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PROBABILISTIC CHARACTERISTICS METHOD
FOR A ONE-DIMENSIONAL INVISCID SCALAR
CONSERVATION LAW

By B. JOURDAIN
ENPC-CERMICS

In this paper, we are interested in approximating the entropy solution of
a one-dimensional inviscid scalar conservation law starting from an initial
condition with bounded variation owing to a system of interacting diffusions.
We modify the system of signed particles associated with the parabolic
equation obtained from the addition of a viscous term to this equation
by killing couples of particles with opposite sign that merge. The sample
paths of the corresponding reordered particles can be seen as probabilistic
characteristics along which the approximate solution is constant. This enables
us to prove that when the viscosity vanishes as the initial number of particles
goes to +oo, the approximate solution converges to the unique entropy
solution of the inviscid conservation law. We illustrate this convergence by
numerical results.

1. Introduction. In this paper, we are interested in giving a probabilistic
particle approximation of the entropy solution of the scalar conservation law

(1.1) o+ 9, A(u) =0, u(0, x) = ug(x),

where A is a C! function and the initial condition ug is a function with bounded
variation; that is, there are a bounded signed measure m and a real constant a
such that, dx a.e., up(x) =a + ffoo m(dy). Uniqueness does not hold for weak
solutions of this equation. But according to Kruzkhov’s theorem, there is a unique
entropy solution # bounded and belonging to C ([0, 4-00), LlloC (R)) characterized
by the entropy inequalities: V¢ € R, for any positive C* function g with compact
support on [0, +00) x R,

+o0
'/0 /R(lu —c|o;g +sgn(u — ¢)(A(u) — A(c))dxg) (¢, x) dx dt
(1.2)

—|—/ lug(x) —clg(0, x)dx > 0.
R

Taking ¢ > ||u|lcc and ¢ < —||lu|lso in (1.2), one easily checks that the entropy
solution is a weak solution.

Let |m| and ||m|| denote respectively the total variation of the measure m and its
total mass. As the entropy solution u(z, x) of (1.1) is equal to a + |m|v(, x),
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where v is the entropy solution of d;v + dy f(v) = O for initial data vg(x) =
(uo(x) —a)/|m||, f(v) = A(a+ ||m|v)/|im]||, it is not restrictive to assume from
now on that a = 0 and ||m|| = 1; that is, |m| is a probability measure.

It is well known that the solution u, of the viscous scalar conservation law

2
(1.3) Oy = %axxua — 0y Aug), us(0,x)=H xm(x),

where o > 0 converges to the entropy solution of (1.1) in the vanishing viscosity
limit 0 — 0. In [6], following the approach developed in [3] and [4] in case of
the viscous Burgers equation [A (u) = u?/2], we introduce the parabolic problem
satisfied by w = d,u, in order to construct a probabilistic particle approximation
of uy:
o? X
athjaxxw—ax(A/(u(,)w), w(0, ) =m, ua(t,x)zf w(t, y)dy,
o

which can be written as

2

(1.4) alw:%axx—ax(A’(H*w)w), w(0,) = m,

where (H * w)(r,x) = [*_ w(z, y)dy denotes the spatial convolution of w(z, -)
with the Heaviside function H (y) = 1{y>0). To give a probabilistic interpretation
to this equation, we introduce % a density of m with respect to |m| with values
in {—1, 1}. With any probability measure Q on C([0, +00), R), we associate the
bounded signed measure Q defined by d Q /dQ = h(Xp), where (X;);>¢ denotes
the canonical process on C([0, +00),R). The time marginals of Q and Q are
respectively denoted by (Q;);>0 and (Qz)zzo- Let P € (C([0, +00),R)) be the
unique solution of the following nonlinear martingale problem:

DEFINITION 1.1. We say that Q solves the martingale problem (PM?)
starting at m if Qg = |m| and V¢ € C3(R),

t ~2
M? = $(X)) — §(Xo) — fo T8 (X0

+ A'(H % Q5(X5))¢'(Xy) ds is a Q-martingale.

By the constancy of the expectation of the P martingale h(Xo)M;b , we check
thatt — P, solves weakly (1.4). As a consequence, the function u, (¢, x) is equal to
H * 13, (x). That is why we are induced to approximate u. (¢, x) by the cumulative
distribution function

n 1< i i
Ug (1, %) = H * i} (x) = ~ > H(x — XDh(X}),
i=1
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with u” = %Z;’:l dx: denoting the empirical measure of the particle system
defined by the stochastic differential equation

. . . t .
x;:x6+63;+/ A(H @ (XD)ds,  i<n,
0

where (B!, ..., B") is an R"-valued Brownian motion independent of the initial
variables Xf), 1 <i <n,i1d. with law |m| € P (R). In [6], we show that, as
n — 400, the empirical measures p” [considered as & (C([0, +00), R)) random
variables] converge in distribution to the constant P (such a result is called
propagation of chaos; see [11]) which implies the convergence of U] to u,.
Since u, converges to the entropy solution u# of (1.1) as o — 0, it is natural to
wonder whether Ug’n converges to u as n — 400 when lim,_, o, 0, = 0. This
paper is dedicated to this problem. According to the numerical results given in [2],
the answer is likely to be positive.

In case m is a probability measure, there are no signed weights and Uy (7, x) =
% > 1 Xi<x}: To prove that Uy converges to the entropy solution of (1.1), we
want to compute the left-hand side of the entropy inequalities (1.2) with U7 and
¢y = [en]/n ([x] denotes the integral part of x) replacing u and c. That is why we
are interested in |U {;n (t,x)—cpl. Let (Y1, ..., Y/") denote the increasing reordering
of (Xl,...,X;’). The function x — |Ug (t,x) — cu| — |cul is the cumulative
distribution function of the signed measure %2?21(1{ jslen)y — 1 ji[cn])(sytj. Of
course, it is also the cumulative distribution function of a linear combination
of § Xi» 1 <i < n, but the corresponding coefficients are not constant in time as

previously. That is why the reordered system (Y, ..., Y") is very interesting to
compute the approximate left-hand side of (1.2). Moreover, this system has a very
simple interpretation. By the occupation times formula, a.s., dt a.e., the positions
X}, ..., X" are distinct and Ug (@, Y}) =i/n. Therefore the curves  — Y/ can be
seen as probabilistic characteristics along which the approximate solution is dt a.e.
constant. One can check that (Y!, ..., ¥Y") is a diffusion with diffusion matrix o,
times the identity and constant drift coefficient (A’(1/n),..., A’(1)) normally
reflected at the boundary of the closed convex set D, = {y = (y1,..., yn) € R",
y1 <y <--- < y,}. The deterministic characteristics associated with the scalar
conservation law (1.1) for the initial data ug(x) are givenby y(r) = y+ A" (up(y))t.
For t > infyx, [x — y|/|A"(uo(x)) — A’(uo(y))| they may intersect. The small
Brownian perturbation that is added to define the probabilistic characteristics
allows us to introduce reflection which prevents strict crossings with Y/ > Y+ If
we set ¢ (¢, x) = ffoo g(t,y)dy, where g is the nonnegative test function in (1.2),
compute do(t, Y,i) by It6’s formula, sum over i the obtained result multiplied by
(L{i>[en)y — Lii<[en)), make integrations by parts in the spatial integrals, we get
that the left-hand side of (1.2) with U7 and c, replacing u and c is equal to the
contribution of the local time term giving the reflection plus a remainder which
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vanishes as n — +00. One remarkable feature is that the contribution of the local
time which prevents strict crossings of our probabilistic characteristics is positive
and gives the entropy inequality in the limit n — +o0.

