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We investigate the existence of local holomorphic solutions Y of linear partial differential equations in three complex variables
whose coefficients are holomorphic on some polydisc in C* outside some singular set @. The coefficients are written as linear
combinations of powers of a solution X of some first-order nonlinear partial differential equation following an idea, we have
initiated in a previous work (Malek and Stenger 2011). The solutions Y are shown to develop singularities along ® with estimates
of exponential type depending on the growth’s rate of X near the singular set. We construct these solutions with the help of series
of functions with infinitely many variables which involve derivatives of all orders of X in one variable. Convergence and bounds
estimates of these series are studied using a majorant series method which leads to an auxiliary functional equation that contains
differential operators in infinitely many variables. Using a fixed point argument, we show that these functional equations actually
have solutions in some Banach spaces of formal power series.

1. Introduction

In this paper, we study a family of linear partial differential
equations of the form

aqu (t,z,w) = Z (al)k (t,z,w) ata’qu (t,z, w)
kes

+ayy (t, z,w) azaij (t,z,w) ®
+az (8 z, w) aﬁ)Y (t, z, w))

for given initial data alf;)Y(t, z,0) = (pj(t, z),0 < j <
S — 1, where & is a subset of N* and S is an integer which
satisfies the constraints (175). The coefficients a,,, . (¢, z, w) are
holomorphic functions on some domain (D(0, )%\ ©) x
D(0,w) where ® is some singular set of D(0, r)? (where
D(0, &) denotes the disc centered at 0 in C with radius § > 0)
and the initial data ¢;(f, z) are assumed to be holomorphic

functions on the polydisc D(0, ).

In order to avoid cumbersome statements and tedious
computations, the authors have chosen to restrict their study
to (1) that involves at most first-order derivatives with respect
to t and z but the method proposed in this work can also be
extended to higher order derivatives too.

In this work, we plan to construct holomorphic solutions
of the problem (1) on (D(0, )2\ ®) x D(0, w) and we will give
precise growth rate for these solutions near the singular set @
of the coefficients a,,, ;. (t, z, w) (Theorem 21).

There exists a huge literature on the study of complex
singularities and analytic continuation of solutions to linear
partial differential equations starting from the fundamen-
tal contributions of Leray in [1]. Many important results
are known for singular initial data and concern equations
with bounded holomorphic coeflicients. In that context,
the singularities of the solution are generally contained in
characteristic hypersurfaces issued from the singular locus
of the initial conditions. For meromorphic initial data, we
may refer to [2-5] and for more general ramified multivalued



initial data, we may cite [6-9]. In our framework, the initial
data are assumed to be nonsingular and the coeflicients of the
equation now carry the singularities. To the best knowledge of
the authors, few results have been worked out in that case. For
instance, the research of the so-called Fuchsian singularities
in the context of partial differential equations is widely
developed; we provide [10-13] as examples of references in
this direction. It turns out that the situation we consider is
actually close to a singular perturbation problem since the
nature of the equation changes nearby the singular locus of
it coefficients.

This work is a continuation of our previous study [14].
In [14], the authors focused on linear partial differential
equations in C*. They have constructed local holomorphic
solutions with a careful study of their asymptotic behaviour
near the singular locus of the initial data. These initial data
were chosen to be polynomial in ¢, z and a function u(t)
satisfying some nonlinear differential equation of first order
on some punctured disc D(ty,r) \ {t,} ¢ C and owning an
isolated singularity at ¢, which is either a pole or an algebraic
branch point according to a result of Painlevé. Inspired by the
classical tanh method introduced in [15], they have considered
formal series solutions of the form

u(t,z) = Yy u (t,2) (u(®), @

>0

where u; are holomorphic functions on D(t,,r) x D where
D < C is a small disc centered at 0. They have given
suitable conditions for these series to be well defined and
holomorphic for t in a sector S with vertex ¢, and moreover
as t tends to t,, the solutions u(t, z) are shown to carry at most
exponential bounds estimates of the form C exp(M|t — t,|*)
for some constants C, M, y > 0.

In this work, the coefficients a,, , (¢, z, w) are constructed
as polynomials in some function X(¢, z) with holomorphic
coefficients in (, z, w), where X(t, z) is now assumed to solve
some nonlinear partial differential equation of first order and
is asked to be holomorphic on a domain D(0, 7)*\ © and to
be singular along the set ®. The class of functions in which
one can choose the coefficients a,,;(t,z, w) is quite large
since it contains meromorphic and multivalued holomorphic
functions in (¢, z) (see the example of Section 2.1).

In our setting, one cannot achieve the goal only dealing
with formal expansions involving the function X(t, z) like (2)
since the derivatives of X(t, z) with respect to ¢ or z cannot
be expressed only in terms of X(t, z). In order to get suitable
recursion formulas, it turns out that we need to deal with
series expansions that take into account all the derivatives of
X(t, z) with respect to z. For this reason, the construction of
the solutions will follow the one introduced in a recent work
of Tahara and will involve Banach spaces of holomorphic
functions with infinitely many variables.

In [16], Tahara introduced a new equivalence problem
connecting two given nonlinear partial differential equations
of first order in the complex domain. He showed that the
equivalence maps have to satisfy the so-called coupling
equations which are nonlinear partial differential equations
of first order but with infinitely many variables. It is worth-
while saying that within the framework of mathematical
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physics, spaces of functions of infinitely many variables play
a fundamental role in the study of nonlinear integrable
partial differential equations known as solitons equations as
described in the theory of Sato. See [17] for an introduction.

The layout of the paper is a follows. In a first step described
in Section 2.2, we construct formal series of the form

X (t,2) w®
Ut zw) =Y ¢, (t,z,(W)ogm) o O

a=0

solutions of some auxiliary nonhomogeneous integrodiffer-
ential equation (17) with polynomial coefficients in X(t, z).
The coefficients ¢,, « > 0, are holomorphic functions on
some polydisc in C*** that satisfy some differential recursion
(Proposition 2).

In Section 2.3, we establish a sequence of inequalities
for the modulus of the differentials of arbitrary order of the
functions ¢, denoted by ¢, . (,),.,., for all nonnegative
integers a,#y, 1,0, with 0 < h < « (Proposition 3). In
the next section, we construct a sequence of coeflicients
which is larger than the latter sequence

lyl/tx,no,f’ll ‘(lh)oghga

(P“’"O’"l’(lh)oghga = w‘x’no’nl)(lh)oghga (4)

for any nonnegative integers o, 1y, 1,0, with 0 < h < «
and whose generating formal series satisfies some integrod-
ifferential functional equation (51) that involves differential
operators with infinitely many variables (Propositions 5 and
6). The idea of considering recursions over the complete
family of derivatives and the use of majorant series which lead
to auxiliary Cauchy problems were already applied in former
papers by the authors of this work; see [14, 18-21].

In Section 3, we solve the functional equation (51) by
applying a fixed point argument in some Banach space of
formal series with infinitely many variables (Proposition 19).
The definition of these Banach spaces (Definition 7) is
inspired from formal series spaces introduced in our previous
work [14]. The core of the proof is based on continuity
properties of linear integrodifferential operators in infinitely
many variables explained in Section 3.1 and constitutes the
most technical part of the paper.

