, we use the following
definition for integrals and indicator functions:

DEFINITION 1.1. Let dA be a Lebesgue—Stieltjes measure, and let W be a
Brownian motion process. For t < 7o, we define 1[4, ;) (1) = —1(; 1) (1),

f@w)dA®u) = — )f(u)dA(u)

[t0,1) [2,70

and

t to
F)dWw) = — / F@) dW ).
to t

1.2. Assumptions. We prove the local limiting distributions of the estimators
at a fixed point 7y, under the following assumptions: (a) The observation time
T is independent of the variables of interest (X, Y). (b) For each k =1,..., K,
0 < For (o) < For(00), and For and G are continuously differentiable at 79 with
positive derivatives for (fg) and g(#p). (c) The system cannot fail from two or more
causes at the same time. Assumptions (a) and (b) are essential for the development
of the theory. Assumption (c) ensures that the failure cause is well defined. This as-
sumption is always satisfied by defining simultaneous failure from several causes
as a new failure cause.



1066 P. GROENEBOOM, M. H. MAATHUIS AND J. A. WELLNER

R 1.3. The estimators;\ We first consider the MLE. The MLE fn = (fn Lyoees
F, k) is defined by [, (F,,) = maxpe gy [, (F), where

K
() L(F)= / {Zsklogm)m—8+>log(1—F+<z>) dP, (1, 8),

k=1
and F is the collection of K-tuples F' = (F} sooos Fi) of sub;distribution func-
tions~on R with F{ < 1. The naive estimator F,, = (Fj1, ..., Fyk) is defined by
Ink (Fuk) = maxpex L (Fi), for k=1, ..., K, where ¥ is the collection of dis-

tribution functions on R, and

k == 1, ceey K .

Note that Fj only uses the kth entry of the A-vector, and is simply the MLE
for the reduced current status data (7, Ag). Thus, the naive estimator splits the
optimization problem into K separate well-known problems. The MLE, on the
other hand, estimates Fyy, ..., Fox simultaneously, accounting for the fact that
Zle For(s) = P(X <) is the overall failure time distribution. This relation is
incorporated both in the object function /,,(F) [via the term log(1 — F,)] and in
the space Fx over which /,,(F) is maximized (via the constraint F; < 1).

1.4. Main results. The main results in this paper are the local limiting dis-
tributions of the MLE and the naive estimator. The limiting distribution of fnk
corresponds to the limiting distribution of the MLE for the reduced current status
data (T, Ay). Thus, it is given by the slope of the convex minorant of a two-sided
Brownian motion process plus parabolic drift ([9], Theorem 5.1, page 89) known
as Chernoff’s distribution. The joint limiting distribution of (17,11, e fn k) fol-
lows by noting that the K Brownian motion processes have a multinomial covari-
ance structure, since A|T ~ Multg11(1, (Fo1(T), ..., Fo.x+1(T))). The drifted
Brownian motion processes and their convex minorants are specified in Defini-
tions 1.2 and 1.5. The limiting distribution of the naive estimator is given in The-
orem 1.6, and is simply a K-dimensional version of the limiting distribution for
current status data. A formal proof of this result can be found in [14], Section 6.1.

DEFRINITION 1.2. Let W = (W, ..., W) be a K-tuple of two-sided Brown-
ian motion processes originating from zero, with mean zero and covariances

3) E{W;j(0)Wir(s)} = (Is| A |t 1{st > 0} X jx, s,teR,jkefl,...,K},

where X ji = g(t0) " {1{j = k} For(t0) — Fo; (o) Fok (o) }. Moreover, V = (V1 .. .,
Vi) is a vector of drifted Brownian motions, defined by

(4) Vit) = W () + 1 for(to)t?,  k=1,....K.
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Following the convention introduced in Section 1.1, we write W, = YK W,
and V; = Zf:l Vi. Finally, we use the shorthand notation a; = (For(to)) ™1,
k=1,...,K+1.

REMARK 1.3. Note that W is the limit of a rescaled version of W, =
(Wut, ..., Wyk), and that V is the limit of a recentered and rescaled version of
Vi = (Vat, ..., Vuk), where Wy and Vi are defined by (17) and (6) of [8]:

Wnka):/ (5k — For(i0)) dPa(u,8),  teRk=1,....K,

5) u=
Vnk(t)Zf Sk dP,(u, 6), teRk=1,....K

u<t

REMARK 1.4. We define the correlation between Brownian motions W; and

Wi by
 Zi \/ Foj(to) Fox (t0)
HTVER T - Foytton (- Fcto)
Thus, the Brownian motions are negatively correlated, and this negative correla-

tion becomes stronger as fg increases. In particular, it follows that rjp — —1 as
Fo4(t9) — 1, in the case of K =2 competing risks.

DEFINITION 1.5. Let H = (ﬁl,.. ﬁK) be the vector of convex mino-
rants of v, that 1s, Hk is the convex minorant of Vk, for k=1,...,K. Let
= (F 1,..., F K) be the vector of right derivatives of H.

THEOREM 1.6. Under the assumptions of Section 1.2,
n'P{F, (1o +n" 1) — Fo(to)} —a F(1)
in the Skorohod topology on(D(R)X.

The limiting distribution of the MLE is given by the slopes of a new self-induced
process H= (ﬁl, e, ﬁK), defined in Theorem 1.7. We say that the process H
is “self-induced,” since each component ﬁk is defined in terms of the other com-
ponents through ﬁ+ = Zle H j. Due to this self-induced nature, existence and
uniqueness of H need to be formally established (Theorem 1.7). The limiting dis-
tribution of the MLE is given in Theorem 1.8. These results are proved in the
remainder of the paper.

THEOREM 1.7.  There exists an almost surely unique K-tuple H= (ﬁ Lsves
H K) of convex functions with right-continuous derivatives F= (F Lsoves F K), sat-
isfying the following three conditions:
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() arHe(t) + ag+1 Hy (1) < aeVi(0) + a1 Vo (). fork=1,... K, t €R.
() [{axHe(t) + ag1Hi(t) — axVi(t) — ak41Ve@)}dFe(t) = 0,
k=1,....K
(ii1) Foiall M=>0 anﬁlk =1,..., K, there are points 11y < —M and ty > M
so that ap Hy (t) + ag+1 H+-(t) = ax Vi (t) + ag+1 V4 (t) for t = t1 and t = Tof.

