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Let & be a ring having unit 1. Denote by Z (%) the center of %. Assume that the characteristic of & is not 2 and there is an
idempotent element e € X such that aZe = {0} = a = 0 and a% (1 —e) = {0} = a = 0. It is shown that, under some mild
conditions, amap L : & — X is a multiplicative Lie triple derivation if and only if L (x) = § (x) + h(x) for all x € R, where
8: R — Risanadditive derivationand h: X — Z (R) is a map satistying h ([[a,b] ,c]) = 0 forall a, b, c € R. As applications,
all Lie (triple) derivations on prime rings and von Neumann algebras are characterized, which generalize some known results.

1. Introduction

Let & be an associative ring with the center Z'(%). For any
element a,b € R, we set [a,b] = ab — ba. Recall that a map
L: % — R isa multiplicative derivation or nonlinear
derivation if L(ab) = L(a)b + aL(b), for all a,b € A,
is a multiplicative Lie derivation, if L([a,b]) = [L(a),b] +
[a, L(b)], for all a,b € %, and is a multiplicative Lie triple
derivation, if L([[a,b],c]) = [[L(a),b],c] + [[a,L(b)],c] +
[[a,b], L(c)], for all a,b,c € R. Particularly, if L is additive
(linear), then above maps are, respectively, additive (linear)
derivations, additive (linear) Lie derivations, and additive
(linear) Lie triple derivations. We often omit “linear” for
“linear derivations.”

The structure of additive (linear) derivations and additive
(linear) Lie (triple) derivations on rings or algebras has been
studied by many authors. BreSar in [1] proved that every
additive Lie derivation on a prime ring & with characteristic
not 2 can be decomposed as T + {, where 7 is an additive
derivation from & into its central closure and { is an additive
map of # into the extended centroid & sending commutators
to zero. Mathieu and Villena [2] showed that every linear
Lie derivation on a C*-algebra is standard, that is, can be
decomposed as the form 7 + h, where 7 is a derivation and h
is a central valued linear map vanishing at each commutator.
In [3] Qi and Hou proved that the same is true for additive

Lie derivations of nest algebras on Banach spaces. Miers [4]
showed that every linear Lie triple derivation on ., a von
Neumann algebra with no central summands of type I, is of
the form 7+ h, where 7 is a derivation and & is a central valued
linear map vanishing at every Lie triple products [[A, B], C].
Recently, Wang and Lu [5] described the structure of linear
Lie triple derivations on 7-subspace lattice algebras. For
other results, see [6-10] and the references therein.

For the study of multiplicative derivations and multi-
plicative Lie (triple) derivations, Daif [11] initially proved
that each multiplicative derivation on a 2-torsion free prime
ring containing a nontrivial idempotent is additive. Yu and
Zhang [12] showed that every multiplicative Lie derivation
on triangular algebras is the sum of an additive derivation
and a map into its center sending commutators to zero,
and, later, Ji et al. [13] generalized this result to the case
of multiplicative Lie triple derivations. Assume that ./ is
a nontrivial nest on a Banach space X over the complex
field which contains a nontrivial complemented element, and
AlgV is the associated nest algebra. Li and Fang in [14]
obtained the same result as the above for multiplicative Lie
triple derivations on Alg./.

The purpose of the present paper is to consider the
problem of characterizing nonlinear Lie triple derivations on
general rings.
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Let & be a ring having unit 1 and an idempotent element
e, and let Z(R) denote the center of %. Assume that the
characteristic of & is not 2 and satisfies that a%e = {0} =
a=0andaR(1-¢e) = {0} >a=0.LetL: X > X
be a multiplicative Lie triple derivation. We show that if e %e
and (1 — e)%(1 — e) do not contain nonzero central ideals,
then L(a + b) = L(a) + L(b) + A, for all a,b € R, where
Ayp € Z(2R) is a central element depending on a and b
(Theorem 1); furthermore, if & also satisfies that, for a € &,
leae,eRe] € Z(eRe) = eae € Z(eRe), and [(1 — e)a(l —
e),(l-e)RZ(1-e)] cZ(1-e)R(1-¢e)) > (1-e)a(l—e) €
F((1-e)R(1 —e)),then L(a) = 6(a) + h(a), forall a € X,
where § : & — R is an additive derivation and h : & —
Z(R) is a map satistying h([[a,b],c]) = 0, for all a,b,c €
R (Theorem 2). As applications, some characterizations of
multiplicative (additive) Lie (triple) derivations on prime
rings and von Neumann algebras are obtained, respectively
(Corollaries 3-7).

2. Main Results and Corollaries
The following are our main results in this paper.

Theorem 1. Let R be a ring having unit 1 and an idempotent
element e. Assume that the characteristic of X is not 2 and R
satisfies the following two conditions:

(i) aRe={0}=a=0andaZR(1 —e) ={0} = a=0;

(ii) eZRe and (1-e) A (1—e) do not contain nonzero central
ideals.

Assume that L ©: R — R is a multiplicative Lie triple
derivation. Then L(a+b) = L(a) + L(b) + A, foralla,b € &,
where A, € Z(R) is a central element depending on a and b.

