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STUCK WALKS: A CONJECTURE OF ERSCHLER, TOTH
AND WERNER

By DANIEL KIOoUS
Ecole Polytechnique Fédérale de Lausanne

In this paper, we work on a class of self-interacting nearest neighbor
random walks, introduced in [Probab. Theory Related Fields 154 (2012)
149-163], for which there is competition between repulsion of neighboring
edges and attraction of next-to-neighboring edges. Erschler, T6th and Werner
proved in [Probab. Theory Related Fields 154 (2012) 149-163] that, for any
L > 1, if the parameter o belongs to a certain interval (o741, @r,), then such
random walks localize on L + 2 sites with positive probability. They also
conjectured that this is the almost sure behavior. We prove this conjecture
partially, stating that the walk localizes on L 42 or L + 3 sites almost surely,
under the same assumptions. We also prove that, if « € (1, +00) = («p, @1),
then the walk localizes a.s. on 3 sites.

1. Introduction. Let X := (X,),>0 be a nearest neighbor walk on the integer
lattice Z. Let [ (j) be the local time on the nonoriented edge {j — 1, j} up to
time k:

k
L) =) LK1 X)=li—1.j}}-

m=1
Define the filtration (Fi)ren generated by the process, that is, for all k € N,
Fr=0Xo, ..., Xpr).
Fix a real parameter « and define the following linear combination of local times
on neighboring and next-to-neighboring edges of a site j:

ey Ar(j)i=—alk(j— D +L(j) =+ 1D +al(j+2),
and, with a slight abuse of notation,
Ak = Ap(Xy).

Fix another real parameter § > 0. In this paper, we consider the walk introduced
in [9], defined by Xo = 0 and the following conditional transition probabilities:

e:l:ﬁAk

) P(Xk41 =Xk £ 11 Fp) = e—BAk 1 eBAL”
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The linear combination Ay can be seen as the local stream felt by the walker.
When this stream is positive (resp., negative), the walk bends toward the right
(resp., toward the left). The value of the parameter 8 does not affect very much
the behavior of the walk, whereas the value of « plays a crucial role, as we explain
below.

This model is a generalization of the true self-repelling walk (TSRW) in one
dimension. We can recover the TSRW with edge repulsion, by choosing o =0, as
well as the TSRW with site repulsion, by choosing @ = —1. In the case of edge
repulsion, a nondegenerate scaling limit for Xy / k23 is proved in [19] and the same
scaling limit is conjectured for site repulsion; we refer the reader to [1, 20] for
more details. Some interesting work has also been done concerning the continuous
space—time true self-repelling motion, see, for instance, [6, 7, 21].

A scaling behavior similar to the one of the edge-repelled TSRW is expected
for ¢ € [—1, 1/3). Roughly speaking, « is then sufficiently close to 0 and this can
be seen as a perturbation of the TSRW. The case o = 1/3 is more mysterious, and
the nondegenerate scaling of the walk might be like k%/3. For « € (—00, —1), the
walker is repelled by its neighboring edges and even more strongly by its next-to-
neighboring edges. In this case, it seems that the walk self-builds trapping envi-
ronments, which causes a slowing down of the walk. We refer the reader to [10]
for more detailed discussions and arguments.

In [9], Erschler, Téth and Werner focus on the case where o > 1/3. In par-
ticular, the walker is repelled by its neighboring edges and attracted by its next-
to-neighboring edges. Therefore, there is competition between repulsion and
attraction: the last one might win, resulting in localization of the walk on an ar-
bitrarily large interval depending on «.

More precisely, let us define subintervals of (1/3, +00) corresponding, as we
will see later, to different possible features of the walk.

Define the sequence («y)r>1 by o1 := 400 and for all L > 2:

1
3) L 2cos@r /(L +2)°

so that this sequence decreases from +o0o to 1/3 as L increases from 1 to +o0.
Define, for all k € N and j € Z, the number of visits to the site j, up to time k:

_ D+ G+ D+ Lx=j) — Lyj=o)

k
Zk() =) Uxu=j) = 5 ’
m=1

and let Z(j) be its limit when k goes to infinity. Let R (resp., R’) be the set of
points that are visited at least once (resp., infinitely often), that is,

R:={j€Z:Zx(j) >0},
R :={j€Z:Zx(j) =00}

In [9], the authors prove the following result.
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THEOREM 1.1 (Erschler, Téth and Werner [9]). Suppose that L > 1. We have:

— Ifa < ay, then, almost surely, |R'| > L +2,0r R’ = @.
— If a € (ap+1,QL), then the probability that |R'| = L + 2 is positive.

Moreover, there exists a deterministic real valued vector (vy,...,vr+1), such
that, on the event {R' = {x,x + 1,...,x + L + 1}}, we almost surely have the
following law of large numbers:

. 1
lim —(lk(x+l),...,lk(x+L+1))=(U1,...,UL+1).
k—+oo k

REMARK 1.2. As in [9], we will give an explicit form for the vector
(v1, ..., vr41) later in this paper: it corresponds to the solutions of a linear system
given by Proposition 4.1 (in the case K = L).

Erschler, Téth and Werner also propose the following conjecture.

CONJECTURE 1.3 (Erschler, Téth and Werner [9]). If « € (ar+1, L), then
|R'| = L + 2 almost surely.

The main goal of this paper is to prove the following result, which partially
settles the conjecture.

THEOREM 1.4. Assume that o € (41, L), then the walk localizes on L 42
or L + 3 sites almost surely, that is, |R'| € {L +2, L + 3} a.s.

We also give, in both cases, the asymptotic behavior of the local times, which
correspond to those obtained in [9]; see Proposition 4.1.

When o > 1, that is, o € (a2, 1), we can improve this result and prove the
conjecture in this case, which is done in Section 7.

THEOREM 1.5. Assume that a € (1, +00), then the walk localizes on 3 sites
almost surely, that is, |R'| =3 a.s.

Besides, we also believe that, for general @ > 1/3 and L > 1 such that o €
(ap+1,ar), the event |R’| = L 4 3 does not occur as it corresponds to an unstable
limiting behavior.

Another problem is the one of the critical values of «, that is not treated here,
neither in [9]. Nevertheless, Erschler, T6th and Werner give good arguments to
make us believe that, if « = a1 41, then the walk will almost surely not be stuck on
L + 2 sites; see the concluding remarks of [9].

Note also that it is usually quite challenging to obtain an almost sure behavior
for a reinforced random walk and let us mention some interesting results (see also
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[4, 12, 14]). Tarres proved in [17] the localization on 5 sites of the vertex-reinforced
random walk (VRRW) with linear reinforcement, which is an important result in
the field of reinforced random walks. In [18], Tarrés proposed another proof of
this result, introducing a variant of so-called Rubin’s construction, allowing pow-
erful couplings. This variant was also used by Basdevant, Schapira and Singh who
proved in [2] a phase transition of the behavior of VRRWSs, for nondecreasing
weight functions of order n loglogn. The same authors, in [3], characterize the be-
havior of VRRWs with sublinear nondecreasing weight functions, thanks to some
index (which is an integer that depends on the weight function) and they prove an
a.s. lower bound for the size of the localization set (which is not sharp), depend-
ing on this index. They propose a conjecture with better bounds, which they prove
with positive probability. In particular, they exhibit walks that localize on arbitrar-
ily large intervals, as we do in the present paper. The major difference between
the behavior of Stuck walks and VRRWs: is that in the case of VRRWSs on Z, only
3 vertices are visited during a positive proportion of the total time, and the other
infinitely often visited sites are seldom visited, no matter how many they are.

2. Sketch of the proof of Theorem 1.4. Let us describe the techniques used
to prove Theorem 1.4. First, as in [9], we compare the local times of the walk to the
solutions of a linear system. This linear system is not easy to handle generally but
we prove additional results on the solutions of this system, in order to generalize
some results of [9] and to emphasize, through trigonometric identities, instability
properties of some vertices that will force the walk to localize on one of their sides.
Finally, we adapt a variant of Rubin’s construction, introduced in [18], to a class
of nonmonotonic weight functions.

Fix L > 1, and assume that o € (or4+1, 7). Let us first state the following
proposition, proved in Section 5.

PROPOSITION 2.1. The walk almost surely visits finitely many sites, that is,
|R| < 400 a.s.

Note that this last proposition discards the possibility of transience of the walk,
that is, R’ # @ a.s.

Knowing from [9] that |R’| > L + 2 a.s., our next goal is to prove that |R'| <
L + 3. Then, let x € Z be the leftmost infinitely visited site, and let K € N U {0}
be the number of interior lattice sites of R’, that is,

x:=inf{y€Z:yeR'},
K:=|R|-2.
Note that x and K are random variables but that they can take only countably
many values, so we can fix x € Z and K € N U {0} and work on the event {R' =

(x,x+1,....,x+ K+ 1}}={x=infR}N{|R| =K +2}.
The following result, proved in Section 6, is crucial.
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PROPOSITION 2.2. Let x € Z and let K € N. Almost surely, we have

x+K .
. Ar())
R ={x,..., K+1ijc () {1 :O}.
{ {X x+ + }} jmxtl k—}{lfloo k

The last proposition is a generalization of Proposition 2 of [9], which would
only give this result for K < L, which is not sufficient. Hence, Proposition 2.2
requires a more technical proof, which needs, in particular, results of Section 4.4.

From Proposition 2.2, we know that the normalized local times eventually ap-

proach the set of solutions (lo, ..., [x42) of the linear system defined by
K41
“4) di=dy=--=dg=0 and ) [j=1,
j=1
where, forall j € {1,...,K},dj=—al; 1 +1;j —1jy1 +al;ji2, and with the extra

conditions lo = lgx 2 = 0.

So, all the information we can get about this system gives us information about
the asymptotic behavior of the local times. The sole purpose of Section 4 is to
study this generalized Fibonacci sequence and its solutions. In fact, we also use
some properties of the solutions of this system to prove Propositions 2.1 and 2.2.