THEOREM 1.8. Under the assumptions of Section 1.2,
n'PEu (o +n~'1) = Folto)) —a F (1)
in the Skorohod topology on(D(R))X .

Thus, the limiting distributions of the MLE and the naive estimator are given
by the slopes of the limiting processes H and H, respectively. In order to com-
pare H and H , we note that the convex minorant Flk of Vi can be defined as
the almost surely unique convex function H with right-continuous derivative Fi
that satisfies: (i) Hy (1) < Vi(¢) forall 1 € R, and (i) [{H(t) — Vi (t)} d Fi(t) =0
Comparing this to the definition of Hy in Theorem 1.7, we see that the definition of
ﬁk contains the extra terms ﬁ+ and V., which come from the term log(1 — F (¢))
in the log likelihood (1). The presence of ﬁ+ in Theorem 1.7 causes H to be self-
induced. In contrast, the processes Hy, for the naive estimator depend only on Vi,

so that H is not self-induced. However, note that the processes H1, .. H x are
correlated, since the Brownian motions Wy, ..., Wk are correlated (see Defini-
tion 1.2).

1.5. Outline. This paper is organized as follows. In Section 2 we discuss the
new self-induced limiting processes H and F. We give various interpretations of
these processes and prove the uniqueness part of Theorem 1.7. Section 3 estab-
lishes convergence of the MLE to its limiting distribution (Theorem 1.8). More-
over, in this proof we automatically obtain existence of H, hence completing the
proof of Theorem 1.7. This approach to proving existence of the limiting processes
is different from the one followed by [5, 6] for the estimation of convex functions,
who establish existence and uniqueness of the limiting process before proving con-
vergence. In Section 4 we compare the estimators in a simulation study, and show
that the MLE is superior to the naive estimator in terms of mean squared error,
both for small sample sizes and asymptotically. We also discuss computation of
the estimators in Section 4. Technical proofs are collected in Section 5.

2. Limiting processes. We now discuss the new self-induced processes H
and F in more detail. In Section 2.1 we give several interpretations of these
processes, and illustrate them graphically. In Section 2.2 we prove tightness of
{Fk — for(to)t} and {Hk ) —Vi(0)}, fort € ]R These results are used in Section 2.3
to prove almost sure uniqueness of Hand F.
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2.1. Interpretations of H and F. Letk € {1,..., K}. Theorem 1.7(i) and the
convexity of Hy imply that ai Hi+a K+1ﬁ+ is a convex function that lies below
ax Vi + akg+1V+. Hence, ay ﬁk +ag+ 1ﬁ+ is bounded above by the convex mino-
rant of ag Vy + akx+1 V4. This observation leads directly to the following proposi-
tion about the points of touch between ay ﬁk +ag+1 ﬁ+ and a; Vi +ag+1Vy:

PROPOSITION 2.1. Foreachk=1,..., K, we define Ny and ://V; by
(6) N, = {points of touch between ay Vi + ax 1 V4 and its convex minorant},
@) ﬁk = {points of touch between ay Vi + ag+1V+ and ay ﬁk +ag 41 I’{}_}.

Then the following properties ﬁold: @) e//\/; - Ny, and (i) At points t € J/V;, the
right and left derivatives of ay Hy(t) + ag +1 H+(t) are bounded above and below
by the right and left derivatives of the convex minorant of ay Vi (t) + ag+1 V4 (t).

Since ay Vi + ag+1V4+ is a Brownian motion process plus parabolic drift, the
point process N is well known from [4]. On the other hand, little is known about
Jﬁ, due to the self-induced nature of this process. However, Proposmon 2.1Q) re-
lates J\fk to Nk, and this allows us to deduce properties of Nk and the associated
processes Hk and Fk In particular, Proposition 2.1(i) implies that Fk is piece-
wise constant, and that Hy is piecewise linear (Corollary 2.2). Moreover, Proposi-
tion 2.1(i) is essential for the proof of Proposition 2.16, where it is used to establish
expression (30). Proposition 2.1(ii) is not used in the sequel.

COROLLARY 2.2. Foreachk €{l1,..., K}, the following properties hold al-
most surely: (i) Ny has no condensation points in a finite interval, and (ii) Fy is
piecewise constant and Hy is piecewise linear.

PROOF. N is a stationary point process which, with probability 1, has no con-
densation points in a finite interval (see [4]). Together with Proposition 2.1(i), this
yields that with probability 1, Ni has no condensation points in a finite interval.
Conditions (i) and (ii) of Theorem 1.7 imply that F} can only increase at points
t € Ny. Hence, fk is piecewise constant and ﬁk is piecewise linear. [

Thus, conditions (i) and (ii) of Theorem 1.7 imply that arHy + aK+1ﬁ+ is
a piecewise linear convex function, lying below ay Vi + ax+1 V4, and touching
ay Vi + ag+1V4+ whenever Fy jumps. We illustrate these processes using the fol-
lowing example with K = 2 competing risks:

EXAMPLE 2.3. Let K =2, and let T be independent of (X, Y). Let T, Y and
XY be distributed as follows: G(t) =1 —exp(—t), P(Y =k) =k/3 and P(X <
t|Y =k) =1—exp(—kt) for k =1, 2. This yields Foi(¢) = (k/3){1 — exp(—kt)}
fork=1,2.
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F1G. 1. Limiting processes for the model given in Example 2.3 for to = 1. The top row
shows the pmcesses ap Vi + aK+1 Vi and ai Hk + aK+1H+, around the dashed parabolic drifts
ay fox (to)t /24 ag+1 fo+ (to)t /2. The bottom row shows the slope processes Fk, around dashed
lines with slope for(tg). The circles and crosses indicate jump points of F 1 and Fg, respectively.
Note that ay, ﬁk +ag1 ﬁ+ touches ay Vi + ag 41 V4 whenever I”\k has a jump, for k =1, 2.

Figure 1 shows the limiting processes ax Vi + ax+1Vy, ak Hi +ag41Hy, and
Fy, for this model with 7o = 1. The relevant parameters at the point o = 1 are

Fo1(1) =0.21, Fpa(1) =0.58,
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for(1) =0.12, Jo2(1) =0.18, g(1)=0.37.

The processes shown in Figure 1 are approximations, obtained by computing the
MLE for sample size n = 100,000 (using the algorithm described in Section 4), and
then computing the localized processes viee and fl\,ﬁc (see Definition 3.1 ahead).