Moreover, if the ring & in Theorem 1 also satisfies that,
fora € R, [eae,eFRe] € Z(eRe) = eae € F(eRe), and
[(Q-ea(l-e),1-e)R(1-e)] € Z(1-eR(1-¢) =
(1-e)a(l-e) € Z((1-e)A#(1—-e)), then L has more concrete
form.

Theorem 2. Let R be a ring having unit 1 and an idempotent
element e. Assume that the characteristic of & is not 2 and R
satisfies the following two conditions:

(i) aRe={0} >a=0andaR(1 —-e) ={0} > a=0;

(ii) eRe and (1—e) A (1—e) do not contain nonzero central
ideals;

(iii) for a € R, [eae,eFRe] € F(eRe) = eae € Z(eRe),
and [(1-e)a(l—e),(1-e)R(1-e)] € Z(1-e)R(1 -
e) > (1-ea(l-e) e Z(1-e)%(1-e)).

Then a map L : R — R is a multiplicative Lie triple
derivation if and only if L(a) = 6(a)+h(a), for alla € R, where
0 : R — Risan additive derivation andh : X — Z(R) is
a map satisfying h([[a, b],c]) = 0, forall a,b,c € R&.

Recall that a ring & is prime if, for any a,b € R, aRb =
{0} impliesa =0 or b = 0.
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Applying Theorem 2 to prime rings, we have the following
result.

Corollary 3. Let R be a prime ring having unit 1 and a
nontrivial idempotent, and let L : R — R be a map. If
the characteristic of & is not 2 and eRe, (1 — e)R(1 — e)
are noncommutative, then the following two statements are
equivalent.

(1) L is a multiplicative Lie triple derivation.

(2) There exist an additive derivation 6 : R — R and
amaph : R — Z(R) satisfying h([[a,b],c]) = 0
foralla,b,c € R such that L(x) = §(x) + h(x) for all
x € R.

Proof. Lete € & be a nontrivial idempotent. It is obvious that
R satisfies the condition (i) in Theorem 2.

Claim. If % is a central ideal of a noncommutative prime ring
R’ then % = {0}.

Take any u € %. Since % € %' is central, we have ua =
au € % for alla € R'. Thus, for any a,b € %', one gets

u[a,b] = uab — uba = uab — a (ub)
= uab — (au) b = uab — (ua) b = 0,
and so
ucla,b] =ulca, bl —ulc,bla=0 VabceR'. (2)

Since %' is noncommutative, there exist two elements a,, b, €
' such that [ay, by] # 0. It follows from the primeness of %’
that u = 0. The claim holds.

Since & is prime, both eZe and (1 -e)Z(1 —e) are prime.
Thus, by the above claim, the condition (ii) in Theorem 2 is
satisfied.

Now, for any fixed a € &, define two maps §, : eFe —
eReand §, : (1-e)R(1—e) — (1-e)R(1—e), respectively,
by

0, (exe) = [eae, exe] ,

5, (1-e)x(1-e)=[1-ea(l-e),(1-e)x(l-e)],
©)

for all x € R. It is clear that both §; and §, are derivations.
Posner in [9, Theorem 2] proved that, if d is a derivation of a
noncommutative prime %’ such that, for all a € %', ad(a) -
d(a)a is in the center of %', then d is the zero derivation.
Thus, by [9, Theorem 2], fora € &, ifeRe is noncommutative
and [eae, eRe] € Z(eRe), then [eae, eRe] = 0; that is, eae €
Z (eRe). Similarly, if (1 — e)R(1 - e) is noncommutative and
[A-e)a(l-e),(1-e)R(1-e)] < Z((1-e)R(1 —e)), then
(1-e)a(l-e) € Z((1-e)R(1—e)). Hence the condition (iii)
in Theorem 2 is also satisfied.

Now, by Theorem 2, the corollary is true. O

Let (H) be the algebra of all bounded linear operators
acting on a complex Hilbert space H. Recall that a von
Neumann algebra .Z is a subalgebra of some %B(H) satistying
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M" ="y = M, where M' ={T : T ¢ B(H) and TA =
AT VA € M} ([15]). For A € M, the central carrier of A,
denoted by 4, is the intersection of all central projections P
such that PA = 0. If A is self-adjoint, then the core of A,
denoted by A, is sup{S € Z () : S = §*,S < A}. Particularly,
it A = Pis a projection, it is clear that P is the largest central
projection < P. A projection P is core-free if P = 0. It is easy
to see that P = 0 if and only if I — P = I ([16]).

Applying Theorem 2 to von Neumann algebras, we have
the following corollary.

Corollary 4. Let M be a von Neumann algebra without
central summands of type I, and L : M — M a map. Then
the following statements are equivalent.

(1) L is a multiplicative Lie triple derivation.

(2) There exist an additive derivation § : M — M and
amaph : M — Z (M) vanishing at each Lie triple
product [[A, B], C] such that L(A) = §(A) + h(A), for
all A e M.