Finally, in Section 4, we prove the main result of our work.
Namely, we construct analytic functions Y (t, z, w), solutions
of (1) for the prescribed initial data, defined on sets K x
D(0,w) for any compact set K ¢ D(0, )%\ © with precise
bounds of exponential type in terms of the maximum value
of |X(t, z)| over K (Theorem 21). The proof puts together all
the constructions performed in the previous sections. More
precisely, for some specific choice of the nonhomogeneous
term in (17), a formal solution (3) of (17) gives rise to a
formal solution Y (t, z, w) of (1) with the given initial data that
can be written as the sum of the integral a;sU(t, z,w) and
a polynomial in w having the initial data ¢; as coefficients.
Owing to the fact that the generating series of the sequence
Vo U)oy SOLULION OF (51), belongs to the Banach spaces
mentioned above, we get estimates for the holomorphic
functions ¢, with precise bounds of exponential type in terms
of the radii of the polydiscs where they are defined; see
(196). As a result, the formal solution U(t, z, w) is actually
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convergent for w near the origin and for (¢, z) belonging to
any compact set of D(0, r) \ ®. Moreover, exponential bounds
are achieved; see (197). The same properties then hold for
Y(t, z,w).

2. Formal Series Solutions of Linear
Integrodifferential Equations

2.1. Some Nonlinear Partial Differential Equation. We con-
sider the following nonlinear partial differential equation:

d
0X(tz)=a(t,2)0,X(t2)+ » a,(t,2) X’ (t,2), (5)
p=0

where d > 2 is some integer and the coefficients a(t, z),
a,(t,z) are holomorphic functions on some polydisc
D(0,R")* ¢ C? such that a4(t, z) is not identically equal to
zero on D(0,R')%.

Notice that (5) can be solved by using the classical
method of characteristics which is described in some classical
textbooks like [22, page 118] or [23, page 100]. However, the
solutions of (5) cannot in general be expressed in closed
form. Nevertheless, we can mention some general results
concerning qualitative properties of holomorphic solutions
to (5) and even to more general first-order partial differential
equations of the form

Ou(t,x) =F(t,x,u(t x),0.u(t x)) (6)
for (t,x) € C x C" where F is some holomorphic function
and n > 1 an integer. For the construction of holomorphic
functions to (6) with singularities located on some specific
hypersurfaces (like {t = 0}), see [24, 25]. For the existence
of local multivalued holomorphic solutions ramified around
some singular sets, we may refer to [26, 27]. Concerning
the study of the analytic continuation of singular solutions
bounded on some hypersurface, we cite [28] and with
prescribed upper estimates, we quote [29, 30].

In this work, we make the assumption that (5) has a
holomorphic solution X(¢,z) on D(0, R')?* \ © where O is
some set of D(0,R")? (© will be called a singular set in the
sequel).

In the next example, we show that a large class of func-
tions can be obtained as solutions of equations of the form

(5).

Example 1. Letn > 1beanintegerandlet g : D(0,R')* — C
be a holomorphic function which is not identically equal to
zero. We consider

1
Ay (82) = ( .9 (t,2) = 0,9 (t, 2)) )
which defines a holomorphic function on D(0, R")?. Then, the
function X(t,z) = 1/(g(t, z))l/ " is a holomorphic solution of
the equation

0,X (t,2) = 0,X (t,2) + a,,, (t,2) X" (t,2) (8)

on D(0,R)* \ ©® where © is the singular set defined by
® = {(t,z) € D(0, R')z/g(t, z) € Ly} and Ly is some
half-line R, e with & € R depending on the choice of the
determination of the logarithm.

2.2. Composition Series. Let X be as in the previous subsec-
tion. In the following, we choose a compact subset K, with
nonempty interior of D(0,R)* \ © for some R < R’ and we
consider a real number p > 1 such that

‘0

sup |X(t,2)| < = )
(t,z)eK,

l\)

Let K ¢ K, be a compact set with nonempty interior Int(K).
From the Cauchy formula, there exists a real number v > 0
such that

X (t,2)
sup '—h| P (10)
t2)emtk) ~ hlY 2

for all integers h > 0. For all integers « > 0, we denote
I(ae) = {0,...,a}. We consider a sequence of functions
b (Vos V> (U ) e I(a)) which are holomorphic and bounded on
the polydisc D(0, R)ZHheI(“)D(O, p), foralla > 0.

We define the formal series in the w variable as

X (¢, o
= Z¢“ t,z,(#) w_ (11)
a0 hly hel ) *

For all « > 0, we consider a holomorphic and bound-
ed function @, (vy, vy, (U)pery) On the product D(O, R')?
},e1(00D(0, p). We define the formal series

_ _ X (t,2) w®
& (tzw) = ) 6, <t’ ” (h— )hdw) o W

U (t,z,w)

a0

Let & be a finite subset of N and let S > 1 be an integer which
satisfies the property that

S>k (13)

forallk € §. Forallk € &,m = 1,2,3, and all integers a > 0,
we define a function b, , (¢, z, ;) which is holomorphic on
D(0,R")?* x C and satisfies estimates of the following form.
There exist two constants D,,,, > 0, ﬁm)k > 0 and an integer
d,, . = 0 such that

sup b,

e (£ 25 4g)| < Dy yop™* D}, ! (14)
[t|<R',|z|<R’Juyl<p

for all « > 0, with all p > 1. In particular, each function
uy = b4t 2z, 1) is a polynomial of degree at most d,,,
for all (t,z) € D(0,R")*. Finally, for all k € &, m = 1,2,3, we
consider the series

(X
mk(t Z,u())w)_z m,k,x tZ’uO)_ (15)

a0

which define holomorphic functions on D(0, R x C x
D(0,w), forany 0 < w < 1/D\m)k.
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Proposition 2. Assume that the sequence of functions (¢y,) 0
satisfies the following recursion:

+by (2, X (t,2) , w) a;s+kU (t z, w))
P (VO’ V1 (uh)hel((x))

+ @ (t, z,w)
17)
ol
b ( ) for all (t,z) € Int(K), where 0)" denotes the m-iterate of the
Vs V15 U
- Z Z ks 170> 71> 70) usual integration operator Iow[-]d
keS oy +o,=at,0, 25—k al!
Proof. We have that
3y, B+ (Vor V1> (uh)hel(a2+k—s)) sk
x o] by (t, 2, X (t,2),w) 3" U (t, 2, w)
a, a (v, ) by jea, (1,2, X (£,2))
+ < Z T (L + 1) vy =2 )« ol
jel(oc2+k—s) L+lL=j 1 a0 \ o« +o,=a,0,>S—k
a "a, (vo, v h h
N Z 5 Oy (vor 1) Heies (b2 (dx @2 ), )
T e
P=0jg+-+j,=]j Jolvh a,!
P o
x 1_Il 1 J1> X w—
(x'
(18)
0y Py sre=s (Vor V1> (1) -
x gt ( ' helle vk S)) and we also see that
o,
b (o) by (t,2, X (t,2),w) 3,0,° U (t, z, w)
2k, \V0> V1> ¥0
D I e A
keS oy +a,=a,0,>S-k 1
b, (2, X(t,2))
0y, P +k-s (VO’ V1 (”h)hez(a +k—s)) - Z Z o 1 o !
% 1o > a0 \ o+ =a,0,>S-k 1
o,!
+ Z (j+1)vujp, ) )
et k-5) 0. ($ugeos (b2 (AX t2) ), )
X
“ auj¢az+k—s (Vo’ Vi (”h)hez(aerk_s)) !
a,!
le
+ Z Z bS,k,al (Vo""p”o) X o
keS a+o,=a,0,>5—k o (19)
" ¢az+k—S (VO’ Vi (”h)heI(aerk s)) with
a! X (t,z
~ o, <¢az+k—s <t’z’(%>
N @, (vo, Vi, (uh)hel(zx)) v hel(a, +k-S)
ol h
'X (t,z)
(16) = (av1 ¢a2+k—s) <t> z, (zhl—yh> >
foralla = 0, all vy, v, € D(O,R), all u, € D(0,p), for h € hel(ag +h-5)
) . . (20)
I(et). Then, the formal series U(t, z, w) satisfies the following X (t,2)
integrodifferential equation: + Z (j+1)» W (auj¢a2+k—8)
jeI( oy +k=S)
Ultz,w)= Y (b (62, X (:2),w) 3,0, U (t, 2, w)
kes

