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Abstract. Let M, be the minimal position in the nth generation, of a real-valued branching random walk in the boundary case.
Asn— oo, M,, — 3 5 logn is tight (see (Ann. Probab. 37 (2009) 1044-1079, Ann. Probab. 41 (2013) 1362-1426, Ann. Probab.
37 (2009) 615- 653)) We estabhsh here a law of iterated logarithm for the upper limits of M;: upon the system’s non-extinction,
limsup,,_, W(M log n) = 1 almost surely. We also study the problem of moderate deviations of M,;: P(M,, —

;logn > A) for A — 0o and A = o(logn). This problem is closely related to the small deviations of a class of Mandelbrot’s
cascades.

Résumé. Soit M, la position minimale a la pieme génération, d’une marche aléatoire branchante réelle dans le cas frontiere. Quand
n— oo, M, — %logn est tendue (voir (Ann. Probab. 37 (2009) 1044-1079, Ann. Probab. 41 (2013) 1362-1426, Ann. Probab.
37 (2009) 615-653)). Nous établissons une loi du logarithme itéré pour décrire les limites supérieures de M, : sur I’événement
de la survie du systéme, limsup,,_, o W(M" - %log n) = 1 presque stirement. Nous étudions également les déviations

modérées de M, : P(M, — % logn > A) pour A — oo et A = o(logn). Ce probleéme est directement lié aux petites déviations d’une
classe des cascades de Mandelbrot.
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1. Introduction

Let {V(u), u € T} be a discrete-time branching random walk (BRW) on the real line R driven by a point process ©.
At generation 0, there is a single particle at the origin from which we generate a point process & on R. The particles
in @ together with their positions in R constitute the first generation of the BRW. From the position of each particle at
the first generation, we generate an independent copy of @. The collection of all particles together with their positions
gives the second generation of the BRW, and so on. The genealogy of all particles forms a Galton—Watson tree T
(whose root is denoted by #). For any particle u € T, we denote by V () its position in R and |u| its generation in T.
The whole system may die out or survive forever.

Plainly © =3, ,_; 8(vu)- Let v = @(R). Throughout this paper and unless stated otherwise, we shall assume
that the BRW is in the boundary case, i.e.

E[v] € (1, 00], E[Z e_V(”)i| =1, E[Z V(u)e_v(“)i| =0. (1.1)

lul=1 lul=1

IResearch partially supported by ANR (MEMEMOII) 2010 BLAN 0125.


http://www.imstat.org/aihp
http://www.imstat.org/aihp
http://dx.doi.org/10.1214/14-AIHP651
mailto:yueyun@math.univ-paris13.fr

234 Y. Hu

Notice that under (1.1), it is possible that P(v = 0o) > 0. See Jaffuel [22] for detailed discussions on how to reduce a
general branching random walk to the boundary case.

Denote by M, := minj,—, V (1) the minimum of the branching random walk in the nth generation (with con-
vention: infy = 00). Hammersley [18], Kingman [23] and Biggins [6] established the law of large numbers for M,
(for any general branching random walk), whereas the second order limits have attracted many recent attentions, see
[1,2,8,21] and the references therein. In particular, Aidékon [2] proved the convergence in law of M, — % logn under
(1.1) and some mild conditions.

On the almost sure limits of M, it was shown in [21] that there is the following phenomena of fluctuation at the
logarithmic scale. Assume (1.1). If there exists some 8 > 0 such that E[v! %] < oo and ]E[fR(e‘Sx +e~UHINy9(dx)] <
00, then

. M, 3 LM, 1
lim sup =— and liminf ,
n—oo logn 2 n—oo logn 2

where here and in the sequel,
P*() :=P(1S),

and S := {T is not finite} denotes the event that the whole system survives.
It turns out that much more can be said on the lower limits % logn of M,;: Under (1.1) and the following integrability
condition

%= IE|: > (V(u))zev(“):| < 00, IE:[g((log;ﬁ)2 +¢(log?)™] < o0, 1.2)

lu|=1

with ¢ :=3" 1, eV 7= D=1 (V(@u))te™V® and x* := max(0, x), Aidékon and Shi [4] proved that
n— 00

1
liminf(M,, ~5 logn> =—00, [P*-as.

Furthermore, by following Aidékon and Shi’s [4] methods, we established ([20]) an integral test to describe the lower
limits of M,, — % logn. As a consequence, we have that under (1.1) and (1.2),

liminf

n—oo loglogn

1
<M,, —5 10gn> =—1, P*-as. (1.3)

In this paper, we wish to investigate how big M,, — % logn can be. The following law of iterated logarithm (LIL)
describes the upper limits of M,,:

Theorem 1.1. Assume (1.1), (1.2) and that B[}, ._; (V (u) ") e™" "] < c0. Then

1 3
limsup—— (M, — ~logn ) =1, P*a.s. (1.4)
n—oo logloglogn 2

The integrability of Zlu\:l (V(u)T)3e™V® will be used only in the proof of Lemma 4.2, see Remark 4.3, Section 4.
Usually, to establish such LIL, the first step would be the study of the moderate deviations:

3
P* (Mn - Qlogn > A), when A = o(logn) and A, n — oo.

Denote by p; =P(v = j), j > 0, the offspring distribution of the Galton—Watson tree T. Concerning the small
deviations of the size of T, there exist two cases: either pg + p; > 0 (namely the Schroder case) or pg = p1 =0
(namely the Bottcher case), see e.g. Fleischmann and Wachtel [15,16] and the references therein. Basically in the



How big is the minimum of a branching random walk? 235

Schroder case, the tree T may grow linearly whereas it always grows exponentially in the Bottcher case. For the
branching random walk, we shall prove that the moderate deviations of M, decay exponentially fast or double-
exponentially fast depending on the growth rate of T.

Let g :=P(T is finite) = P(S°) € [0, 1) be the extinction probability. We introduce two separate cases:

(The Schroder case) If the following hypotheses hold:

E[l(,,zl)q”_l Z eyv(“)i| =1, forsome constanty >0, (1.5)
lu|=1
and
E[ Z e“V(“)i| <00, forsomea>y. (1.6)
lul=1

(The Bottcher case) If the following hypotheses hold:

po=p1 =0, )
sup V(u) <K, forsome constant K > 0. (1.8)
lul=1

Remark 1.2.

(1) When a.s. v > 1 in the Schroder case, the condition (1.5) just amounts to

E[%:l) Z eyV(”)} =1, ifg=0. (1.9)

lu|=1

(i) Under (1.1), the condition (1.6) or (1.8) implies that E[v] < oco. The technical conditions (1.6) and (1.8) are
made to avoid too large jumps of © in the moderate deviations.
(iii) In the Bottcher case, we can define a parameter 8 > 0 by

B = sup{a > 0: IP’(Z eV > 1) = 1}. (1.10)
lul=1

Note that 8 < 1 if we assume (1.1).

The parameters y and B will naturally appear in the small deviations of a class of Mandelbrot’s cascades. Under
(1.1) and (1.2), the so-called derivative martingale (with convention: Z(A =0)

Dy:=» Ve "™, nxo,

lul=n

converges almost surely to some limit Dy, which is P*-a.s. positive (see e.g. Biggins and Kyprianou [7] and
Aidékon [2]). The non-negative random variable D, satisfies the following equation in law (Mandelbrot’s cascade):

Do, & > e Vwpw, (1.11)

lu|=1

where conditioned on {V (u), |u| = 1}, (Déz))|u|=1 are independent copies of Dy,. The moderate deviations of M, will
be naturally related to the small deviations of D, which were already studied in the literature, see e.g. Liu [25,26]
and the references therein.
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We shall work under a more general setting in order that Theorem 1.3 could also be applied to the non-degenerated
case of Mandelbrot’s cascades. Instead of (1.1), we assume that there exists some constant x € (0, 1] such that

E[Z e—XV(W}gl, and E[v] e (1, o0], (1.12)

lul=1

where as before, v := Z|u|=1 1.
The condition (1.12) ensures that there exists a non-trivial non-negative solution Z to the following equation:

Z® Y e vz, (1.13)
lu|=1

where conditioned on {V (u), |u| =1}, (Z (”))M:] are independent copies of Z, see Liu [26], Proposition 1.1.
Denote by f(x) < g(x) [resp.: f(x) ~ g(x)]as x — xo if O < liminfy—y, f(x)/g(x) <limsup,_, . f(x)/g(x) <
00 [resp.: limy_, , f(x)/g(x) = 1]. The following result may arise an interest in Mandelbrot’s cascades.

Theorem 1.3. Assume (1.12). Let Z > 0 be a non-trivial solution of (1.13).
(The Schroder case) Assume (1.5) and (1.6). Then

PO<Z<e¢)=<e”, ase—0, (1.14)

and Ele "% 1(z-0)1 xt7" ast — oo.
(The Bottcher case) Assume (1.7), (1.8) and that Y, _; e~ %V ™ % 1. Then

E[le?]=e""", 5 o, (1.15)

and P(Z < &) = ¢ /7PT0

,as &€ — 0, with B defined in (1.10).