Proof. Assume that ./# is a von Neumann algebra without
central summands of type I;. Then, by [16], there exists a
nonzero core-free projection P € . with P = I. Fix such
P and note that P = T — P = I. It follows from the definition
of the central carrier that both span{TP(x) : T € ./, x € H}
and span{T'(I — P)(x) : T € JM,x € H} are dense in H. So
AMP ={0} > A=0and AZ(I-P)={0} => A=0.

Bresar and Miers [17] proved that if Z € Z(.#) such
that Z.# € F (M), then Z = 0. This implies that .# has no
nonzero central ideals. Note that P.#P and (I — P).#(I — P)
are also von Neumann algebras without central summands of
type I,. So both P.#P and (I — P).#(I — P) have no nonzero
central ideals.

Finally, for A € /, if [PAP, P#(P] < Z (P P) and [(I -
P)A(I - P),(I - P)#(I - P)] ¢ Z((I - P)#(I — P)), by
the Kleinecke-Shirokov theorem ([18]), both [PAP, PTP] and
[(I - P)A(I - P),(I - P)T(I — P)] are central quasinilpotent
forall T € 4. Hence [PAP,PTP] = [(I - P)A(I - P),(I —
P)T(I- P)] =0 forall T € #; thatis, PAP € Z(P.#P) and
(I - P)A(I - P) € Z((I - P)A(I - P)).

Thus, if A has no central summands of type I;, by what
the above stated, .# satisfies the corresponding assump-
tions (i)-(iii) in Theorem 2. By Theorem 2, the corollary is
true. O

Note that a multiplicative Lie derivation must be a
multiplicative Lie triple derivation. So the following corollary
is immediate.

Corollary 5. Let M be a von Neumann algebra without
central summands of type I, and L : M — M a map. Then
the following statements are equivalent.

(1) L is a multiplicative Lie derivation.

(2) There exist an additive derivation § : M — M and a
map h : M — Z (M) vanishing at each commutator
[A, B] such that L(A) = §(A) + h(A), forall A € M.

If L in Corollaries 4 and 5 is additive, more can be said.
In fact, a complete characterization of additive Lie (triple)
derivations on any von Neumann algebras can be obtained,
which is a slight generalization of the corresponding result in

[4].

Corollary 6. Let # be a von Neumann algebra and L :
M — M an additive map. Then the following statements are
equivalent.

(1) L is a Lie triple derivation.

(2) There exist an additive derivationd : M — M and an
additive map h : M — Z (M) vanishing at each Lie
triple product [[ A, B], C] such that L(A) = 6(A)+h(A),
forall A e M.

Proof. Clearly, one only needs to check (1)=(2). In the
following assume that L is an additive Lie triple derivation.

Take the central projection Q € /4 < %B(H), so that, with
respect to the space decomposition H = QH & (I - Q)H,
M = M, ®M,, where M is of type I; and 4, has no central
summands of type I;. Note that we may have Q = 0. Then
L(A) can be decomposed as

L(A)=QL(A)+(I-QLQA)+(I-QL((I-QA)

VA e M.
(4)

Claim. L(Z(M)) < F(M).

For any Z € Z (M) and any A,B € ., we have
0 = L) = L([Z A],B]) = [[L(Z),A],B], and so
[L(Z),A] € Z(AM) for all A € 4 .Hence [L(Z), A] is central
quasinilpotent, which implies [L(Z), A] = 0forall A € /.1t
follows that L(Z) € Z (). The claim holds.

Since Q is a central projection and Q.Z is of type I, we
have

QUM F (M) . (5)
By the above claim, L(QA) € Z (), for all A € /, and so

(I-QL(QA)=L(QA)-QL(QA)e Z (M) VAc M.

(6)
Defineamap ¥ : /4, — M, by
W(B)=L(0®B)|;-qu=L({T-Q) (08B)|;qu
VB e M,.
Then, forany A=A, ® A, € M = M, & M,, we have
L(A)=QL(A)+(I-QL(QA)+(0@V¥(4,). (8

It is easy to prove that V¥ is an additive Lie triple derivation
on J,. So, by Corollary 4, there exist an additive derivation
8, : My — M, and an additive map h, : M, — F(M,)
vanishing at each Lie triple product such that

¥ (B)=08,(B) +h,(B) VBe .M, 9)



Let § = 088, and h(A) = QL(A) + (I - QL(QA) +
(0 @ hy (Al 1_qym))- By (4)-(9), one gets that § is an additive
derivation on # and h : M — Z (M) is an additive
map satisfying h([[A, B],C]) = 0 for all A, B,C such that
L(A) = 6(A) + h(A) holds for all A € .. Hence (2) is true
and the proof is finished. O

Particularly, for additive Lie derivations, we have the
following corollary.

Corollary 7. Let M be a von Neumann algebra and L :
M — M an additive map. Then the following statements are
equivalent.

(1) L is a Lie derivation.

(2) There exist an additive derivation § : M — M and
an additive map h : M — Z (M) vanishing at each
commutator such that L(A) = §(A) + h(A) forall A €
M.

3. The Proof of Main Results

In this section, we will give proofs of our main results,
Theorems 1 and 2.