X(f (aQX(t,z)) )
s Zs —l’l >
+byy (b2 X (62),w) 0,05 U (¢, 2, w) WY et k-s)
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for all (¢, z) € Int(K). We also get that

by (6,2, X (t,2),w) 3,0, U (t, 2, w)

o bl,k,ocl (t,z, X (t,2))

!

=2 2

a0 \ o« +a,=a,a,25-k

o (¢a2+k—s (t’ z (a’;X (t,2) /h!vh)hel(aerka)))

o,!

X

w
X
.
(21
with
X (t,z)
e (225) )
t( " " heI(oy+k-S)
X (t,2)
ot (2252)
( " ) iyt hel(a,+k—S)
(22)

ata;'X (t,2)
+ z j!vj (auj¢a2+k—s>
jeI(oy+k=S)

X (t,z
(8L
hlv hel(a, +k-S)

for all (t,z) € Int(K). Now, from (5) and the classical
Schwarz’s result on equality of mixed partial derivatives, we
get that

0,0/X (t,z)
jlvi

~ agatX (t,z)
- jlvi

d
= ﬁag <a(t,z) 2.X(t2)+ Ya,(t,2) X (1, z)>,

p=0
(23)
and from the Leibniz formula, we can write
5
7 ]az (a(t,z)0,X (t,2))
dalt, o= X (t,
y M(lzﬂ) —(i)l
i hbh (I, + 1)1k
(24)
Y/ P
i (a, (1.2 X (1,2))
¥ ola, (t, z) » 01X (t,2)
ey Jolwlo M it

for all (t,z) € Int(K). Finally, gathering all the equalities
above and using the recursion (16), one gets the integrodif-
ferential equation (17). L]

2.3. Recursion for the Derivatives of the Functions ¢y, o = 0.
We consider a sequence of functions ¢, (vy, vy, () ner())> & 2
0, which are holomorphic and bounded on some polydisc
D(O,R)Zth(“)D(O, p) for some real numbers R > 0 and
p > 1 and which satisfy the equalities (16). We introduce the
sequence

Pongm, U here)

= sup
[vol<R,|vy |<R,|uy,|<p,hel(x)

30 Moo

Vo Vi

X ¢, (V0> Vi (uh)hel(oc))l
(25)

for all ny,n; = 0,alll, >0, h € I(x), for all « > 0. We define
also the following sequences:

b

m,k,o,m,1;5ly

— o 31 lo
- sup avo av1 au m,k,x (VO’ Vi ”o)' >

[vol<R,|v1 <R, |upl<p

Wo,ny,m, s(Uher(

= sup
[Vol<R,|v <R, |uy|<p,hel ()

X 0, (VO’ V15 (uh)hel(a))|

(26)
form=1,2,3and k € . We put
Aj (VO’ Vi (uh)hel(zxﬂ))
' a(vy,v
= z % (L + 1) vy,
Lih=j ! (27)

1=1%jp

(voo )
+Z z V1Ply;)0 1H

P=0 jot=+j,=j



B; (VO’ V> (”h)hez(a+1)) = (j+1) v, (28)

forall j € I(a), vy, v; € D(0,R"yand u;, € C, h € I(xx). We
define the sequences

30105115l pe (e

= sup
[vol<R|v; <R, |uy,|<p,hel(x)

I
o Mher(a)Os,

X Aj (Vo, Vi (uh)hel(a+1))| >

Pa no,np(lh Fountg i (h)pera)
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Bj,(x,no"h ’(lh)hel(oﬁ,l)

= sup
[Vol <Ry|vy|<R,|uy < p,hel ()

/
vll Hhel(a)a;h

X B] (VO’ Vs (uh)heI(oc+1))|
(29)

forall j € I(«), all ny,n; > 0,alll, > 0,h € I(a + 1), for all
> 0. We also recall the definition of the Kronecker symbol
0y which is equal to 0 if [ # 0 and equal to 1if [ = 0

Proposition 3. The sequence Pengny,
ing inequality:

(ere SOHISfies the follow-

noll’ll !Hhel(oc)lh!

DRDIEND)

KeS ay+og=a ng 1 +nga=npmy 1 +112=m ”0,1!”0,2!”1,1!”1,2!Hhe1(a)lh,1!lh,2!

28—k byt ,=l,hel(a)

bl ooy >Mo,1511,1 )10,1

!

) )

n,
jel(oy+k=S) no,1+m0,04n0,3=ng.n1,1+n1p4m 3=ny *0,1°

Ly Hp o+ 3 =1y, hel (o)

Lk, 1g,1,0,1500,1

a;!

X Hhe[(oc)\I(ochrk—SJrl)60,1;,,2 X

LDNDIEEED)

(P(xz +k=S,ng,+1,1; 5,

(h2 )hel(az +k=S)

Myer@nioy9os,, X

! Mheren 1, +k-590.,,

no!f’ll !HhGI(oc)lh!

LR R P IR § (x)lh 1 lh 2'lh 3:

HhEI(a)\{O} 80’1}:,1 X Aj""z +k=S+1,195,11 25 (2D her(ay +k-s+1)

Poty+k=Smg 31,313 Ihel(ay +k-S)i# joljat1

o] X HheI(a)\I((x2+k—S)5O,lh’3

nolnl !Hhel(a) lh'

keSS ar+ep=a ng1+nga=ngny1+ny 2=n1 no,l !nO,Z !nl,l !nl,Z!HhEI(lx) lh,l !lh,z!

28—k Iy +1 ,=l,,hel(a)

bZ,k,ocl Mg, 1115001

ol

) 2

Jj€I(oty+k—S) no,1+10,24m0,3=n0:n1,1 +11 241 3=
L1 o+ 3=l hel (o)

2,k,0015119,15111,100,1

ol

X Mper@n\ 1oy +k-5+1)00,,, %

Mherano%o4,, X

Pty k=810 2+ L2y sics)

o e 1@\ 1o +5-5)001,.,
!

no!nl !HhEI((x)lh!

Mher@ni0y904,, X Bjay tk-5+ 1m0

Poty+h=Smg 31,313 hel(ay +k-5)i# jpljs+1

10,1021 311 1 11y 511y 5 Mg oc)lh 1 lh 2'lh 3

lh,Z )hel(az +k—S+1)

o) X Mper@\i(a, 1k-5)%04,.,

nO!n1 !HhEI(DL) lh'

LDNDIEEED)

keSS ap+ep=a ng1+nga=ngny,1+ny 2=n1 no,l !nO,Z !nl,l !nl,Z!HhEI((x) lh,l !lh,z!