Obviously we can apply Theorem 1.3 to Z := D, with x = 1. In the Béttcher case, the two conditions (1.12) and
Z\u|=1 e XV =£ [ imply that 8 < x, hence B < 1; moreover, essinleu‘zl e PV — 1.

Let us mention that (1.14) confirms a prediction in Liu [26] who already proved that if ¢ = 0, then for any a > 0,
E[Z7¢%] < oo if and only if @ < y. When all V (1), |u| = 1, are equal to some random variable, (1.15) is in agreement
with Liu [25], Theorem 6.1. If furthermore, all V (u) are equal to some constant, then (1.14) and (1.15) give some
rough estimates on the limiting law of Galton—Watson processes, see Fleischmann and Wachtel [15,16] for the precise
estimates. We refer to [5] for further studies of the conditioned Galton—Watson tree itself. For instance, we could seek
the asymptotic behaviors of the BRW conditioned on {0 < Dy, < ¢}, as € — 0, but this problem exceeds the scope of
the present paper.

Our moderate deviations result on M, reads as follows:

Theorem 1.4. Assume (1.1), (1.2). Let A,n — 00 and L = o(logn).
(The Schroder case) Assume (1.5) and that (1.6) hold for all a > 0. Then

3
P* (Mn >3 logn + x) = e~ (o (1.16)
(The Bottcher case) Assume (1.7) and (1.8). Then
3 (B+o(1)h
P(M, > S logn +2 =exp(—e )- (1.17)

The same estimates hold if we replace M,, by max, <k<2n, M.
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We refer to Aidékon [2], Proposition 4.1, for the precise estimate on P(M,, < %logn —A)as A < %logn and
A — 00.

Comparing Theorem 1.1 and Theorem 1.4, we remark that the almost sure behaviors of M,, are not related to the
moderate deviations of M,. This can be explained as follows: Define forall . > 0O and u € T,

T (u) = inf{l <i<|ul: V(u;) > k} (with convention infy = 00), (1.18)

where here and in the sequel, {ug =@, uy, ..., u},| :=u} denotes the shortest path from ¢ to u such that |u;| =i for
all 0 <i < |u|. We introduce the stopping lines:

£ :={ueT: nw=ul}, 1=0. (1.19)

Roughly speaking, the almost sure limits of M, (limsup of M) are determined by those of #£,, whereas the
moderate deviations of M, are by the small deviations of #£,. By Nerman [30], P*-almost surely, #£, is of order
e(IToUN4: however, to make #£, to be as small as possible (and conditioned on {#£; > 0}), in the Schroder case,
£, will be essentially a singleton or a set of few points with exponential costs (see Lemma 5.3), which is no longer
possible in the Bottcher case. To relate #£, to D, we shall use the martingale (D,,) at the stopping line £ :

Dg, =Y V(e V™, (1.20)

M€£A

which, as shown in Biggins and Kyprianou [7], converges almost surely to Dy, as A — oo0. Foru € £, V(u) = A,
hence Dg, ~ Ae~*#£,. Then the problem of small values of #£; will be reduced to that of D¢, and Deo as A — o0.
The hypothesis (1.6) and (1.8) are made to control the possible overshoots.

The rest of the paper is organized as follows: In Section 2, we collect some facts on a one-dimensional random
walk and on the branching random walk. In Section 3, we study the cascade equation (1.13) and prove Theorem 1.3.
In Section 4, we first prove some uniform tightness of M,, — %logn (Lemma 4.5) and then Theorem 1.1. Finally, in
Section 5, we prove Theorem 1.4 in two separate subsections on the Schroder case and on the Bottcher case.

Throughout the paper, we adopt the usual conventions that ), := 0, supy := 0, [ [, := 1, inf := oo; we also denote
by (ci, 1 <i < 15) some positive constants, and by C, C’ and C” (eventually with a subscript) some unimportant
positive constants whose values can vary from one paragraph to another one.

2. Preliminaries
2.1. Estimates on a centered real-valued random walk

We collect here some estimates on a real-valued random walk {Si, k > 0}, under P, centered and with finite variance
02 > 0. Write P, and E, when Sp = x. Let S, '=ming<;<, S;, Yn > 0. The renewal function R(x) related to the
random walk S is defined as follows:

o0
R(x):=) PS> —x,5 <S8_,). x>0, Q.1
k=0
and R(x) =0 if x < 0. Moreover (see Feller [14], p. 612),

lim R(x)

X—>00 X

=c1 >0. 2.2)

Lemma 2.1. Let S be a centered random walk with finite and positive variance. There exists some constant ¢y > 0
such that foranyb>a >0,x >0,n > 1,

Py (Sy €la,b], S, >0) <ca(l+x)(1 +b—a)(1 +bn >/, (2.3)
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For any fixed 0 < r < 1, there exists some c3 = c3, > 0 such that forallb>a >0,x,y >0andn > 1,

Px(sne[y+a,y+b],§nzo, min Sizy)563(1+x)(1+b—a)(1+b)n_3/2, 24)
rn<i<n
Py(S, 20, min >y 8 =y) sl +0n2 25)
rn<i<n

For any a > 0, ifIE[Slze“SI] < 00, then there exists some C, > 0 such that for any b > 0,
P(Sy, —b>x) <Cqe™™, Vx>0, (2.6)
where 1, :=inf{j > 0: §; > b}.

Proof. See Aidékon and Shi [4] for (2.3) and (2.4). To get (2.6), note that E[Slzeasl] < oo if and only if
E[(S?L)zeasr] < 00. By Doney ([11], p. 250), this condition ensures that ]E[S,Oe“STO] < 00. Then in view of Chang
([91, Proposition 4.2), we have that uniformly on b > 0, ]E[e“(sfb _b)] < C, for some constant C, > 0, which implies
(2.6) by Chebychev’s inequality.

It remains to check (2.5). Let f(x) :=P(S] < —x), x > 0. It follows from the Markov property at n — 1 that the
probability in LHS of (2.5) equals

Ex[1(s, ,=0.minpmeion Si=) S (Sn=1 = 3]

rn<i<n—

o
§Zf(j)]P’x(§n_l 0. min_ S >y.y+j< S §y+j+1>
j=0

<CU+0n7 Y f(HC2+)) (by 24)
j=0

<C'(14x)n’?,
yielding (2.5). ]
2.2. Change of measures for the branching random walk

In this subsection, we recall some change of measure formulas in the branching random walk, for the details we refer
to [4,7,10,19,28,31] and the references therein.

At first let us fix some notations: For |u| = n, we write as before {ug := @, uy, ..., u,—1, u, = u} the path from the
root ¥ to u such that |u;| =i for any 0 <i < n. Define V)= maxi<j<p V(u;) and V (u) := min|<;<, V (u;). For
any u, v € T, we use the partial order u < v if u is an ancestor of v and u < v if u < v or u = v. We also denote by u
the parent of  and by v(u) the number of children of u. Define U(u) := {v: V= ;, v # u} the set (eventually empty)
of brothers of u for any u # (). For any u € T, we denote by T, := {v € T: u < v} the subtree of T rooted at u.

Under (1.1), there exists a centered real-valued random walk {S;,, n > 0} such that for any n > 1 and any measurable
f:R"—=> Ry,

E[ > e_v(”)f(V(ul),...,V(un)):| =E(f(S1,...,Sn), 2.7)

ul=n

which is often referred as the “many-to-one” formula. Moreover under (1.2), Var(S;) = o= IEE[ZM=1 (V(u))2 X
e~ V7] e (0, 00). We shall use the notation

19 :=1inf{j > 1: §; > 0}. 2.8)
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Denote by (F,,n > 0) the natural filtration of the branching random walk. Under (1.1), the process W, :=
Zlulzn e VW n>1,isa (P, (F;))-martingale. It is well-known (see [4,7,10,19,28,31]) that on some enlarged prob-
ability space (more precisely on the space of marked trees enlarged by an infinite ray (w,,n > 0), called spine), we
may construct a probability Q such that the following statements (i), (ii) and (iii) hold:

(i) Foralln > 1,

dQ I _

- . =W,, and QGw,=u|F,) = we V@ Vil =n.

(ii) Under Q, the process {V (w,),n > 0} along the spine (wy),>0, is distributed as the random walk (S,,n > 0)
under P. Moreover, (ZMGU(W) 8iAv )} AV (wi))k=1 are i.i.d. under Q, where AV (1) := V(;) — V(u) for any
u 0.

(iii) Let G, :=o{u, V(u): U e {wr,0 <k <n}}, n>0. Then Gy is the o-algebra generated by the spine. Under
@ and conditioned on G, for all u ¢ {wy,k > 0} but <u_ € {wk, k > 0} the induced branching random walk
(V(uv), |v| > 0) are independent and are distributed as Py ), where {uv, [v| > 0) is the subtree T,.

We mention that the above change of measure still holds for the stopping line £, (see e.g. [3], Proposition 3, for
the detailed statement): i.e. replace |u| =n by u € £,, F, by Fg, the o-filed generated by the BRW up to £, and W,
by

We, =y e VW (2.9)

ue£x

For brevity, we shall write Q[ X] for the expectation of some random variable X under the probability Q.