In the sequel, assume that &% is a unital ring and
containing an idempotent e satisfying a%e = {0} = a =0
and a%(1 —e) = {0} = a = 0. It is clear that e+0,1.
Write e, = eand e, = 1 — e. Then & can be written as
R = R+ R+ Ry + Ry, where R; = e, Re; (i, j € {1,2}).

We first give several lemmas, which are needed to prove
the main results.

Lemma 8 (see [3, Lemma 3.1]). The center of R is
Z(R) =1z + 201211 € R 2p € R
Z11012 = 01229, (10)
Z200y1 = y1211Vay € Ry, 0y € Ry}

By Lemma 8, it is easily seen that if z;;, + z,, € Z(X),
then z,; € Z(R,;) and z,, € Z(R,,).

Lemma9. Leta € R. Ifab,, = bj,a and ab,; = by a hold for
allb,, € R, and all b,; € R,,, thena € Z(R).

Proof. Write a = a;, + a,, + a,, + a,,. Since ab,, = by, a for all
by, € R,,, we have

ay by, + ay by, = biyay +byyay,. (11)

Multiplying e, and e, from the left and right in the equation,
one gets a,,b,, = b,a,,. Multiplying e, from both sides in the
equation, one has a,,b;, = 0; that is, a,;be, = 0 for allb € R.
This implies a,; = 0.

Similarly, from the relation ab,; = b,,a for all b,; € &#,,,
one can prove a,,b,, = b,ja;; and a;, = 0. It follows from
Lemma 8 thata = a;; + ay, € Z(XR). O

Lemma 10. Let a € R. If [[a, t,-]-],ej] = 0 holds for all ti; €
Rij (1 <i#j<2) theneae, +eae, € Z(R).
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Proof. For 1 < i#j < 2, since [[a,tij],ej] = 0, we have
eaeil;; = te;ae; forallt; € R;;. It follows from Lemma 8
that e;ae; + e,ae, € Z(XR). O

Lemma ll. Fora € &, ifa € Z(R)NR; (i = 1,2), then
a=0.

Proof. For i € {1,2}, assume that a € Z(%) N %;;. So
ae;be; = e;beja = 0 for allb € R, where j #i. It follows from
the assumption on % that a = ae; = 0. O

Lemma 12 (see [19, Lemma 4]). Let %' be a ring having unit
1 and an idempotent element e. Assume that R' satisfies that
aR'e = {0}, which implies that a = 0. For a € R/, if exeae =
eaexe for all x € %', then there exists an element A € Z(R')
such that eae = Ae.

Applying Lemma 12 to our ring %, we get that, for any
a; € Ry, if e;xa; = a;xe; holds for all x € &, then there
exists A; € Z () such thata; = Aje;, i =1,2.

Now, we are in the position to give the proofs of Theorems
land 2.

Proof of Theorem 1. We will prove the theorem by a series of
claims.

Claim 1. L(0) = 0.
By the definition of L, we have

L(0) = L([[0,0],0]) = [[L(0),0],0] )
+[[0, L (0)],0] + [[0,0], L (0)] = 0.

Claim 2. e, L(e;)e, + e,L(e;)e, € Z(R), i=1,2.
Let1 <i#j <2 Foranya; € %;; and ¢;, we have

L(az) = L([[ae] e])
=[[2(a) el e] + [[apL(e)] e
[laped L e)]
= L(ay)e; - 2¢,L(a;) e +eL(a;) +a,L(e)e
—a;L(e;) +eL(e;)a; —a;L(e;) + L(e;)ay.
(13)

Multiplying by e; and e; from the left and the right in
the above equation, respectively, one gets 2e;L(e;)e;a; =

2a;e;L(e;)e; for all a;; € R, which implies

ij=j ij>

e;L(e;) e;a; = aje;L(e;) e; Vay € Ry, (14)
since the characteristic of & is not 2.
Similarly, for any a; € 2, by the relation L(a;) =
L([[a;; €], ¢;]), one can check that
a],elL (el) ei = e]L (el) eja]l Vaﬂ € ‘%]l' (15)
Applying Lemma 8 to (14) and (15), one obtains e;L(e;)e; +
ejL(e,-)ej € Z(R) for 1 <i# j<2. The claim holds.
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Now let §(a) = L(a) — [a,e;L(ey)e, — e,L(e;)e,] for all
ae€ X Thend : X — R is also a multiplicative Lie
triple derivation and satisfies §(e;) € Z (%) as Claim 2. Thus,
without loss of generality, we may assume

L(e) € Z (). (16)

Claim 3. L(e,) € Z(R).

By Claim 2, e;L(e,)e; + e;L(ey)e, € Z(R). So we only
need to check e, L(e,)e, = e,L(e;)e; = 0. In fact, by (16), we
have

0="L([[ee].e])
([L(er)ei] e] + [[es L(er)] ] + [[erner], Ley)]
=[[L(es).e1].e1] =e;L(ey) e +eiL(e) ey,

17)

which implies e;L(e,)e, = e,L(ey)e; = 0. Hence L(e,) =
e,L(ey)e; +e,L(ey)e, € Z(R).