28—k Iy +l, ,=l,,hel(a)
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b3ak;0¢1 >n0,1’n1)1;lg,1 (Paz+k—s’n0,2’n1,2’(1h,2)he1 ap+k—S)

Myer@n 0y, X

! ! e 1@ 1(e, +5-5)001,,
w‘x’"o’nl’(lh)hel(a)
ol
foralla > 0, all ny,ny, 1, >0 for h € I(a). with
Proof. In order to get the inequality (30), we apply the
. . ] .
differential operator 0,°0;'IT;,¢ ()0, on the left and right gty a
hand side of the recursion (16) and we use the expansions that hel(a
are computed below.
From the Leibniz formula, we deduce that x (‘/’a2+k-s (VO’ Vi (Up) e a+k S)))
= 0,20, M e, 4k S)a ’
1y 1 I
av: avf e (oc)auhh X (¢Lx2+k7$ (Vo> Vi (uh)hel(zxz+kfs)))
X (b?a,k,ozl (vVo» V1> tg) Py +k-s (Vo> V1> (“h)hez(“ﬁkfs))) x Hhez(oc)\z(a2+k—5)5o,zh,2’
_ Z 7o' Thhettoo ! a”mannl—[hd a (bl,k,oc1 (V07V1:uo))
- 1o 105110 1110 5 e ri bt Ui
no,y oz =g +n=m 10,110,211 - 2 M per(ay b1 2
1+ =h,hel () = a:;,la:;,laff; by ks, (Vo V1o tho)
g1 1 1
X 0,10, " Hyerq) 0y (bS,k,rxl (Vo v1» ”o)) X Mperan0y%04,,
g5 1 I
x av(?’z av:’Z I—[hel(ot)aJ:l2
X (¢a2+k75 (Vo’ V1> (uh)heI(ochrka))) > with
1o 31 !
av: avl1 HhEI((x)auhh
a”o,z*lanl,z I, alh,z
()
X (bl,k,al (Vo> Vl’uo)av0¢a2+k—5 (Vo,Vp (uh)hel(uchrk 5))) " " uh
> 10111 Moo Iy X (@ayeies (Voo Vi (W )hereg vis))
. g1 o, 1 s T ran i ! _ et
”O’ILIT'IZ,,?Z::,'PI:;?(’;_)M 0,1-M0,2-71,1-M1,2- Uper(oytn,1-th2 =0, 0, Myera, 1k-s)
1
! X 0,7 (b, ks (Vo vi> (144) -
x a:;’la:f’lnhel(a)af,f (bl,k,tx1 (o> leuo)) o ( wr ( hel(e s)))
1,41y ] X Hper(an (e, +k-5)904, , -
% av(:),z av11,2 Hhel(a)alj:lz 2 h2

x (¢a2+k—8 (VO’ Vi (”h)hez(a2+k—8))) :

(31) By construction, we have

Moreover, we can write

A (VO’ Vi (”h)he[([x2+k—s+1))

Z ailla(VO’vl) (l + 1)71
l = — u
81’/‘:185‘11,1 Hhe[(oc)a;}’ll (b3,k,a1 (VO, Vis uo)) el ll 10 2 L+1
= gop aff(,)l bs oo, (Vor V1> 1) (32) (o)
+ Z Z 51” Ji
x I1 1 |y]0 =170
hel(@)\{0}90,],

P=0 jot++jp=j

(30)

(33)

(34)

(35)

(36)



forall j € I(a, + k —S). Again, by the Leibniz formula, we get
that

1y 1 )
av;)avll Hhé](a)auhh
X (b1,k,a1 (Vs V1> 1) A; (VO’ Vi (uh)hel(a2+k—s+1))

Xauj¢u2+k—s (Vo> Vi (uh)heI(a2+k—S)))

-3

70,1+710,2+10,3="0,11,1 +711,2+11,3=1]
Ly o+ 3 =1, hel (o)

( (nolnl!nhel(a)lh!)

X (ng11ng5'ng 310y 11y 510, 5!
-1
X Myerybu Una st )
a"ma"unhd a )1
x (bl,k,al (vo, Vp”o))
a”ozanlznhd a
X (Aj (VO’ Vi (uh)hel(a2+k—s+1)))
™ ano3an13 (th(“)h#]al 3) a]3+1
X ¢o¢2+k—s (VO’ Vi (uh)hel(oc2+k—s)) '

(37)

Inside the formula (37), we can rewrite the relations (34) and

a”“a””HheI(a)a A (VO’Vl’(uh)hEI(oc2+k—S+1))

I
= 0,220, Myserey k541 Orr”
(38)

X Aj (VO’ Vi (uh)hel(a2+k—s+1))

X Myt (e +k-s+1)004,,
with

0,20, (Hhez(a)h¢;alh3) aﬂﬂ
X ¢oc2+k—s (Vo’ Vi (uh)hel(ochrka))
= 0,0, (Hhel(a2+k S) h¢;alh3) aJSH (39)
X b vk (Vo V1> (uh)hel(ocz+k—s))

X Mpeg@\1(ay +k-5)001,.5-

Abstract and Applied Analysis
In the same way, one gets the following equalities:

an an1 e 8 (bz,k,ocl (Vo’ Vi ”0) avl

X ¢“2+k_5 (V0> Vi (uh)hel(uc2+k—5)))

n0!n1 !HhEI(a)lh!

g, 1 +1g.2=ng11 +n1 2=y 10,1 Ing,ny !nl,Z!HhEI(a)lh,l !lh,z!
b1+l =l hel () (40)

7.1 31 I,
X avf’lavll’lnhez(a)auhl (bZ,k,txl (Vo v1» ”0))

ang zanl 5+1 HI/LGI(“ alh

X (¢a2+k7$ (Vo’ V> (”h)hel(aﬁkfs)))

with the factorizations

anmanunhd a (l7z,k,ocl (Vo’Vl’uo))
= a:;)'la:ll'la,lf;l by ke, (vo> 1> 1) (41)
X Hhef(a)\{o}(so,lh,p
anoz an”+1nh€1 al
x (¢“2+k—5 (VO’ Vi (uh)hel(oc2+k—5)))

+1 '/
= a:;)z a:llm HhEI(oc2+k—S)a1:;2 (42)

X (¢“2+k—s (Vo> Vi (”h)he[(oc2+k—8)))

X Mper@\ (e, 1k-5)%01,,-

We recall that

Bj (VO’ V1 (uh)hEI(a2+k—S+1)) = (] + 1) VUi (43)

forall j € I(«, + k — S) and we deduce that

avo av Hhel(oc)auh ( 2,k,00, (VO’ Vi uO)
X Bj (VO’ V> (uh)hel(a2+k—5+1))
Xauj¢a2+k—s (V0> Vi (uh)th(az+k_S))>

Z ( (19! et

ng,1+10,2+10,3=n0,n1,1 11,2+ 3=n1
Iy o+ 3=, hel (o)

x (110,110,510 311 1 Imy 11 5!