3. Proof of Theorem 1.3
The following result is due to Liu [26]:

Lemma 3.1 (Liu [26]). Assuming (1.5), (1.6) and (1.12). Let Z > 0 be a non-trivial solution of (1.13). For any
0 < & <y, there exists some positive constant c4 = c4(&) such that

Ele "“1z-0)] <cat™¥ ™, Vi>1 3.1)
Proof. At first we remark that
P(Z=0)=gq. (3.2)

In fact, we easily deduce from (1.13) that the probability P(Z = 0) is a solution of x = E[x"] which only has two
solutions ¢ and 1 for x € [0, 1]. This gives (3.2).

In the case ¢ = 0, namely Z > 0 a.s., y is defined through (1.9), it is easy to check that P(Zlu\=l e~V #1)>0,
then (3.1) follows exactly from Liu [26], Theorem 2.4, after a standard Tauberian argument (see Lemma 4.4 in [25]).
We only need to check that the case ¢ > 0 can be reduced to the case ¢ = 0.

For brevity, let us denote by {A;, 1 <i < v} the family {e_V(“), |u| = 1} [the order of A; is arbitrary]. Then Z
satisfies the equation in law

law

v
ZZY Az (3.3)
i=l1

with (Z;,i > 1) independent copies of Z, and independent of (A;)1<;<v. Let {§,&;,i > 1} be a family of i.i.d.
Bernoulli random variables, independent of everything else, with common law P(§ =0) =g =1 —P(§ = 1). Let
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Z be a random variable distributed as Z conditioned on {Z > 0}. Since P(Z > 0) =1 — ¢, we have that Z law 52.
Then we deduce from (3.3) that

v Y
7' ZA,-& Z; conditioned on {Z&' > 0},
i=1 i=1

where (Z-, i > 1) arei.i.d. copies of Z and (v, A;, 1 <i <v) and (&;,i > 1) are three independent families of random
variables. Let {A;, 1 <i <7} be a family of random variables such that for any non-negative measurable function f,

> &> o]. (3.4)

i=1

E[e” P f(fTo] — E[e— I8 f (A

In other words, Y _7_; & {4} has the same law as the point process > <i<v,g-09{A;) conditioning the latter does not
vanish everywhere. Elementary calculations show that P(}"}_, & > 0) = 1 —E[¢"] = 1 — ¢ and for any non-negative
measurable function f,

E[Z f(@-)} =E[Zsif(Ai>
i=1 i=1

N 0] - ﬁE[Z&f(Ai)] = E[Z f(Ai)}. (3.5)
i=1 i=1 i=1

In particular, ]E[Z?:1 Xl?(] = E[Z;‘;l Al?(] <1 and E[v] = E[v] € (1, 00]. Moreover, we deduce from (3.4) that ¥ is
distributed as Y !_, & conditioned on {)_;_, & > 0}, hence D > 1 a.s. It is easy (e.g. by using the Laplace transform)
to see that

79N R 7

-

i=1

Therefore we can apply the case ¢ =0 of (3.1) to Z once we have determined the corresponding parameter y (as in
(1.9)) for Z. To this end, let 7z = inf{l <i <v: § = 1}. Then A| = A, if 7z < c0. We have

ud]

i=1

E[(A) 7 1g=p] = E[Azgyhz,-”:l&:l)

1 L
= QE{MM) > AT 1<sk—1,s,»—0,w¢k,1<i<u>]
k=1

v
= E|:1(vzl)q"_1 ZAkVi| =]E|:1(v21)qv—l Z eyV(u):| —1,
k=1

lul=1

by (1.5). Therefore E[e_’?] =0 V") as t — oo. The lemma follows from the fact that P(0 < Z < x) =
(1 —¢)P(Z < x) for any x > 0. ([l

3.1. Proof of Theorem 1.3: The Schroder case

As shown in the proof of Lemma 3.1, we can assume ¢ = 0 (hence we assume (1.9)) in this proof without any loss of
generality. Let @ (¢) :=E[e~'#] for ¢ > 0. We are going to prove that

d()=<t7V, t— o0. (3.6)
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To this end, we have by (3.3) that
v
D(t) = ]E[l_[ <1>(tA,-):|, t>0. (3.7)
i=1
Note also that the condition (1.9) can be rewritten as [E[1 (v:nAl_y] = 1. Define g(¢) :=t¥ @(¢) for all t > 0. Then for
any t > 0,
g)=1"®(1) = 1"E[1o=ny® (A =E[lp=nA] gt AD] =E[gtAD)], (3.8)

where A 1 denotes a (positive) random variable whose law is determined by E[ f (Z D)= E[l(vzl)A;V f(A1)] for any
measurable bounded function f. In particular, E[log A 11=E[1 (VZI)A;V log Aq].

Define f () :=E[lo=1) >, =1 ¢ “1=E[l,=1)A]'] which is finite for ¢ € [~ x, y], in particular f(—x) < 1
and f(0) < 1= f(y). By the assumption of integrability in Theorem 1.3, E[l(vzl)A;y(—logA1)+] < 00 which
implies that f'(y—) exists and equals —E[1(,=1)A; " log A]. By convexity, f'(y—) > w > 0. Hence

Eflog Aj]=—f"(y—) <0. (3.9)
Let (Z,’),'zz be a sequence of i.i.d. copies of Zl and define X ; := — Z{:l log Z,' forall j > 1.Letr > 1 and put
o :=inf{j > 1: X; >logr}, (3.10)
which is a.s. finite thanks to (3.9). Going back to (3.8), we get that

g 2 E[grAD1, 7, o] +E[grAD17,51)]
= E[g(rgl)l(u?ld)] +E[8(7Z1Z2)1(r/?131)]’

where to get the last inequality, we have applied (3.8) with ¢ replaced by rAjand A, replaced by A,. Then we obtain
that

glr) > E[g(rAl)l(r;1<1)] +E[g(rAlAz)l(rxlzl,r/?lxzd)] +E[g(rAlA2)1(rX131,r/?12231)]

o
= E[S (r H Ai) 1 (a,§2):| +E[g(rA1A2)1(4,>2)]-

i=1

By induction, we get that for any n > 1,

[¢73 n [o7%
g(r) zE[g<r1_[A,-> IMHJ +E[g<r]_[Ai)1<a,>n>} > E[g(r]‘[&)l(a,sn)}.
i=1 i=1 i=1

Since o, < 00 a.s., we let n — oo and deduce from the monotone convergence theorem that

g(r) > E[g(rij&ﬂ =E[g(e™™)],

where R, := X, — logr > 0 denotes the overshoot of the random walk (X ;) at the level logr. Note that for any
O0<t<1,gt)=tY®(t) > d(1)tY, hence

g(r) = d(DE[e"Rr], VWr>1. (3.11)
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By the assumption (1.6), E[((—log A1)1)2] = E[1(,1) > =1 (V) ™)?erV ] < oo, then by Lorden [27], The-
orem 1, sup,; E[R,] < co. Consequently for some positive constant C,

gr)=d)e ERI >0, vr>1.
Hence

®(r)>Cr7, Vr>1, (3.12)
which implies the lower bound in (3.6).

To prove the upper bound in (3.6), let @ > y be as in (1.6) such that E[Z}’Zl Al._“] = IEJ[ZM:1 eV < 0.

Choose (and then fix) 0 < ¢ < %min(a y,y) small and b := V;E <y.ByLemma 3.1, &(¢) < cat~b forall r > 1

(with ¢4 > 1). Since @(¢) <1 for all 0 < ¢t < 1, we obtain immediately that
g(t) <cat? b, Vi>o0. (3.13)
By (3.7) and using again the notation Zi, i > 1, we get that for any ¢ > 0,
g(t) < "E[@ AN w=n)| +1"E[1(22@ (AP (tA2)]
= E[gtAD]+17E[140g(tADg(tAD) AT A7 ]
< E[gtAD]+ 3t PE[1020A7A,7]  (by (3.13))
= E[gtAD]+ Cet ¢, (3.14)

with C, := ciE[l(Uzz)A]_bAz_b] < ci]E[Zi”:1 Ai_Zb] by Cauchy—Schwarz’ inequality. Then C,; < oo by the assump-
tion (1.6) and the choice that b < a/2.
Let » > 1. As before, we shall iterate (3.14) up to the stopping time «, (cf. (3.10)). We have that

g(r) < Cor ™ +E[gr A (g, =1)] + E[l(@,=1)(Ce(rAD) ™ + g(rA142))]

2Aa;
:Cgr_8+cs [(VAI) 31(%>1) —|—]E|: < HA):|

By induction, we get that for any n > 2,

n—1 k —¢€ nAdy
g(r) SCSV€+CSZE|:1(01,->k)<r1_[Ai> :| +]E|:g<r l_[ Ai)]
k=1 i=1 i=1

nAa,—1

= Cor ™ + cglE[ 2 GE(Xklogr)} +E[g(re™ )], G-19)

k=1

by using the random walk X; = — Z{zl log Xi, Jj = 1. The random walk (X ;) has positive drift and E[Xf] =
E[lw=1 Z\ulzl (V(u))?e”V®] < 0o by the assumption (1.6), then by Lemma 5 in [3],

a—1
IE|:Z eg(xk_log@} <Cl <o

k=1

for some constant C é independent of . On the other hand, g(re_X“r) <1 (since re X < 1), then we obtain that for
allr >1,n>2,

g(r) < Ce+ CL+1+E[g(re ™) (heay]| < C/ + car®Ele ¥ 1(1<q,)], (3.16)
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where in the last inequality we have used the facts that 7 := re %" > 1 on {n < «,} and that g(¢) < ¢4t forany t > 1
by Lemma 3.1.