Claim 4. L(R;;) € Rjp 1 <i#j<2.

Here, we only give the proof for L(%,,) € X,,. The proof
for the other inclusion L(R,;) € R#,, is similar.

For any a,, € %#,,, by (16), (13) can be reduced to

L(ay) = L(ay,)e, —2e,L(ay,)e, +eL(ay,)

18)
=eL(ay)e, +e,L(ap)e,.
Taking any b;, € £, and any ¢ € &, one obtains
0=L([[a1,b15] ¢])
= [[L(a12),bi2] s c] + [[a12, L (B15)] . ]
(19)

+ [[a12,b12], L(0)]
= [[L(a12)»bia] + [a12, L (B12)] ]
which implies [L(ay,), byy] + [a15 L(by,)] € Z (). Note that
[a12, L (b1y)] = [[e1,a1] . L (b))
= L([[ey>a1] b1, ])
—[[L(e1),a12] . bya] (20)
— [[er, L(ar2)]> bz
=—[ler, L(an)], bis] -
So, by (18), one achieves
[L(a12),bi,] + [a12, L (byy)]
= [e,L(ay) e, bip] = [[en L(ap)] 0] (2D)
=2e,L(ay,) e, by,] € Z(R).

It follows from char Z#2 that [e,L(a;,)e;,b;,]
e,L(ay,)e by, — b,e,L(ap)e, € Z(R) for all by, € Ry,.

By Lemma 8, one can get e,L(a,,)e b, € Z(%,,) for all
by, € #,,. It is easily checked that e,L(a,,)e; Re, is an ideal
of &#,,. So, by the assumption (ii), e, L(a,,)e, Ze, = {0}, and
so e,L(a;,)e; = 0 by the condition (i). This and (18) imply
that L(a,,) = e, L(a,,)e, € R4,, as desired.

Claim 5. For any a;; € Ry,
itj<2.
By (16) and Claims 3 and 4, it is clear that

L(-ay) = L([[age].¢;]) = [[L(a;).e] ;] = =L (a5).

(22)

we have L(-a;) = —L(aij)s 1 <

Claim 6. Forany a;; € R
l<i#j<2

ij» We have L(ei+a,-j)—L(aij) € Z(R),

Let1 <i#j<2anda; € R, Foranyb; € R, by (16)
and Claims 3 and 4, one has
L(b;) = L([[e: + 8] ¢])
(23)

[[L(ei+a;).b,]e5] + L(8y)

that is, [[L(e; + a,-j),bij],ej] = 0. Note that [[L(aij),b,-j],ej] =0
by Claim 4. So

[[L(ei+a;) —L(ay) by .e5] =o0. (24)
Similarly, for any b; € &, by the relations -L(b;) =

L(—bﬁ) = L([[e; + aij,bﬁ],ei]) and [[L(aij),bji],ei] = 0, one
can check

[[Z (e +ay) ~L(a;).bi].ei] = 0. (25)

Combining (24) and (25) and by Lemma 10, we achieve

e, (L (e,- + a,-») -L (ai-)) e

+e, (L (ei + al--) - L(al-j))e2 €Z(R).

(26)

Thus, to complete the proof of the claim, we still need to check
e, (L(e; +a;;) — L(ayj))e, = e;(L(e; +a;j) — L(ay;))e; = 0.1n fact,
by (16), we have

L(a;) = L([[e+ape].e])=[[L(e+a;).e] el
L(ay) = L([[ae] e1]) = [[L(a5)e1] en]-

(27)

It follows that [[L(e; + aij) - L(aij), e;],e;] = 0, which implies
e (L(e; + a;;) — L(ay)))e, = e,(L(e; + a;;) — L(ay;))e; = 0.

Claim 7. L is additive on %,

ipl<iFj<2



Take any a;;, b;;

Rij (1 <i+j<2).By(16) and Claims
3-6, one obtains

L(a;+b;) = L([[ei - e+ by] . ¢])
= [[L(ei - ay) e+ by] )]
o apL(e i) e)
L)t o]
oL (6] e)
= L(ay) +L(b;).

(28)

Claim 8. For 1 < i#j < 2, we have L(%,-,-) < (Rii+ Rj))s
L( R+ Ri) € (Rii+ Rjj),and (R + Rjj) € (R + R ).

Let1 <i#j <2 Foranya;,b; € %; anda € R by
(16) and Claim 3, one has

0= £([[as+ appes]s]) = [ (0 ) ] ]
0= L({[ane]- ) = [[£ (@) @

0= 1({[as + b)) = [[E ey + 8. ]

A simple calculation yields e, L(a;; +aj;)e, = e,L(a;; +a;;)e; =
0, e;L(a;;)e, = e;L(a;)e; = 0, and e, L(a; + b;)e, = e,L(a; +
b;)e, = 0. So the claim is true.

Claim 9. For any a,; € %, and a,, € R#,,, we have L(a;; +
ay,) — L(ay,) — L(ay,) € Z(R).