Let us roughly describe the solutions of such a system, which is detailed in
Section 4. First, define dy = —I1 + aly and dg4+1 = —alx + Ik +1.

e If K < L, then the solution to the system is unique, all the /;’s are positive, dy
is negative and, by symmetry, dx+1 = —dp > 0. As Ay(x)/k and Ax(x + K +
1)/ k, respectively, approach dp and dkx 1 as k goes to infinity, it gives us the
intuition that we cannot have |R’| < L + 2, since otherwise the local streams at
the boundaries would strongly push the walker out of this interval.

e If K = L, then the solution is still unique, with all the /;’s positive, and we have
dy = —dp+1 > 0. So, we guess that |[R'| = L 4+ 2 is a good candidate, as the
local streams on the boundaries would keep the walker inside the interval.

e If K =L + 1, the unique solution is similar to the previous one, which makes
|R'| = L + 3 another good candidate.

e Otherwise, if K > L + 1, the solution may not be unique, and we cannot de-
termine a priori the sign of dy nor dg 1. Moreover, as it is noticed in [9] (see
also Remark 4.4), we could find many K’s for which the set of solutions to the
system is such that all the /;’s are nonnegative, dy > 0 and dg 4| < 0, that is,
the local streams on the boundaries push the walker inward. In other words, we
could find many good candidates for the size of R’. The goal is then to exclude
these larger values of K.

Recall that L > 1 and that o € (p+1, 1), so that « > 1/3. Let w € (0, ) be
the unique real number such that
11—«

20

cos(w) =
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The following corollary is a bit less general than Proposition 4.7 which we state
and prove in Section 4.4. As we have already noticed, the linear system is quite
difficult to handle when K is large, but we can prove some useful results under
some convenient assumptions.

COROLLARY 2.3. Assume that o € (ap4+1,0r) and K > L. If (lg, ...,lgx+2)
satisfies the previous system (4) and if l1, ..., lx+1 > 0, then:

(1) do > c(K) and dg+1 < —c(K), where c(K) is a positive constant depend-
ing only on o and K
(1) for the same positive constant c(K), we have

B sin(((L + 2)/2)w)l 4o cos(w/2) sin(((L 4 3)/2)w)
sin((L /2)w) e sin((L/2)/w)
< —c¢(K).

lpq2—alpy1 = lp+1

The first point is used to prove Proposition 2.2, whereas the second point is used
to prove the following series convergence.

LEMMA 2.4. Let x, K € Z such that K > L. Then, almost surely, for any
a >0,

+o00
{R/ —{x,...,x+ K+ 1}} C Zeaﬂ[lk(x+L+2)falk(x+L+l)] < -I-OO}.
k=1

Its proof is simple but needs several technical details to be rigorous, thus it is
set forth in Section 6.2: we use that, on the event {R’' = {x,...,x + K + 1}}, the
vector of local times (/¢ (x), ..., [y (K 4+2))/k approaches, as k goes to infinity, the
set of solutions to the linear system (4) introduced in the previous paragraph.

In order to prove Theorem 1.4, we make use of an embedding of the original
walk into a continuous-time process, obtained via a time-line construction simi-
lar to the one often used for Markov chains. It was initially proposed by Herman
Rubin, and used in the papers of Davis [5] and Sellke [16], in the context of edge-
reinforced random walks. We make use of a variant of this construction, initially
introduced by Tarres [18] for the study of VRRW with nondecreasing weight func-
tions, which allows powerful couplings in the one-dimensional case, in order to
prove nonconvergence toward some unstable limit sets.

However, the nonmonotonic setting studied here does not satisfy the conditions
of the results in [18], and we therefore extend the techniques to that case: this will
enable us to eliminate the large unstable intervals as candidates for the localization
set.
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Let us take advantage of some different ways to write the probability for the

walker to jump on his left when he is on a certain vertex:
P(Xk+1 = Xk — 1 Fi)
1
(5) - 1 + ezﬂAk
2Bl (Xi)+ali (X —1)]
- e2Bl—lk (Xp)+al(Xk=D]  o2B[—h(Xp+1D)+al (Xx+2)]"

It is worth noticing that (5) consists of two terms: one depending only on the lo-
cal times on edges on the left of the considered vertex and the second one depend-
ing only on the local times on edges on the right of it. Hence, after one excursion
on the right, or on the left, of this vertex, only one of the two terms changes. Note
that we still do not have any monotonicity.

Before making this construction more precise, let us introduce some defini-
tions. First, for all y € Z and k € N, define the number of times the oriented edge
(y, ¥y £ 1) has been crossed, up to time k:

k—1
Ni(y,y £ 1) =" Lix,=y. X1 =y£1]5

n=0
and notice that if X; = y then we have
Le(y+ (1 £ 1D)/2)) + Lk (y + (1 £3)/2) — Ly+1=0}
2 b
k(y + (A £1)/2)) — Lixy<0)
> .
Define two functions f* and £~ from Z x (NU{0}) in R™, and a function w from
N U {0} to RT, such that, for alln e NU {0} and y € Z,
©  fE.n) =exp(2B[20 + a)n — alyri—o) + (1 + @) Liy<0}]),
(7 w(n) :=exp4pan).
Then, if X; =y, we have

Zi(yx1)=

Ni(y,yx1) =

(8) 2Bl (y+D+al (y+2)] _ wZe(y + 1)
frO, Ne(y,y +1))
©) 2Bl tal -1 _ _ W(Zky = 1)

F=, Ne(y,y = 1))
which enables us to rewrite (5) as
P(Xgv1 = Xr — 11F%)
_ w(Zr(Xx — 1))
(X Ne(Xg, X — 1)
/( w(Zp(Xx — 1)) n w(Zk(Xk + 1)) )
f~ X, Nk (X, X = 1)) fH(Xp, Ne(Xi, Xie + 1))

(10)
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7_2(1/) TB(y) Téy)

. G Y gw
‘ W) ) )

T4

(y)

FI1G. 1. Time-lines around a vertex y. The times 'cky are times of jumps from y to 'y £+ 1.

Now, we are going to use Rubin’s construction, which is the following. Recall
that, in our case, the function w is defined as in (7), but this construction can be
done for any nondecreasing weight function. The way we present this construction
is very similar to the one in [2]. We will embed the walk into a continuous-time
process, involving time-lines corresponding to sequences of clocks (see Figure 1).
More precisely, fix a collection of positive real numbers:

£:=(55(),yeZ k>0)eRY.

We call M the function which maps a collection of positive real numbers & to a
continuous-time walk X = ()N( Nier, =: M(&) on Z, constructed as follows.

For each y € Z and k € NU {0}, the value S,:r (y) [resp., & ()] will be related to
the duration of a clock attached to the oriented edge (y, y + 1) [resp., (y,y — DI,
and given the collection &, the evolution of the walk is deterministic, created as
follows:

o Set X o = 0 and attach two clocks to the oriented edges (0, —1) and (0, 1) ring-
ing, respectively, at times &, (0)/w(0) and EJ 0)/w(0).

o At time 71 := (§, (0)/w(0)) A (EJ’ (0)/w(0)), one of the alarms rings, then
the walker crosses instantaneously the corresponding edge and both clocks are
stopped. Then we have set X r; = £1 depending on which clock has rung first.
If both clocks ring at the same time, then X stays at O forever and we say that
the construction fails.

Now, assume that we have constructed X up to some time ¢ > 0 at which time the
process makes a right jump from y — 1 to y, for some vertex y € Z. Denote by k
the number of jumps from y to y — 1 and by n the number of visits to y — 1 before
time . We continue the construction according to the following procedure:

e Start a new clock attached to the oriented edge (y, y — 1), which will ring after
atime & (y)/w(n).

o If the walker has already been in y previously, then restart the clock attached
to the oriented edge (y, y + 1) that has been stopped (without ringing) the last
time the process left y. Otherwise, start a new clock for (y, y 4+ 1) which will
ring after a time SSF (y)/w(0).
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e When one of the alarms rings, the walker crosses instantaneously the corre-
sponding edge, and both clocks are stopped. If both alarms ring simultaneously,
then X stays at y forever and we say that the construction fails.

We follow the symmetric procedure when the process jumps from y + 1 to y.

Let us naturally adopt the notations .7-",, lt ), Nt (y,yx1), Z,(y) R’ inherited
from F, [k (y), Ne(y, y £ 1), Zi(y), R’ B

Let us define 79 := 0 and 74 the time of the kth jump of X. Then define the
discrete-time embedded walk (X, ).

Recalling the definitions (6) of f*, (7) of w, and the transition probability (10),
we prove the following proposition.

PROPOSITION 2.5. Choose & to be such that, for all y € Z and k € N U {0},
Ek (y) are exponential random variables, independent from each other, and with
mean f *(y, k). Define the continuous-time walk X = M(&) and its embedded
walk (X )

Then the construction of X does not fail with probability 1. Moreover, the pro-
cesses (X k>0 and (Xy)k>0 have the same distribution.

PROOF. Recall that if U and V are two independent exponential random vari-
ables of parameter u and v (i.e., with mean 1/u4 and 1/v), then P(U < V) =
u/(u+v)yand P(U=V)=

Then it suffices to recall (10) and to notice that, conditionally on .7-},{, the quanti-
ties S Noy (R R £1) (»)/ w(Zrk (X 7, 1)) are independent exponential random vari-

ables w1th respectlve means

[ Ky Ny X, Xy +1) [~ Xy, Ny (X, Xy = 1)
w(ZTk (X‘L’k + 1)) w(ZTk(XTk - 1)) . D

Until the end of this section, we work with & defined as in this last proposition,
which then implies that (X,k)k, (Zrk Ok, y (l;k ()k,y and R’ have the same laws
as (Xx), (Zr(y)), (k(y)) and R’

Define, for each y € Z, the total time consumed by the clocks attached to the
oriented edge (y, y = 1):

+
5N e )

(11) TE =S "1% _.5% _oip—t—
y /é(:) (X =y Xq y:tl}w(zrk(y:tl))

From the time-line construction, it is clear that

1) {Zoo(y = 1) =00} N{Zoo(y + 1) =00} N{T}F AT, < 00}

c{T," =T, < oo}
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since otherwise, after a certain time, the walk would jump infinitely many times
on one side of y before performing one more jump on the other side.