-1
X Myeryln U2 lhs!) )
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X O[3 T 01
X (bz,k,al (vo» Vl’uo))
a”ozanlznhg ahz

X (Bj (VO’ Vi (uh)hEI(zx2+k—S+1)))

an03an13 (th(a h#Jal )ajg+1

uj

X o 1k-s (Vo’ Vi (uh)hel(a2+k—s)) :
(44)

Inside the formula (44), we can rewrite the relations (41) and

11, a3
070207 Ty 100y B (Vor V1o (heroy ks

— Ao2M2 Iz
- avo av1 HhEI(aZJrk—SJrl)auh

(45)
X B; ("0’ Vi (uh)hel(tx2+k—s+1))
X Mper@\i(a +k-s+1)001,,
with the factorization (39). L]

2.4. Majorant Series and a Functional Equation with Infinitely
Many Variables

Definition 4. One denotes by G[[Vy, V}, (Uy,)js0, W11 the
vector space of formal series in the variables Vi, V}, (U},)},50
and W of the form

¥ (Vor Vi (Up) g W)
W (46)

>

= Z‘I’ (VO’ Vp(Uh)heI(ot))

= ol
where ¥, € C[[Vy, V}, (Up)per(w!] for alla > 0.

We keep the notations of the previous section and we
introduce the following formal series:

Bm,k (VO’VI’UO’W)

V”o V"l U Woc
= K, R R
Q (VO, Vi (Un)sor W)

1, n l;,
_ z Y & Wiy U
om0 () rer(o) 1, ] n,! | hel(a) 7 l !

g1yl =0,hel (o)

(47)

9
form=1,2,3,allk € &, and
A],oc (VO’ Vl’ (Uh)héI(“))
s LA
= ettt here 5 1 hel()
.1yl >0,hel (o) I gl omy | LY’
(48)
B, (Vo’ Vi, (Uh)hg(“))
V”o V”l U;;h
= Z B](xng 1y, (lh)he[(zx)n_o| n,! hel(a) 7 1 I,

g1yl =0,hel (o)

forall @« > 0, all j € I(«). We also introduce the following
linear operators acting on G[[V;, V7, (U,) ;> W1I. Let

Dy (V0>V1> (Uh)h>0’ )

= Z < Z Aj,(x+1 (VO’VI’ (Uh)hel(zx+1))

a0 \ jel(x)

WOC
o!

>

x (an\IjC") (VO’ Vi, (Uh)hel(a)) >

(49)
DB\P (V()) V1> (Uh)hzo’ W)

= Z < Z Bj,zx+1 (VO’VI’(Uh)heI((xH))

az0 \ jel(x)

WOC

x (an‘{’a> (Vo Vi (Uh)hel(a)) > ol

ol

for al ¥ € G[[V,, V), Up)pso» W1I. We stress the fact that
although these operators act on G[[Vy, V}, (Uy,) 50, W1] their
image does not have to belong to this space.

Proposition 5. A formal series
¥ (Vor Vi (Up) s W)

n n 1
_ Z z V_“V IH Uy
= V/a,no,np(lh)hef(a) "y ] n, | hel(a) 7y l 1

a=0 \ ny,n;,l,>0,hel(x)

(50)
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satisfies the following functional equation:

¥ (Vor Vi (Up)spr W)

= Z (Bl,k (V0> Vi, Up, W) av_\/s+kavg‘{' (VO’ Vi, (Uh)hzo’ W)
kes

+ Bl,k (VO’ V1s Uo’ W) a‘:\}%k
X DA“I’ (VO’ 1> (Uh)h>0’ ))

+ 3 (Byy (Vi Vi U, W) 35 70y, ¥ (Vo Vi (U )0 W)
keSS

I//(X >1g>1 s lh)hel(a)

Abstract and Applied Analysis

+ BZ,k (VO’ Vl’ Uo’ W) a‘j\}g-'—k
X IDB“I” (V()> Vl) (Uh)hzo’ W))

+ ZB3J< (Vo Vi, Up, W) a;x§+k\{’ (VO’ Vi, (Uh)hgo’ W)
kes

+Q (VO,Vp (Uh)hzo’w>

(51)

if and only if its coefficients Yo . n, (1,),r0 SALISSY the following
recursion:

101, Mo Ly

=2 )2 )

keS§ artag=a ng+ngp=ng.ny,1+ny2=n
28—k 1, +l),,=ly,hel(x)

bl»k>"‘1’"o,1>”1,1>101 I S
0‘1 ! helI(e)\{0}*0, lhl

Ny 1 Ing,'ny !”1,2 !Hhel(zx)lh,l !lh,zl

l/’ocz +k—S’n0r2+1’n1:2’(lh:2)hel(zx2 )

o) Mher@n\ 1o +k-5)04,.,

rlo !nl !HhEI(oc) lh‘

) 2

j€I(ot, +k—S) m0,1+10,2+10,3=r0,m1,1 4111 2411 3=n Mo,1-

A /13 ()

bl oy >Mo,151 1 )lo 1

o !

Mher@n 001, X Aj

1//"‘2 +k=S,n93 ’”1,3’(1h>3)h61(4x2 +k=S),h j’l]',3 +1

M9!10,311 111 511 3 M e lhl lhz'lh3

Joatk=S+1,10 5,11 2,2 ner(ay +k-s+1)

X Mper@\ (e +k-s+1)%0,,, %

! X e g0\ 1o +k-5)001,.5

no!nl !Hhel(a)lh!

DI

1 ] 1, 1
KeS a1+ag=a ng1-+ngp=ngmy 1-+n1 =ny 10,1 Ing,lny 1 1ny, 'Hhel(a)lh,l -lh,z-

028-k I+l ,=1,,hel(e)

2,k,0015110,15711,15k0,1

o !

Mer@nio 9oy, X

Vo +k=$,0 2m 2+ LDy s

o] ettt +k-5)00,,,

10!y e o0 ly!

) 2

jeI(og+k—S) mo,1 0z +03=nom, 1+ 2+ 3=y 10,1 Mg 2110 311y 1 11y 2'”13'Hhel(a Uyi o1l 5!

Lpy+l o+ 3 =ly,hel (@)

b2)k)“1 Mo, 151,15k0,1

!

Myern0y00s,, X B

Yoy th=Sumg 3.y 5,03 Ihel(ay +k-s)h joljat1

Jroy th=S+1,ng5,m1 5, (1, 2)hel(a2+k —S+1)

x Hhe](a)\l(rx2+k—s+1)80,1;‘,2 X

o] X HheI(rx)\I(oc2+k—S)60,lh,3

nolnl !HhEI(a)lh!

DNDIEEED)

keS ay+ag=a ng+ngo=ng.ny 1 +ny2=n nO,l !”0,2 !nl,l !nl,z !HhEI(lx)lh,l 'lh,z'

28—k I+, =l,.hel(a)
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3.k015m0,15m1,15k0,1

o !

Woyy,m, U her

ol

foralla > 0, all ny,ny, 1, > 0 with h € I(«).

Proof. We proceed by identification of the coefficients
in the Taylor expansion with respect to the variables

Vo Vis (Up) per()» and W for all a > 0. By definition, we have
that

Bk (Vo Vi, Up, W) av_\/s+kavg‘y (Vo’ Vi, (Uh)h>0’ W)

=) D Coo W

a=0 ap+ay=a

a,>S—k

(53)

where the coefficients €} ., can be rewritten, using the
Kronecker symbol §, ,,,, in the form

by

S0 510,115l

1
oyl 0hell@) %10

h
X Tper(an 100 — 1

Ve v Uy
O ol gl IO T

Vo, +k=Simy+1,m, ety +k-s)

1
Hoatty dp=0,hel (1) &

h
X Wper@na, +k-5)00, ~ ol ,Hhel(oc) L,

AR U )
!