When m is a signed measure, the situation is more complicated. Because of
the possibility of crossings of couples of particles (X’, X/) with opposite signs
h(Xi) = —h(XJ) x — |U” (t,x) — cp| — cp 1s no longer the cumulative distri-
bution function of a linear comblnatlon of (SY,, 1 <i < n, with coefficients con-
stant in time. That is why the computation of the approximate left-hand side of
the entropy inequality (1.2) is not easier with the reordered system (Y', ..., ¥")
than with the original one. To overcome this difficulty, we can define directly
(Y1, ..., Y") as a diffusion normally reflected at the boundary of D,, with diffu-
sion matrix o, times the identity and drift coefficient (A’ (5 1 h(Yl)), A'( %(h(Y é) +
h(Yoz))), ,A ( > 1h(YO))) where the initial vector (YO, ..., Yy) is distrib-
uted accordlng to the law of the increasing reordering of n independent variables
with law |m|. But when we compute the left-hand side of (1.2) with u replaced
by the new approximate solutlon Zl—1 h(Yé)H (x — Yti), the contribution of the

local time on hyperplanes y' = yH'1 such that h(Yé) = —h(YéH) has the wrong
sign.

In fact, the right approach consists of modifying the dynamics of the original
particle system (X', ..., X") by killing the couples of particles with opposite sign
that merge. This modification is in fact very natural: this causes the variation of
the approximate solution x — U (t, x) to decrease with ¢, which is a transcription
of the same property satisfied by x — us (¢, x). In Section 1, we construct the
modified particle system and prove that, for fixed o > 0, the approximate solution
of (1.3) based on the surviving particles still converges to the exact solution u,
as the initial number of particles n goes to 4+o00. In Section 2, by considering
the increasing reordering of the modified system, we prove that, when o depends
on n and converges to 0 as n — +o00, this approximate solution converges to the
entropy solution of (1.1). If we assume that m is a probability measure, since all
particles share the same sign, there is no killing and we get back to the much
simpler situation described previously. That is why we obtain stronger convergence
results, such as a propagation of chaos result for the reordered system. Section 3
is dedicated to an example of numerical simulation of the modified system with
decreasing number of particles.

To conclude this introduction, we mention the approximation of the solution of
(1.1) by interacting processes with jumps introduced by Perthame and Pulvirenti
[9] (see also [5]). The principle is radically different: the system of interacting
particles is associated with a nonlinear kinetic equation from which the scalar
conservation law can be recovered when a relaxation parameter A goes to +oo.
This approach is not limited to one-dimensional space as the one presented here.
But the convergence result is for a fixed relaxation parameter A > 0; that is, A does
not go to +oo with the number of particles. Moreover, the initial data of (1.1)
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is not only assumed to have a bounded variation but also to be nonnegative and
integrable.

2. Modification of the particle system associated with the viscous conserva-
tion law. The modification of the system of diffusing particles consists of killing
the couples of particles with opposite sign that merge. Before giving a precise con-
struction, we explain why such an annihilation procedure is naturally associated
with the martingale problem (P M?).

LEMMA 2.1. For any signed measure m with ||m| = 1 and for any o > 0, the
solution P of the martingale problem (P M?) starting at m is such that the total
mass ||P,|| of P, is nonincreasing.

PROOF. This proof is based on the Markov property.
According to the Jordan—Hahn decomposition, Vs > 0 there exist two Borel
subsets of R denoted by C; and C; such that C; UC; =R, C;f N C; =¥ and

1Pl = P(CH) = Py(Cy). Let 0 <ty <.
1Pl = B (L (Xn) = 1 (Xi) ) h(X0))

= B7 (B (15 (Xi) — Le, (X0l ) (X0)).

where ($;)>0 denotes the canonical filtration on C([0, 4-00), R).

The drift coefficient b(s, x) = A’ (H * ﬁs (x)) is bounded, whereas the diffusion
coefficient is a strictly positive constant. Combining Theorems 6.2.2, 6.3.4
and 6.4.3 of [10], we obtain that, if Q"** denotes the solution of the martingale
problem Qg = 6y,

V¢ € CE(R),
t ~2
o (X;) —p(Xp) — /(; %(ﬁ”(XS) +b(t; +5, Xs)9 (Xs)ds is a Q-martingale,

n, Xy . ” - e .
then, P a.s., Qt;_,i' is a regular conditional probability distribution of X,

given §;,. Hence
1ol = [ Q% (€)= 0%, (€ Py ()
/ 01, (CH) Py (dx) — / Q1 (C) Py (dx)

< Py (CH = P, (C) < |1y O

This monotonicity property is linked to the intersection of sample paths with
opposite sign. The discretized version of this phenomenom is the murder of the
couples of particles with opposite sign that merge.



PROBABILISTIC CHARACTERISTICS 339

The precise construction of the particle system is based on the Girsanov
theorem. On a filtered probability space (2, F,Q, (¥7):>0), let X(l), . ¢4
be Fo measurable variables i.i.d. according to |m| and let (WL, ..., W") be an
n-dimensional (¥;) Brownian motion. The first time two particles with opposite
sign merge is

1y =inf{s > 0, 3i, j € [1, n] with h(X}) = —h(X})
such that X{) + o W/ = X} + o W/}.
When nt = Card({i € [1,n], h(X})=1}) and n~ = Card({i € [1,n], h(X}) =
—1}) are both positive, then respectively by the recurrence of straight lines and the
polarity of points for the two-dimensional Brownian motion, Q a.s., 7y < +00 and

I'={i e[1,n], 3j €[1,n], h(X))=—h(X}) and X} + o X' =X} + oW/}
contains two elements. If n™ >2 and n~ > 2, then Q a.s.,

v =inf{s > 11, 3, j € [1,n]\ 1" with h(X}) = —h(X}),
Xo+oW! = X) + W]} < 400
and
PP=liell,n\I",3je[l,n]\ 1", h(Xf))z—h.(X{)')and
Xy +oW =X§+oWi}
contains two elements. Inductively, we obtain that, Q as., 0 <711 <) <--- <
Tytan— < +00, where
no=inf{s >y, 3, je[l,n]\I'U---UT*
with (X)) = —h(X}), X + o W! = X} + oW/}
(convention, tg = 0) and
F=fielt,n\d'u---ur*h, 3jen\(d'u--- U1,

h(X() =—h(X}) and X, + oW, =X +o W/}
contains two elements. At time 1, we kill the pair of particles with opposite sign
which have just merged. More precisely, for convenience we freeze their position:
Vi<k<ntAan™,Vielk,Vt>0, X = X6 +O’W[i/\tk. After time T,,+ »,,—, either

there is no remaining particle (case n™ = n~ = n/2) or all the remaining particles
share the same sign and keep moving according to the corresponding coordinates
of the Brownian motion: Vi € [1, n]\ (I'u--- UI”+A"7), vVt >0, Xf = X6+0Wf.
Let , =0if0<t <1, =Uf‘:111 if p <t <ty forl <k<ntAn
(convention, T,+,,-4+; = +00) denote the set of indexes of particles killed at
time ¢. The approximate solution is constructed owing to the surviving particles:

1 : .
Ug(t, %)=~ > h(XH)H(x — X)).
i¢l;
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We denote by " = 1 5 2.i—10xi the empirical measure of the system. According

to Definition 1.1, i = L D lh(XO)(SXl Since the indexes in I; correspond to
couples of particles w1th the same position but opposite sign, as their position is
frozen after the time when they merge, we have

1 .
2.1 if == h(Xp)dyi and UZ(t,x)=H * i (x).
n
i¢l,

By the Girsanov theorem, if P € # (C ([0, +00), R)) is defined by

_exp< Zf "(U2(s, X1))dBE — sz U”(sX))>

then, for B; = W} — éfé A'(UL s, X";)) ds, (B!, ..., B") is a P n-dimensional
Brownian motion. Moreover, the particle system (X}, ..., X i) solves

dP

. . t . .
2.2) X;=X6+f0 Ligr)(odB + A'(Us, X)) ds),  1<i<n.