Section 3.1 is dedicated to proving the next proposition, using monotonicity
properties of the time-line construction.

PROPOSITION 2.6. If X is a continuous-time process defined as in Proposi-
tion 2.5, then, for any y € Z,

P(TF =T, <00, Zoo(y — 1) = Zoo(y + 1) = 00) = 0.
The following proposition is proved in Section 3.2, using martingale arguments.

PROPOSITION 2.7. If X is a continuous-time process defined as in Proposi-
tion 2.5, then, for any y € Z,

“+00 . ~
ZeZﬂ[lfk(y)—alrk(y—l)] < oo} C {Ty_ < 00}.
k=0

Before proving all the previous technical results in the following sections, let us
use them in order to prove the main theorem.

PROOF OF THEOREM 1.4. Fix x € Z and fix K > L + 2, so that {R' =
{x,....x + K+ 1}}C{|R| > L +4}and

[R'={x,....x + K +1}}
C{Zoo(x 4+ L+1)=00} N{Zoo(x + L +3) = 00}.
Using the series convergence of Lemma 2.4 and Proposition 2.7, we deduce
[R={x,....x + K+ 1}} C (T, . < +o0}.
Hence, using the inclusion (12),
[R={x,...x+ K+ 1} C{T ., =TF , <+oo}.
Therefore, using Proposition 2.6, it implies that
P(R' ={x,...,x + K +1}) =0.

Taking finally the union over x € Z and K > L + 2, and using Proposition 2.5, we
conclude that

P(|R'|>= L+4)=P(|R'| > L+4)=0. O
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3. Monotonicity of the time-line construction and martingale arguments.
In Section 3.1, we prove Proposition 2.6 by taking advantage of some monotonic-
ity properties occurring in the time-line construction. The idea of the whole proof
is due to Tarres, [18], but we use, at the end of this proof, a more convenient argu-
ment, due to Basdevant, Schapira and Singh, [2]. In Section 3.2, we use classical
martingale arguments to prove Proposition 2.7.

In these two sections, we generalize some previous results to a class of dynamics
involving nonmonotonic weight function. More precisely, all the results hold for
any positive functions f*(-, -), and any positive nondecreasing function w(-). Note
that w/f* can be nonmonotonic.

3.1. Proof of Proposition 2.6. Recall the time-line construction introduced in
the previous section, in which we have defined the function M which maps a
collection & of positive real numbers to a continuous-time walk M ().

DEFINITION 3.1. Given ' = (1); (") yez.kz0 and §2 = (E)F (9)yezk20
two collections of random variables on R, we say that &' >> £2 if, for all k > 0

and y € Z, we have that (£") (y) < (€% (y) and (§"); (y) = (%) () almost
surely.

Let us define two continuous-time walks X!.= M(g") and X2 .= M(E?),
adopting the natural notation Z!(y) and Z?(y), for any y € Z. For any i € N

and any y € Z, let t{ly’yH}(i) [resp., t{zy’yH}(i)] be the time of the ith crossing

of X! (resp., X 2) of the nonoriented edge {y,y + 1}, with the convention that
1 __ 42 —
yoy O =155y 0 =0.

_ LEMMA 3.2 (Tarres, [18]). Assume that €' > & 2 and that the constructions of
X' and X? do not fail, then, for any i € N and y € 7, we almost surely have that

7! 4 1) > 72 . 1
z{ly,y+1}(l)(y+ )z t(zy.y+l)(’)(y+ )
and
z! () < Z> ).

t{ly,y+1}(i) t{zy,y+1}(i)
Using this last result, here follows the main proof of this section.

PROOF OF PROPOSITION 2.6. In order to apply the last lemma, fix y € Z and
define the collection:

Hy = ((EF 00 k> 0,3 # ), (£ (1).k = 0), (& (). k> 1),

where the &£’s are independent and defined as in Proposition 2.5, that is, S,;JE (x) is
an exponential random variable with mean f*(x, k).
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Then note that the process X defined in Proposition 2.5 has the same law as
M(H,y, S(}L (y)), where 56“ (y) is an exponential random variable with mean 1, in-
dependent from # . This means that X has the same law as the embedded walk of
M(Hy. & ).

Moreover, we can create a family of walks X .= M(Hy,u), u > 0, which
correspond to continuous-time walks defined according to the time-line construc-
tion, with & (y) = u.

For all u > 0, in a way similar to (11), define

£Z. )
Nz,'(y,yx1)
Ti(Hy,u)—le S W)
=0 Y= X ==y (ZW (v £ 1)
N (y,y=+1
_ ”i : W
= wZ (v £1))

t{‘ yE1) (2k+]].{iy<0})

which is the total time consumed by the clocks attached to the oriented edge
(y,y £ 1) for the walk X,

Then, Lemma 3.2 implies that, for any u, u” > 0 such that u > u’, almost surely
on the event {7} (Hy, u), TjF (Hy, u) < 00} N{ZS& (y £ 1) = Z& (y £ 1) = 00},
on which the times TyjE (Hy,u), TyjE (Hy, u') are all four finite, we have that

Ty+(7-ly, u) > Ty+(7-[y, u') and T, (Hy,u) < Ty_(’Hy, u').

Thus, it implies that, given H,, there exists at most one value ug = ug(H,) of
go () such that the event {T+ = T <ooln {Zoo(y +1)= Zoo(y —1) =00}
occurs. If such a value does not ex1st then we use the convention ug = o0.

Note that {Zoo y+1)= Zoo (y — 1) = oo} implies that the construction succeed,
which is already proved to happen a.s.

Then we conclude with

P(TF =T, <00, Zoo(y + 1) = Zoo(y — 1) = 00)
0.

E(P(5) (v) = uolHy)) = O

3.2. Proof of Proposition 2.7. Fix y € Z and assume for simplicity that y > 0
(but similar arguments hold whenever y < 0). Let 6; be the time of the kth jump
from y — 1 to y, and let iy be the number of visits to site y — 1 up to time 6. Define
a new filtration G such that, for all n > 0, we have

Gn =0 ((EF (), k=0,x#y), (57 (), k>0), (5 (»),0<k <n)),
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and recall that the &£’s are exponential clocks defined as in Proposition 2.5. For any
n > 0, define

(v, k)

Y (l’l,) - Z]]- 9k+1<oo}{u(l; 1)
& ()

Ty = Z]l Ok =0} wl((lk—i-l)

M, = Ty_(n) — Yy_(n),

n
(M) =) E((Miy1 — Mi)?|Gr).
k=0

Notice that, given G,,, we know the duration of the n + 1 first clocks attached to
the oriented edge (y, y — 1), and the duration of any other clock attached to any
other edge.

Then, as y > 0, 6,42, and thus i,,, are §,-measurable, whereas £, +1(y) is
independent of G,. We have

146,42 <©lp

(n+)

E((Myr1 — Ma)2|Gy) = %E((%@) — o+ D))
_ 146, ,,<00) (f (3, n + 1))?
(W(in12))?

Hence, M, is a square integrable G-martingale. By a classic result about square
integrable martingales, we know that M, converges a.s. to a finite limit on the
event {{M)x < oo}, see [13], Proposition VII-2.3. Thus, on the event {{M)qc <
oo} N {Yy_(oo) < o0}, we have a.s. Ty_ = lim,, Ty_(n) < 00.

Besides, (9) implies

EMpt1 — Mp|Gn) = E¢ ) —f(,n+1)=0

+00 . .
Yy_(OO) < Zezﬂ[lrk (Y)_alrk(y_l)],
k=0

+00 - .
(M)oo < 3 1l )=l 6=D]
k=0
so that {Yy_ (00) < 00} C {{M)x < 00}. Thus, the following inclusion a.s. holds:

oo -
ZBZﬂ[lfk(y)—alrk(y—l)] <oob {Ty— < o0,
k=0
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REMARK 3.3. Note that, in fact, we do not need the explicit form of f +
and w. More generally, for any positive function f* and w, the inclusions
{Yy_(oo) < o0} C {{M)s < 00} and consequently {Yy_(oo) < oo} C {Ty_ < 00}
hold.

4. Trigonometric results.

4.1. Definition of the linear system. Fix L > 1 and assume that @ € (¢p+1,
ar), where (o7)r>1 is defined in (3).

We will describe some properties of the set of possible solutions (o, ..., [x+2)
to linear equations that are part of a bi-infinite Fibonacci-type sequence. First, we
introduce this linear system, then we distinguish between three cases, depending
on the size of the system.

Forall K e Nand forall j € {1,..., K}, let

do=1lp—11 + aly,
(13) di=—alj 1 +1j—1ljy1 +alji,
dx 41 =—aly +1lgr1 — lk42.
For all K € N, define the linear system:

K+1
(Eg) di=dy=---=dg =0, lo=0 and le:l.
j=1

Recall that, given o > 1/3, w € (0, 7) is the unique real number such that

@) l—«o
cos(w) =
20
Then, using (3),
2 2
<w<——0.
L+3 L+2
In Section 4.2, we describe the unique solution of the linear system (Ex) with
the extra condition /x5 = 0, when K is small, namely K € {0, ..., L + 1}.

In Section 4.3, we prove some properties of an associated affine system when
K = L. In other words, we consider the same system, but with general d;’s (i.e.,
not necessarily equal to 0), and we emphasize some identities.

In Section 4.4, we describe some properties of the solutions of the linear system
(Eg), with the conditions [y, ...,lx42 > 0, when K is large, that is, K > L. We
also prove Corollary 2.3.

We refer the reader to [11], for instance, for known properties of these solutions.
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4.2. Small-size system: K € {0, ..., L + 1}. The following proposition gives
an explicit form for the solution of (Eg), with [ 42> =0, when K is small, that is,
K €{0,..., L+ 1}. As we prove in Section 6, these solutions correspond to the
asymptotic normalized local times of the walk, on the corresponding events.