Note that F1 has a jump around —3. This jump causes a change of slope in
aHy + aK+1H+ for both components k € {1, 2}, but only for k =1 is there a
touch between aka + aK+1H+ and ai Vi + ag+1Vs+. Slmllarly, F2 has a jump
around —1. Again, this causes a change of slope in axHy + aK+1H+ for both
components k € {1, 2}, but only for k = 2 is there a touch between ay ﬁk +ag+1 ﬁ+
and a; Vi + ag+1 V4. The fact that ai ﬁk +ax+ 1ﬁ+ has changes of slope without
touching ay Vi +ak 11 V4 implies that ay Hi +a K+1 ﬁ+ is not the convex minorant
of ax Vi +akg+1Vy. R

It is possible to give convex minorant characterizations of H, but again these
characterlzatlons are self-induced. Proposition 2. 4(a) characterizes Hk in terms of
K j=1Hj, and Proposition 2.4(b) characterizes Hj in terms of 3K =1, j#k H

PROPOSITION 2.4. H satisfies the following convex minorant characteriza-
tions:

(a) Foreachk=1,...,K, ﬁk (t) is the convex minorant of
aK+1
(8) Vi(t) + ==V (1) — By (1)),
(b) Foreachk=1,...,K, Hk (t) is the convex minorant of
aK +1 (—k) ~(—k)
9 Vi(t) + |% t)— H 0,
) k(1) ak+a1<+1{+ () —HV )}

—k k £F
where V() =35 Vi) and H7P () =YK L Hi@).

PROOF. Conditions (i) and (ii) of Theorem 1.7 are equivalent to
aK 41

Hi(t) < Vi(0) + {V+(f)—H+(t)} reR,

K+1

[{Aw - v - a—*{w(r) - B0} afe =o.
for k =1,..., K. This gives characterization (a). Similarly, characterization (b)
holds since conditions (i) and (ii) of Theorem 1.7 are equivalent to
Ai(t) < Vi(t) + —EHL_yEPgy g0 @), reR,
ak +ak+1
~ agi _ ~(_ ~
/{Hk(t)—Vk(t)— L viRa - A¢ k)(t)}}dFk(t)zo
ap +ag+1

fork=1,...,K. O
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FI1G. 2. Limiting processes for the model [ given in Example 2.3 for ty = 1. The top row shows the
processes Vi, and their convex minorants Hk (gray), together with Vi + (ag y1/ar) (V4 — H+) and
their convex minorants Hk (black). The dashed lines depict the parabolic drift for (to)t /2. The
middle row shows the slope processes fk (gray) and ﬁk (black), which follow the dashed lines with
slope fox (to). The bottom row shows the “correction term” (ag +1/ai)(Vy — ﬁ.,.)for the MLE.

Comparing the MLE and the naive estimator, we see that Hy is the convex
minorant of Vj, and ﬁk is the convex minorant of Vi + (ax+1/ax){V+ — ﬁ+}.
These processes are illustrated in Figure 2. The difference between the two esti-
mators lies in the extra term (ag+1/ax){V+ — ﬁ+}, which is shown in the bot-
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tom row of Figure 2. Apart from the factor ax 1 /ax, this term is the same for all
k=1,..., K. Furthermore, ax1/arx = Fok(to)/ Fo,x +1(t0) 1s an increasing func-
tion of 7, so that the extra term (ax+1/ax){V+ — ﬁ+} is more important for large
values of fy. This provides an explanation for the simulation results shown in Fig-
ure 3 of Section 4, which indicate that the MLE is superior to the naive estimator
in terms of mean squared error, especially for large values of ¢. Finally, note that
(ag+1/ap){V4+ — H+} appears to be nonnegative in Figure 2. In Proposition 2.5
we prove that this is indeed the case. In turn, this result implies that Hk < Hk
(Corollary 2.6), as shown in the top row of Figure 2.

PROPOSITION 2.5. H,(t) < V(t) forall t € R.

PROOF. Theorem 1.7(i) can be written as

~ For(to) = For (1)
H(t)+ ————H ) Vi (t) + ————— V(1)
1 — Foy(to) 1 — For(to)
fork=1,...,K,t eR.

The statement then follows by summing over k=1,..., K. [
COROLLARY 2.6. Hi(r) < Hy(t) forallk=1,...,K and 1 € R.

PROOF. Let k €{l,..., K} and recall that ﬁk is the convex minorant of Vj.
Since Vi — Hy > 0 by Proposition 2.5, it follows that Hj is a convex function
below Vi + (ax+1/ar){V+ — H4}. Hence, it is bounded above by the convex mi-

norant ﬁk of Vi + (ag+1/ax){Vy — ﬁ+}. O

Finally, we write the characterization of Theorem 1.7 in a way that is analogous
to the characterization of the MLE in Proposition 4.8 of [8]. We do this to make
a connection between the finite sample situation and the limiting situation. Using
this connection, the proofs for the tightness results in Section 2.2 are similar to the
proofs for the local rate of convergence in [8], Section 4.3. We need the following
definition:

DEFINITION 2.7. Fork=1,...,K and t € R, we define
(10) For(t) = fok(to)t  and  Sp(t) = ax Wi (t) + ag+1 W4 (t).

Note that S; is the limit of a rescaled version of the process Spx = ar Wy +
ag +1 Wy, defined in (18) of [8].

PROPOSITION 2.8. Forall k=1,...,K, for each point 1 € Ni [defined
in (7)] and for all s € R, we have

(11) f {ak{ﬁk(u)—FOk(u)}+aK+1{f+(u)—Fo+(u)}}dusf d Sk (u),
Tk Tk
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and equality must hold if s € M.

PROOF. Letke{l,..., K}. By Theorem 1.7(i), we have
a Hy (1) + ax 1 Hy (1) S Vi) + ag 11 Ve (), 1€R,

where equality holds at r = 74 € Ne. Subtracting this expression for t = 73 from
the expression for t = s, we get

/{akﬁk(u)+a,<+1f+(u)}du5/ {ard Vi) + ag+1d Ve W)}
Tk Tk

The result then follows by subtracting ftsk {ax For(u) +a K+1 F0+(u)} du from both
sides, and using that d Vj (1) = For (1) du + d Wy (u) [see (4)]. O

_2.2. Tightness of H and F. The main results of this section are tightness of
{Fx(t) — Fox (1)} (Proposition 2.9) and { Hy (t) — Vi (t)}/SCoroll/a\lry 2.15), fort € R.
These results are used in Section 2.3 to prove that H and F are almost surely
unique.