For notational simplicity, we do not emphasize the dependence of P on n.
The probability measures P and Q are not necessarily equivalent on . As a
consequence, it is possible that P(t; < +00) < 1 for some k € [I,nt An~].
Nevertheless, since P and QQ are equivalent on ¥; for any ¢ € [0, +00), defining
kmax = max{k <nT An~:1; < 400} (convention, max @ = 0), P a.s. 0 < 11 <
© < Tgae < 00 and Vk € [1, kmax], Ix contains two elements.
To state the convergence result of the approximate solution

Ul(t,x) = - Zh(XO)H(x—X)— Zh(XO)H(x—X)
i¢l; z 1

to the solution u, of (1.3), we introduce the weighted space

def [ 1/ ()]
L1/, {f R-R:SI= [ 73

dx<+oo}.

For any 1 < i < n, the continuity of ¢+ — X! implies that H(x — X!) €

C ([0, +00), L! ). Hence U € C([0, 4+00), L ) by linearity.

1/(14+x2) 1/(14x2)

THEOREM 2.2. The viscous conservation law (1.3) has a unique bounded
weak solution ugs . Moreover, ug belongsto L' 1/(14x2) and the approximate solution
U]} converges to it in the following sense:

vT >0, III_P Esup [UZ(t, x) —us(t,x)|| =0

t<T

where E denotes the expectation with respect to the probability measure IP.
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Let 7/} denote the image of P by u" = % Y% 8yi. We are going to take
advantage of the equality U (¢, x) = H * 1} (x) to study properties of the sequence
(), in order to prove the theorem.

LEMMA 2.3. The sequence (n), is tight.

PROOF. Since u”" is the empirical measure of the exchangeable processes
(X .. XM, according to [11], the tightness of (x}), is equivalent to the
tightness of the distributions of the processes X L letO<s<r<Tandl<i<n.
Then

t
X! — X! <o sup |B! — B! +/ |A/(UZ (r, X))| dr.
rels,t] N
Noting that A" is bounded on [—1, 1] and applying the Burkholder-Davis—Gundy
inequality, we obtain
(2.3) E((X! —XHY) <Crt—s)%
where the constant C7 does not depend on # and is nondecreasing in o. As, for any
n>1, X(l) is distributed according to m, by Kolmogorov’s criterion, we conclude
that both sequences are tight. [J

PROPOSITION 2.4.  Any weak limit w2° of the tight sequence (), gives full
measure to

{0 € P(C([0, +00), R)) such that H * Qs (x) solves (1.3) weakly).

To prove the proposition, we have to deal with the possible lack of regularity of
the density 4. We approximate /(x) by functions of the form (1 — Cd(x, F))v —1,
where C > 0 and d(x, F) is the distance from x to some closed set F included in
{x:h(x) = 1}. By the regularity of the probability measure |m|, |m|({x:h(x) =
1} \ F) can be chosen arbitrarily small. We deduce the following.

LEMMA 2.5. For any ¢ > 0, there is a Lipschitz continuous function h® with
values in [—1, 1] such that |m|({x : h(x) # h®(x)}) <e.

PROOF OF PROPOSITION 2.4. Let 72° denote the limit point of a weakly
converging subsequence of (7)), that we still index by n for simplicity, let g
be a C* function with compact support on [0, +00) x R and let ¢(¢,x) =
ffoog(t, y)dy. Computing ¢ (t, Xf) by It6’s formula and (2.2), summing over i
the obtained equality multiplied by h(Xf)), we obtain

(i, ¢, ) — (g, 9(0, )

t 2
— /0 </1§’, dsp (s, ) + %axxas(s, )+ A(U] (s, )0xd (s, ->>ds

o< (! ‘ ‘
- ;;/0 Liigr,)0xp (s, X;) d By.
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The right-hand side converges to 0 in L' (Q, #,P) as n — +00. So does the left-
hand side which is transformed by spatial integrations by parts into

AR / g(t, y)dy / gt W H * [ () dy — GA(R) / 2(0, y) dy
+ / (0, V) H % il(y)dy — / "(R) / 8,5(s, ) dyds
4 / / H*ﬁ?(y)(aer%axx)gm,y)dyds

+/ / 9,85, y)/ (U (s, 2)) i (dz) dy ds.
As 1 (R) does not depend on s, the sum of the first, the third and the fifth terms is

nil. It is an easy consequence of the occupation times formula that, P’ a.s., ds a.e.,
Vi#£ jell,n]\ I, Xf; #* X!. When this property is satisfied, according to (2.1),

AURG) - A0 - [ AUz )@

—o0
h(X] h(XJ)
= ZA<ZHXJ<XI n ) (ZE{XJ<X’ n )
i¢ls jéls
Xi<y
_hxd) ) h(X))
n (Z]l{xsjfxl} n )‘
J¢ls

= sup |A/(x) - A/(Z)l —>n—+00 0.

We conclude that, for the bounded function F: £ (C([0, +00),R)) — R,

F(Q) =/Rg<0, WH # Qo<y>dy—/Rg<r,y>H* 0, (y)dy

t ~ o2
+/0 /RH*Qs<y><as+78m)g<s,y>

+ A(H * Qs()’))axg(s, y) dyds.

Thus E|F(u")| converges to 0 as n — +o00. In spite of the weak convergence
of ]} to 72°, we cannot deduce immediately that E7" |F(Q)| = 0 since, because
of the presence of / in its definition, the function F is not necessarily continuous.
That is why we define a continuous function F¢ by replacing H % Qy(x) by
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(Q, H(x — X5)h®(Xp)) in the definition of F to upper-bound E" |F(Q)].
E™ |F(Q)| <E™ (|F — F*|(Q)) + |(E™> —E™)|F*(Q)|
+E% (|F — FE|(Q)) + E™|F(Q)|.

As F¥¢ is a continuous and bounded function, for fixed ¢ > 0, the second term
on the right-hand side converges to 0 as n — 400. As the initial variables
(Xl,...,Xg) are i.i.d. according to m, using Lemma 2.5 we obtain, Vn > 1,
VY(s,x)e[0,+00) xR,

E™ |H % Qy(x) — (0, H(x — X;)h® (X0))|

n
< B(h— I X]) = B — 1K) <.

i=1
With the Lipschitz continuity of the function A on [—1, 1], we deduce that
E”g(|F — F?|(Q)) converges to 0 uniformly in n as ¢ — 0. Noting that, 7>°
a.s., Qo = |m|, we check that E”go(lF — F?|(Q)) also converges to 0. Hence
E™ |F(Q)| = 0. Denoting F; , instead of F to emphasize the dependence on ¢
and g, we deduce that, for any r > 0 and any C* function g with compact support
on [0,400) x R, m3° as., F; ,(Q) = 0. Hence, mJ° a.s., for any ¢ and g in
countable subsets, F; ,(Q) = 0. By a good choice of the countable subsets, we
conclude by density that, 72° a.s., for any r > 0 and any C* function g with
compact support on [0, +00) x R, F; ¢(Q) =0, that is, 7° a.s., H * Qs(x) is a
weak solution of (1.3). [

We are now ready to conclude the proof of Theorem 2.2.