Remark that E[e~¢X1] = ]E[(Z])‘E] =E[1w=1)(A1)"7**] < 1 by convexity. Then E[e ¢X"] — 0 as n — oo, which
in view of (3.16) yield that for any r > 1 (¢ being fixed), g(r) < C/, ie

S(r)<Clr77, Vr>1.

This and (3.12) imply (3.6): @(r) < r~7 for all r > 1. The small deviation in (1.14) follows from a standard
Tauberian argument (see e.g. [25], Lemma 4.4).

3.2. Proof of Theorem 1.3: The Bottcher case

The proof of (1.15) goes in the same spirit as that of (3.6). Let h(¢) := —logE[e'#],t > 0. Note that / is an increas-
ing, concave function and vanishing at zero. Using the notations introduced in (3.3), we get that

e " =E[e” Zini htAD] Ve > 0.

On an enlarged probability space, we may find a random variable & such that

Aﬂ
PE=ilH)=—""—, 1=<i=<v,
Y1 A7

where A :=0{A;,1 <i <v,v}. Then }_/_ h(tA;) = (}\_ lAﬂ)E[h(tAg)

that for any ¢ > 0,

e~ Lizi h(tA) §E|:exp< (ZA")MIAE))’A}
5

Write for brevity

1 v
B := Ag, n::—(ZA?)>1, a.s.

B
Ag \iZ1

|A], and by Jensen’s inequality, we have

[n > 1 because v > 2 a.s.] Then for any ¢ > 0, we have
e "0 < E[e B, (3.17)

We shall iterate the inequality (3.17) up to some random times: Let (n;, B;);>1 be an i.i.d. copies of (1, B). Let
r > 1 and define

i
1
Y, :=inf{i > 1: B, <—4;.
' ln{l_ Jl_llj_r}

Observe that

di- A? log Aii| _ _EI:ZM:I e PV ()
Yo Af; > juj=1 €AV

where ¥ (x) := E[logz‘ulzle_"v(“)] for 0 < x < x. Note that v is convex on [0,x], ¥(x) <
log B[}, =1 ¢ %V @] <0, and ¥ (B) > 0 since Y_,,; ¢ #¥® > 1 by the definition of . By convexity, () <

E[log B] =E[ }=1/f’(ﬁ),
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%ﬁ(ﬂ) < 0. Then E[log B] < 0 which implies that 7, < 0o, a.s. By (3.17), we see that for
e~ < E[e_mh(rBl)l(rB]fl)] + E[e_mh(rBl)l(erl)]
— E[e—mh(rBl) 1(T,=1)] + E[e—mh(”Bl) l(rBl>1)]-
Applying (3.17) to t =r By, we get that
e~ Mh(rB) < (1[4:[6—?72}1(”9”92)‘U{n17 B]}])’“ < E[e—mﬂzh(rBle)’O{m’ Bl}],
by Jensen’s inequality, since n; > 1. It follows that E[e‘”lh(rBl)l(,Bl>1)] < E[l(,Bl>1)e_'“'72h(r3132)], hence
e < E[e*mh(rBl)l(Trzl)] + E[l(rB]>1)e*711772h(r3132)]
— E[e—mh(rBl) 1(’1’,:])] + E[e—mnzh(rBle)l(Tr=2)] + E[l(rBlBz>1)e_mn2h(rBlB2)]~

Again applying (3.17) to t = r B| B> and using Jensen’s inequality (since nin > 1), we get that E[1,, B,>1) X
e_”"'zh(’B'B2)] < E[l(,gl32>1)6_’/1’/2’73h(’313233)], and so on. We get that for any n > 1,

e < ]E[e—(l‘[,-ﬁl n,-)h(rl‘[,-ﬁanl(TrSn)] + B[~ TarmhC = By o ]
=1 A@aas) + C3.18)- (3.18)

By (1.8), B > e X as., then } > ]_[3;1 B; > }e_K. Notice that by (1.10) the definition of 8, Y _;_, A? > 1 as.
Then n > B~ and ]_[l-T;l n; > rP. It follows that for any n,

Ag.ag) < e he™™),

To deal with C(3.18), we remark that on {7, > n}, r ]_[?:1 B; > 1. It follows that
C(3.]8) < ]E[e—h(l)l_[?:l Vli].

Since n; > 1 a.s., [[/_; ni 1 00 as n — oo, then by the monotone convergence theorem limsup,_, ., C3.13) = 0.
Letting n — oo in (3.18), we obtain that

E[e?]=e " <€y, (3.19)

which is stronger than the upper bound in (1.15).

To prove the lower bound, recalling that essinf) ;_, A? =1land A; >e K

, we deduce that for any small ¢ > 0,
there are some integer 2 < k < esssupv, and some real numbers ay, ..., a; € (0, 1) such that Zle af} > 1 and
Zf-‘zl afﬂ <land p:=P(A; <a;,V1 <i <k,v=k) > 0. Therefore

e = Ele” Zl’vzlh(tAi)] > pe” Zﬁ:lh(m”, t>0.

Let b :=1og(1/p) > 0 and define a random variable Y € {ay, ..., ax} such that for any measurable and non-negative
function f, E[f(Y)] = % ZLI f(a;). Therefore,

h(t) <b+kE[h(tY)], Vi>0. (3.20)

As in the proof of the upper bound, we shall iterate the above inequality up to some random times: Let (¥;) j>1 be
an i.i.d. copies of Y. For r > 1, we define

J
1
0:=6, :=inf{j>1: Y, <-4¢.
o= 1=
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Since ¥ < maxj<;<k a; < 1, 0 is a bounded random variable. Going back to (3.20), we get that
h(r) < b+ kE[h(rYD) ey, <)) + kE[R(rYD ¢y, >1)]
<b+kE[R(rYD1g=1)] +kE[1¢v,>1) (b +kh(rY1Y2))]
=b+ kE[h(i’Y])l(g:l)] + bkP(0 > 1) + sz[l(ryl>1)h(l"Y] Yz)].
By induction, we get that for any n > 1,

n OAn
h(r) < bijIP(O > j) +E|:k9mh<r 1_[ Y,~>:|

j=0 i=1
=:Agan +Caa. (3.21)
Elementary computations yield that

b b
A(3'21) = mE[kG/\(n+l) _ 1] < m]El:kQ]

Recalling 6 is bounded hence E[k?] < oo. For C.21), we use the fact that ¥; < maxj<j<xa;j =:a < 1. Remark that
r[1/_, Y < 1. Then

6 n
C(3.21) = E|:k9h (r l_[ Y,') 1(0<n):| + E|:knh <}’ l_[ Y,') 1(9>n):|
i=1 i=1

< h(DE[K] + h(ra")E[k" L o= ]
< h(DE[K] + h(ra")E[K"].

Since ra” — 0 as n — oo, we get that [recalling that 6 depends on r]

h(r) < <h(1) + k%)E[kG], vr > 1. (3.22)

To estimate E[k”], let us find A > O such that E[Y*] = 1 By the law of Y, this is equivalent to Zle af‘ =1.

By the choice of (g;), we have B < A < 8 + e. Then the process n — k" []/_, Y[.k is a martingale (moreover
uniformly integrable on [0, 8]). Hence the optional stopping theorem implies that

0
1=]E|:k9HYi*:| >E[«]r min a,
i=1

I<i<
since ]_[?21 Y; > %minlf,-fk a;. This and (3.22) give that

b A
h(r) < h(1)+ﬁ max a; “r*, Vr>1,

1<i<k

yielding the lower bound in (1.15) since A < 4 ¢. This completes the proof of (1.15). Finally, by using the elementary
inequalities: for any €,7 > 0, e *'P(Z < ¢) < E[e '4] <P(Z < &) + ¢~¢', we immediately deduce from (1.15) that

__o—B/(1=p)+o(1)
IP’(Z<£)=egﬂ/ Pro) s e = 0.

4. Proof of Theorem 1.1

Let us give some preliminary estimates on the branching random walk:
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Lemma 4.1. Assume (1.1) and (1.2). There exists some constants cs, c¢ > 0 such that forn > 1,

IP’(min V) < C5n1/3) < c6e_"5"1/3, 4.1)

lu|=n
where we recall that for any |u| =n, Vu):= maxi<i<p V(u;). Consequently, for any 0 < A < csnt/3, we have

P(max lu| > n) < 6‘66_65”1/3. (4.2)
ME£}L

We mention that under an extra integrability condition, i.e. 36 > 0 such that E[v!t] < 00, n~1/3 min|y =y, V) —
(#)1/3, P*-a.s. (see [13] and [12]) and the probability term in (4.1) is equal to eles=Bn?0?/2)Pto(inn'? g0 any

O<es < (#)1/3 (see [13], Proposition 2.3). Here, we only assume (1.1) and (1.2), and we do not seek the precise
upper bound in (4.1).