PROPOSITION 2.9. For every € > 0 there is an M > 0 such that

P(|Fi(t) — F()| = M) <e  fork=1,...,K,t€R.

Proposition 2.9 is the limit version of Theorem 4.17 of [8], which gave the
nl/3 local rate of convergence of fnk. Hence, analogously to [8], proof of Theo-
rem 4.17, we first prove a stronger tightness result for the sum process (Fi(t) —
For (D)}, t eR.

PROPOSITION 2.10. Let B € (0, 1) and define

_ L if e <1,
(12) ”(’)‘{mﬂ, if 11> 1.

Then for every ¢ > O there is an M > 0 such that

Fo(t) — Foy(t
P(sup| +(0) 0+l ZM><8 fors e R.
reR v(t —s)

PROOF. The organization of this proof is similar to the proof of Theorem 4.10
of [8]. Let ¢ > 0. We only prove the result for s = 0, since the proof for s # 0 is
equivalent, due to stationarity of the increments of Brownian motion.

It is sufficient to show that we can choose M > 0 such that

P(3t eR:Fy(t) ¢ (For(r — Mu(1)), For (t + Mu(1))))
= P(3r € R:|Fy (1) — Foy (O] = for to))Mv(0)) <e.
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In fact, we only prove that there is an M such that

~ - €

P(3t €[0,00): F (1) > Fo1(t + Mv(1))) < 7

since the proofs for the inequality f+(t) < Fo+(t — Mv(t)) and the interval
(—o00, 0] are analogous. In turn, it is sufficient to show that there is an m; > 0
such that

(13) PEtelj, j+ D :Fr(t) = For(t + Mo(®)) < pju. JEN, M >my,

where pjy satisfies Z?io pjm — 0as M — oo. We prove (13) for

(14) pim =di expl—da(Mv(j))*},

where d| and d, are positive constants. Using the monotonicity of F+, we only
need to show that P(Ajy) < pjy forall j € Nand M > m;, where

(15 A ={Fr(+ 1= For(sjm)} and  sjp=j+ Mu()).

We now fix M > 0 and j € N, and define 7;; = max{]f; N (—oo, j + 11}, for k =
1,..., K. These points are well defined by Theorem 1.7(iii) and Corollary 2.2(i).
Without loss of generality, we assume that the sub-distribution functions are la-

beled so that 7;; <--- < 7g;. On the event Ay, there is a k € {1, ..., K} such
that Fk (G+1)=> F()k (sJM) Hence, we can define £ € {1, ..., K} such that

(16) Fe(i+1) < FoeGsja), k=L+1,..., K,

(17) Fe(j+1) = Foelsjm).

Recall that F must satisfy (11). Hence, P (A ) equals

P(/ M@l Folw) — Foew)) + axs1(Fy () — For ()} du

4

SiM
< [ sy, AjM)
T

¢j

S

(18) sp(/:m aclFuw — Forydu = [

(7 Tej

dS,(u), AJ-M>

SiM _

(19) P[P ~ For)du 0.4 ).
‘L’[j

Using the definition of 7¢; and the fact that E is monotone nondecreasing and

piecewise constant (Corollary 2.2), it follows that on the event Ay we have

Fg(u) > Fg(‘[g/) = F[(] +1) > Fog(s,M) for u > 74;. Hence, we can bound (18)

above by

SiM

P(/TSJM actFogtsjon) — Foet))du < [

Lj Tej

dSe(“))
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S

= P(%fOK(tO)(SjM — 1) < / o ng(u))

¢

sjm
< P( inf {%foz(toxs,-M —w? - [ dSe(u)} < 0).
w<j+1 w
For m sufficiently large, this probability is bounded above by p ;s /2 for all M >
mi and j € N, by Lemma 2.11 below. Similarly, (19) is bounded by p;ss/2, using
Lemma 2.12 below. [J

Lemmas 2.11 and 2.12 are the key lemmas in the proof of Proposition 2.10.
They are the limit versions of Lemmas 4.13 and 4.14 of [8], and their proofs are
given in Section 5. The basic idea of Lemma 2.11 is that the positive quadratic drift
b(s;m — w)* dominates the Brownian motion process S; and the term C (s iM =
w)3// 2. Note that the lemma also holds when C (s iM— w)3/2 is omitted, since this
term is positive for M > 1. In fact, in the proof of Proposition 2.10 we only use
the lemma without this term, but we need the term C(s;y — w)3/2 in the proof of
Proposition 2.9 ahead. The proof of Lemma 2.12 relies on the system of component
processes. Since it is very similar to the proof of Lemma 4.14, we only point out
the differences in Section 5.

LEMMA 2.11. Let C > 0 and b > 0. Then there exists an m| > 0 such that
forallk=1,..., K, M >myand j €N,

2 [M 3/2
P(int bt —w? = [ s - cim - w?} <0) < pin

w=<j w

where sjy = j + Mv(j), and Si(-), v(-) and pjy are defined by (10), (12) and
(14), respectively.

LEMMA 2.12. Let £ be defined by (16) and (17). There is an m| > 0 such that
iMoo _
P(/ "NF () — Foy(u)}du <0, AjM> <pju  forM>my, jeN,
Tej
where sy = j + Mv(j), Toj = max{Ng N (—o0, j + 11}, and v(-), pjm and Ay
are defined by (12), (14) and (15), respectively.

In order to prove tightness of {fk (1) — For (1)}, t € R, we only need Proposi-
tion 2.10 to hold for one value of 8 € (0, 1), analogously to [8], Remark 4.12. We
therefore fix B = 1/2, so that v(¢) = 1 v /|z|. Then Proposition 2.10 leads to the
following corollary, which is a limit version of Corollary 4.16 of [8]:

COROLLARY 2.13. For every € > 0 there is a C > 0 such that

b { o o |Fy (1) — Foy ()| dt
MGH& uvudl?

2C}<8 fors e R.
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This corollary allows us to complete the proof of Proposition 2.9.

PROOF OF PROPOSITION 2.9. Let e >0 and let k € {1, ..., K}. It is suffi-
cient to show that there is an M > 0 such that P(Fk(t) > For(t + M)) < ¢ and
P(fk (1) < For(t — M)) < ¢ forall r € R. We only prove the first inequality, since
the proof of the second one is analogous. Thus, let f € R and M > 1, and define

Biy = {Fy(t) = For(t + M)} and 7, = max{N; N (=00, 1]}.