PROOF OF THEOREM 2.2. Proposition 2.4 ensures the existence of bounded
weak solutions of (1.3). If u is such a solution, then by a good choice of test
functions one obtains the following integral representation:

dx a.e., u(t,x) =G¢ * (H xm)(x) — /(;t(axG‘t’_s x A(u(s,-)))(x)ds,

where G (x) = exp(—x2 / 2021) / o /27t denotes the heat kernel. The uniqueness
of bounded weak solutions is easily derived (see [6] for instance). From now
on, u, denotes the unique bounded weak solution of (1.3). Again, according to
Proposition 2.4, there exists Q € £ (C([0, +00), R) such that u, (s, x) is equal to
H x Qs(x). Since, Vt > 0,5 —> H % Qs(x) = (0, h(Xog)H (x — X;)) is continuous
at ¢ as soon as Q;({x}) = 0 (condition satisfied dx a.e.), we deduce that the
function u, belongs to C ([0, +00), Li/(1+x2))'

Let T > 0. We want to prove that 0 is the only limit point of (IEsup,¢[o 77 [l Ul,
x) — uqs(t,x)|)n. For any subsequence, according to Lemma 2.3, we can extract
from the corresponding subsequence of (1r)}), a further subsequence converging
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weakly to 7 2°, which we still index by n for simplicity. Since U (t,x) = H %
iy (x), it is sufficient to show that lim,, E7o sup, <7 Il1H * 0, (x)—u(t, x)|| =0. The
function Q — sup, .7 IH * Q,(x) — u(t, x)|| is not necessarily continuous. That
is why, for ¢ > 0, we introduce H® (x) = Tix>0) + ((x +€)/8)L{—g<x<0} and h® as
in Lemma 2.5 which are Lipschitz continuous approximations of the functions H
and h. Using Proposition 2.4, we get

E™ sup [|H % Q;(x) —u(t,x)]|

t€l0,T]
(2.4) < B —FE%) sup [[(Q, H®(x — X;)h®(Xo)) — u(t, x)]|
tel0,T]
+ (E™ 4+ E™) sup (@, HE (x — X,)h* (Xo) — H(x — X)h(Xo))]ll.
t€l0,T]

The functions Q € P (C([0, +00),R)) — (Q, H*(x — X;)h®(Xp)) indexed by
(t,x) €0, T] x R are equicontinuous and bounded by 1. We deduce that 0 —
sup;co.71 I{Q, H® (x — X;)h®(Xo)) —u(t, x)|| is continuous and bounded. Hence,
for fixed ¢, the first term of the right-hand side of (2.4) converges to 0 as n — +o0.

I{Q, H® (x — X)h* (Xo) — H(x — X)h(Xo))l
<I(Q. 11" — hl(Xo) I + 1 Qs ((x — &, x D

yte  dx

— 2 [(Q. 11 — h|(Xo))| +/R(/y m)ww

< 7[(Q. h® — hl(Xo))| + 2arctan<§>.

As the variables (Xl,...,Xg) are i.i.d. according to |m|, 72° a.s., Qo = |m].
With Lemma 2.5, we obtain that the second term of the right-hand side of (2.4)
converges to 0 uniformly inn as ¢ — 0. [

3. Convergence of the approximate solution to the entropy solution of (1.1).

3.1. The convergenceresult. Let (0,), be a sequence of positive numbers such

that
Iim o0,=0
n——+4o0o

and let (X!,..., X") and P be defined as before with o, replaping o. We are
interested in the asymptotic behavior of U (¢, x) = % i h(XH)H(x — X)) as
n — +o00. Considering Theorem 2.2 and the convergence of the solution u, of the
viscous conservation law (1.3) to the unique entropy solution of (1.1) as ¢ — 0,
our main result is not surprising.
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THEOREM 3.1. If (on), is a sequence of positive numbers such that
lim,— y000, = 0, then the approximate solution Ugn (t,x) converges to the
unique entropy solution u(t,x) of (1.1) with initial data uo(x) = H * m(x) in

C ([0, +o00), Li/(1+x2))' More precisely,

vT >0, lim Esup||UZ (t,x) —u(t,x)|| =0.
n——+o0o t<T n

Letm, denote the image of P by the empirical measure u" = % Y71 8yi.Since
the sequence (0,), is bounded, by an easy adaptation of the proof of Lemma 2.3,
we check that the sequence (rr; ), is tight. The proof of Theorem 3.1 is the same as
that of Theorem 2.2 as soon as we check that the following proposition analogous
to Proposition 2.4 holds.

PROPOSITION 3.2.  Any weak limit 7t§° of the tight sequence (1y ) gives full
measure to

{0 € P(C([0, +00), R)) such that
the entropy solution of (1.1) is equal to H 0 (x)}.

Before introducing reordered particles in the general case in order to prove
this proposition, we first suppose that m is a probability measure. In this much
simpler case, since all particles are positive there is no killing and the definition
of the system of reordered particles is quite simple. Moreover, we deduce from
Proposition 3.2 a propagation of chaos for this system.

3.2. Propagation of chaos for the reordered system in case m is a probability
measure. By Kruzkhov’s uniqueness result for entropy solutions of (1.1), there
is no more than one mapping P(t) € C([0, +0o0), P (R)) such that the entropy
solution u(s, x) of (1.1) is equal to (H * P(s))(x). Combining the tightness of
the distributions of the empirical measures ", the continuity of the mapping
0 € P(C(0,4+00),R)) - (t - Q) € C(]0, +00), £ (R)) and Proposition 3.2,
we deduce the following convergence result for the flow of time marginals t — u}.

COROLLARY 3.3. The variables t — u} € C([0,+00), P (R)) converge in
distribution to the unique mapping P(t) € C([0,+0o0), P (R)) such that the
entropy solution u(s, x) of (1.1) is equal to (H * P (s))(x).

This convergence is weaker than a classical propagation of chaos result, that
is, the convergence in distribution of the empirical measures u” considered as
P(C(]0, 400), R))-valued random variables to a constant P. Here the natural
candidate for the limit is a probability measure P € £ (C([0, +00), R)) such that
H x Pg(x) is equal to the entropy solution u(s, x) of (1.1) and, P a.s., Vt > 0,
X, = Xo + fé A'(H * Pg(Xs))ds. We would like to prove the uniqueness of
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probability measures satisfying both these properties and to check that any weak
limit 775 of the sequence (7 ), is concentrated on such probability measures.
Because of the possible discontinuities of the entropy solution u(, x), we have not
been able to prove these results.

Nevertheless, we are going to prove a propagation of chaos on the sample-path
space for the reordered particle system (Y, ..., Y”) which is defined as follows:
for any t > 0, Yl1 < le < ... <Y/ is the increasing reordering (order statistics) of
x', ..., X ). By an easy adaptation of the proof given in [7] for particle systems
associated with the porous medium equation, we check that (Y!,...,Y") is a
diffusion normally reflected at the boundary of the closed convex set D, = {y =
(yl, LY eRY, y1 < y2 <... < y"}. More precisely, for 1 < j <n,

X . . t . t A .
Y/ =Y +oufl + /0 AU (s, Vi) ds + /0 i —yitHd |Vl

where B = [§ X011y, dBL v =10 =0, (507 =W THdIVIDI1<j <
is a contlnuous process Wlth finite variation |V|; and, d|V|; ae. V2 < j < n,
ys >0 and y; (Y] Y] 1) = 0. By the occupation times formula, P a.s., ds a.e.,
the positions XS, ..., X are distinct. As a consequence, V1 <i, j <n, (f' By =
1(;=jyt and (,31, ..., B is an n-dimensional Brownian motion. Moreover, ds a.e.,
Vi<j<n, U(’,’n (s,Y)) = Jj/n; that is, the reordered sample paths are stochastic
characteristics along which the approximate solution is ds a.e. constant.

Let n* = % "_, 8y denote the corresponding empirical measure. Even if
Vs >0, ni = pul?, in general, n" # p"*. For Q € £(C([0, +00), R)), let G,Q: X €
[0,1] — inf{y: H * Q;(y) > x} denote the pseudo-inverse of the cumulative
distribution function of the marginal Q;. The Lebesgue measure on [0, 1] is
denoted by A. We recall that O; = A o (G,Q)_l.

THEOREM 3.4. The empirical measures n" € P(C([0,4+00),R)) of the
reordered particle systems converge in distribution to the unique P element of

={0 e P(C([0,40),R)):Vk e N*, VO <t; <tp < -+ < I,
Oty =20 (GE.....GD)7)
and such that,Vt > 0, P, = P (¢).