PROPOSITION 4.1. Ifa € (ap+1,ar) and K € {0, ..., L 4+ 1}, then the solu-
tion of (E ), with the extra condition lx 7 = 0, is unique and satisfies

sin((K +2— j)/2)w)sin(jw/2)
- Z
where Z is a normalisation constant. Moreover,

sin(((K + 3)/2)w) sin(w/2)

o 7 .
The quantities 1y, ...,lxy1 are positive and if K € {0,...,L — 1} (resp., K €

{L,L 4+ 1}) then dy < O (resp., dg > 0).
Moreover, (14) and (15) hold when « = ay and K € {1,..., L —1}.

a4 I orall j €{0,..., K +2},
J

(15) do=—dg+1=—

REMARK 4.2. We will later deal with two different systems (Ex) and (Eg’)
together, with K # K’. We will then use the notations do(K), dx+1(K) and
do(K"), dgr+1(K') in order to avoid any confusion.

PROOF OF PROPOSITION 4.1. All the arguments in the beginning of this
proof, until (18), hold for any K € N and will be used later.

Let us first emphasize the fact that the set of solutions of the system d; =--- =
dg = 0 is 3-dimensional. Indeed, let (lo, ..., x+2) be a real-valued vector satisfy-
ingd; =---=dg =0.If we fix [y, [ and [», then it is easy to see that, by induction,
we can find a unique solution. It implies that the set of solutions is 3-dimensional.

Moreover, these solutions satisfy linear recurrence relations with characteristic
polynomial P(X) =aX> — X?>+ X —a=a(X — 1)(X — ¢/)(X — e~'®), hence
the general solutions to (E k) are such that

(16) lj=A+BeV” 4+ Ce™®  forall j€{0,...,K +2},

for some constants A, B, C € C. Recall that w is such that cos(w) = (1 — @) /2c.
Then, using the conditions Ip =0, [k y2 =0 and ) /; = 1, we can compute A,
B and C, which will imply the uniqueness of the solution (lo, ..., x+2) of (Ex)
with l[(+2 =0.
First, the condition /o = A + B + C = 0 implies

(17) lj=A(1—€"%) —C(eV” — e7/®),

Now, let us write /; as a function of A and [}, for some jo € {1, ..., (L +3) A
(K +2)}.



898 D. KIOUS

As 27/(L 4 3) < w < 27 /(L + 2), we have /0¥ — ¢=10® £ 0, for any jj €
{1,....,(L+3) A (K +2)}. Now fix jo € {l,...,(L+3)A (K +2)}, then (17)
applied to j = jo implies that

c_Al- ey — 1

eliow _ g—ijow

and, forall j € {1,..., K + 2}, we have
. o eijw_e—ijw
1= AQL =€) + (A(® — 1) + 1)

eljow — p—ijow

sin(jo) -, sinjow) — sin((jo — j)®) — sin(jw)

) sin(jow) sin(jow)
_ sin(jo) - cos((jo/2)w) — cos(((jo/2) — jlw)
" sin(jow) " cos((jo/2)w)
_ sin(jw) o sin(((jo — j)/2)w) sin(jw/2)
a sin(jow) f0 cos((jo/2)w)

The previous arguments hold for any K € N, but we now focus on the case K €
{0, ..., L+ 1}. We can apply (18) to jo = K + 2, and use the conditions /x4 =0
and }_/; = 1. This yields
_sin(((K +2— j)/2)w)sin(jo/2)

Y X sin(((K +2 — i) /2)w) sin(iw/2)
_ cos(((K +2)/2) = j)w) = cos(K +2)/2))

Y feos((((K +2)/2) — Do) — cos((K +2)/2)w)]
Notice that, if @ € (op+1,2r) and K € {0, ..., L + 1}, then for all j € {1,...,

K+ 1}
K+2—j i
sin(%w) >0 and sin(%) > 0.

We have now proved (14).

Let us compute dy = lp — [1 + al>. As the solution is symmetric, that is, [; =
Ik 12—, we have that dg | = —dp.

There is an easy way to compute dp. Indeed, let us extend the definition (14) of
lj to j = —1, then, using the fact that the system is a part of a bi-infinite Fibonacci-
type sequence (for which d; = 0 for all j € Z), one can show that —al_; + Iy —
I1 + al» = 0. Then it implies

J
(19)

sin(((K +2+1)/2)w) sin(w/2)
o )
YK sin(((K +2 —i)/2)w) sin(iw/2)
which completes the proof. [J

do=al_y = —
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REMARK 4.3. The critical case o = «;, is more difficult to describe. When
K = L, then the conditions /o = 0 and /; 1 = 0 are equivalent, hence the solution
is not unique anymore, and the set of solutions is in fact 1-dimensional. More
generally, the solution is not unique as soon as (K + 2)w is a multiple of 2.

REMARK 4.4. If @ € (ap+1, ) is such that /7 is irrational, then the so-
lution of the system, with extra condition /g4 = 0, is unique for any K. More-
over, we can find infinitely many K’s such that [y, ...,Ix41, do are positive and
dg+1 1s negative. Indeed, this occurs when the distance between (K + 2)w/2
and (2Z + 1)r is smaller than the distance between jw/2 and (2Z + 1)m, for
all j €{l,..., K, K + 4}. One can convince itself of that fact by using (20) and
drawing a picture of the unit circle. We refer the reader to [9] for more details.

Nevertheless, when K > L, there can be more than one solution, some /;’s can
be nonpositive and dy, dx +1 can take arbitrary signs.

4.3. Associated affine medium-size system: K = L. The main purpose of this
section is to prove the following proposition and its corollary, which will be used
to prove Proposition 2.1.

Let us first define the affine version of the system (E7 ).

Fix L > 1 and assume that « € (oz+1, o1 ), where (o)1 >1 is defined in (3). Fix
also L real numbers d;, for j € {1, ..., L}. Then consider the following system on

(o, ..., lLy2):

lo=1Ip4+2=0,

di=—alj_1+1;—1ljy1 +alj, forall j e{l,..., L},
AS(dy,....,dL)\ L+1

dYli=1
j=1

Define also the quantities
do .= =11 +aly,

dpy1:=—alp +1p41.

PROPOSITION 4.5. Assume that a € (0p+1, o). There exists a unique solu-
tion (ly, ..., lp+2) of AS(d, ...,dL), and there exist positive constants cy, ..., CL,
that do not depend on dy, . . ., dr, such that

L
dp1=—do(L) — ) cidy,
k=1

L
do=do(L) — ) crr1-xds,
k=1

where dy(L) is a positive constant defined in Remark 4.2.
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COROLLARY 4.6. Assume that o € (ap+1,or), and that (lg, ..., +2) is a
solution of the system
lo =0, lp42>0,
di=—alj  +1;j—1ljy1+alj forall je{l,...,L},

L+1

dYoli=1
j=1
Then the following inequality holds:

L
do = do(L) = ) crr1-kdi.
k=1

PROOF. Definel; =1; for j € {0, ..., L+1},and [; 12 = 0. Then dy = dp, and
notice that (l~0, e l~L+2) is a solution of AS(dy,...,dr—1,dr — al;+2), hence

L
do=do(L) — Y cry1-xd +acilpyo,
k=1

which enables us to conclude, using that /7 ;5 > 0. [

PROOF OF PROPOSITION 4.5. First, notice that the matrix associated to the

system AS(dy, ..., dr) can be written as
1 0 - 0
0 e 0 1
0 1 1 0
M=|—a« 1 -1 o O 0
o -+ 0 —a 1 -1 «
where the size of M is (L + 3)2, and AS(d, ...,dr) is then rewritten as
0
0
lf) 1
M : == dl
lL42
dr
By Proposition 4.1, there exists a unique solution to (Ey,) with /14> = 0, which
is equivalent to AS(0, ..., 0). Therefore, M has a nonzero determinant, thus it is

invertible.
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Now, we first want to prove that, for some constants cy, ..., cr,

L
(20) dpv1=—do(L) — ) cidy,
k=1

which, by symmetry, will imply
L

do=do(L) — ) _ cpy1-xds,
k=1

and we will then prove that these constants are positive. Notice that
0
0
]!
dii1=—alp+Ilp =0 - 0 —a 1 0O)M d
dr

L
=0 -+ 0 —a 1 O)M_1 <v3 + dev3+k>,

k=1

where (vg)g is the canonical basis of RE3. Then, using Proposition 4.1 and the
notations of Remark 4.2, the vector M ~!v3 is the solution to (E) with / L+2=0,
which yields
dy(L)=—((0 - 0 —a 1 0)M v,
and we prove (20) by defining, for all k € {1, ..., L},
c=—(0 -+ 0 —a 1 O)M_1v3+k.
It remains to prove that, forall k € {1, ..., L}, ¢y > 0. Recall that these constants
do not depend on dy, ..., d;. We proceed by inductionon k=1, ..., L.
First, for k = 1, choose d) = --- = dr = 0, and instead of fixing d; let us fix
Iy = 0. Then the shifted vector (lp, ..., —1)+2) := (1, ...,l 42) is the unique
solution of (E;_1) with f(L_1)+2 = 0. Therefore, using Proposition 4.1 and the
notation of Remark 4.2, the solution is unique, dy =do(L — 1) <0 and dp4+| =

—do(L — 1) > 0. On the other hand, (20) implies that c¢; = (—do(L) — dr+1)/
d; > 0, which finishes the case k = 1.

Now, assume that, for some k € {2,..., L}, c1,...,cx—1 > 0, and let us prove
that ¢ > 0. As previously, fix dy+1 = --- =dp = 0 (except if k = L), and fix
[i =---=1; =0. Then the shifted vector (l~o, e i(L_k)J’_z) =g, ..., lp42) 18
the unique solution of (Ep_;) with f(L_k)+2 =0.Thus,d| =---=dy_o =0 (if

k > 3), dk,1 = Ollk+1 > O, dk = do(L — k) < 0 and dL+1 = —do(L — k) > 0. On
the other hand, (20) implies that cx = (—do(L) —dp+1 — ck—1dk—1)/dr > 0, which
completes the proof. [
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4.4. Nonnegative solutions of the large-size system, that is, K > L, and proof of
Corollary 2.3. Recall the definition of the system ( E g ) introduced in Section 4.1.
When K > L, as it is noticed in Remarks 4.3 and 4.4, the set of solutions can be
1-dimensional, and a priori we cannot determine the signs of dy nor dg ;1.