Note that 1z is well defined because of Theorem 1.7(iii) and Corollary 2.2(i). We
want to prove that P (Bgys) < €. Recall that F must satisfy (11). Hence,

t+M N _ R _
P(Buw) = P( / {ar(Few) — For()) + ags1{Fo () — Foy ()] du

(20) ‘
t+M
5/ dSi(u), BkM>.

k

By Corollary 2.13, we can choose C > 0 such that, with high probability,

t+M _
1) f |Fy(u) — Fop ()| du < C(t + M — 1),
T

k

uniformly in t; < ¢, using that u3/2 > y for u > 1. Moreover, on the event By, we

have ff;LM{ﬁk(u) — For(u)}ydu > ff:M{FOk(t + M) — For(u)ydu = for(to)(t +
M — 1;)?/2, yielding a positive quadratic drift. The statement now follows by
combining these facts with (20), and applying Lemma 2.11. [J

Proposition 2.9 leads to the following corollary about the distance between the
jump points of Fy. The proof is analogous to the proof of Corollary 4.19 of [8],
and is therefore omitted.

COROLLARY 2.14. Forall k =1,...,K, let 7, (s) and ‘E]:—(S) be, respec-
tively, the largest jump point < s and the smallest jump point > s of Fy. Then
for every € > 0 there is a C > 0 such that P(r,j(s) -1 (5) > C) < ¢, for
k=1,...,K,seR.

Combining Theorem 2.9 and Corollary 2.14 yields tightness of {ﬁk(t) —Vir(®)}:

COROLLARY 2.15. For every € > O there is an M > O such that

P(|Hi(t) = Vi()| > M) <e  forteR.
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2.3. Uniqueness of H and F.  We now use the tightness results of Section 2.2
to prove the uniqueness part of Theorem 1.7, as given in Proposition 2.16. The
existence part of Theorem 1.7 will follow in Section 3.

__ PROPOSITION 2.16.  Let Hand H satisfy the conditions of Theorem 1.’1. Then
H = H almost surely.

The proof of Proposition 2.16 relies on the following lemma:

LEMMA 2.17. Let H = (H,...,Hx) and H = (H,,..., Hg) satisfy the
conditions of Theorem 1.7, and let F = (Fy,..., Fg) and F = (F1,..., Fg) be
the corresponding derivatives. Then

K —~ —~
> o [(F) = BOP di +axsr [(Fr) - Feo)dr
k=1
(22)
K
<liminf » *{y(m) — yu(=m)},
k=1

where ¥ : R — R is defined by
(23)  Yr(t) = {Fe(t) — Fe(OYar(Hi (1) — Hi (1)) 4+ ag 1 {Hy (1) — H (0},

PROOF. We define the following functional:
K

snr) =Y alt [* Boa- " rodio)

k=1 —m -

+aK+1{% /_r; Fi(t)dt — /_"; F+(t)dV+(t)}, meN.
Then, letting
(24) Dy (1) = ar{Hk (1) — Vi ()} + ak +1{H4 (1) — V4 (D)},
(25) Di(t) = ar{Hi (1) — Vi(D)} + a1 {Hy (1) — V4 (1)},
and using sz — f,? = (F; — Fk)2 + 2fk(Fk — fk), we have

K m R
dn(F) = n(F) = Y- % [ (Felt) — Rt
k=1 -m

26) L 9K E ) = By dn

2 _

K m R —~
+y / {Fe(t) — Fe()} dDy(1).
k=1"""
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Using integration by parts, we rewrite the last term of the right-hand side of (26)
as:
K _ o K wm _ _
S0 = B =3 [ Deyd(Fe(e) - Fe())
k=1 k=1"""
27

K
= Y (R0 = @)D .
k=1

The inequality on the last line Follows from: (a) /™ Di(1) dFi(t) = 0 by The-
orem 1.7(ii), and (b) /™ Di(t)dFi(t) <0, since Di(r) <0 by Theorem 1.7(i)
and Fj is monotone noncjg:creasing. Combining (26) and (27), and using the same
expressions with F and F interchanged, yields

0= ¢ (F) — ¢ (F) + ¢ (F) — ¢ (F)

—m

K m —~ m —~
> Ya [ (R0 - RPdi+axs [ (Feo - FeoPar
k=1 -m

K K
-~ m -~ o~ m
+ Y UFk () = FeOYDe®|_ + Y {Fut) = B} Di )|
k=1 k=

By writing out the right-hand side of this expression, we find that it is equivalent
to

K m . m -
o[ (A0 - ROPdt+aca [ (Fro) - FroPdr
k:1 —m —m

K
(28) < > [{Fx(m) — Fr(m)}{Di (m) — Dy(m))
k=1

— {Fi(—m) — Fe(—=m)}{Dx(=m) — D(—=m)}].

This inequality holds for all m € N, and hence we can take liminf,,_, . The left-
hand side of (28) is a monotone sequence in m, so that we can replace liminf,,,_,
by lim,,_, . The result then follows from the definitions of ¥, Dy and ﬁk in
(23)—(25). O

We are now ready to prove Proposition 2.16. The idea of the proof is to show
that the right-hand side of (22) is almost surely equal to zero. We prove this in
two steps. First, we show that it is of order O,(1), using the tightness results
of Proposition 2.9 and Corollary 2.15. Next, we show that the right-hand side is
almost surely equal to zero.

PROOF OF PROPOSITION 2.16. We first show that the right-hand side of
(22) is of order O,(1). Let k € {1, ..., K}, and note that Proposition 2.9 yields
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that {F(m) — For(m)} and {Fi(m) — For(m)} are of order O,(1), so that also
{Fr(m) — fk(m)} = O0,(1). Similarly, Corollary 2.15 implies that {Hj(m) —
ﬁk (m)} = Op(1). Using the same argument for —m, this proves that the right-
hand side of (22) is of order O,(1).

We now show that the right-hand side of (22) is almost surely equal to zero.
Let k € {1, ..., K}. We only consider |Fy(m) — Fx(m)||Hy(m) — Hy(m)|, since
the term |Fy(m) — ﬁk(m)||H+(m) — ﬁ+(m)| and the point —m can be treated
analogously. It is sufficient to show that

(29) liminf P(|Fi(m) — Fi(m)||Hi(m) — Hy(m)| > ) =0 forall n > 0.