PROOF. Since the finite-dimensional marginals Q;, ., of Q € A are deter-
mined by its one-dimensional marginals Q;, there is no more than one probability
measure P € »4 such that, Vi > 0, P, = P(¢).

We have to check that the distribution 7" of the empirical measures 7, converge
weakly to a probability measure concentrated on {Q € A:Vt >0, Q; = P(t)}.
According to Sznitman [11], the tightness of the sequence ("), is equivalent to
the tightness of the sequence (% 2?21 Po(Y/H)™h,. We easily check that, Vn > 1,
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1 § 1IP’o(YJ) U= m. Moreover, if yj <y, <--- <y, (resp. yifyé§~-~<

y,;) denote the increasing reordering of !, .., xM) eR? [resp. (xl, vy X1
then 7" | (y/ — yi) < Yol — xi)*: this mequahty can be checked by an easy

computation for n = 2 and then generalized by induction. With (2.3), we get
1 n
VT >0, Vs,1€[0,T], =Y E((Y/ —Y)H*) < E((X! — X%
>0, ¥s,1€[0,T] nE:(< ") 2: (« 0Y)

<Cr(r—s)%

By Kolmogorov’s criterion, we conclude that both sequences are tight.
Let 7 denote the limit of a convergent subsequence of (7"), that we still
index by n for simplicity. Since, V¢, n} = u} and Q € P(C([0, +0o0),R)) —
(t = Q) € C([0, +00), £ (R)) is continuous, by Corollary 3.3, we obtain that
a°{0:Vt >0, Q; = P@®)}) = 1. As 4 is closed (see Lemma 3.5 below),
T (A) > limsup, 7" (A).
We easily check that, for0 <t; <t <--- <1y,
Vi<i<n,Vxe((i—1/n,i/n], (G?ln,.. )(x)—( Y!

lk

Hence 7" (4A) = 1, which concludes the proof. [

LEMMA 3.5. The set A is closed for the weak convergence topology.
Moreover it is equal to

={0e2(C(10,+00), R)):vx € [0, 11, Q(n;gH * 0,(X,) < x) <x}.

PROOF. Suppose that (Q"), € A converges weakly to Q. Let t; < 1, <

-+ < tr. According to Billingsley ([1], Proof of Theorem 25.6, page 343), V1 <

i <k, Adx) ae, G2 (x) > G2(x). Hence, A(dx) a.c., G2, ...,GEHx) —

(Gg, e Gg)(x). Since Q;‘ m =Ao (Gt1 , ...,G,gn)_1 converges weakly to
Ou,...» we deduce that Q;,  , =Ao (th AU Gg)_l. Hence 4 is closed.

For QO € P(C([0, +0c0),R)), because of the weak continuity of s — Qy,
infy>0 H * Q5 (X;) =infyeq, H * Q4(Xy) and X — infy>o H * Qs(Xy) is mea-
surable.

Let O € A, (gi)ien+ denote the elements of Q4 and x € [0, 1]. Since

H*0,(G2() >y,
Q(min(H % Qg (Xg)), ..., H % Qg (Xy)) < x)

= A(y:min(H * Q, (Gg M), ..., Hx qu(GqQk(y))) <x)
<Ay =x)=x.
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Taking the limit k — +o00, we deduce that Q(inf,cq, H * Q4(Xy) <x) <x. We
easily conclude that Q € .

Let Q€ dh,ti <th<--<f,xeRand 1 <i<k As {GZ(y) <x}={y <
H * Q;(x)},

Q([Gt?(r]nﬁrllH %0y, (X,)) <x]) = Q([rJnEIIIH * 0y (X,)) < Hx0,(0)})
< Hx* Q(x).

Moreover, since GtQ (H % Q:(y)) <y, the converse inequality holds:
k
0({G7 (min H + 0, (X)) < x}) = Q(GF (H + 0 (X)) <))

> 0(Xy; =x)=H % 0 (x).

Hence if

.....

Q(mink_, H % Q;,(X,)) < y) <y, which implies I'? _, (x) > x. As Q, =

.....

.....

(G,?, cee G,g)_l. We conclude that A C A. [

REMARK 3.6. If the entropy solution (¢, x) — u(¢,x) = H * P;(x) of (1.1)
is continuous, then, for any ¢ > 0, the probability measure P; does not weight
points and, Vx € [0, 1], P(H * P;(X;) <x)=x. Since P € A and H * P (X;) >
infy>0 H * Ps(Xy), we deduce that P(H * P;(X;) =infs>0 H * Ps(X;)) = 1. By
the continuity of + — H * P;(X;), we conclude that, P as., t > H *x P/(X;)
is constant. Hence the sample paths + — X, are stochastic characteristics along
which the entropy solution is constant.

On the other hand, when a shock, that is, a discontinuity curve, appears at time
to > 0 and position xq for the entropy solution Py, ({xo}) = P({X;, = x0}) > 0 and
for P almost all the sample paths such that X;) = xo, t — H * P;(X;) is constant
on [0, 7o) and presents a strictly positive jump at time fg.

REMARK 3.7. For any bounded monotone initial data uq(x), Kunik [8] gives
an explicit representation formula for the entropy solution of (1.1). When ug(x) is
the cumulative distribution function of a probability measure, the solution is given
by u = d,v, where v(¢, x) = SUPgepo,17(xs —tA(s) — I(s)) and [ is a primitive of
the pseudo-inverse of ug: x — inf{y :ug(y) > x}.
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3.3. System of reordered particles and probabilistic characteristics. In the
general case, because of the murder of the couples of particles with opposite
sign that merge, the description of the reordered system is more complicated
than when m is a probability measure. We recall that, in the construction of
the particle system (X LX), ni<m<- < Tk deNOte the successive
times when couples of surviving particles, with opposite sign merge and are
killed. For ¢ € [0, 71], let Y,1 < Y,2 < ... <Y/ denote the increasing reordering
of (X}, ..., X"). Again, by an easy adaptation of the proof given in [7], we check
that, on [0, 71], (Y LY ) is a diffusion normally reflected at the boundary of
the closed convex set D, = {y = (y',...,y") e R", y! <y? <... <y"}. More
precisely, fort <tjand 1 < j <n,

. . . t , t , .
3.1 Y/ =Y +0.8 +/0 A'(U7 (s, Y]))ds +/0 v —yiThHha|vys,

where B/ = [§ X0 1y, dBL vl =yt =0, (507 =W THdIVID<jz
is a continuous process with finite variation |V|; and, d|V|s; a.e. V2 < j <n,
v/ =0and 3/ (v/ —v/™hH =0.

We easily check that

v=inf{t =0, 2<l<n, ¥/ =Y/ and h(Yg) #h(¥g D},

that there is a unique such index / denoted by /; and that /; and /; — 1 are the
reordered indexes of the first pair of killed particles, that is, with original indexes
in I;. After time 71, we freeze Y't and Y11 ~!; that is, Vr > 7, Y,l1 = Ytl'_1 = Yi}
and, for [ =11,1; — 1, we set Vt > 11, B! = ﬁil + D ien ]]_{h(Y(l)):h(X(i))}(B; — Bél).
We list the indexes of the surviving reordered particles owing to the increasing
function ¢;: [1,n — 2] — [1,n]\ {{1,{; — 1}.