But, the following result, which implies Corollary 2.3, is helpful in order to
understand the behavior of the solutions, even without uniqueness.

PROPOSITION 4.7. (i) Assume that « € («p 41, ) and K > L. Then, if some
real-valued vector (ly, ..., lxy2) satisfies (Ex) and ifly, ...,lx4+2 >0, then dy >
c(K) > 0, where c(K) is a positive constant depending only on a and K .

It implies that if lx +2 = 0, then, by symmetry, we have dx +1 < —c(K).

(i1) Assume that « € (ap+1,ar]. If K > L and if (lg, ..., g+2) satisfies (Ex),
then

lp+2 —alpy1

@D sin(((L +2)/2)w) cos(w/2) sin(((L + 3)/2)w)
= — - I +2a : I+t
sin((L/2)w) sin((L/2)w)
Moreover, if o € (ap+1,ar) and ifly, ..., lgk+2 >0, thenlp 4o —alp+1 < —c(K),

where we can choose c(K) such that it is the same positive constant as in (i) by
convenience.

PROOF. Let us prove the first point:

(i) Recall that @ € (@41, ar). Let us first prove that Z,I;;rll I > ¢, for some

positive constant c.

Recall that [ =0and d; =--- =dx =0.1f [ < c and /5 < ¢, we can prove, by
induction, that
(22) lj<6/'c  forall je{l,...,K +2},

which implies, as soon as c is small enough, that Zf:ll lj < 1 which contradicts
the weight condition. In order to prove (22) by induction, recall that @ > 1/3 and
notice that, forall j € (2,..., K +1},dj 1 =—al; 2 +1j_1—1j+aljy; =0and
lj—1 = 0, which implies that

liy1<lj_o+1j/a.

Now, define, for all j € {0, ..., L + 2},

~ ) j
j = .
Z/fill Ik
Now, we use Corollary 4.6 with (l~0, e ] L+2), which enables us to conclude

L+1
do>do(L) x Y Ix > do(L) x ¢ > 0.
k=1
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(i) Here, we assume o € (xp+1, o ]. To prove (ii), we consider the system
(Ek), together with the conditions /1, ..., /x4+2 > 0 and let [z be a parameter in
order to show the /;’s in terms of /; 4.

We can use the arguments at the beginning of the proof of Proposition 4.1. In
particular, noticing that sin((L + 1)w) # 0, we can apply (18) to jo = L + 1, which
yields, for all j € {1, ..., K + 2}, and for some constant A,

sin(jw) sin(((L+1—j)/2)w)sin(jw/2)
j= 24 .
sin((L + 1)w) cos((L+1)/2)w)
Then we can show A in terms of /; 1| and /1:
sin((L/2)w) sin(w/2) . sin(w) /
cos((L+ 1)/2)w) _ sin((L + D) =1

(23)

(24)

Iy,

and compute
sin((L + 2)w) sin(((L + 2)/2)w) sin(w/2)
——— — Ol)lL+1 +2A
sin((L + 1)w) cos((L+1)/2)w)
_ (sin((L +2)w) sin(w) sin(((L + 2)/2)w) ]
- (sin((L Do) 07 sin(L + Do) sin(La)/Z)) L+l
B sin(((L + 2)/2)a))l
sin(Lw/2) '
Now, in order to prove (21), define E such that
sin((L + 2)w) sin(w) sin(((L + 2)/2)w)
sin((L + Doy " sin(L + Do) sin(Lw/2)
oE
= 4sin(Lw/2)sin((L + Do)’

then, using that ™! = 1 4+ 2 cos(w) and the exponential forms of sin and cos, we
have

lp42 —alpt1 = (

E— (ei(L/Z)a) _ e—i(L/2)w)(ei(L+2)a) _ e—i(L+2)w)(1 +eia) +e—ia))
N (ei(L/2)w i e—i(L/Z)w)(ei(L-i—l)w _ e—i(L-l—l)w)
+ (ei((L+2)/2)w _e—i((L+2)/2)w)(eia) N e—iw)(l —}—eiw —}—e_iw)
— e(3/2)La)(ei2w +ei3w) +e—(3/2)Lw(e—i2w +e—i3w)

_e(L/Z)a)(l +e—ia}) _ e—(L/Z)w(l _|_eiw)

cten(5) (G +5)e) (5

=-8 cos(%) sin(L _2|_ 30)) sin((L + Do),

which proves (21).
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Let us prove the second part of (ii). Assume that @ € (a1, @r), and recall
that it is equivalent to 27 /(L + 3) < w < 27w /(L + 2). Here, we use the notation
Cst(a, K) to denote a positive constant, depending on « and K, which can be
different from line to line or between two (in-)equalities.

Let us show that there exists a constant ¢ such that [; + [y > ¢. It will im-
ply the conclusion, using (21), that is, I 45 — alp+1 < —Cst(o, K)(1 +1p4+1) <
—Cst(a, K).

By contradiction, assume that /1 4+ /741 < ¢, then we obviously have /; < ¢ and
l1+1 < ¢. Formula (24) implies that

0<2A <Cst(a,K) x ¢,

then (23) implies that

K—+1
> 1 < (K +1)Cst(a, K) x .
j=1

Now ¢ small enough would imply ijll lj < 1, and thus contradicts the weight
condition. [J

5. The walk has finite range: Proof of Proposition 2.1. In the section, we
prove Proposition 2.1, which states that the walk has finite range. The general
strategy of the proof is inspired by the one of [15]. This proof is quite simple,
making use of Corollary 4.6.

PROOF OF PROPOSITION 2.1.  Let us prove that there exists a constant p > 0
such that, for all x € Z such that x < —L — 1, if the walker visits x + L + 1, then,
with probability at least p, the walker does not visit the site x — 1, that is,

Px—1eRx+L+1€eR)<1—p.

Note that p will not depend on x.

This will imply that

P@nf R = —o0) = 0.

Then the symmetric argument will hold and imply the conclusion.

For all y € Z and m € N, let u,,(y) be the first time k such that Z;(y) = m, that
1s,

um(y) :=inf{k € N: Zy(y) = m}.

If Zoo(y) < m, then u,, (y) = +oo.

Now fix x € Z such that x < —L — 1. For all m € N, we have

{um (x+L)=k,Z (x+L—1)=0}
1 + eZ(Zm—l)ﬂ

1
PXg+1=x+L+1|F) >
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Together with
{Zu, e+ (x + L —1) =0}

m—1

= {Xu+p)+1 =x+ L+ 1, up(x + L) < oo} U{up(x + L) =400},
k=1

this implies that, for all m e N,

P(Zu, (x+1)(x + L — 1) =01 Fy, (x+1)) = Liu; (x+L)<o0} €1,

where ¢ := ¢1(m) is a constant depending on m, but not on x.

From now on, we work on the event {Z,,, (x+1)(x + L — 1) = 0}. Notice that,
on this event, for any n € N, u,, (x) > u1(x) > up, (x + L).

Define, for all k € N, the time spent in the interval [x, x + L + 1], that is,

(25) I :=L) + b+ 1)+ + L+ L+ 1),

and notice that lxl)(x wy=2m—1.

Fix g, > 0, and define, for all n € N, the event U,, which is such that the walker
performs an upstream jump to the left on {x + 1,...,x + L} of intensity at least
&> between the times u,, (x + L) and u,(x), that is,

A+ )

U, = {er[um(x—l—L),un(x)],Elje{l,...,L}. e > &,
k

Xk:x+janka+1:x+j—1}.

If we define u(x) = o0, then |, U, = Uo.
Now, notice that, on the event {Z,,, (x+1)(x + L — 1) =0}, we have

{Zoo(x — 1) >0}

(26) C J{uix =D = up(x) + 1} N {un (x) < 00}

n=1

C (U{ul(x — 1) =up(x) + 1} N {u,(x) < oo} ﬂU,f) UUso.

n=1
It is easy to upper-bound the probability of Uy, by writing

+00

P(Uoo|fun1(x+L)) < Z 6—2,382/(‘

Then let us focus on the other union of events in (26). Until the conclusion of the
proof, fix n € N, assume that u,(x) < +00 and [, (x)(x) = 0, which is necessary
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to have uy(x — 1) = u,(x) + 1. Moreover, assume that U holds and let us show
that, at time u,, (x), the stream at x is strongly positive, thus the probability for the
walker to jump on x — 1 is small.

For j € {1,..., L}, let k; denote the last time before u,(x) such that Xk, =
x + j, thatis,

kj:=max{k <un(x):Xpx=x+ j}.

Then, as Xip1=x+j—1 and U} holds, we have Ag; (x + j)/l,g) < gp. There-
fore, we have that, for any j € {1,..., L}, '

Ay,yx+j) =l +j =1 =l +j =)+ A, (x+j) +1
® - /@

tp (x) up (x)

<2¢&,

where the inequality holds as soon as we choose m > (1 4+ €3)/(2¢2).
Moreover, recall that [, () (x) = 0 and notice, using (25), that

If lu,l(x)(x + ]) -1
Jj=1 up(x)

(x)

up(x)

Therefore, using Corollary 4.6, with [; = 1, »)(x + j)/I for all j €

{0, ..., L+ 2}, we obtain

Aun(x)(x) L Aun()c) (x +k)
o >do(L)— ) — o CL+1-k
Un (x) k=1 up (x)
L
do(L)
>do(L) —2¢&; Ck > >0,
2>

as soon as & is small enough, depending only on the constants cx’s and dy(L),
where the c;’s are positive constants defined in Proposition 4.5 and dg(L) is de-
fined in Remark 4.2.

Using (26) and using that lli):n)(x 1) =2m — 1, we are finally able to conclude,

as soon as m is large enough, as we have

P(Zoo(x — 1) > 0| Fu,, (x+1) 1 Z,,, 1) (x+L—1)=0)

“+00 —+00
< Z e 2Pldo(L)/Dk Z e 2Pek
k:l:if;(x+L) k:lb(:rf(x-#L) O
6. Asymptotic streams. Given L > 1, assume that o € (ap+1, ) and fix
x € Z and K € N. The goal is here to prove Proposition 2.2 in Section 6.1, and
Lemma 2.4 in Section 6.2.
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6.1. Proof of Proposition 2.2. Recall that Proposition 2.2 states that, almost
surely, we have

/ K . Ak(j)
27) {R={x,...,x+K+1}}cjzf)ll{kiufoo p =0}.