Proof of Lemma 4.1. We shall use the following fact (see Shi [31]):

IP’(inf V) < —,\) <e ™ VA=0. 4.3)
ueT
Consider 0 < ¢ < (#)1/3. Then

P( min V() <en', inf V() = —en'/?) < E[ > L, |v<u,~>|5mu3>}

lul=n
|u|=n

= E[e™ L max iy 15 1zcnt/)] - (0Y (2.7))

13
<e IF’( max |S;| §cn1/3)
1<i<n

13 22002 1/3
— e e (7o~ /(8c”)+o(1))n ,

where the last equality follows from Mogulskii [29]. This and (4.3) easily yield the lemma by choosing a sufficiently
small constant c. ]

Recall (1.19). Define for a € (0, co] and A > 0,
£ :=luect: V) <r+al. (4.4)

In particular, £§°°) = £,. Recall (1.20). Since the function x — xe™* is decreasing for x > 1, then for any A > 1,
Dy, < Ae *#£;, which implies that

liminfie #£, > Do >0 as.on S. 4.5)

A—00

If v = oo [which is allowed under (1.1) and (1.2)], then #£, = oo hence (4.5) cannot be strengthened into a true

limit. We present a similar result for £§a):

Lemma 4.2. Assume (1.1), (1.2) and that E[Y,_ (V(u)H)3e VW < co. There exists some ay > 0 such that for all
large a > ag, almost surely on the set of non-extinction S,

0 < liminfie ™ #£“ <limsupre " #£ < co.
A0 A—00
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Proof. We only deal with the case when the distribution of ® is non-lattice, in this case, the limit exists. The lattice
case can be treated in a similar way, by applying Gatzouras ([17], Theorem 5.2), a lattice version of Nerman’s [30]
result, but the cyclic phenomenon could prevent from the existence of limit. In the non-lattice case, we are going to
prove that for any a > 0, almost surely on the set of non-extinction S,

lim ie *#£“ = ¢7(a) Doo, (4.6)

A—00

where c7(a) := mﬂi[emin(“’s’o) — 1], and S. and 7 are defined by (2.7) and (2.8) respectively. Obviously, c¢7(a) > 0

for all large a.

To get (4.6), we consider a new point process 6 = > Sivwyy on (0,00). Generate a branching random

uefy
walk (V(u) u e ']I‘) from the point process @, in the same way as (V(u),u € T) do from ®. Remark that
= {sup,cT V(1) =00} = {’]I‘ls infinite}, and

# =Y u(h—Vw)., Y e VO =3y, (- VW),
ueT uety, ueT
where
. ~ ~ o —(V()-V - _
=140 Y lpevor-Tweyray  VuO)i=lgzo » VOV 1500 o0
VIV =u VIV =u

Applying Theorem 6.3 in Nerman [30] (with « = 1 there) gives that almost surely on S,

> et u(h — Vu)) E[ZM:],ueﬁ(e*(‘?(”*“)* B 67/\7(14))]
St Vah— V@) B[Ny er Ve V@]

Remark that ]E[Zlul L e’ﬂ‘(e Vwy—-a)yt _ e—V(u))] — E[Z et (e_(V(“) —a)t _ —V(u))] — E[emin(a,sfo) — 1] and
E[Zlul Luct V(u)e_V(”)] = [Zudo Ve VW] = E[S;,]. Hence on S, ass.,

e\

-V A
Zuetﬁk € (M)J’_

On the other hand, almost surely,

— c7(a). 4.7

1
Dg, = Ae—A(Z e~ Vt+h 4 X’”) — Dso, A — 00, (4.8)

u€£)L

where ny = Y, (V) — AMe~V+A By the many-to-one formula and the assumption, E[(S])’] =
E[Zlul:l(V(u)+)3e_V(u)] < 00. Then by Doney [11], E[S%O] < o0.

Note that . = 3, Vu(t = V@) with () = 1203, 5_,& VOV @) — V) - y) x
1% )=V (u)>y)- In the same manner we get that almost surely on S,

M
S RSO -
2
with ¢g 1= 5 E[ 0l 0. It follows that a.s. on S, Yyee, e VW ~ et Dy~ Lt Doy as A — oo. This combined
with (4.7) and (4.8) yield (4.6), as desired. O

Remark 4.3. The condition E[ZM:] (V(u)H)3e™V®] < oo was used in the above proof of Lemma 4.2 only to obtain
(4.9) which controls the contribution of n,_in Dy, . We do not know how to relax this condition.
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We consider now some deviations on the minimum M, . If the distribution of @ is non-lattice, Aidékon (Proposi-
tion 4.1, [2]) proved that for any A > 0 and for all large n, A such that A < X < %logn — A,

3
]P’(M,, <5 logn —,\> = (co +o0a(1))re™™,

with cg some positive constant and 04 (1) — 0 as A — oo uniformly on n, A. We shall need in the proof of Theorem 1.1
an estimate which holds uniformly on A.

Lemma 4.4. Assume (1.1) and (1.2). There is some constant c1o > 0 such that
3
IP’(M,, <3 logn — A) <cip(l+re™, Vn=>1,1>0.

Proof. We are going to prove that there exists some constant C > 0 such that foranyn > 1, . >0, « > 0,

(4.10)

3
IP’(M,, < —logn — X, min V(u) > —a) <cd +oz)e_l<1+ 1
2 i

lul<n

(1+ («+(3/2)logn — A)+)5>

Then by taking o = X in (4.10) and (4.3), we get the Lemma.

To prove (4.10), we write for brevity b := %logn — A — 1. Note that we can assume b + 1 > —«. otherwise
there is nothing to prove in (4.10). For those |u| = n such that V(1) < b + 1, either min,2<j<, V(u;) > b, or
min, 2<j<, V(uj) < b; for the latter case, we shall consider the first j > % such that V (u;) < b. Then

3
P(Mn < Elogn — A, min V(u) > —O[) < ]P(E(4_11)) +P(F(4,11)), 4.11)
<n

lul<
with

Euin = {3|u|=n: V) <b+1,V@)>—a, min V(uj)>b},

n/2<j<n

Fam= |J {Bui=n v <b+1. min v >b vy <b V= .

n/2<j<n
where as before, V (1) :=minj<;<, V (u;) for any |u| = n. We estimate P(E4.11)) as follows:
P(E@.1n) = E[ Y L@ <b+1 V@ —aming oz < V<u_,-)>b>]
ul=n
= E[e¥ 1(5,<b+1,5,2—amingozjcn $=00]  (0Y (2.7)
<e’e3(1+an™?  (by (2.4)
<e3(1+a)e™.

To deal with P(F(4.11)), we consider v =u; and use the notation |u|, =n — j and V,(u) := V(u) — V(v) for
|u| =n and v < u. Then

P(Fa.11))

< > E[Z1(V(v>z—a,minn/zg,-<_,-V<v,»>>b,V<v>sb> > 1(vv(u)sb+1—V<v),minj<,-<nvv<u,->z—a—V(v>>]

n/2<j<n  “lvl=j luly=n—j
= Z IE[ Z L @)>—a,min, < - V(vi)>b,V(v)§b)¢(V(U),n - ])j| 4.12)
n/2<js<n  “|=j

tA@.13) + Ba.azy, (4.13)
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where A.13) denotes the sum ), 53,4 and B.13) the sum } 5, 4 ;, in (4.12), and

¢x,n—j)i= E|: Z L(v, () <b-+1-V (v),minj<i <, Vo () =—a—V () |V (V) = x]
luly=n—j
= E[es"’j l(Sn,‘f§b+l7x,§n_jzfa7x)]~
Obviously, ¢ (x,n — j) < eb+1=x Tt also follows from (2.3) that
pe.n— ) <c(l+a+x)(1+a+b)n—j+1)" % (4.14)

By the estimate that ¢ (x,n — j) < eh“_x, we get that

Buim = ) E[Z1<V<v>z—a»minn/zs,»<,-V<vl->>b,wv>sb>eb“V(”)]
3n/4<j<n lv|=j

b+1 :
DY P(s; ~a, min_S;>b.S; <b)
3n/4<j<n
<c’(l+a)n™? (by (2.5)
< +ae™,
since b= 2 logn — A — 1. By usin (4.14) and the many-to-one formula (2.7), we obtain that
5 log y g y
Auin < C’ Z (A+b+a)’n B[+ o + SPHL(S 2 —aming o< Si=b.5;<b)]
n/2<j<3n/4
<C+b+aye™ > PS;>-a8 <b)

n/2<j<3n/4

<C"U+a)d+b+a’e™ Y 77 (by(23)
n/2<j<3n/4

(14+a+ (3/2)logn — x)5e_A

<C(l+a) e ,

yielding (4.10) and completing the proof of the lemma. (]

The tightness of (M, — %log n)n>1 under (1.1) and (1.2) was implicitly contained in Aidékon ([2]) (see also [8],
and see [1] for exponential decay under some additional assumptions): Assume (1.1) and (1.2). We have?