For t € [t1, 2], we define Y;p'(l) <...<y?” =2 45 the increasing reordering

of the surviving particles (Xi),yl. Therefore, for t € [t1, T2], (Y;p'(l)

)48 (”_2)) is a diffusion normally reflected at the boundary of D, _5: V1 <[ <
n— 2a vt € [T17 772],

g e e ey

t
yo0 —yp § g p00 4 /0 A(UL (5, Y9 D)) ds

(3.2) ¢ l "
+/0 vl =Yy,

1 1 ] _
where 71 = B 4 [} Yign L0y, dBL v = 7T =0, (G0 -
ysl“) d|V|s)1<j<n—2 is a continuous process with finite variation | V|, and, d|V |,
ae. V2<l<n-—2, ysl > ( and y‘f(Ys(pl(l) -y (l_l)) = 0. Moreover,

n=inf{t>7, R<l<n—2, YO =y and hr@' V) £ nrd D)),
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and there is a unique such index / that we denote by /. The reordered indexes
of the second pair of killed particles, that is, with original indexes in I, are
¢1(ly) and @1 (I — 1). After time 1o, we freeze their positions: V¢ > 1, ¥; 1) _
Yt‘p'(lz_l) = Yé’;l(b) and, for I = b, — 1, we set, V¢ > 1, ,B;Dl(l) ,BI'(I) +
diel? ]l{h(Y(f'U)):h(Xg)}(Bll — Br)). We list the indexes of the surviving reordered
particles owing to the increasing function ¢o: [1,n — 4] — [1,n] \ {l1,1 — 1,
e1(l2), 1l — D}

Now suppose inductively that, for some k < kpax — 1, we have defined the
reordered system up to time 7, the functions ¢y, ..., ¢ and the indexes [y, ..., lk.
Then we freeze YW‘ 1) Y,‘pk’l(lk_l) = Y,‘i"’l(lk) fort > i and, forl =1, [ — 1,

we set, Vi > 1, ;pk’l(l) = ﬂwk’l(l) + el a0 ; (B; — Bé ). For
)=h(Xy)} k

t € [k, Tk+1], we define Y; as the increasing reordering of
! !
(XDigru-ur, and we set ﬂ"’k() ﬂ‘”k() + i, Sigrtoon Lo _y dBL. The

index [y is defined as the unique I € [2,n — 2k] such that Y5 = yge(=D
and h(YéD"(l)) # h(Y{" =Dy and we list the indexes of the n — 2(k + 1) surviving
particles owing to the increasing function ¢: [1,n—2(k+1)] — [1,n]\{l1,/1 —1,
o1(), o1la — 1), ..., rUk+1), Yk (x+1 — 1)}. This way, the reordered system is
defined up to time 74, .

{h(y,
o) < Y(ﬂk(n 2k)

@kmax (1) ©kmax (M—2kmax)
y Phmax ffyt max

For t > 7., is defined as the increasing

. | max(l max(l
reordering of (X})ig¢s,u...uz,,, and ﬁ;pk ) = ﬁ;i’inax ) + frk

1 . dBi.

l¢[1U...U1kmax

max

( Y(pkmax O _

Let Ny =n—2 Y™ Lige<n), Jr = Uy te<t1@k—1lk), pr—1(lx — 1)} (convention,
@o is the identity function) and, by a slight abuse of notation, ¢;: [ € [1, N;] —
ka“ Lo, u) @) € [1,n]\ J; (convention, 79 = 0, Tg,,+1 = +00) denote
respectively the number of particles surviving at time ¢, the indexes of the particles
killed before time ¢ and the original index of the [th surviving particle. To simplify
the notation, we set h; = h(Y]) and U(j) = - {:1 h;.

PROPOSITION 3.8. Each reordered particle is a probabilistic characteristic
along which the approximate solution Ug (s, -) is ds a.e. constant up to the time
when the particle is killed. More precisely, for ds a.e. s >0, Vj € [1,n]\ J;,
Ué’n (s, Y))=U( j)= % {:1 h;. Moreover, the dynamics of the reordered system
is given by

Vi<j<n, Y =1jg|ondp] + A(U))dr
~1,. 1 N+
+ (V;Dt (]) _ y[(pt (]) >d|V|;],
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where § = (,31, ..., B") is a P Brownian motion and, P a.s., d|V|; a.e., Vzl =
1 . 1
v =0 and, for 1 €12, N,1, v} =0 if hy,q) # hgya—1y and y! = 0, v (v ? —

Yl‘/)’(l_l)) = 0 otherwise.

PROOF. By construction, Y, Do < ol N0 i the increasing reordering

of (X f)i¢ 1,- Since couples of particles with opposite sign that merge are killed,

(XL hx))i ¢ L) = {8 D by, <1< Ny ={(¥/ b)), j ¢ I}

According to (2.1), we deduce that i} = Z sl Y] = vaz’l h(pt(l)ay;ﬂt(/)-
Hence the approximate solution can be wrltten as

Ni

(3.:4) Uy (t,x) = nZh%a)ﬂYwa)q}
=1

By the occupation times formula, a.s. for df a.e. t > 0, the positions (X f)i¢ I, are
distinct and as a consequence Y,”" ) <Y/ @ ... < Y,‘/)’(N’ ) Hence

wt X0 J

dta.e.,Vj¢J,,U§”(t,Y,j)— Z h(,)t(l)_nZh - Z hi.

i=l,ielJ;

Since the indexes in [1, j] N J; correspond to couples of killed particles with

opposite sign, the second summation on the right-hand side is nil and U (z, Y)) =
u@.

Equation (3.3) is obtained by setting [ = ¢, I j) in the successive equations
similar to (3.1) and (3.2) and using the result we have just proved. Since d's almost
everywhere the positions (Xé)iggls are distinct, V1 < i, j <n, (,Bjﬁi)t = Nji=jt
and g is an n-dimensional Brownian motion.

By definition of the particle system, VO < k < kmax,

Vt € [Tk, Thk+1)s Yy —y,"“ 2k —0 andford|V|, ae.t €[t tw+ 1),

(3.5) 3
V2<l<n—2k, y'>0 and y/@¥P? —y#i=Dy=o

As the stopping time 71 is the first time after 7z when two surviving particles
with opposite sign merge, if, for [ € [2, n — 2k], hy, () # hy—1), then, for any ¢ in

[Tks Tha1), Y‘pk(l) Y‘pk(l D> o. Wlth (3.5), we deduce that, if hg, ) # hg,-1),
then, for d|V|; a.e. t € [, T + 1), y, 0. Since a property holding Vk, for d|V |,
a.e.t € [t, Tx+1), holds for d|V|; a.e. t > 0, the proof is complete. [

3.4. Proof of Proposition 3.2. For c € R, let ¢, = [cn]/n, where [x] denotes
the integral part of x. The entropy inequalities (1.2) are based on the functions
lu — c| and sgn(u — c)(A(u) — A(c)). That is why we are interested in the
approximation |U;’n (t, x) — cp| of the first one. According to (3.4), the function
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x = |Ug (t,x) — cul — |y is the cumulative distribution function of the signed
measure

N,
1 t
:;l_ZI<Sgn< Zh(ﬂ’(l) )‘p’(l) ]l{(l/n)Zf»_lh(p,(i):m})aY;”’(l)

[convention, sgn(0) = 0].

The next lemma gives a much simpler expression of this measure.

LEMMA 3.9. Letwj =sgn(U(j) — cp)hj — Ly (j)=c,) for 1 < j <n.

() VI, N, Ulpi(D) = 2 X5y hy,)-

(i) If for somel € [2, Ni], wy,i—1) = 1 and wy, )y = —1, then hy, 1) # ho,1)-
(iii) If for somel € [2, N,] he,(1—1) # ho, (1), then Wy, 1) # We, ().
(iv) Vi > 0,0 =1y N W, )8yt = o widy .

PROOF. (i) For [ € [LLN,], Ulg()) = 2340 n; = Ly Q. hj+

Z?’(ll) I h ;. Since the indexes in [1, ¢, (1)] N J; correspond to couples of par-
tlcles with opposite sign, the first summation on the right-hand side is nil. Setting
i = (p,_l (j) in the second summation, we obtain U (¢;(l)) = % Zle he,iy-

(ii) Let I € [2, N;] be such that wy,¢—1) = 1 and wy, ) = —1. Necessarily
Ugi(l = 1)) #cn.