(54)

Hence,

1
0,00

_ Z Z bl»k""l 10,1511, 15k0,1
| | | |
111l =0,hel () \  70,1+70,2=n05m1,1+m1 2= &1:1,1:1 1 'HhEI(“)lhal :
Ly o=y, hel ()

X e oy,

Yoy k=804 10 2y i)
X

a!ng, !”1,2!Hhez(a)lh,2!

Meran\0)%04,, X

11
1//“2"'](_5»”0,2:nl,z’(lh,z)hel(a2+k s
, Wyerantia, +k-5)004,
a,! :
(52)
X Mher@\ (e, +5-5)%01,,
Moy A1 )
X VO OVI 1 HhEI(a) Uhh .
(55)
We also have that

Bk (Vo V1, Up, W) a;vSJrkDA‘P (Vo’ Vi, (Uh)hzo’ W)

=227

a>0 ap+ay=a
a,>S—k

(56)

0‘1 ‘xz
where the coefficients o, €N be rewritten in the form

ol
*Xp,0y

-y

bl,k,al,no,nl,lg

|
jeI(ay=S+k) \ 1o,y b, 20.hel(o) o
X Myer@n (0390,
AR Uff
X
no' Vl ' hEI((X l '

X Z A

o0 =Stk 105015l per(ay -s k1)
ng,1y,l20,hel (o)

X HheI((x)\I(ocz—S+k+l)80,lh

Ny y,M Ly
o Vo' Vv, Uh
1 ' hEI(lx l '
ny! m
y Vo, -S+hmom, sUWhertay-s+iy iz plit1
|
Hootty 20, hE T (00) &

X e r(n1(a,—s+k) 00y,

]
Voo Vi Uy

X
n0| n ' hEI(oc l '

(57)



Abstract and Applied Analysis

12
Therefore,
b
1k,ot;5m0 151 15
ol _ IOXT0,1M,15k0,1
Forws = D, D > I L ] 1 ker@\o)%4,,
je€I(o,—S+k) ng,ny,l,>0,hel(a) ng,1+10,2+1,3=ng,m1, 1 4y ptny 3=ny 010,141 A thel (o) th, 1t
L1+ o+ 3 =1, hel (o)
Ajﬂz*S*k*1»”0,2,”1,2,(1}1,2);,51(%,S+k+1) n s
hel(a)\I(ay—S+k+1)¥ 0,0,
19,211 5 e ln! : ?
(58)
« V/"‘z’s*k’”o,a’”1,3’(1;1,3);,51(«2—s+k>,h# phiatl s
hel(o)\I(a,~S+k)O0,],.
019 311y 3 e oo b 3! ’ ?
Moy 7M Iy
XVO Vl HhEI(zx)Uh
On the other hand, using similar computations we get Yy k002 Ll heriaysics
010511y 5 Mg g b !
—S+k
By (Vo V1, Up, W) 0y oy, ¥ (VO’ Vi, (Uh)hz()’ W)
(59)
= Z Z %il . w*, X Myer(eni(ay +k-5)00.,,
>0 oy +ag=a
a,>S—-k
Ny y A1 I
Where X VOOVI 1HhEI(¢x)Uhh'
(60)
2
1,00 W
e also have that
—S+k
b By (Vo Vi, Uy, W) 0y, "Dy ¥ (Vo’ Vi (Up)so0 W)
2,k,001,,1,11, 15001 2 N
= Z | | ITT ! = Z Z ga « W‘x’ (61)
ny,np,lE=0,hel(a) \  no,1+m0,2=10,m1,1+11,2=m1 1M 11 1 Uher()th,1 >0 @)t r2
Ly +l 2 =lp,hel (@) o, >S5k
X Hhel(uc)\{o}‘so,lh,1 where
a2 _ Z bz)k)‘xl)n(),l’nl,l)l(),l I S
o0, hel(a)\{0}¥0,1,
b ‘XI!nO,l!nl,I!HhGI(oc)lh,I! !

jEI(ay=S+k) \ ng.npul,20,hel(x) \  no,1+n0,2+m0,3=n0.m1,1 +11,2+11,3=n]
Lyl o+ 3=l he (@)

B a5tk 100 0002 pery ot
Mheran 1o -s+k+1)%04,.,

o2!1y !HhEI(xx) lh,zl
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X

Moy 71 I
XVO 0V1 ! HheI(a) Uhh N

~S+k
Bs (V0>V1’U0>W) awSJr \P(VO)Vl)(Uh)hzo»W) = Z Z %Zl,aZW“>

where

1,00

b,

’k’o‘l»"o,l BOW ’10,1

= ) 2

g1l 20,hel («) n0,1+10,2=10,11,1 +111,2=1]
Ly o =lp,hel(a)

alng, Iny !Hhel(a)lh,l !

X Myernioydos,,

lljocz +k=S,10. 55111 25l 2 )hEI(D(2 +hs)

o) !”0,2 !”1,2 !Hhel(a)lh,Z !
X Mher(ani(ay +k-5)004,,

X V(;lovlnl HhEI(Lx)ULh‘
(64)

Finally, gathering the expansions (55), (58), (60), and (62)
with (64) yields the result. O

Proposition 6. The  sequences — Qup n (13,00 14

Voo (ery SOV the following inequalities:

90%”0’”1’(1};);,51(“) < wa)nﬂ)nl)(lh)hgl(‘x) (65)

foralla >0, all ny,n, >0, alll, >0, h € I(x).

Proof. For o = 0, using the recursions (16) and (52), we get
that

Po,ngmyGnerey — PomomUhero) — ll/O)”O)”l’(lh)hel(o) (66)

for all ny,n;,l, > 0. By induction on « and using the
inequalities (30) together with the equalities (52), one gets the
result. O

13
V=St 503 pery -soipn s i+ s
hel(a)\I(a=S+k)¥ 0,0,
0‘2!”0,3!7"1,3!Hhe1(a)lh,3! : "
(62)
(63)

a0 o +ay=a
a,>S—k

3. Convergent Series Solutions
for a Functional Equation with
Infinitely Many Variables

3.1 Banach Spaces of Formal Series. Let p > 1 and 0,V ,V,
W, 8 > 0 be real numbers. For any given real number b > 1,
we define the sequences () = ZZ:O 1/(n+ l)b foralla > 0
and U, = 8/(h* + 1) forall h > 0.

Definition 7. Let « > 0 be an integer. One denotes by

Ep 0¥y e the vector space of formal series

¥ (Vo Vi (Un)perey)
Z Ve v
= w S ,(l) . —_—
Moyl 0,h€ (o) ot ol oy b (67)
Uy
X Mper(a) T
h-

that belong to C[[V}, V}, (Up,)pero]] such that the series

“‘I’ (VO> Vi, (Uh)hel(a) ) "p,zx,Vo,Vp(Uh)

hel(e)

wnﬂ’nl:(lh)hel(zx)
oty ly 20, (o) EXP (o1, (@) p) (68)

—ny—n —I,
Voo‘fl1 HhEI(a)Uh

(no +ny + Zhd(“) I, + oc)!

X

is convergent. One denotes also by G,y v @,),.,w) the
vector space of formal series
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v (Vo’ Vl’ (Uh)hzo’ W)
(69)
WO(
= Z‘I’“ (Vo,Vp (Uh)hel(oc)) o’
=0 '

where ¥, (Vy, Vi, (Up)er(o)) belong to E Vo T herce for all
« > 0, such that the series

||\I’ (VO> Vl’ (Uh)hzo’ W) 'l(p,vo,vp(ﬁh)hzn’w)

(70)

—a

= Z "\II‘X“p,(x,v())v])(ﬁh)hel(tx)W

a=0

is convergent. One checks that the space G,y v @,),... %)

equipped with the norm |-
space.

||( 2TV T o) 1S 2 Banach

In the next two propositions, we study norm estimates for
linear operators acting on the Banach spaces E PR

constructed above.