3
lim sup lim sup P* (Mn — —logn > A) =0, (4.15)
A—00 n—>00 2

where as before, P*(-) := P(-|S). We need some tightness uniformly on n:

Lemma 4.5. Assume (1.1) and (1.2). For any fixed a > 1, we have

3
limsupIP’*( max Mkzilogn—i—x)—)O, as x — 0o.

n—00 n<k<an

2In fact, by Lemma 3.6 in [2] and using the fact that M, is stochastically smaller than M},‘m, we obtain that sup,, >3 P(M, > % logn) < e~ € for
some (small) constant C > 0. For any k > 1, denote by Z; := Z‘ ul=k 1 the number of individuals at generation k. By the triangular inequality and

3logn+x,8) <P@Jul =k: V(u) > 1) +E[1(z,~0)e”C%]. Letting A — 00

and then kK — oo, we get (4.15). The left tail limsup,,_, o, P(M, — % logn < —1), as A — oo, follows from [2], see also Lemma 4.4.

the branching property at k, we get that for any n > k + 3, P(M, >
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Proof. Obviously, it is enough to prove the Lemma for a = 2. By Lemma 4.4, there exists some Ao > 0 such that for
all A > Ag and forall n <k < 3n,

3
P(M4n_k > 5 logn — x) > exp(—2ciore ™). (4.16)
Let x > 2A¢ and n > x. Define
. 3 .
Kx =ky(n) :=inf{k > n: Mkzilogn +x (1%1f=oo).

Let n < k < 3n. Denote by S the event that the Galton—Watson tree T survives up to the generation k. Then Si
is non-increasing on k. On the set {k, =k} NSy, V(u) > %logn + x for any |u| =k.Let 0 <y <x — A¢. It follows
from the branching property that on {«, = k} N S,

3 3
P( My, > —logn—i—y‘}"k = [T B( Mt = = logn —
2 ol 2

A=V @u)—y

Z exp<_2C1() Z (V(M) — y)e(v(u)y))

lu|=k

> exp(—2cloey Dk),

where we have used (4.16) to get the above first inequality.
Therefore for any ¢ > 0 and n <k < 3n,

3 o
IED<M14n > > logn +y, Sk, kx = k) z E[eizcme} D I(Skﬁ{lcx=k})]
> ei‘?P(A@Alg) N{xky = k}), “4.17)

where

& ,
A@gigy =8N supD; < —e V. (4.18)
j=0 2c10

Since Sy C S, for k > n, (4.17) still holds if we replace Si by S, in the LHS. Taking the sum over n < k < 3n for
(4.17) (with S replaced by S,,), we get that for any ¢ > 0,0 < y < x — Ag and all n > ny,

3 3
]P’(A(Mg) N { max My > Elogn +x}> < eglP’(M4n > Elogn —}—y,Sn)

n<k<3n
3
< eEIP’<M4n >3 logn + v, S) +eP(SNS,)
<e+eP(SNS,), (4.19)

by using (4.15) if we choose a sufficiently large constant y = y(¢) only depending on €. Since lim;_, oo P(5°NS,) =0,
then for x > y(¢) + Ao and all large n > nj(¢),

3
P(A(;L.]g) N { max My > 5 logn —I—x}) <2e. 4.20)

n<k<3n

Note the factor 3n in the above estimate and we fix our choice of y = y(¢) in A(4.1g).
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Now, we shall get rid of the term A4.15) in (4.20). Let z € (y, x — Ap). Recalling the definition of £; in (1.19).
Define

&

Agony ={Fuet.: jul<x, V) <x,supD" <~ 5@} 421
j=0 7 T 2ci0

where (D(.”), j =0, M.(“), S® are defined from the subtree T, in the same way as (Dj, j > 0), M., S do from T.

Let n > 2x. The event {max,<x <2, My > %logn + 2x, 8} implies that for some n < k < 2n, for any |v| =k, V(v) >

%logn + 2x. If A1) # 9, then we take an arbitrary u € A4.21) and get that M,((“_)lu‘ > %logn +2x — V(u) >

%logn + x. It follows that for z € (y, x — Ap) and for all large n > ny(x, €),

I max M > ~ ogn + 2 A 7& )] 3
=51 ’ 87 #] < max A ma: M, > —1lo X
(’7§k§2” k 2 * @20 ) 1<j=<x ( @19 {n—j<k<x2n—j ‘ 2 & * })

<2, (4.22)
by applying (4.20) to n — j. On the other hand,

P(Ag21=9,85)

< P(\m et sup DY > eV or (SW)° £, £ @) + P(max max(V (), lul) = x)
j=0 1 T 2ci0 uek,

= E[e P e )]+ P(ma:gxmax(wu), jul) > x), (4.23)
uet,

where the last equality is due to the branching property at £,, and p(e, y) > 0 is defined by e 7Y := P(sup =0 Dj =

& .=y c
e © or §9).

Assembling (4.22) and (4.23) give that for any z > y,

3
C(4.24) :=lim suplimsupP( max My > 3 logn + 2x, 8)

X—>00 n—>00 n<k<2n
< E[e PE*e e _g)] + 2e. (4.24)

Notice that {#£, > 0} is non-increasing on z and its limit as z — oo equals S. Then P({#£, > 0} N S§¢) — 0
as z — 00. On S, we have from (4.5) that £, — oo as z — oo almost surely, hence E[e‘p(s’y)#£fl(#£z>o)] <
E[e PE#: ] o] + P({#£, > 0} N S) — 0 as z — oo. Then letting z — oo, we see that C4.24) < 2¢. This proves
the Lemma since ¢ can be arbitrarily small. ([

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Proof of the lower bound in Theorem 1.1. Consider large integer j. Let n; := 2/ and A j=
alogloglogn ; with some constant 0 < a < 1. Fix « > 0 and put

3
Aj = {Mn_,' > Elognj—l-)uj}.

Recall that if the system dies out at generation n, then by definition Ml,; = co. Define M™ from the subtree T,
in the same way as M. does from T. Then A; = {V|u| =n;_1, Mfz)_nj_l > %lognj + Aj — V(u)}, which by the
branching property at n;_1 implies that
3
PAjIFy )= [] P(Mun 2 Slognj+2j —x :

lul=n;_1

x=V(u)
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with the usual convention: ]_[@ := 1. By the lower limits of Mn,_l (cf. (1.3)), a.s. for all large j, Mnj_l > %1og nj_i~

10%2j, hence x = V(u) > 4; since A; ~ aloglog j. Applying Lemma 4.4 gives that on {M,; , > %lognj_l}, for

some constant C > 0, for all [u| =n;_1,

<CVue V=2,
x=V(u)

3
]P’(IMI,,]._,U_1 < 5 logn; +X; —x)
It follows that

PCAjIFn; 1) = T, =(1/3)logn; 1) [T (1=cvae V=)

lul=nj_
21<M,lj1><1/3)1ogn_/_.>eXp<—2C > V(u)eW(””f))
lul=n;_1

)\.'
=1, =(1/3)1ogn;_1) €xp(—2Ce™ Dy, ).

Since D,,_i_1 — Do, a.s., and e*i ~ (log j)* with a < 1, we get that almost surely,

> P(AjIF,,) = o0,
J

which according to Lévy’s conditional form of Borel-Cantelli’s lemma ([24], Corollary 68), implies that
P(A;,i.0.) = 1. Then

1 3
limsup—— | M, — =logn ) >a, as.
n—oo logloglogn 2

The lower bound follows by letting a — 1.
Proof of the upper bound in Theorem 1.1. Let § > 0 be small. Recall (4.4). Let a > ag be as in Lemma 4.2 such

that a.s. on S, #£§a) > e(I=92 for all large A. Let b > 0 such that e > > g = P(S¢). By Lemma 4.5, there exists some
constant xo > 0 such that

3
P( max My > Elogn +x0> <e? Vn>no.

n<k<dn

Let x1 := xo + a. Consider large integer j and define n; := 27, Aj = (1+28)logloglogn ;. Define
3
Bj = max My > —logn; +X;+x ¢ NS.
nj<k§nj+] 2

Then,

P(Bj,#£§f;) > =% max |u| < nj,l)

ueﬁgf;)
(@), (u) 3 (a) (1=8)A;
<P|V : m M —1 ) # > J
< ( u €£A,~ nj,lgl?;(njﬂ L5 ogn; + xq, £A,~ >e

< exp(—be(l_‘m-f),

1/3
whose sum on j converges [§ being small]. On the other hand, by (4.2), ]P’(maxuE £@ lu] >nj_1) < cee “"i-1 whose
A

sum again converges. Therefore, ) ; P(B;, #£f\“j) > e(1=9%/) < 0o. By Borel-Cantelli’s lemma, almost surely, for all

large j, the event {B;, #£§‘j_) > e1=94} does not hold; but we have chosen a such that on S, #£/(\“j) > (=94 for
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all large j. Hence a.s. on S, for all large j, MaXy <k<n;,, My, < %lognj + Aj + x1, from which we get that a.s.
onS,

1 3
limsup ——— | M, — = logn | <1+ 26,
n—oo logloglogn 2

yielding the upper bound as 6 > 0 can be arbitrarily small. ]

5. Proof of Theorem 1.4

5.1. The Boéttcher case: Proof of (1.17)

Recall (1.19) for the stopping line £, .