Takeanya,; € %,, and a,, € R,, and write L(a,, +a,,)—
L(ay,) — L(ay,) = s;1 + S35 + S5 + Sy,. Note that, by Claim 8,
one has L(a;; + a,,) — L(a;;) — L(ay,) = $11 + Sy,. So, to prove
the claim, one only needs to check s,; + s,, € Z(%).

To do this, taking any b, € %#,,, by Claims 3-5 and 7, we
have

L([ay; + ay,b1,]) = L(ay, by, — biaay,)

= L(anby,) - L(bay)

= L([[a1 bya] - €5]) = L([[b15 a20] s €5])

= [[L(a11),bi], 5] + [[a1, L(B1y)] - ;]
= [[L(b1), ] ;]
= [[b12, L(a)] 2]

= [[L(an1),bi,] ] + [ay, L (by,)]
+ [ay, L(b1p)] + [[L(a) 1] 2] 5
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L([ay +ax, b)) = L([[a)) + ay,b15] s e,])
= [[L(ay +ay). b))
+[[ay +ay, L(by)] . ]

= [[L(ay; +a5) by ] e)]

+ [a1, L (b)) + [, L (b1,)] -
(30)
Combining the above two equations yields
[[L(ay, +ay) - L(ay) - L(ay)by] 6] =0 (31

Vb, € Rq,.

Similar to the above discussion, one can also prove that

L(azz)»bn] ’61] =0
Vb, € R,;.

[[L(ay +ay)-L(ay) -
(32)

Now, by Lemma 10, it follows that s;; + s,, € Z (), and the
claim holds.

Claim 10. For any a € R, any a,, € &,,, and any a,, € %,,,
we have

(i) L(a + ay,) — L(a) — e;(L(a + a,) — L(a))e, € Z(R);
(ii) L(a + a,;) — L(a) — e,(L(a + ay;) — L(a))e; € Z(R).

For any a,c € & and any a,,,b;, € %,,, since [[a +
a;,bplicl = [la,by,l,c], by Claim 4, one can easily get
([L(a + ay,), by,], c] = [[L(a), b},], c]; that is,

[[L(a+ay,)-

Write t = L(a + a,,) — L(a) = t;; + t1, + t5; + t5,. Then (33)
implies that

L(a),b,],c]=0 VeeZR.  (33)

[6,b15] =t b1y + tyb1 = biyty —byty, € Z(R). (34)

Letting ¢ = e, in (33), a simple calculation yields
thbip = bty Vb, € Ry, (35)

So (34) is reduced to t,,b,, — bj,t,; € Z(R), which and
Lemma 8 imply that t,,b,, € Z(%#,,) holds for all b, € &,,.
Note that t,,e,Re, is an ideal of &,,. It follows from the
assumption (ii) that ¢,;e; e, = {0}, and so

t,, = 0. (36)

On the other hand, by using the equation [[a + a,,,b,;], e,] =
[[a,b,;], e,], one can also show
by = byt by € Ry, 11, =0. (37)

Combining (35)-(37) and Lemma 8, we get that (i) holds.
The proof of (ii) is similar and we omit it here.
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Claim 11. For any a;; € R;; (1 <1, j < 2), we have

(i) L(ay,) = e;L(ay; + ay, + ayy)e, and e,L(ay; + a;, +
ay)e, = 0;

(ii) L(ayy) = e,L(ay; + ay; + ayy)e; and e L(a;;, + ay; +
a,)e, = 0.

Here, we only give the proof of (i). The proof of (ii) is
similar.
Forany a;; € &;; (1 <1, j < 2), by Claim 3, one gets

L(ay,) = L([[ay +ay, + ay. ] 6,])

= [[L(ay, +ay; +a5) 6], 6]
(38)

e;L(ay, +a;, +ay)e,

+e,L(ay +ay +ay)e,

which, together with Claim 4, implies L(a,,) = e;L(a,; +a;, +
ay,)e, and e, L(a,, + a;, + ay,)e; = 0, as desired.

Claim 12. For any a;; € R;; (1 <1, j < 2), we have
(i) L(ay; + ay, + ayy) — L(ay,) — L(ay,) — L(ay,) € Z(R);
L(ay,) — L(ay,) — L(ay,) € Z(XR).

Still, we only give the proof of (i).
Take any a;; € #,,,a,, € X,,,and a,, € R,,. Firstly, by
Claims 8, 9, and 11, there exists some z € Z (%) such that

L(ay;) - L(ay,) - L(“zz)

L(ay +ay)-L(ay) +z

(ii) L(ay; + ay; + ay,) —

L(ay +ay +ay) -
=L(ay +ay +ay) -
(39)

= e, (L(ay +ay +ay)-Liay, +ay))e
te (L (“11 tap+ %2) - L(an + azz)) €tz

Next, for any by, € &#,,, by Claims 3 and 4, one has
L([[ay; +ay, +ay,b1,],6])
= [[L(ay +ay; +ay),b,], ¢
+ [[an +an + ax, L ()] €]
= [[L(ay +ap, +ay), by, ] 6]
+ [[ay; + axn, L(b)] e, (40)
L([[a), + ayy + 50, b15] 5 €5])
= L([[ay +ax,bi5] . e,])
= [[L(ay; +ay).b,],e)
+ [[any + ax, L(b)] 6]
Comparing the above equations, we get

[[L(a); +ay +ay) - L(ay, +ay,),b,],e,] =0 (41)

Finally, for any b,;, € &,,, a similar argument to the above
achieves

[[L(ay, +ay +ay) - L(ay, +ay),b,],e] =0 (42)

Now, combining (39)-(42) and Lemma 10, the claim
holds.