In case U(g:(l)) # ¢, since, according to (i), U(p;(1)) = U(p:(I — 1)) +
he,y/n, sgn(U (¢, (I — 1)) — ¢,,) = sgn(U(¢;(l)) — c,). By the definition of the
weights w;, we deduce that hy, 1) # hy, ).

In case Uy, 1) = cp, then, according to (i), U(¢; (I — 1)) + hy,¢y/n = cy.

Hence hy, ) = —sgn(U (¢, (I — 1)) — ¢,). Multiplying both sides by &y, 1), we
gethya-nhe, ) = —wp,a-n = —1.

(iii) In case U (¢; (I — 1)) # ¢, and U (¢ (1)) # ¢y, according to (i), sgn(U (¢ (I —
1)) — cn) = sgn(U (¢; (1)) — ) and wy, (1) # We, (1)-

In case U(p(I — 1)) = ¢y, wy,—1) = —1, whereas wy, ) = sgn(hy,y/n) x
he@y = +1.

In case U (¢ (1)) = cn, wy, ) = —1, whereas sgn(U (¢, (I — 1)) — ¢,) = —hy, )
whence multiplying both sides by hg, -1y, we get wy,1—1) = —hy,i-1)hg,q) = 1.

(iv) Combining the definition of v, and (i), we obtain that v;"“ = % ZINZ’I We, (1)
(Sth,(z). According to (iii), the couples of particles that merge and are killed at
successive times 7] < - -+ < Ty,,,, have opposite weights w. Since their positions
are frozen afterwards, Vi > 0, 3 ;o w jSYtj is the nil measure and

Ni

1 n
o Z ijYtj = Z u)J(SYJ + — Zw%(l)SYW([) ="C. ]
Jj=1 ]€Jt
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We are now ready to prove Proposition 3.2. Let 5° denote the limit point of a
weakly converging subsequence of (7, ), that we still index by n for simplicity,
let g be a nonnegative C* function with compact support on [0, +00) x R and
let p(t,x) = ffoo g(t,y)dy. According to Lemma 3.9, computing ¢ (z, Y,]) due to
(3.3) and summing the obtained result multiplied by w; over 1 < j < n, we get

0= — (0", $(t.)) + (W, $(0. )
t
+ / (W B (s, ) + (E1C, 0, (s. ) ds

3.6
(3-6) / > w0 (s, Yf)ds—l—/ 5w (s, YY) dp]
*on
i JETs . e J&Js
[ 2w =y g v) v
J¢J
where

(3.7 E= —Zw] (U(D)8yy =~ wa)A( (25 (D)) -

]¢JG l 1

Denoting respectively by T/, 72 and T;? the sum of the three first terms, the sum
of the fourth and the fifth terms and the last term on the right hand side, (3.6) can
be written T,) + T2 4 7> = 0. Clearly, lim,,_, 1 o E|T,?| =

t Ns

3_
nT, —/0 Zw‘ps(l)]]'{wfﬂs(l):w<ﬂs(l—l)}
=2

s (1 s((—1
x vl (0,0 (s, YDy = 9,0 (s, Y& D)) v
¢t Ns

(3.8) +/0 Z]l{wrps(l)zlvww‘cd—l):—l}
=2

<yl (0,0 (5. YED) + 0,9 (s, YY) a v
¢t Ns

- /0 Z Ly gy=—1.wgsq-1=1}
=2

< L (0,05, YED) + 8,9 (s. YY) a| V.

According to Proposition 3.8, the first term on the right-hand side is nil. Combining
assertion (ii) in Lemma 3.9 and Proposition 3.8, we check that the third term is also
nil. Since 9, ¢p =g >0, Tn3 is nonnegative. Therefore, to conclude, it is enough to
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check that, for the bounded function F: £ (C([0, +00), R)) — R defined by

F(Q) = —/Rga, WIH % 0:(y) — ¢l dy +/Rg<0, WIH % 0o(y) — c|dy

t ~
+/0 /R|H*Qs<y>—c|asg<s,y)

+sgn(H * O5(y) — ¢)(A(H * Q5(y)) — A(c)) drg(s, y) dyds,

lim,, 1 o0 E|F (") + Tn1 | = 0. Indeed, assuming this convergence, since F (u") =
F(u") + T! + T? + T2, we have E(F(u")™) < E(|F(u") + T)| + |T? +
(T,?)_) —>n—+00 0. Approximating F by continuous functions as in the proof
of Proposition 2.4, we deduce from the weak convergence of 7 to 7° that
E"o (F(Q)7) =0. As in the end of the proof of Proposition 2.4, we deduce that,
71'5’0 a.s., for any positive test function g, Vc € R, V¢ > 0, F(Q) > 0; that is, 71'5’0
a.s., H x Qs (x) is the entropy solution of (1.1).

Let us prove that the variables F(u") + T,) converge to 0. Since x —
|U(§’” (t,x) — ¢yl — |cul is the cumulative distribution function of the signed
measure v;”, computing the brackets (, ) in Tn1 by the integration by parts formula,
we get

T, =—|U, (t, +OO)_cn|/]Rg(t’y)dy+/Rg(t’y)|U:,,(tay)_Cn|dy
+ 1Ug, (0, +OO)_cn|/Rg(0’y)dy_/Rg(o’y)lUgn(O,y)—Cn|dy
4 [ 10z, 6,400 el [ agts, v
_/(;téasg(sa)’)lU;’”(s,y)_cn|dyds

t
- /0 /R 8eg (s, y)(H % E™(y) — sgn(cn) (A(0) — A(cy))) dy ds.

As U(’,’n (s, +00) = 1y (R) does not depend on s, the sum of the first, the third and
the fifth terms on the right-hand side is nil.

We set Ny (y) = max{l € [1, Ny, YD < y}. By Lemma 3.9(1), if U (95 (1) = ¢y,
then sgn(U(gs(I — 1)) — ¢p) = —hy,) and wy ) = —1 = —hy, ) sgn(U (s (I —
1)) — ¢,). Hence, by (3.7),

Ns(y)

Hxg 0=~ > (sen(U(gs (D) =€)

=1

+ LU (g (1)) =ca} SEN(U (@5 (L = 1)) — €0))hg, iy A’ (U (95 (1))).
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Moreover, accordlng to (3.4), Uy, m(s,y)= Zl Ns 7 hy, ) and with the convention
U(ps(0)) =
sen(Uy (s,y) — ca)(A(Ug, (s, ¥)) — Alcn))
=sgn(0 — c,)(A(0) — A(cp))
Ny (y)

+ Z sen(U (g5 (1) — cn) (A(U (9s(D)) — A(U (5 (1 = 1))))

+ Ly =ca) 58U (@5 (1 = 1) = cn) (A(U (95 (D)) — A(U (g5 (1 = D))))].
Therefore
|H % &1 (y) = sgn(ea) (A0) — Alcp) = sgn(Up, (s, ¥) — )
x (A(Ug, (s, ) — Alcn))]

Ns(y)

< Z [A(U(¢s(D)) — A(U (95 (1 = D)) = A" (U (5 (D)) gy 1y /|-

Since, by Lemma 3.9(1), U (¢s(1)) = U(ps(I — 1)) + hy,q)/n, the right-hand side
is smaller than sup, ycr_y 17 x—yj<1/n |[A"(x) — A’(y)|. As the support of g is
compact, we deduce that the random variables

T, _/Rg(t,y)lUé’n(t,y)—cnldy+/Rg(o, MIUL (0, y) — caldy
t
+/ / |U;.ln(s,y)—cn|asg(s’y)
0 JR

+sgn(Uy (s, y) — ca)(A(Up, (s, y)) — A(cy))0:8(s, y) dyds

converge uniformly to 0 as n — +oo. Since, Vx € R, |[x — ¢,| — |x — || <
lcn —cl < 1/n,

lsgn(x — ¢)(A(x) — A(c)) — sgn(x — cu)(A(x) — A(cy))]
< sup ([2A(y) — A(c) — Alc)l),
ye€lcn,c]
and according to (2.1), V(s,y) € [0,4+00) X R, Ug’n (s,y) = H % 1} (y), the
variables |F (") + Tnll also converge uniformly to 0.