Let 7,1 be the last jump point of F; before m, and let 7,,x be the last jump point
of Fy before m. We define the following events:

En=Epn(e,8,C) = Ey(e) N Eyy(8) N E3p(C) where

Eip = Ein(e) = {foo (R0 — R dr < s},

mk N Tmk

Eop = E2y (8) = {m — (Tuk V Tuk) > 6},

E3p = E3(C) = {|Hg(m) — Hy(m)| < C}.

Let & > 0 and & > 0. Since the right-hand side of (22) is of order O,(1), it
follows that [{Fi (1) — 1"7\16(t)}2 dt = O,(1) for every k € {1, ..., K}. This implies
that fnfo{Fk(t) — ﬁk(t)}2 dt —, 0 as m — oo. Together with the fact that m —
{Tmk V Tk} = Op(1) (Corollary 2.14), this implies that there is an m > 0 such
that P(E1;,(e1)¢) < &1 for all m > m1. Next, recall that the points of jump of
Fy and fk are contained in the set N, defined in Proposition 2.1. Letting f,;k =
max{N; N (—oo, m]}, we have

(30) P(ES, (8)) < P(m — 1., <9).

The distribution of m — t,, is independent of m, nondegenerate and continu-
ous (see [4]). Hence, we can choose § > 0 such that the probabilities in (30)
are bounded by &,/2 for all m. Furthermore, by tightness of {Hy(m) — ﬁk (m)},
there is a C > 0 such that P(E3,(C)¢) < /2 for all m. This implies that
P(E,(g1,58,C)) <& + & form >m;j.
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Returning to (29), we now have for n > 0:
liminf P (| Fy (m) — Fy(m)||H (m) — Hy.(m)| > n)
<er+é

+liminf P(|F(m) — Fi(m)|| Hi(m) — Hi(m)| > 0, En(e1,8, C))

§sl+£2+limian<|Fk(m) Fk(m)|> ,En(er, 6, C))
m— 00 c’

using the definition of E3,,(C) in the last line. The probability in the last line
equals zero for g1 small. To see this, note that Fi(m) — Fk(m) >n/C, m —
{Tmk V Tk} > 8, and the fact that F, and fk are piecewise constant on m — {Tx;, V
Tim} imply that
> 502 " 5002 0’8
| R - R@Pdez [ (R - BwPde>
Tk VEmk Tk Vi C
so that E1,,(g1) cannot hold for £; < 1728/C2
This proves that the right-hand side of (22) equals zero, almost surely. Together
with the right-continuity of Fj and F, this implies that Fj = Fy almost - surely,
fork=1,...,K. Smce Fi and Fk are the right derivatives of H; and Hk, this
yields that Hk = H + ¢ almost surely. Finally, both Hj and Hi satisfy conditions
(i) and (ii) of Theorem 1.7 fork =1, ..., K,sothatc; =--- =cg —O0and H=H
almost surely. [J

3. Proof of the limiting distribution of the MLE. In this section we prove
that the MLE converges to the limiting distribution given in Theorem 1.8. In the
process, we also prove the existence part of Theorem 1.7.

First, we recall from [8], Section 2.2, that the naive estimators fnk, k =
1,..., K, are unique at t € {Ty, ..., T,}, and that the MLEs ﬁnk, k=1,...,K,

are unique at t € Jg, where 7, ={7;,i =1,...,n: A}; + A’IKJrl > 0} U {T()} for
k=1,..., K (see [8], Proposition 2.3). To avoid issues with non-uniqueness, we
adopt the convention that fnk and fnk, k=1,..., K, are piecewise constant and

right-continuous, with jumps only at the points at which they are uniquely defined.
This convention does not affect the asymptotic properties of the estimators under
the assumptions of Section 1.2. Recalling the definitions of G and G, given in
Section 1.1, we now define the following localized processes:

DEFINITION 3.1. Foreachk =1, ..., K, we define
(31) Fl¢(t) = n'3{Fo(to +n~31) — For (1)},
Vi n2/3
(32) viee(r) = {8 — Fox (t0)} d P, (u, 8),

g(fo) ue(ty,to+n=1/31]
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n2/3  pron 1Py

(33) HY (1) = {Fur () — For(10)}dG (w),

g(to) Jry
(34) HS () = Hg (1) + —= — For(to) Z -
oo
where c¢,; is the difference between ay VJ%C + a1 V,}‘jf and ay Hlﬁc +ag+ 1H,1‘jf
at the last jump point 7,5 of F,ll‘,’f before zero, that is,
(35) cnk = ar Vs (tuk—) + ak+1 Voo (tak—) — ax 5 (tar) — a1 HyF (Tak).-

Tloc __ (rloc Tloc loc __ loc loc
Moreolver we clleﬁne thilvectors Fo=F . F ), Vo=V 35 V)
ocC ocC ocC
and H, (H ,H%).

Note that ﬁ,ll‘,’f differs from I:I;‘,’f by a vertical shift, and that (ﬁ}l‘,’f)’ ) =
(I-_Irll(,’(c)/ ") = f}lic (#) + o(1). We now show that the MLE satisfies the character-
ization given in Proposition 3.2, which can be viewed as a recentered and rescaled
version of the characterization in Proposition 4.8 of [8]. In the proof of Theo-
rem 1.8 we will see that, as n — oo, this characterization converges to the charac-
terization of the limiting process given in Theorem 1.7.

PROPOSITION 3.2. Let the assumptions of Section 1.2 hold, and let m > 0.
Then

ar ) (1) + ag 1 HSE (1)

<@ V(=) +ag i V,50=) + RE@)  fort €[—m,m],

{akvl (t=) +ag4+1dV,C(t—)

+ R (1) — ax H (1) — ag 1 H% (1)) dFI° (1) = 0

where R};}f(t) =0, (1), uniformly int € [-m, m].