Claim 13. For any a;; € R;; (1 < i,j < 2), we have L(a;; +
ap, + ay, + ay,) — L(ay,) — L(ay,) — L(ay,) — L(ay,) € Z(R).
Take any a;; € &;; (1 <1, j < 2) and write

t=L(ay +ay, +ay +ay) - L(a,)

= L(ay;) = L(ay) — L(ay,).

Forany b, € %, and any b,; € &,,, by Claims 4, 10, and 12,
one has

(43)

[t,b1,] = [L(ay +ay, +ay +ay,)
~L(ay;) = L(ay) — L(az),by,]
= [L(ay, +ay, +ay +ay)
-L(ay, +ay +ay),b,] =0,
(44)
[t,b,1] = [L(ay, +ay, +ay +ay,) - L(ay)

-L (alz) -L (azz) > b21]
= [L(ay, +ay, +ay +ay,)

—L(ay; +ay; +ay),by,] =0.
Now the above two equations and Lemma 9 imply t € Z ().

Claim I14. For any a;;, b; €

Lb;) € Z(R),i=1,2.
Letl <i#j<2anda

Gj € R,

R, we have L(a;; + b;) — L(ay;) -

b € R;; be arbitrary. For any
ij» by (16) and Claims 3 and 4, we have

L[+ b 5]) = L ([ 5] + [ 5])

= L([ac,]) + L ([bicy])

= L([[ancs]oe]) + L([[bwcy]-e])

=[[L@@) 6] ] + [[an L)) e
L) e ]oe] + ([ L ()] e]
L([[a + by e5])

L([a + bincy]) =

= [[L(aii + bii)’cij] ’ej]
+ Huu + bll,L( )] eJ] .
(45)
It follows that
[[L(a;+b;) = L(a) - L(B;) 6] e;] =0
(46)

Ve € Rjj.



Similarly, one can check
HL(“ +b;) - L(a;) - L(b;

)’Cji] >ei] =0

Ve € Ry

(47)

Now, together with Lemma 10 and Claim 8, (46)-(47)
imply that the claim holds.

Claim 15. L(a + b) — L(a) — L(b) € Z(XR) for all a,b € A.
Therefore, Theorem 1 holds.

In fact, by Claim 7 and Claims 13 and 14, it is easily seen
that the claim is true.

The proof of the theorem is complete. O

Proof of Theorem 2. The “if” part is clear. We will prove the
“only if” part by several claims.

Claim 1. For any a; € R;;, there exists a map f; :
Z(R) such that L(a,,) fila;) € Ryi=1,2.

We only give the proof for a;; here. The proof for any a,,
is similar.

For any a,;, € %,,, by Claim 8 in the proof of Theorem 1,
we have

Rii —

L(ay) =eL(ay)e +e;L(ay)e; € Ry + Ry (48)
Now, taking any b,, € #,, and any ¢ € &, one has
0=L([[a1,b].¢])

= [[L(an)bu] el + [[a, L(b)] ]

which implies [L(ay;), b1 + [ay;, L(b,,)] € Z(R). It follows
that [L(ay;),b,,] € F(R,,). By the assumption (iii) in the
theorem, one obtains [L(a,,), b,,] = 0 for all b,, € &#,,; that
is, e, L(ay,)e,be, = e,be,L(ay,)e, forallb € R. It follows from
Lemma 12 that e,L(a;;)e, = f,(a;;)e, for some fi(a;;) €
ZF(R). Hence

L(ay,) =eL(ay)e + fi(a)e,
- fi(a)e (50)
+ fi(ay) € B+ Z(R).

(49)

=eL (au) €

The claim holds.
Now define twomapsd : £ — X and f: R — Z(R),
respectively, by

8 (a) = L(ay;) +L(ay) + L(ay)
+L(ay) - fi(a) - f,(ax), (51)
f(@) =L(a)-6(a)

foralla = a,, + a;, + ay; + a,, € X. Then, by Claim 4 in the
proof of Theorem 1 and Claim 1, we have that

5(2,)=L(%,) < Ry 8(Ry) S Ryr 1<itj<2.
(52)
Moreover, §(¢;) € Z (%) fori =1,2.

Claim 2. § is additive on Z.
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By Claim 7 in the proof of Theorem 1, § is additive on %,
and R#,;.

Leti € {1,2}. For any a;;,b; € ;;, by Claim 14 in the
proof of Theorem 1, (52), and the definition of §, we have

b;) — 8 (a;) - 6 (by)
=L(a; +b;) —L(a;) - L(b;) ~ f(a; +b;) (53)
+ f(ay) + f (by) € Z(R)NRy;.