Proposition 2.2 extends to general K € N the result of Erschler, T6th and Werner
in [9], initially proved for K < L + 1. Its proof is mainly combinatorial. Let us first
state and prove two lemmas that will be used several times to prove Proposition 2.2.

The only probabilistic tool of the proof is Borel-Cantelli lemma, which is used
to prove the following result.

LEMMA 6.1. Let € > 0. There exist two random times N1 and N, depending
on ¢ such that:

(1) Forall j € Z,and forallk > Ny,if Ap(j)/k > e and Xy = j, then Xiy1 =
J+ 1L andif Ap(j)/k <—eand Xy = j, then Xp+1=j — 1.

(ii) For all k > N», for all j € Z, if Xy < j, then Ar(j)/k < 3¢/2 and if
Xk > j, then Ax(j)/k > —3¢/2.

PROOF. Let us prove the first point.
Recall that, for all j € Z, we have

1

PXir = X+ 1170 = T gm0

which yields

. . Ar(j) Lix,=j)
P(Xk =j, Xkr1 =7+ 1, 3 = —8’-7:1() = 11 o2Bek”

Therefore, we have that

. - FAG) 2
Pt =t =1 B0 2 el ) <
je

which is summable. Then, by Borel-Cantelli lemma, there exists a random Nj € N
such that for all j € Z, and for all k > Ny, if Ax(j)/k > ¢ and X = j, then
Xir1=j+1,and if Ax(j)/k < —e and Xy = j, then X441 =j — 1.

Let us prove the second point of the lemma. Let N, be the smallest integer such
that Ny > 2(1 + @)N1/3¢ > Ny and Ny > 4/¢.

Assume that k > N, and Xj < j. Recall that, by definition of N, the walker
cannot jump from j to j — 1 at some time k > Ny if Ai(j)/k > €. Recall also the
definition of the local stream at site j and at time k:

Ar(j) =—alk(j =D+ L) =G+ 1D +al(j+2).
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First, if the walker has not visited j between Ny and k, then Ax(j) < Ay, (j) <
N1 x (1 4+ «), hence
Ar(j) _ An(j) N1 3e
< X — < —.
k Ni Ny 2
Otherwise, let K’ be the last time before k such that X;» = j. Then Xy =j — 1,
and therefore Ay (j)/k’ < &. Note that Ax(j) < A (j) + 1, hence
Ar(j) 3¢
<=,
k 2
which proves the first part of (ii) and the second part is proved by the symmetric
argument. []

Recall that L > 1, @ € (¢p+1, 1), K € N are fixed. The following lemma uses
the results of Section 4 in order to describe the evolutions of the local times at two
sites when the walk is stuck between them.

LEMMA 6.2. Fixiy, iz € Z such that 0 < i, —i1 < K. Fix two times k and k'
such thatk <k'.

Assume that the walk remains in {iy, ..., i» + 1} between the time k and k' and
define

An (i)
n

SmaX:=maXH ‘:ne[k,k'],ie{il+1,...,i2}}.

Then there exist two positive constants d and Cy, depending on o and K, such that

Ap (i1 +m(ip —i1)) - Ap(ir +m(ip —i1)) y k

k' k k'
/_
+d X k/ - 2C18max,
Avlat1-—m@i—i) Alat1-m@—i)) k
k' k k'
/_
—d x i + 2C18max,

where m(k) :== (k + 1)1y <), for all k € N.

Before proving this result, let us emphasize two simple consequences. First,
notice that

N . A L
(@1 +m(iz —ip)) >min( k(i1 +m(iy ll)),d>_2C18max,
k’ k
Ap(ia +1—m(ix —iy)) Ap(ia + 1 —m(ia —1i1))
o < max P ,—d

) + 2Cl(smax-
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Second, if

/

k' —k - 2C18max’

kK~ d

then
Ap(iy+m(ipa —i1)) Ay +m@i2—1i1))  k
(28) > X —,
k' k k'
Ap(ia+1—m(ia —i1) Ap(io+1-—m@i2—1i1)) k
(29) < X —.
kK’ k 14

PROOF OF LEMMA 6.2. Define
o el D =l +0)
i =

foralli €{0,...,i» —i; +2}

k' —k
and
c?i:—aii,1+l~i—l~i+1+ocl~,~+2 foralli e {1,...,ip —i1}.
Thus,
N _ i2—i1+l~
lo=1li,—i,12=0, Yo =1
i=1
and
~ k'
|di] < 286max X ——— Vie{l,...,ip —i}.

k' —k

Define also Jo = —l~1 + ozl~2 and sz_il_i_l = —ozl~,~2 + ii2+1.
Recall the notation do(K') and dg+1(K’) defined in Remark 4.2, ¢(K") defined
in Proposition 4.7 and define

d:=min{(dg+1(K') = —do(K'),K'=1,..., L — 1),
(30)
c(L),...,c(K)} >0.

Let us consider (ii) as a perturbed solution of the linear system (E;,—;,) defined
and described in Section 4. Then we have to distinguish two cases: ip —i; <L — 1
andip —i; > L.

Indeed, if i» — iy < L — 1, using Proposition 4.1 and using that (E;,_;,) is a
linear system, there exists a positive constant C; such that

/

~ k
d —d+Cy x28 _
0< +C1 X maxxk/_k

/

K—k

~

diz—i1+1 >d — C] X 25max X
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Otherwise, if i — i1 > L, using Proposition 4.7, we have similarly

/

~ k
d0>d—C1X25maXXm,

/

K —k

~

diy—ij+1 < —d + C1 X 28max X

We can conclude by multiplying these quantities by (k" — k)/k’ and noticing that,
fori €{0,ip —i; + 1},

~ _ ApG+0) — Ag(in +10)
d; = P . =

Let us now prove Proposition 2.2, that is, (27).
PROOF OF PROPOSITION 2.2.  We assume throughout the proof that the prob-

ability event {R’ = {x, ..., x + K + 1}} holds.
Let us show that there exists a constant M := M («, d, C1) such that, for all

jef{l,..., K}, for all ¢ > 0 small enough, we have
31) SOH D) 3pppit-nr
k

as soon as k is large enough. Then the symmetric argument will hold and enable
us to conclude. Note that, in fact, the constant M depends only on « and K, since
d and C| depend only on « and K.

For reasons that will become clear later, we choose M and ¢ such that

3% (d +8C1) 2(1+a)Ad
(32) M > f X (3+Ol) and ¢ < W

As R ={x,...,x + K + 1}, there exists a random N3 € N such that Z,.(i) =
Zn, (1) ifi ¢ R

Finally, recalling the definitions of N and N, in Lemma 6.1, let us define the
time N := max(Ni, N2, N3, (1 + «)/e). We work at large times k > N, and the
rest of the proof is only combinatorial.

By definition of R’, there exists k| > N such that X3, = x + K + 1. Therefore,
using Lemma 6.1, forall j € {1,..., K},

Agy (x + ) -
ki

—2e.

Let us prove by inductionon j =1, ..., K, that, for all kK > k1, we have

Ap(x+ )
k

> —3eM/U~D/2,
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(1) The base case: j = 1. Assume by contradiction that there exists k > k; such
that

AA
A+ D o
k
and define
~ ~ A 1
k= max{k € [kl,k]:$ > —28}.

Hence, using Lemma 6.1 between k and ’k\, the walk remains left-hand from x + 1,
and thus stays confined to {x, x + 1}, therefore,

Afx+1)  Apa+ D+ &=k
ko k+k-h
which contradicts our assumption.

(i1) Induction step. Assume that j € {1,..., K — 1}, and that, for all i €
{1,...,j}and k > k1, we have

> —2¢,

(33) Akl +1) ();f Do 3emii-Dr,
We want to show that, for all k > k;,
AT+ D s G2,
k
By contradiction, assume that there exists a finite integer k* such that
A j + 1 .
G4) k= min{k >k w < —3st<f+1)/2} < 0.

By definition of R’, there exists ko > k* such that Xz, = x + K + 1, and, using
Lemma 6.1,

Ap,(x+j+1
_— >

% —2e.
2
Define the following times:
A i+ 1 .
35) lg::m]flx{kl §k§k*;% >—38M'/(j_1)/2},
- A i+ 1 o
36) k= n}cin{k*fksz;% >_38Mm—1>/2}‘

Note that the definitions of k1, k, k*, k and k> will be kept throughout the proof.
All other notation used to define some other times change from part to part.
We need the following lemma, which will be shown right after this proof.
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Ap(eti+1)
k

(=1 N

—3eM 2

Bk k" ko ke k
|
|
{
|
|
|
|
|
|
|

—3eM™F

FI1G. 2. Local stream at x + j + 1.

LEMMA 6.3.  Under the previous assumptions, in particular assuming (33)
and (34), foralli € {1, ..., j}, and for all k such that k < k <k, we have

’Ak(x-l-i)

< 3e M UG=D/2+G =)
k

Assuming that (34) holds, the times k, k™, k are key-times at which we know the
behavior of the local stream at x 4+ j + 1; see Figure 2. Using Lemmas 6.3 and 6.2,
we will compare the evolution of the local times on the interval {x,...,x + j 4+ 1}
to the solution of the system (E ), defined in Section 4.1.

This will enable us to emphasize some contradictions about the evolution of the
local streams and conclude that (34) cannot hold.

Let us distinguish between two cases: j <L — 1 and j > L.

First, assume that j < L — 1. By Lemma 6.1, the walker remains left-hand from
x + j + 1 on [k, k*], thus the walk is confined to {x,...,x + j + 1} on this time-
span.