REMARK 3.10. It should be noted that we obtain the entropy inequalities
because 72 is nonnegative, that is, owing to the local time term which prevents
strict crossings of the surviving characteristics Y, g, j ¢ Jg, which share the same
sign. Moreover, it is necessary to kill couples of particles with opposite sign that
merge so that the nonpositive third term on the right-hand side of (3.8) vanishes.
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4. Numerical example. As a numerical benchmark, we consider the Burgers
equation [A(u) = u2/2] with initial data ug(x) = %‘(1[_3’_2] (x) —1}2,31(x)) which
is the cumulative distribution function of the signed measure m = %(8_3 — 67—
82 + 83). The corresponding entropy solution is given by

| - t
M(t, .X) = ; |:m1n<x + 3, Z)1[—3,min(—2+t/8,—3+dt72,0)](x)

t
+ max(x -3, _Z)1[max(2—1/8,3—\/l/_2a0)’3](x)i|'

We easily check that the L! norm (resp. variation) of x — u(z, x) is equal to 1/2 if
t <18 and 9/rif t > 18 (resp. 1 if r < 8,2./2/tif 8 <t <18 and 12/t if t > 18).
We simulate the system (2.2) for n = 4000 particles and viscosity coefficient
o = 0.001. The initialization is deterministic: for 1 <i < 1000, X6 = —3 and
h(X{) = 1;for 1001 <i <2000, X, = —2 and (X)) = —1; for 2001 < i < 3000,
h(X}) = —1; and for 3001 <i <4000, X} = 3 and h(X})) = 1. This way, there
is no initialization error; that is, the approximate solution at time 0, U (0, x) =
%Z?:l h(Xé)H(x — Xé), is equal to ug(x). The system is discretized in time
owing to the Euler scheme with time step Ar = 0.4. If, at time k A¢, the set of
indexes of killed particles is I A; and the positions of the Nya; remaining particles
are (X ,’( Ap)i¢Iia,» the approximate solution at time k At and the positions of the
particles at the next time step are given by

1 . .
UkAt,x)=— > h(X()H(x — X z,).
Tighao ‘ : :
Vi¢ liars Xrnar = Xiar 0 Biarnar = Biad) + A'(UKAL Xipp) At.

Then the couples of particles with opposite sign which are closer than s = 0.005
are killed, that is, their indexes are added to Iy, to obtain I y1)A;.

In Figure 1, we compare the exact solution u (¢, -) and the approximate solution
U(t,-) attimes t =4, 8, 16 and 40. We can only distinguish very slight differences.
The number of surviving particles Nia; is decreasing with k: indeed, N4 = 4000,
Ng =3984, Nig = 2836 and N4 = 1192 is smaller than 30% of Nj.

In Table 1, we give the evolution of the expectation of the L' norm of the error
with respect to time. This expectation is estimated from 20 runs of the particle
system. The width of the corresponding confidence interval (CI) at 95% is also

given. For each run, at time k Az, the L' norm of the error is computed owing to

the increasing reordering (Y} ﬁ’(l))lflf Nea, Of the surviving particles (X& 1, )i¢ra,

by

NMa I+1 I I+1 I
o S Y oy Oy (U kan YIS D) 4l — U, YD)
=1
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t=4.00 t=8.00

0.1

04

-0.14

-0.24

-0.3 T -0.3 T T T
-3 -2 -1 0 1 2 3 =3 -2 -1 (4] 1 2 3
N4=4000 N8=3984
t=16.00 t=40.00
0.3 T T T T Y 0.34qr
]
0.24 -4 0.24 .
0.14 0.1 -1
0 o
0.1 ~0.14 3
0.2 3 -0.24 4
03 & y - T r T ¥ -03 1y r . r
-3 -2 -1 0 1 2 3 -3 -2 w1 0 1 2 3
N16=2836 N40=1192
F1G. 1. Comparison of U (t, x) and u(t, x).
TABLE 1
Evolution of the L norm of the error with respect to t
Time ¢ 4 8 12 16 20 28 40
llue(t, )1 0.5 0.5 0.5 0.5 0.45 0.321 0.225

EU, ) —u(t, )]y 0.0015 0.0018 0.0063 0.0081 0.0039 0.0030 0.0035
Widthof Clat 95%  2.5e—5 23e—5 2.7e—5 4.8e—5 7.8e—5 7.8e—5 3e—4
Variation u(t, -) 1 1 0.816 0.707 0.6 0.429 0.3

E(Ny)/n 1 0.995 0.816 0.709 0.595 0425 0.298
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The expectation of the L! norm of the error remains small in comparison with
the L! norm of the explicit solution (approximately 1%). We also compare the
expectation of the variation of the approximate solution which is given by Nya;/n
(the width of the corresponding confidence interval at 95% is neither greater than
0.0005) with the variation of the explicit solution. They are very close. This result
is not surprising because we kill couples of particles of opposite sign that merge to
mimic the decreasing property of the variation of the explicit solution.

To illustrate the dependence on the initial number of particles n, we compare on
Figure 2 the approximate and exact solutions at time ¢ = 40 for n = 100, 200, 400

n=100 n=200
0.1y T T T T T ™ 0.1
0-4 ol
-0.1 T T 0.1 T T
-3 -2 -1 [ 1 2 3 -3 -2 -1 o 1 3
Nd40=28 N40=60
n=400 n=1000
o. [
4
0 0
~0.1%y y T T T T ~T 0.1 T T T T T
-3 -2 =1 o 2 3 -3 -2 -1 o 1 2 3
N40=120 N40=298

FIG. 2. Dependence of U (40, x) on the initial number of particles n.
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and 1000. The other parameters of the simulation o, At and s keep the same values
as before. Whereas for n = 100 and n = 200 the approximate position of the jump
is quite far from the exact one, the result is satisfying for n = 400 and n = 1000.

5. Conclusion. In this paper, we proved the convergence of a stochastic
particle approximation of the entropy solution of (1.1) as the initial number of
particles goes to 4-00. In case the initial data u( are monotonic, the system of
interacting particles is the same as that introduced in [3] and [4] for the Burgers
equation [A (u) = u?/2]. Otherwise, we have modified the dynamics by killing the
couples of particles with opposite sign that merge. This mimics the decreasing
property of the variation of the entropy solution x — u(, x) with respect to ¢. To
obtain an effective numerical procedure, it is necessary to discretize the particle
system in time. Our results can be seen as a preliminary step in the study of the
convergence rate of the approximate solution based on the time-discretized system
with respect to the time step A, the number of particles n and the parameter s
governing the murders introduced in the numerical example. From a numerical
point of view, killing of particles is interesting because the computational effort
needed to compute the successive positions of the particles decreases in time with
the number of surviving particles. In return, additional effort is needed to deal with
the murders.

We should also mention a very convenient feature of the particle system with
killing: if the approximate solution defined as the cumulative distribution function
of the weighted empirical measure is nonnegative (resp. nonpositive) at time 0, it
remains nonnegative (resp. nonpositive) afterwards. This feature can be exploited
to generalize the convergence results for the particle approximation of the solution
of the porous medium equation given in [7]: using a system with killing, we
could deal with any nonnegative initial data with bounded variation and not only
monotonic ones. Indeed, the diffusion coefficient of each particle which is a
fractional power of the approximate solution would remain well defined.
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