PROOF. Let m > 0 and let 7, be the last jump point of fnk before 1. It fol-
lows from the characterization of the MLE in Proposition 4.8 of [8] that

f {act P ) — For)} + ag+1{Fos (u) — For ()} dG ()

nk
(36) < f[ ({8 — For)} + ax+1(84 — Fou ()}) dPa(u, )
TnksS

+ Rk (Ttuk, 8),

where equality holds if s is a jump point of Fu. Using that 1o — Ty = O) (n=173)
by [8], Corollary 4.19, it follows from [8], Corollary 4.20 that R, (tuk,s) =
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op(n_2/3), uniformly in s € [#p — min'/3, to +min=1/3]. We now add

ft {ar{For (u) — For(10)} + ak+1{Fos (u) — Fot(10)}} dG (u)

nk

to both sides of (36). This gives

f et Bk 0) — For(t0)) + axcs1 {Fp () — Fou (1))} dG ()

nk
(37 < /[ ){ak{f?k — Fok(10)} + ax+1{8+ — Fo+(10)}} dPu(u, 8)
Tnk S

+ Ry (Tuk 5,
where equality holds if s is a jump point of Fyuk, and where
Ry (s, 1) = Ru (s, 1) + puk (s, 1),
with

pnk(svt):/[ t){ak{FOk(tO)—FOk(u)}

+ ax+1{Fo+ (to) — For )}} d(Gn — G)(u).
Note that p,x (tyk, §) = op(n_2/3), uniformly in s € [ty — min~ '3, tg+min=1/3],
using (29) in [8], Lemma 4.9 and #) — 1« = O,(n~'/3) by [8], Corollary 4.19.
Hence, the remainder term R;lk in (37) is of the same order as R,j. Next, con-
Slder (37), and erte f[fﬂk 75) = f[fnkyto) + f[t(),s)’ let § = tO + n_1/3t7 and multlply by
n?/3/g(to). This yields

(38) car + ax Huk (1) + ag+1Hp (1) < RE(®) + ar Vi (1=) + ag 41V, 5 (1),
where equality holds if 7 is a jump point of F\,ll‘l)cc and where
(39 RE0 =0/t Rk, to+n" 1), k=1,... K.

Note that RL‘}CC(I) = 0,(1) uniformly in t € [—m, m1], using again that to — 7,x =
Op (n~—1/3). Moreover, note that R}ﬁf is left-continuous. We now remove the ran-
dom variables c,x by solving the following system of equations for Hy, ..., Hg:

Cnk + ax Hup (1) + ag 41 Hyy (1) = ax Hui (1) + a1 Hyt (1), k=1,...,K.

The unique solution is Hyi(f) = Hux(t) + (car/ar) + YK (cux/ar) = HIS ().
O

DEFINITION 3.3. We define U, = (RI¢, vlo¢, floc Flocy - where Rl =
(RL"IC,I...,RL"I%). with R};}f defined by §39), and where V,loc, H,loc and F,loc are
given in Definition 34. We use the notation -|[—m, m] to denote that processes are

restricted to [—m, m].
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We now define a space for ﬁn [[—m, m]:

DEFINITION 3.4. For any interval I, let D™ (/) be the collection of “caglad”
functions on / (left-continuous with right limits), and let C (/) denote the collec-
tion of continuous functions on /. For m € N, we define the space

E[-m,m] = (D™ [—m,m))* x (D[—m,mD* x (C[—m, m))* x (D[—m,m)*
=] xII xIII x1V,

endowed with the product topology induced by the uniform topology on I x I x
111, and the Skorohod topology on IV.

PROOF OF THEOREM 1.8. Analogously to the work of [6], proof of Theo-
rem 6.2, on the estimation of convex densities, we first show that ﬁnl[—m, m]
is tight in E[—m, m] for each m € N. Since Rlﬁﬂ[—m, m] = op(1) by Proposi-
tion 3.2, it follows that RL"C is tight in (D~[—m, m])X endowed with the uniform
topology. Next, note that the subset of D[—m, m] consisting of absolutely bounded
nondecreasing functions is compact in the Skorohod topology. Hence, the local
rate of convergence of the MLE (see [8], Theorem 4.17) and the monotonicity of
fﬁc, k=1,..., K,yield tightness of I?,1°C|[—m, m] in the space (D[—m, m])X en-
dowed with the Skorohod topology. Moreover, since the set of absolutely bounded
continuous functions with absolutely bounded derivatives is compact in C[—m, m]
endowed with the uniform topology, it follows that I:I,iocl[—m,m] is tight in
(C[—m,m])X endowed with the uniform topology. Furthermore, an"°|[—m, m] is
tight in (D[—m, m])X endowed with the uniform topology, since Vgoc(t) —>a V()
uniformly on compacta. Finally, c,1, ..., ¢,k are tight since each ¢,y is the differ-
ence of quantities that are tight, using that #) — 7,x = O, (n—173) by [8], Corol-
lary 4.19. Hence, also H'°°|[—m, m] is tight in (C[—m, m])¥ endowed with the
uniform topology. Combining everything, it follows that Upl[—m,m] is tight in
E[—m,m] for each m € N.

It now follows by a diagonal argument that any subsequence U, of U, has a
further subsequence U, that converges in distribution to a limit

U=(0,V,H, F)e (CR)HY x (CRHX x (CRN® x (D)X,

Using a representation theorem (see, e.g., [2], [15], Representation Theorem 13,
page 71, or [17], Theorem 1.10.4, page 59), we can assume that ﬁnn —as U.
Hence, F = H' at continuity points of F, since the derivatives of a sequence of
convex functions converge together with the convex functions at points where the
limit has a continuous derivative. Proposition 3.2 and the continuous mapping the-
orem imply that the vector (V, H, F)) must satisfy
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inf {aka(t) +ag+1V4(t) —apHi(t) —ag+1Hy (1)} > 0,

fmm

/_ (@ Vi(t) + ag 41V () — agHe(t) — ag 41 Ho (0)) dFe () = 0

for all m € N, where we replaced Vi (t—) by Vi (¢), since V1, ..., Vk are continu-
ous.
Letting m — oo, it follows that Hy,..., Hx satisfy conditions (i) and (ii)

of Theorem 1.7. Furthermore, Theorem 1.7(iii) is satisfied since fy) — T, =
0O, (n~1/3) by [8], Corollary 4.19. Hence, there exists a K-tuple of processes
(Hy, ..., Hg) that satisfies the conditions of Theorem 1.7. This proves the ex-
istence part of Theorem 1.7. Moreover, Proposition 2.16 implies that there is
only one such K-tuple. Thus, each subsequence converges to the same limit

=(H,...,Hg) = (H], .. HK) defined in Theorem 1. 8 In particular, this
implies that F1°(1) = n'/3(Fy (19 + n~'/31) — Fo(t0)) —a F(t) in the Skorohod
topology on (D@R)HX. O

4. Simulations. We simulated 1000 data sets of sizes n = 250, 2500 and
25,000, from the model given in Example 2.3. For each data set, we computed
the MLE and the naive estimator. For computation of the naive estimator, see [1],
pages 13—15 and [9], pages 40—41. Various algorithms for the computation of the
MLE are proposed by [10—12]. However, in order to handle large data sets, we use
a different approach. We view the problem as a bivariate censored data problem,
and use a method based on sequential quadratic programming and the support re-
duction algorithm of [7]. Details are discussed in [13], Chapter 5. As convergence
criterion we used satisfaction of the characterization in [8], Corollary 2.8, within
a tolerance of 10719, Both estimators were assumed to be piecewise constant, as
discussed in the beginning of Section 3.