Moreover, notice that, at each time-step, Ay (x + j + 1) varies by 0, =1 or %o.
Using the definitions (35) of k and (34) of k*, and using (32), this yields

k*—k> 1 5 —Ap(x+j+D+Ax+j+1)
k* l+a k*
. - GG+D/2)-1
(37) > Jlr (BeMIUTD2 _ 361 G=D/2) > M o (M —1)
o o
6C1eMUU+D/2-1
> .
d

Hence, using (28), deduced from Lemma 6.2, with i} =x,ir =x+ j, k=k
and k" = k*, and using Lemma 6.3, this yields
Ap=(x+j+1) A&(x—f—j—f—l) k
> X

- ; = 3eMIU-D2,
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where we use the definition (35) of k for the last inequality. This contradicts the
definition (34) of k* and concludes the first case j < L — 1.

Now, assume that j > L. Similarly, by Lemma 6.1, the walk is confined to
{x,...,x + j + 1} on the time-span [k*, k]. Recall the definition (34) of k*, (32),
and that d > 3¢ M7 U+1/2 Then, using the upper bound of Lemma 6.2 with i; = x,
i»=x+ j, k=k* and kK’ = k, and using Lemma 6.3, this yields

AT D S iGN 6 e UGN/

< _3eMiU-D/2

This contradicts the definition (36) of k and finishes the second case, the induction
step and the proof of Proposition 2.2. [

PROOF OF LEMMA 6.3. By assumption (33), we know that, for all i €
{1,...,j} and for all k > ki,

Ag(x +1)

> 3eMiG=D/2 5 3G G=D/D+(—i)
k -

Thus, it remains to prove that, for all k € [k, IE],

(38) Arr+1) <3 MUU=D/D+(=i)
We will proceed in the same way as in the previous proof, by induction for i =

Jyoouy L

(i) The base case: i = j. Notice that Ag(x + j)/k <2¢e as Agp1(x + j)/(k+
1) < 0 by definition (35) of k.

Now, let us derive this result on the whole time-span [k, k], by proving that,
for all k € [k, k], Ax(x + J)/k < 3e. By contradiction, assume that there exists
ke (k, k], such that

Arx+7)
’I'C\ -
and let k the last time before k such that Ajp(x +j) /I; < 2¢, that is,

Agx + ) - 28}

3e,

k:= max{k € [k, 75]:

~ o~

Thus, using Lemma 6.1, the walk is confined to {j, j 4+ 1} on the time-span [k, k].
It implies

Arr+)) _ Mg+ ) — (=B

—_— < 2e,
k k+k—k)
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which contradicts our assumptions.
Therefore, for all k € [k, 12],

At/ <3e<3eM/UD/2
X <
(ii) The induction step. Assume that, for allm € {i +1,..., j}, i > 1, and for
all k € [k, k],
(39) ‘M‘ < 3eMUU-D/2HG-m).
k

Let us prove this inequality for m = i. More precisely, using (33), it remains to
prove that:

A 1 . o _
(40) w <3eMUU=DD+G=D forall k € [k, k.

We will now use Lemma 6.2, distinguishing between two cases: j —i < L — 1
and j —i > L.

(ii.a) Assume that j —i <L — 1.
Let us start by proving that

@1 A+ 3 GG-D/24+G-i)
k 2 ’

and we will then prove (40) by deriving this property on the whole time-span [k, k].
By contradiction, assume that

Als(f;f 2N §8M<j(j—1>/2>+<j—i>_

Note that, using Lemma 6.1 and recalling the definition (35) of k and (36) of k, the
walk is confined to {x +1i,...,x 4+ j + 1} aslong as Ar(x +i)/k > ¢ and k < k.
As |Ag+1(x +1i) — Ap(x +1)| <1+ «, the walk stays on the right of x 4 at least
until the time k, which is the integer defined by

l+a+ 3/2)eMGU=D/2+G=D)
4

42 k=
(42) { l+a+e¢

where |-] is the floor function. Using (37), using that kK > 1/e and d < 1, let us
prove that k € (k, k*):
K —k=(k—k) —k—h
> k(6C1eMUTHDA=T _ 3epgGUADD=TY g — 150,
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Hence, using Lemma 6.1, the walk is confined to {x +i,...,x + j + 1} on the
time-span [k, E]. Moreover, using (42) and (32),
k— k (3/2)eMUU=D/D+0=D _ ¢ (3/2)eMUU=D/D+0G =D _ ¢

T T+a+3/2eMUGD2+G—D 20+ a)
6C18M(j(j*1)/2)+(j*i)*1 M xd d
g d (401(1 Yo 120,01 +a)>
6C,eMUG—D/D+(—i)-1
>
d

Thus, using (28) with iy =x +i,ip =x + j, k=k and k' = 75, and using the
hypothesis (39), we obtain

k k k
which contradicts the definitions (35) of k and (34) of k*, and we can conclude
that (41) holds.

Now, let us derive (41) for the whole time-span [k, k]: in other words, let us
prove (40), which states that, for all k € [, k],

A HD o GG=D/D+G=i)

By contradiction, assume that there exists ke [k, k] such that

@3) ARXHD 3 UG-G,

and define k such that

(44) K= max{k e [k, kI % < §EM<J‘<J‘—‘>/2>+<J'—">}.

Using that |Ag41(x +1i) — Ag(x +1)| <1+ «, we have that

Lk : (38M(j(j_1)/2)+(j—i) _ §8M<.i(j—1>/2>+<j—i>>
2

s
k l+o
GU=D/D)+(-D-1
> 3eMUU=D/D+G=D-1 o M - 6C1eMUU—D/D+(—i
2(1+ ) d
Using Lemma 6.1, the walk is confined to {x + i, ..., x + j + 1} on the time-span

[?, 75]. Us’i\ng (29), deduced from Lemma 6.2, with iy =x +i,ir=x+ j, k=k
and k" = k, and using the hypothesis (39), we obtain
Ape D _Agx+D k3 GGG
k k k2 ’
which contradicts assumption (43), proves (40) and finishes the first case j —i <
L—1.
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(ii.b) Assume that j —i > L. _
Here, we directly prove (40). By contradiction, assume that there exists k €
[k, k] such that

(45) A +i) > 3 MUG=D/2+0G =D

which implies, by Lemma 6.1, that X3 € {x +1,...,x + j + 1}. Let us prove
that the walker stays stuck forever in this interval. In other words, let us prove by
induction that Xg € {x +1i,...,x + j + 1} for all k > k. This will contradict the
definition of R" and enable us to conclude.

Assume, for 7<\> I'g, that X,, e {x +i,...,x+ j+ 1} forall m € [%,7(\], and let
us prove that Xz, e {x +i,...,x+j + 1},

On one hand, using that d > 3s MX&K+D by (32), using (45), and applying
Lemma 6.2, with iy = x +i, i» = x + j, k = k and k' = k, with the hypothesis (39),
we obtain

AR HD 3 g GG=D/2+GD _ g0, pgUU-D/D+G=D=1 2

Thus, using Lemma 6.1, if X7 x+zthenXk+1_x+z+1

On the other hand, if k < k* then Ap(x + j + 1) /k < —¢ and, therefore, by
Lemma 6.1, if Xz =x + j + 1, then Xz, | = x + j. Otherwise, ifk > k*, applying
Lemma 6.2, With i1=x+i,ip=x+j,k=k*and k' = k, with the hypothe-
sis (39), and using (34) and (32), we obtain

Ar(x+j+1)
- =~ <
k
Thus, again using Lemma 6.1, if X; = x + j + 1 then X3, | = x + j. Therefore,
by induction, this implies that X3 € {x +i,...,x + j + 1} for all k > %, which
contradicts the definition of R’ and concludes the second case, j — i > L, and the
proof of the lemma. [J

_3eMIUHD2 60 e UU=DDHG=D=1 _ _3007iG=D/2,

6.2. Proof of Lemma 2.4. Fix L > 1 and « € (ap+1,ar). Let x, K € Z such
that K > L, and fix @ > 0. Recall that Lemma 2.4 states that, almost surely,

—+00
{R’ ={x,x+1,....,.x+ K+ 1} {Zeaﬁ[lk(x+L+2) alp(x+L+1)] _ +o00
k=1
PROOF OF LEMMA 2.4. Let us work on the event {R' ={x,x +1,...,x +

K 4+ 1}}, where K > L.
First, note that there exists a.s. N1 € N such that, for all k > N;, X € R’. Then

we use Proposition 2.2, which implies that for all ¢ > 0, there a.s. exists Ny € N

such that forall j e {x +1,...,x + K} and for all k > N>,

’ Ar(j)
k

&

R
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Define N := max(Ny, Np).

We need the results on the linear system presented in Proposition 4.7. No-
tice that, if (lB,...,fKH) is such that lB =0, ijlzfj =1, and |d~j| < ¢ for
all j=1,..., K, where d; is defined as in (13), then this vector can be seen
as a perturbed solution of the linear system (Ex). Thus, by Proposition 4.7,

I142 —alp 41 < —c(K)/2 as soon as ¢ is small enough, depending on K and «.
Then, for any k > 2N, define for all j € {0, ..., K + 2},

Pl )~ v+ )

I k—N
Then we have Ip = Ik 12 =0, ¥X5%7?1; =1 and, forall j € {1,..., K},
~ A+ DI+ AN+ )] k
|dj| < X <e.
k k—N

This implies, as soon as ¢ > 0 is small enough, that
k(L +2) —IN(L+2) —allk(L+1) = IN(L+1)) - _c(K)
k—N 2

therefore, for any a > 0, we can complete the proof with

+o0o
Z Pl (L+2)—alk (L+1)]
k=2N

+o0
< PN LD —aly (LD] 5 §™ pmaleK)/DU=N) _ 4o
k=2N o

7. Proof of Theorem 1.5. The goal of this section is to prove that if ¢ > 1 =
a», then the walk localizes on 3 vertices almost surely.

PROOF OF THEOREM 1.5. Fix x € Z. We want to prove that P(R’ = {x, x +
1, x 4+2,x + 3}) =0. We will then conclude by taking the union over x and using
Theorem 1.4.

Let us first prove the following lemma.

LEMMA 7.1. For any constant C > 0, on the event {R' =x,x +1,x +2,x +

3}, there a.s. exist infinitely many k’s such that one of the following statements
holds:

o Xp=x+1L,Akx+1)<—-Cand Ay(x+ 1)+ Ar(x +2) < —C;
o Xp=x+2,Ar(x+2)>Cand Ay(x + 1)+ Ar(x+2)>C.