Unnere)

Proposition 8. Consider a formal series

b (VO’ Vl’ (Uh)heI(oc)>
N, n
=Y b o'W
No>1y» el(a
nomsohel@ o gt ! (71)
U

h
X Mhere 77
h .

which is absolutely convergent on the polydisc D(0,V;) x
D(0, V1) Xpe1(ayD(0,U},). One uses the notation

16| (‘70>‘_/1’ (Uh)heI(oc)>

-y

g1yl 20,hel (o)

vy vy
ng! ny! (72)

' b"o)'H USRS

—
U

X Hhel(a)ﬂ-
h .

Abstract and Applied Analysis

. Then, the

hel(x)

Let W(Vo, V5 (Up)nerw)) belong to EP>“’VO’V1>(Uh)
following inequality:

"b (VO, Vi, (Uh)hel(oc))

x¥ (VO, Vi, (Uh)hel(tx))”

Yoo Vo A PV oV i (Unher(a
<161 (Vo V1, (U,)

hel(a)

X ”“Ij (Vo> Vi, (Uh)hel(a))||p,a,Vo,V1,(Uh)heI(a>

(73)
holds.
Proof. Let
b4 (Vo’ Vis (Uh)hel(a))
Z v Ve vt
= MUhere) 35 | 49 1
Hosmiy by >0,hel(ct) o ol oy ! (74)
Uy
X Mhere 77y

whichbelongstoE, ¢ 3 ( - By definition, we have that

Upherta
o (Vo Vir U)ser)

x ¥ (Vo) Vi, (Uh)hGI(vc))|'p,a,‘70,vp(ﬁh)h€1(a)

= ) )

g1yl 20,hEI () |m0,1+10,2=10,m1,1 11,2511
Ly Hp o =lyhel(a)

( (19!1) e o1t

x (19, ng,'ny  ny !
X Wyeralnlna!)”
hel(o)tn,1 h2t

X
b”o,l RORY ’(lh,l )hel(a)

X
l//”o,z 11252 ner(a

1
X e —
exp (o1, () p)
—ny—n, —I
Vo Vi Ter@Uy

X .
(no +ny+ Zhd(“) I, + oc)!

(75)

We can give upper bounds for this latter expression
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16 (Vo Vi (Un)eren) ¥ (Vor Vi (Uh)he1<a>)||p,a,vo,vl,(

U nere

no !7’11 !HhEI((X)lh!

<y oy

1,11, 20,h€I(er) m0,1+10,2=10,m1,1+11,2=11
1 Hp =l hel (o)

My,2 !nl,Z!HhEI(a)lh,Z!

| 10,1501, ety | 501751,

o1y !Hhel((x)lh,l !

Lemma 9. For all integers o, ny, 1y 2 0, alll, > 0,all0 < ny, <
1y, all0 < nyy <ny,andall0 <1, <1 for h € I(), one has
that

101 ey ! (”0,2 T, + Zhe](oc) by + 0‘)!

Mo M2 Myerwlna! (1 + 1y + Yy In + )

(77)
Proof. For any integers a < b and « > 0, one has

(a+a) al
Gra) - B (78)

by using the factorization (a +«)! = (a+a)(a+a—1)---(a+
1)a!. Therefore, one gets the inequality

101 e oy by (”0,2 + 1+ Yherte o + “)!

1021 Mherbna! (g + 1y + Ypeqo In + @))!

(79)
101 M (o ! (”0,2 + 15+ D e lh,z)!

gty eyl o! (no + 1+ e lh)!

Now, from the identity (A + B)"o*™*Lhei@ = (A + B)"(A +
B)" X Ijyepo (A + B)" and the binomial formula, we deduce
that

ny !7’11 !HhGI((x)lh!

19,119,511 111y 5 !HhGI(tx)lh,l ”h,zl

(”0 + 1+ el lh)!

(”0,1 +n+ ZhEI(oc) lh,1)! (”o,z th, Tt Zhel(oc) lh,z)!
(80)

<

foralln, | +ny, = ny, ny y +ny, = ny, b +1;,, = I,. Therefore,
we deduce that

10111 M g oy ! (”0,2 + 155+ Yhere Ina + 0‘)!

M2 Mherwlna! (g + 1y + g In + @))!

(81)
g1 !Hhel(oc)lh,l !

(”0,1 tn,+ ZheI(oc) lh,1)!

<1,

and the lemma follows from the inequalities (79) and (81).
Finally, the inequality (73) follows from (76) and (77). [

I,
Vo ' Vi MUy, %

15
(”o,z + 1+ Yher( o + “)! >
(”0 + 1+ Yt In + “)!
— —I
” 1 V()O,2V1l,2 HheI(rx)U}?’z
192 252 her(a '
vttt exp (o1, (@) p) (mgy + 1y 5 + Yt I + @)1
(76)

Proposition 10. Let a, o' be integers such that o' > 0 and
o +l<a Let je I(a) and k € {0, 1}. One has that

"an\II (VO) Vi (Uh)hel((x’)) VoV i Unercer

. exp (—crp (((x - (x') [ + 1)b))

SeS (82)
U @-1+1)

X ”‘I" (VO’ Vi, (Uh)hel(ocl))“p,ot’,voavl)(ﬁh)hsl(a’) ’

“aVk\P (Vo, Vi, (Uh)hel(zx'))"p,oc,vo,vp(

Unnere)

3 exp (—ap (((x - (x') [ + 1)b))
- VI (o~ 1+ 1)

X ”\II (VO’ Vl’ (Uh)hd(a’))||p,(x’,vo,\71,(Uh)hg1(a'))
"\P (VO’ Vl’ (Uh)heI(“,))”p,a,vo,vl,(ﬁh)hel(a)

3 exp (—O'p ((oc - oc') /(e + I)b))
- Y (a—1+1)

X ”‘I’ (VO, Vi, (Uh)hel(«x’))“p,a’,VO,VI,(

(83)

(84)

Uh)hel(a’)

fOT all \P(VO) Vp (Uh)hel(oc')) € Ep,a’,vo,vp(

Uh)he](a’).

that we

hel(a)

PT’OOf. Let \I"(VO, Vl, (Uh)hel(a’)) € EP:“,=V0>V1,(U}.)

write in the form

v (VO’ Vi, (Uh)hel(oc’))

= > Ve,

(lh)hel(a’)
g1yl 20,hel (o)

Vv Uy

(85)

0
X Mperni@)do,, =7
1!
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By definition, we get that

”an\P (Vo’ V17 (Uh)hel(oc’))

Vo,V (U her(e)

» Vgt ety 1 ohet(@ntce) O, |
Hg,1yly >0,hel (o) exp (o7, (@) p)
—ny—n, —I,
% VO Vl HhEI(lx)Uh

(no 1+ Yper bt oc)!'
(86)

We give upper bounds for this latter expression

ay, ¥ (VO’VI’ (Un)
Jo

o
hel(e) PV o,V 1(Upher(a)

!
(no ++ Dperne i it 1+a )!

(no +ny + Zhd(a,) I, + oc)!