It was suggested by [12] that the naive estimator can be improved by suitably
modifying it when the sum of its components exceeds 1. In order to investigate this
idea, we define a “scaled naive estimator” I?,fk by

=5 o _ | Fa®), if Fpy(s0) <1,
d k(”_{ For(0)) Fus (s0), if Fpy (s0) > 1.

fork=1,..., K, where we take so = 3. Note that FSJr (1) < 1 fort <3. We also
defined a “truncated naive estimator” F! e I Fn+(T(n)) <1, then F! k= Fnk for all

k=1,..., K. Otherwise, we let s, = min{z : Fj,(¢) > 1} and define
~ F, (1) fort <s
Fl t) = { Ik s n»
nk( ) Fnk(t)+ankv fort > sy,
where

_ ﬁnk(sn)_ﬁnk(sn_) = _
Onk = ﬁn+(Sn) — Fvn+(5n_){1 Fuy(sn—)},
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FIG. 3. Relative MSEs, computed by dividing the MSE of the MLE by the MSE of the other
estimators. All MSEs were computed over 1000 simulations for each sample size, on the grid
0,0.01,0.02,...,3.0.

fork=1,..., K. Note that I?,Lr(t) <1 forall t e R.

We computed the mean squared error (MSE) of all estimators on a grid with
points 0, 0.01, 0.02, ..., 3.0. Subsequently, we computed relative MSEs by divid-
ing the MSE of the MLE by the MSE of each estimator. The results are shown
in Figure 3. Note that the MLE tends to have the best MSE, for all sample sizes
and for all values of 7. Only for sample size 250 and small values of ¢, the scaled
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naive estimator outperforms the other estimators; this anomaly is caused by the
fact that this estimator is scaled down so much that it has a very small variance.
The difference between the MLE and the naive estimators is most pronounced for
large values of ¢. This was also observed by [12], and they explained this by not-
ing that only the MLE is guaranteed to satisfy the constraint F (f) <1 at large
values of t. We believe that this constraint is indeed important for small sample
sizes, but the theory developed in this paper indicates that it does not play any role
asymptotically. Asymptotically, the difference can be explained by the extra term
(ak+1/a){Vy — ﬁ+} in the limiting process of the MLE (see Proposition 2.4),
since the factor ag 1 /ax = Fox(t)/Fo,k+1(¢) is increasing in ¢.

Among the naive estimators, the truncated naive estimator behaves better than
the naive estimator for sample sizes 250 and 2500, especially for large values of ¢.
However, for sample size 25,000 we can barely distinguish the three naive estima-
tors. The latter can be explained by the fact that all versions of the naive estimator
are asymptotically equivalent for ¢ € [0, 3], since consistency of the naive estima-
tor ensures that lim,_, o fn+(3) < 1 almost surely. On the other hand, the three
naive estimators are clearly less efficient than the MLE for sample size 25,000.
These results support our theoretical finding that the form of the likelihood (and
not the constrained F; < 1) causes the different asymptotic behavior of the MLE
and the naive estimator.

Finally, we note that our simulations consider estimation of Fo(¢), for f on a
grid. Alternatively, one can consider estimation of certain smooth functionals of
For. The naive estimator was suggested to be asymptotically efficient for this pur-
pose [12], and [14], Chapter 7, proved that the same is true for the MLE. A simu-
lation study that compares the estimators in this setting is presented in [14], Chap-
ter 8.2.

5. Technical proofs.

PROOF LEMMA 2.11. Letke{l,...,K} and j e N={0,1,...}. Note that
for M large, we have for all w < j 4 1:
C(st—wv(st—w)3/2)S%b(st—w)z.

Hence, the probability in the statement of Lemma 2.11 is bounded above by

P{ sup {/SW dSi(u) — 5b(sjm — w)z} > 0}-

w<j+1tJ/w

In turn, this probability is bounded above by

(40) > P{ sup /’M dSi(u) zxk_,-q},

g=0 ‘we(j—q,j—q+1] W
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where Akjg = b(sjm — (j —q +1))2/2=b(Mv(j) +q — 1)?/2.
We write the gth term in (40) as

P( sup Sk(sjm —w) > )»qu)
welj—q,j—q+1)

Aii
§P< sup Sk (w) > Agj >=P< sup Sk(w)27J?>
wel0, Mv(j)+q) /e wel0,1) VMv(j)+q

.
< P( sup Br(w) > ¢)
wel0,1] b/ Mv(j)+q

Mg ) < ( Mg ) )
<2P(N(O 1)_ka 2byjq exp 2\ b/ Mu(j) +q

where by is the standard deviation of Si(1) and bgj; = b/ Mv(j) + q/(Aijq X

/27), and By (-) is standard Brownian motion. Here we used standard properties
of Brownian motion. The second to last inequality is given in, for example, [16],
(6), page 33, and the last inequality follows from Mills’ ratio (see [3], (10)). Note
that byj, <d all j € N, for some d > 0 and all M > 3. It follows that (40) is
bounded above by

Mg ))N - ( 1<Mv<j)+q>3>
d ~~ d TR )
Z exP( (bk\/Mv(J)+ / QZ:O 2T

which in turn is bounded above by d; exp(—d>(Mv(j ))3), for some constants d|
and d», using (a +b)> > a®> + b3 fora,b>0. O

PROOF OF LEMMA 2.12. This proof is completely analogous to the proof of
Lemma 4.14 of [8], upon replacing Fnk(u) by Fk (u), For(u) by For (1), dG(u) by
du, Suk(-) by Si(-), Tukj bY Tkj» Snjm by sjm, and Ayjy by Ajp. The only differ-
ence is that the second term on the right-hand side of equation (69) in [8], vanishes,
since this term comes from the remainder term R, (s, t), and we do not have such
a remainder term in the limiting characterization given in Proposition 3.2. [J
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