Let K be the set of those k’s.
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PROOF. Let us work on the event {R' = {x,x + 1, x + 2, x + 3}}.

Using Proposition 2.2, and solving equation (Ek) in the case L = 2, one can
deduce that Z;(x + 1)/Z;(x) converges to « + 2 (see Proposition 4.1).

Using the conditional Borel-Cantelli lemma [see [8], Chapter 4, (4.11)], we
have, a.s.,

lim Soh Y=o ) PXpq1 = x| Fi)
m—>00 Zn(x)

1.

This implies that, for any ¢ > 0, there exist infinitely many k’s such that X; =
x+Tland P(Xyy1 = x| Fp) > alﬁ — &, and there exist infinitely many k’s such that
Xir=x+1and P(Xy41 =x|Fr) < a+r2 + &. Otherwise, this would contradict the
conditional Borel-Cantelli lemma.

Then, there exists a positive constant cpax (resp., cmin), depending only on «
and B, such that Xy =x 4+ 1 and Ax(x + 1) < cmax [resp., Ax(x + 1) > —cpin] for
infinitely many k’s.

If k is large enough, then the walk does not leave the set {x, ..., x 4+ 3}. There-
fore, Ay (x 4+ 1) decreases at most by 28 between two times where the walker is in
x + 1. Hence, there exist infinitely many &’s such that Xy = x 4+ 1 and

—Cmin < Ar(x + 1) < cmax-

Notice that we could give some explicit bounds cpin and cpax but it is not useful.
Now, notice that, on the event {R’ = {x, x+1, x +2, x +3}}, limy Ax(x) = +o00.
Therefore, on this event, there exist infinitely many k’s such that: —cpin < Ar(x +
1) < cmax, Xk =x + 1 and Ak (x) > C, for any constant C > 0.
Then assume that

ko € {k €N:—cmin S Ar(x + 1) < cmax, Xk =x + 1, Ap(x) > C},
and let us prove that
(46) P(3k € [ko, M + kol :k € K| Fy,) =68 >0,

where M := M (C, «, B) and § :=§(C, o, ) are two positive constants.

To complete this proof, let us consider two cases: Ag,(x +1) + Ag,(x +2) < C
and Ay, (x + 1) 4+ Ag,(x +2) > C. Let us show, in each case, that (46) holds.
This will imply the conclusion, by applying again the conditional Borel-Cantelli
lemma.

(1) Assume that Ay (x + 1) + Ag,(x +2) < C. AS —cmin < Agp(x + 1) <
Cmax, this implies that Ay, (x +2) < cmin + C. Then we have some control on the
conditional probabilities to go from x to x + 1, from x 4+ 1 to x and x + 2, and
to go from x + 2 to x + 1. This implies that we can control the probabilities of
the following trajectories: the walker starts at x + 1 at time ko; he crosses, say 2T
times, the edge {x, x 4+ 1}, coming back to x 4 1; then the walker crosses roughly

2T + C + cmax times the edge {x + 1, x 4+ 2}, coming back to x + 1 at some time k7.
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Note that, on these trajectories, the walker only visits the sites x, x + 1 and x + 2
between the times kg and k.

We deduce that, with probability bounded below by a constant depending only
on C, « and S, there exists

ki € [ko,ko+C+cmax+4<l+ af 1)}
such that Xy, =x + 1 and
Iy +1) = ly(x +1) >2C/(a — 1),
Ly (x +2) = Iy (x +2) = Iy (x + 1) = Ly (x + 1) + C + Cmax,
Ly (X) = Iy (x) =l (x +3) — Iy (x +3) =i, (x +4) — [, (x +4) =0.
Moreover, notice that, for all &,

“n Ar(x + 1)+ Ap(x +2)
=—(a — D(l(x + 1) = Ik (x +3)) — alg (x) + alg (x +4).

We can now conclude that Ay, (x +1) < —C and Ag, (x + 1) + Ay, (x +2) < —C.

(i1) Assume that Ay, (x + 1) + Ay, (x +2) > C and recall that —cyin < Ay, (x +
1) < cmax- Let us prove that, with probability bounded below by a constant depend-
ing only on C, o and B, there exists k1 > kg such that X3, =x+2, A, (x+2) > C
and Ap, (x + 1)+ A, (x +2) > C.

First notice, by (47), that the visits to the edge {x + 1, x + 2} do not change the
value of Ay (x + 1) + Agy(x +2).

If Ag,(x +2) > C, then with probability bounded below by a constant depend-
ing only on C, @ and 8, k1 = kg + 1 because the walker just needs to jump from
x + 1 to x + 2. Otherwise, C — cmax < Ay, (x +2) < C and we have some control
on the conditional probabilities to jump from x 41 to x +2 and from x +2 to x 41,
and we can lower-bound the probability to cross only the edge {x + 1, x + 2}, at
least cmax times. Thus, with probability bounded below by a constant depending
only on C, o and B, there exists ki € [ko, ko + cmax + 2] such that X3, =x + 2,
A (x+2)>Cand Ay, (x+ 1)+ A, x+2)>C. O

Let us define by induction a nondecreasing sequence of stopping times. First,
define the time 1o := infi{k > 0:k € K}, then define, for all n > 0:

gl 1= irklf{k > Tt Xk = (x + 3)Lix, =x+1) +¥1L{x,, =x+21},
T(n+1) = illgf{k > Top41: Xk € K}
Notice that

[R'={x,x+1,x+2,x+3}} C[ [{ta < +00}.
n
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Let us prove that
P(tant1 < 00| F 2y, ) Lizy, <400} < 1 =4,

for some 6 > 0, which depends only on ¢, 8 and C. This will enable us to conclude.
First, assume that some vector (lo, 1, [2,[3) is such that [p > 0, I3 =0, —aly +
i —bh=d; €R, and [y + I, = 1. Define dp := —«l; + [, then one can easily
compute dj as a function of d; and [y, and prove that, if [y > 0,
a—1 aoa-—1 1+« a—1 oa-—1

48) dy+dr=— - dy — <
48) di+d> > ;i —a——lh= 5 >

Note that this is a particular case of Corollary 4.6.

Now, assume that {13, < 400}, and recall that 1, € K. We will complete the
proof assuming that X,, =x+1, A, (x +1) < —Cand A, (x +1) + Aq,, (x +
2) < —C. The other case, if X;, = x + 2, is the exact symmetric of this one.

For any k > 19,, as long as [y(x 4+ 3) — I, (x 4+ 3) = 0, defining for all j €
{0,1,2,3}

di.

- I+ ) = Iy, (5 + ) |
G+ 1) — Loy &+ D (& +2) — gy, (x +2)
we deduce, using (48), that
Ar(x + 1)+ Ar(x +2) = Ap(x + 1) + Ap(x +2)
—Ag,(x+1)—Ag, (x +2)
+ A, (x+1)+Ag, (x+2)

oa—1
< — 2 (lk(x+ 1)+lk(x+2))

oa—1
2

a—1

(=g, (x + 1) = I, (x +2))

(Ak(x+1) — Ag, (x + 1)) — C.
This inequality also holds when k = 7o,,. Thus, for any k > 13,,, if
Ar(x+1) —Ap, (x+1)
> =2l + 1) + I (x +2) =gy, (x + 1) = Iy, (x +2)),
then
Ar(x+1)+ Ar(x +2)
a—1

4
otherwise, as A, (x +1) < —C,

(k(x+ 1)+ Le(x +2) — I, (x + 1) = I, (x +2)) = C,

< —

Ap(x+1) < =3+ 1)+ Le(x +2) = Iy, (x + 1) = I, (x +2)) = C.
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To conclude, we just have to notice that

P(72n+1 < oolfTZn)]l{TZil <+00}

o0

]l{xk=X+1,lk(x+3):lrz (x+3)}
= Z E( 1 4+ e—2BAk(x+1D) 1+ e—2ﬂAk(x+2) ‘772,1)

k=12,

> E(]l{Xk:x+1,lk(x+3):l,2n(x+3)}32ﬂAk(x+1) A PG +HAGHD £ )

k=12,

0 o2B(@=1)/471/2)
< Ze—Zﬁ[((a 1)/4A1/2)k+C] ~C o5,

- 2,3((01—1)/4/\1/2) -

choosing C = C(«a, B) large enough and for some § = §(«, B) > 0. This completes
the proof. [

8. Generalizations. In [9], interesting generalizations are proposed, includ-
ing a model where the interaction depends on more than four neighbouring edges,
that is, replacing the definition of A, (j) by

aply(j—k)+--+arl,(j — 1) +aoly(j) —aoly(j+1) — - — ol (j + 1+ k),

for some «q, ..., ax. The techniques of [9], as it is noticed therein, seem to be
adaptable to derive results about such models, by investigating the behavior of the
associated generalized Fibonacci sequence. Moreover, in some cases, we believe
that our techniques are also adaptable. In particular, we could adapt the variant of
Rubin’s construction as it is done in the present paper and apply it to these mod-
els, as soon as «f, ..., o are nonpositive. The parameter g could be positive. In
these cases, we could recover some sort of weight function, which could be de-
creasing with respect to the local times on neighbouring edges but nondecreasing
with respect to local times on edges further away. More precisely, one could prove
a generalized version of Lemma 3.2 and prove that all the results of Section 3 hold
for a process X’ as soon as it is described by the following transition probability:

P(X} 41 = Xp — 117%)
w(Zk(X/ —1),..., Z(X; — no))
f (Xk, Nk(Xk, Xk - 1))

/<w(Zk~(Xk —1),..., Z(X} —nop))

F~ (X, Ne(Xp, X = 1)

W(Z (X + 1), ..., Zk(X} + no))
FH X Ne(Xp, Xp + 1) )
for some ng € N and for any k € N, where the functions f *+ are positive and where

w is positive and nondecreasing with respect to each variable. Note that the result-
ing term W/ f f% can be nonmonotonic.
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Finally, we refer the reader to the concluding remarks of [9] that have been very
useful to the author to learn more about some open problems directly related to the
model studied in the current paper.
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