6 (all

It follows from Lemma 11 that 6(a; + b;;) —
that is, § is additive on %;;,i = 1, 2.
2 2
Now, foranya =Y. a;,b =3,
above proved, one gets

&(a;;) - 6(b;) = 0;

b € R, by what the

2
S(a+b)= 5<Z(aij+b,-j)>

ij

= L(ay, +by,) +L(ay, +by,)

+L(ay +by) + L(ay +by)

- fi(ay +b,y) = fi(ay, +by) (54)
=08 (ay, +by) +0(a, +byy)

+8(ay +by) + 8 (ay, +by,)

2 2

= > 8(az)+ Y 8(b;)=8(a)+3 ().

ij=1 ij=1

Hence § is additive on Z.

Claim 3. § is a derivation.
We will divide the proof of the claim into five steps.

Step 1. For any a;; € R;; and any b; € &;
8(a;)b; + a;0(by), 1 <i#j<2.

Foranya; € #;andb; € R; (1 <i#j <
definition of § and (33), one obtains

8 (aib;) = L(aiby) = L([[aby] - ¢;])
= [[L (). b] ;] + [[a L (b5)] - ¢]
= [[6(ai).by] -] + [[a 6 (85)] )]

=0 (a;) bij +a;0 (bij) .

ij» we have 8(a;;b;) =

2), by the

(55)

By a similar argument to that of Step 1, one can show the
following.

Step 2. Foranya € Rjandanyb;; € X
8(a;)b;; + a;;0(b; )1<z¢]<2

we have §(a;;

ik ij JJ)

Step 3. For any a;,b; €
a”(S(b”), i = 1, 2.

R;;» we have 8(a;b;) = O(a;)b; +
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Take any a
Step 1, one has

i bi € Rjandanyq; € R (1<i#j<2).By

S(abc) 8 (a;) by +a 8(bc)

1i%ij ii%ij 1ivij

= 6(all)b iGij +a116( )Cij

ii“ij

(56)

+ azzbu(S ( )
8(aubncz]) ( ajj n)C + aubns( )

The above two equations yield (8(a,,b,,) S8(a;)b,; -
a;0(b, 1))g; = 0; that s, (8(a;b;) — 6(a;)b; — a;;0( n))eicej =0
for all ce 9? Note that 6(a;;b;) — 6(a;)b; a,~,~6(bii) € R, It
follows that §(a;;b;) — 8(aii)b,-,- -a;0(b;) =0
Step 4. For any a;; € X;jand any bj; € R ;, we have 8(a;;b;;) =

8(a;j)bj; + a;0(b; ) 1<z¢j$2.

For any aij ¢ Rijandanyb; € Z; (1 <i+# j<2), noting
that L(ej) € Z(R), by (52), Claim 2, and the definitions of §
and f, we have

8 (ajbyi) - 6 (byay)

= 8(ab; - bya;)

L(a;b;; - byay;) - f (a;b; - bja;)

L([lage]-bi]) - £ (b = bja)

= [[2(ay) ei] bl + [[age ] L (8)] (57)
(a

-f %j Jl_ Jl 1])
8(a

1')’ 11] [ %ij> ( ﬂ)] f( a;ibj; —
=0 (ay) by + ;6 (by;) - b0 ()
_6(bji)“ij -f (aubﬂ bﬂau)

Multiplying e; from both sides in the above equation, and
noting that (52), one obtains

s (a,]b],) =4 (a,,.) b + a0 (b].,.) ~f (a,,jbj,. - bjiaij) e;. (58)
Define a set

U; = {0 (ayby;) - 0 () by — ay0 (b;) : a; € R,

=gt 1] Jt

J’ ’J)

7 59)
b€ Rl <isj<al.

Z(R)e; = Z(

Jji

It is easily seen that %;
foranyc; € R

R;;). Also note that,

6ii (0 (a3:) = 8 (a;) by — ;6 (b))

= ;0 (a;b;;) + 8 (c;) aby; — 8 (c;) aby;
0 () b = iy ()

= 8 (cuayby) - 0 (cuay) by

(60)

ca&(b)e%i.

Thus, %; is a central ideal of %;;. It follows from the
assumption (ii) that %; = {0}. So &(g; b ) = 6(aij)bji+aij8(bji)

foralla;; € #;;and bj; € #; 1§1¥]Jl<2.

i

Step 5. For any a,b € R, we have §(ab) = §(a)b + ad(b); that
is, 0 is a derivation.

By Claim 2 and Steps 1-4, it is easily checked that the step
is true.

Claim 4. f satisfies f([[a,b],c]) = 0foralla,b,c € R.
In fact, for any a,b,c € &, by the definition of f and
Claim 3, we have

f ({[a,b],c]) = L([[a,b],c]) - 8 ([[a,b] ,c])
= [[L(a),b],c] + [[a,L(b)],c] + [[a,b],L(c)]
- [[6(a),b],c] - [[a,6 (b)], ]
— [[a,b], 8 (c)]
= [[f @.]. c]+[[a.  ®)] <]+ [[ab). £ ©)]
= 0.
(61)
The proof of the theorem is complete. O
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