Lemma 5.1 (The Bottcher case). Under the same assumptions as in Theorem 1.4, for any constant a > 0, we have
E[e_“#f‘] _ e_e<ﬂ+0<lm, % o0, (5.1)

Proof. Let us check at first the lower bound in (5.1). Observe that P-almost surely,

Do = Z e VD), (5.2)

ME£)L

where conditioned on {V(u),u € £,}, Do(u) are independent copies of D. Take K large enough such that
E[e~K0Px] < e~ that is possible because Do > 0, P-a.s. Let x = Koe* K, where K = ess supmax =1 V (1) < oo
is as in (1.8). Therefore

E[e—0~] = IE|: 1—[ ]E[efxe’-"Doc]

uet)

} < IE|:]_[ e“] =E[e "]

y=V(u)<i+K uek),

Hence E[e9#1] > E[e " Pec] = g X/ _ gmelPro gives the lower bound of (5.1).

For the upper bound of (5.1), we use again (5.2) to see that Dy, < et Zudx Do (u). Take a constant b > 0 such
that E[e?P=] > e~4. It follows that

E[e—be*Doo] > E[e_b Duek, Doo(u)] > E[e*“#ﬁ],
since conditioned on £, (Do (#)),cg, are i.i.d. copies of Do. Then (1.15) implies the upper bound of (5.1). U

Proof of (1.17). By Lemmas 4.4 and 4.5, we can choose two positive constants c1; and c12 such that for any n > 1,

: 3 —C12
n/gr;}]ﬁﬂﬂ”(l\/ﬂj =5 logn — cn) >e 12, (5.3)
3 —c
P max M;> Zlogn+ci | <e 2. (5.4)
n/2<j<3n 2

For any u € T, define as before ME.“) i=minyer,, ju|=jul+; (V (v) — V(u)) for any j > 0. It follows that

n—|u| —

3 3
IP’(M,, > Elogn—i—k—cll) 2]P’<Vu ef,, |ul < %,M(") > Elogn —c11>

> E[67C12#£A 1(maxue£)\ |u\§n/2)]
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> E[e_m#ﬁ] — P(max lu| > %)

u6£g

_e(B+o()n _eenl/3
>e e — cge csn

)

by Lemma 5.1 and (4.2). The lower bound in (1.17) follows from the assumption that A = o(logn).
To get the upper bound in (1.17), we use the hypothesis (1.8) and obtain that

3
]P’( max My > 510gn+)»+c11+K>

n<k<2n

n (u) 3 n
< P(Vu e£,x,£n£€>;|u| < —, max Mk—w > Elogn +c11> +IP<£11£€): lu| > 5)

n<k<2n
< o] 4 cgem"”
by (5.4) and (4.2). The upper bound follows from Lemma 5.1. O
5.2. The Schrioder case: Proof of (1.16)
In the case ¢ :=P(S€) > 0, we need to estimate the probability that the extinction happens after £, :
Lemma 5.2. Assume (1.1), (1.2) and (1.5). Then for any X > 0,
P({£, #0}NS°) = E[q#ﬁ Le,=0)] < ge 7™

Proof. The above equality is an immediate consequence of the branching property at the optional line £, (cf. [7]).

To show the above inequality, we recall that v(u), for any u € T, denotes the number of children of u. Write u < £,
if there exists some particle v € £, such that # < v [i.e. u is an ancestor of v]. Then for the tree up to £, , the following
equality holds: almost surely,

# =1+ Y (va) —1). (5.5)
I<u<£)

Recall (1.5). Define a process

n—1
Xo= > []@"“ Mow=n)e" ™, n=1,

lul=n i=0

where as before, u; denotes the ancestor of u at ith generation. It is straightforward to check, by using the branching
property, that (X,),>1 is a (non-negative) martingale with mean 1. Define

lu|—1
Xg, 1= Z l_[ (qv(”i)_l1(,,(,,1.)21))6)/‘/(”), A>0.

uet, i=0

According to Biggins and Kyprianou ([7], Lemma 14.1), E[ X¢, ] equals E[X] times some probability term, hence
E[Xe, ] <E[X1]=1.

Notice that for any u € £;, v(u;) > 1 for all i < |u| and Hl”zlal(q”(“i)—ll(v(ui)zl)) - qusk\ul(”(”i)*]) > gl
by (5.5) [recalling ¢ < 1]. Then X¢, > q#ﬁ*_leyA on {#£, > 0}. The Lemma follows from E[X¢, ] < 1. O

Lemma 5.3. Assume (1.1), (1.2), (1.5) and (1.6). For any § > 0, there exist an integer ms > 1 and a constant Ly(5) > 0
such that for all . > 1y(5),

P(0 < #£5 <mg) > e~ VTIA,
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Proof. We discuss the case ¢ = 0 and the case g > 0 separately.
(i) First case: g = 0. We shall prove that

P@#E;, = 1) > e~ oA (5.6)

where as usual o(1) denotes a quantity which goes to 0 as A — oo. To this end, we have by the change of measure
(see Section 2.2 and (2.9)) that

1
P#E, =1) = @[WI%:])} =Q[eV a0 1ye, _1)] > " Q(HE, = ). (5.7)
A

Notice that under Q, {#£, = 1} means that £, = {wy, w)}. Recall that v(x) denotes the number of children of u € T.
Then Q(#f,)L = l|goo) = 1(05k<TA(W),U(Wk)=1) and thus

P#EL=1) > eAQ(O <k <tw)),vwg) = 1). (5.8)
Recall (1.9) for y. We claim that
Q0 <k < Ty (w), v(wg) = 1) = e~ HHreir, (5.9)

To get (5.9), we use the fact (cf. Section 2.2) that (ZMGU(W) Siavany, AV (wi))k>1 arei.i.d. under Q, where AV (u) :=

V) — V((I;) for any u # () = wyp. Notice that v(wg_1) = 1 + #U(wy).
Let us check that the process

Uy = eV ol =1, 1> 1,

is a Q-martingale of mean 1. In fact, U, is a product of # i.i.d. variables, then it is enough to check that Q[U] = 1.
But Q[U,] = Q[e(1+y)v(wl)1(v(W0):1)] = I[-E[ZM:1 eVV(”)l(v:D] =1, as claimed. By the optional stopping theorem
and the Fatou lemma, we get that Q[Uq, )] < 1, which implies the upper bound in (5.9) since V () (w)) > A [under
Q, 3 (w) is a.s. finite].

To get the lower bound in (5.9), let ¢ > 0 be small. Fix some large constant C whose value will be determined later.
Let us find some y¢ such that the process

UO = MT7OVE L g1 hcn v =14V <0y 121,

is a Q-martingale with mean 1. As for U,,, the constant y¢> is determined by
= ]E[ D el 1(v=LV(u)sC)}
lu|=1

where for [u| =1, AV (u) = V(u). Plainly yc — y as C — oo. Choose C sufficiently large such that yc <y + ¢.
Since (UIEK), k < 75 (w)) is uniformly bounded by e!!*7©)*+C) By the optional stopping theorem, we obtain that

C
1=Q[U),] =eOFTOQ(VI <k <n, vwe_1) = 1),

finishing the proof of (5.9) as ¢ can be arbitrarily small. The lemma (in the case ¢ = 0) follows from (5.9) and (5.8).

3For the existence of such constant, we used the integrability assumption (1.6): the convex function f : b — E[Z\m:lebv(”)l(\;:l)]
has a derivative f/(y) > M > 0 hence f is increasing at y. Then f(a) > f(y) = 1. Take Cp large enough such that

E[Y =1 eav(”)l(vzl,V(u)sco)] > 1, then such y¢ exists for all C > C(. We shall use the existences of similar constants later without fur-
ther explanations.
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(ii) Second (and last) case: g > 0. We can not repeat the same proof as before, for instance p; = P(v = 1) may
vanish.
Again by the change of measure we have that for any integer m > 1,

1
PO < #£, <m) = Q[ 1(#£A<m)i| > —e " Q#EL <m), (5.10)
m

We,

where we used the facts that W, = Zudk e VW < ;e on {#£,, < m} and under Q, £, contains at least the
singleton {wy, () }. Define for any x > 0,

g() :=P(supV(v) = x) =P(E; =1,

veT

with the usual convention that sup, = 0. Plainly, limy_, o ¢ (x) = P(sup,c1 V (v) < 00) =P(S) = g. For any small
& > 0, there exists some xg = xg(¢) > 0 such that g(x) > g — ¢ for all x > xp.

Let § > 0 be small. Before bounding below Q(#£, < m) with some m = mg, we first choose some constants. Let
o be large and ¢ be small whose values will be determined later. Recall that U(wy) denotes the set of brothers of wy.
Let us choose a constant y, . such that

Uy = eV (g — )20tV 1y vuets . avwza). 1 1, (5.11)

is a Q-martingale with mean 1. As before, such y, . is determined by the following equalities

1= Q[e(lera,e)V(wO(q 8)v(w0) 1 1(maX|u| ko V(u)<ot) |: Z eV, pV(u)(q g) v—1 l(max|v\=l_v#u V(v)Sot)i| )
lu|=1

The existence of y,  follows from (1.5) and (1.6). Clearly y, . — y as o — oo and ¢ = 0. Fix now ¢ =«(§) > 0
(large enough) and & = ¢(8) > 0 (small enough) such that y, . < y 4+ 8. Choose a constant xp = x((§) > 0 such that
q(x) > q — ¢ for all x > xo.

On the other hand, we remark that (1.1) and (1.5) imply that

IE”(I <v <00 max V() >0) > 0. (5.12)
ul=
In fact,
El:l(lfv<oo)CIV] Z eyv(u)l(V(u)>0):| =1 _E|:1(l§v<oo)CIVI Z eyv(u)l(V(u)§0):|
lul=1 lul=1

> 1 —E[1(1§v<oo)q”_1v] >0,
hence (5.12) holds. It follows that there are some integer n, > 1 and some positive constants ¢, and b, such that
by < E[um*) > e‘”">1<v<u>>c*>] = Q(v(wo) <14 V(w1) = c4). (5.13)
|lul=1

where the last equality follows from the change of measure formula (Section 2.2 (i), wo = ).
Choose (and fix) a constant L > « + xq such that £ is an integer. Define m; : = (n4)L/¢ . Recall (1.18) for the
definition of 7, (u). For any A > 2L, we consider the followmg events

Ay = {Vk < o (w), Yu € B(wp), AV (u) < o, £ =93},

L
Ay = {V‘C}L_L(W) <k<tpw+—,VuecUOwg), v(u) =0, v(wi_1) < ny, AV (wg) > C*}’
C

*

where £f\”) :=T, N£; and v(x) denotes the number of children of u.
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Observe that on A1 N Ap, Ta(w) < )1 (w) + é, and #£, < (n*)L/C* =ms. Since ¢ > 0, po=P(v=0) >0, it
follows from the spinal decomposition (Section 2.2 (iii)) that

Q@#EL <ms) = Q(A1 NA2)

T (wW)+L/cs—1
= Q[Bl [1 [T rox 1(v(Wk_1><n*,AV(Wk>>c*>}

k=1 (w) ueU(wg)

T}L,L(W)-FL/C*—I
> P813Q|:31 H 1(u(wk1)§n*,AV(wk)zc*):|, (5.14)
k=1; 1 (w)
where
Bi= [[ J[ a-v)lavw=wz= [] @- &) DM (a5 AV (0 <0) =1 B2,
k<‘L’)L,L(W) ueU(wk) k<t)V,L(W)

by using the fact that for any u € O(wg) withk <7y (w), V(u) <A —L+o <A —xp,and g(A — V(u)) = g(xg) >
q—e.

Recall that under Q, (ZueU(Wk)é{ AV} AV (Wi))k>1 are i.i.d.; then the strong Markov property implies that
under Q and conditioned on G, , ), (V(wk—1), AV (Wg))k>r,_, () are i.i.d., of common law that of (v(wo), V (wy)).
Therefore,

QG#Ex < ms) > pMQIBQ(v(wo) < i, V(w1) > ci) /™ > plobL/Q[By]. (5.15)

It remains to estimate Q[B;]. Going back to (5.11) and applying the optional stopping theorem at 7, for U®#
(which remains bounded up to 7,_1 ), we get that

<k<t W -1 — e —
Q[B21=Q[(q — £)-0sk<n L (/0%) )1(Vk<n,VueU<wk),AV(u)ga)] > e~ (IHrae)d=Lte)
In view of (5.10) and (5.15), this implies that
1
P(0 < #£, <mg) > —p(’)"‘sbi/c*eL_“e_V“(’\_LJr“).
ms
Then we have proved the Lemma in the case g > 0 [by choosing a sufficiently large 1o (5)]. (I
Lemma 5.4 (The Schroder case). Under the same assumptions as in Theorem 1.4, for any constant a > 0, we have
I[‘E[@ia#ggA 1(#£A>())] = ei(erO(l)))‘, A — 00. (5.16)
Proof. From Lemma 5.3, the lower bound of (5.16) follows immediately. We also mention that in the cases when
qg=0o0rgqg>0but0<a<log(l/qg), we can give a proof of the lower bound of (5.16) in the same way as that
of (5.1).

For the upper bound, we proceed in the same way as in the proof of Lemma 5.1, but by paying attention to the
possibility of extinction of the system. Take b > 0 such that ]E[e_bDOO] >e % By (5.2), e* Do < Zu g, Doo (1), then

E[e " P>1p 0)] = B[e " Zvets @1 o]
z E[eib Zuefk Doo(ll) 1(#£)L>0)] _ ]P)({#£A - O} N SC)
E

[e_”#ﬁ 1 (#£A>O)] — IP’({#£)L >0}N Sc).

By (1.14), E[e~¢" P 1(py,>0)] < Ce™7*, which together with Lemma 5.2 yield the upper bound in (5.16). O
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We now are ready to give the proof of (1.16):
Proof of (1.16). Let us prove at first the lower bound in (1.16). By Lemma 4.4, there are cj3 > 0 (large enough) and

c14 > 0 (small enough) such that min, ;2 <x <, P(M > %logn —c13,S)>cyy foralln > 1.
Let § > 0 be small and let ms > 1 and A9(8) > 0 be as in Lemma 5.3. Let A > A¢(8). Remark that

3
IP’(M,, > > logn + 4 —013,8) z]P’(O < #£, <mg, Yu e £, M™

n—|u|

3 n
> Zlogn —cy3, ul < =, 8™ ),
5 logn —ci3 lu| < > )
where as before, S = {T, survives} and M;”) ‘=minyet,, jv|=|u|+; (V (V) — V(u)) for any j > 0. It follows that
3 m n
P{M, > —logn+ i —c13,8 ) = (c14)™P| 0 < #£, <ms, max |u| < -
2 uEﬁ;L 2

> (c14)™ (IP’(O < #E, <my) — IP’(max ul > f))
ME£)L 2
> (c14)™ (e” VM — 066_05’11/3)»
by Lemma 5.3 and (4.2). The lower bound of (1.16) follows.
We prove now the upper bound in (1.16). By assumption (1.6) holds for any a > 0, hence S; has all exponential
moments. It follows from (2.6) that for any a > 0, there exists some C, > 0 such that

P(S;, —A>x) <Cye™™, Vx=>0. 5.17)

Let § > 0 be small and a > (14 y)/8 + 1. Then

St _ —yA
P(%;:V(ub (1+3)x) 51@[2 1(V<u)>(1+,m)] —E[e% 1(s,, 10 ] =0(77%). (5.18)

ME;E)V
where the last equality follows easily from (5.17). Define
As.19) 1= {max V) <(1+6A, max |u| < E} (5.19)
ME£A ue£A 2

Then by (4.2), for all large n > ng and 0 < A = o(logn),

n

P(AS <IE”< % 145 x) i n

(AGs.19)) = {}16?: W) > 1 +8r)+ (ngj'ubz)
<o(e") + e = o(e77H).

On SN {M, > 3logn + (14 28)A}, £ # . Consider A such that 54 < logn. Therefore,

3
P( max My > Elogn + (1 +28))»,S>

n<k<2n

3
< P( max My > 2 logn + (1 +28)A, A5.19), £, # @) + o(e_V)‘)

n<k<2n

3
(u) - —YA
SP<VMG£)“"/2H<13§2,1M1 > 210gn+8)»,£;ﬁéﬂ>+o(e )

=: B(5.20) + O(C_V)"), (5.20)
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where M,((”) ‘= MaXyeT,, jv|=lul+k (V (V) — V (u)). Conditioning on F,, M™ are i.i.d. copies of M.. By Lemma 4.5
(with a = 4), there exist some c15 > 0 and 1¢ such that (6 being fixed) for all large n > no(1o),

3 3
P max My > =logn+38io | <P(S)+P* max My > =logn+ kg | <e .
n/2<k<2n 2 n/2<k<2n 2

Then by conditioning on Fg, , we get that

B(S.ZO) < ]E|:37C15¢|t£A 1(£k¢@)] = ef()"ko(l)))»’

by Lemma 5.4. This and (5.20) prove the upper bound in (1.16) since § can be arbitrarily small. O
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