11951151, >0,hel (o) (

1
8 U;exp (ap (r, (@) =13, (o)) >

Voo U eraryps phi+1

exp (o7, (a') p)

—Ny—", =i+l
y VoV Hhel(a’),haerh Uj

(no +ny + Zhel(“,))wj I, + lj +1+ oc’)!
(87)

Lemma 11. One has
(no 1+ Yperaiyng jbn T+ 1+ oc')!
(no + 15+ Yery bn + oc)!
y 1
exp (ap (1, (@) =1, («')))

§ exp (—ap (((x - (x') [(x + l)b))
B e (a—1+1)

(88)

Proof. We notice that

rb(oc)—rb((x’) = Z !

>
S+ ) (a1

!
X —«x

(89)

and, with the help of (78), that for all integers a > 0,

(a+l+oc')! 1

< — . (90)
et a-1+1)

(a+a)!

The lemma follows.

We get that the inequality (82) follows from (87) together
with (88). Finally, using similar arguments, one gets also the
inequalities (83) and (84). O

Abstract and Applied Analysis

In the next two propositions, we study norm estimates for
linear operators acting on the Banach space G,z v, @,),...)-

Proposition 12. Let a formal series b(Vy, V,, Uy, W) € C[[V,,
Vi,Uyp, W1l be absolutely convergent on the polydisc
D(0,V,) x D(0,V,) x D(0,U,) x D(,W). Let ¥(V,,
Vi Uplnso W) belong to G, 7, @,),..w)- 1hen, the pro-
duct  b(Vy, V;, Uy, WY (Vy, Vi, (Up)js0s W) belongs  to
G (o7, V1. O o) 41 the following inequality:

[o (Vo Vi, U W) (V0 Vi Widiog W) 5,5, 00,0

< bl (Vo V1, Up, W)

X ”\I’ (VO’ Vi, (Uh)hzo’ W)"(p,vo,vp(ah)hzo’w)

1)
holds.
Proof. Let
W(X
b (Vo, V1, Up, W) = Zb(x (Vo VixUp) VI
a0 o
¥ (Vo Vi (Up)sgr W) (92)
W(X
= Z\Pa (VO’VI’ (Uh)hg((x)) ?'
a0 :
By definition, we get

o (Voo Vi Ups W) ¥ (Vi Vi (U)o W )| T T T

b, (Vo Vi Uy)

-y

az0 || & tay=a 061!
y Y, (Vo,Vp (Uh)hel(rxz)) W
o,! T T T
PV o,V 1,(Up)per(a

(93)
Lemma 13. One has

”bozl (Voa Vp UO) \I’[xz (Vo> V1> (Uh)hd(“?))“P%Voyp(ﬁh)hem)

<22, | (70,7, T0)

X ||‘I’0‘2 (Vo) Vi, (Uh)hGI(Oéz))||p,o<2,vo,v1;(6h)h€l(az).

(94)
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Proof. We can write

bocl (Vo V1, Up)

-y

o101l
g1yl 20,hel (o)
Ny AN I
X Iyeranjo}Soy EE hel U_h)
eIl(a)\{0}¥0,], n! ny! €l(a) lh!
(95)
Yo, (Voo Vi Un)herey))
= Z W“Z*”O’”l'(lh)hel(az) 1_Ih‘EI(OC)\I(sz)
g1yl 20,hel (o)
n n I,
Vo v U

-0 1 _h
Oty ol g @
By remembering (73) of Proposition 8, we deduce that

[, (Vs Vi Ug) o, (Voo Vi (Uh)heuaz))|',,,a,vﬂyl,@)h€,(a)

<[t | (7 72.T0)

Waz gyl )hel(az )

X
Hgsyly20shel (o) exp (o7, (@) p)

—Hg—h —I,
Vo'V, ' e 1aUn

(no +ny + Zhel(%) I, + oc)!

X

(96)
Lemma 14. One has
1
(no +ny + Zhd(az) I, + oc)!
(97)
s !
ol (”o + 1y + Yperay In + 0‘2)!
Proof. We write
1
(no +n, + Zhd(%) I, + oc)!
B (”o +n + Zhe](az) by + “2)! 1
(”lo +n + Zhe[(%) b+ ‘X)! (”0 +n+ Zhe](az) by + “2)!
(98)
and we use the inequality
+a,)! !
ara) ol (99)

@a+a) o

17

forall« = «; +«, and all a € N which follows from (78). This
yields the lemma.

Using the fact that exp(or,(«)p) > exp(or,(a,)p) and
gathering the inequalities (96) and (97) yield (94).

Finally, using (93) with (94), one gets

6 (Vo Vi, U, W)

x¥ (Vo) Vi (Uh)hzo’ W)"(p,VU,Vp(Uh)hsz)

o !

3 ¥

a>0 \ &+, =a

X "\Paz (VO,VP (Uh)hel(az))||p,a2,V0,V1,(Uh)hez(a2)>

xW"
(100)
from which the inequality (91) follows. O

Proposition 15. (1) Let S, k > 0 be integers such that

S>k+1+max(b(d+2)+3,d+1+b(d+d; +1)).
(101)

Then, there exists a constant Cg; > 0 (which is independent of
p > 1) such that

”Bl,k (Vo V1, Up, W) ax_A/S+k

X DA\P (V()) Vi, (Uh)hzo’ W)"(p,vo,vl,(ﬁh)hzorw)

(102)
—S-k
<Cg W
% “\P (VO’ Vl ’ (Uh)hzo’ W)“(P’VO’VD(U};)PAZO)W)
fOT’ all \P(VO, Vl) (Uh)h20> W) € G(P’Vo’vp(ﬁh)hzo’w)'
(2) Let S, k > 0 be integers such that
S>k+3+b(2+d,yy). (103)

Then, there exists a constant Cg, > 0 (which is independent of
p > 1) such that

“Bz,k (Vo, V1, Up, W) aljvSJrk

X DB\P (VO’ Vl’ (Uh)hzo’ W)"(P’Vo’vp(ah)hzo’w)
o (104)
< Cg,W

X “\I’ (VO’ Vi, (Uh)hzo’ W)”(p,vo,vp(ah)hzo’w)

fOT all \P(VO, Vl, (Uh)hzo’ W) € G(P’Vo’vl’(Uh)hzo’W)'

Proof. (1) We show the first inequality (102). We expand

o

w
Bk (Vo’ Vi Ups W) = ZBl,k,oc (VO’ Vis Uo)

- (105)
a>0 «!

By definition, we have
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1Bk (Voo Vi, Up, W) 37D, W (Vi Vi, (U,)

B Vs, Vi, U,
ol l,k,al( 0 Vi-Uj) ><< Z
o ! )
1 j€I(o,—S+k)

-3

a>0

2

&)+, =a,0,>5—k

"Bl,k (Vo V1, U, W) av_\/SJrkDAT (Vo> Vis (Uh)hz()’

[Bika| (Vo V1, Us)

|
a0 \ «+a,=a,0,>S—-k o

jeI(ay—S+k)

In the next lemma, we give estimates for the coefficients of the
series A, and [By ;|-

Lemma 16. (1) The coefficients of the Taylor series of

Wl
h=0° (P.V,V1,(Up)ps0sW)

Aj,az—S+k+1 (VO’ Vl’ (Uh)hEI(ocz—S+k+l))

Abstract and Applied Analysis

o,!
—a
X (an\szz—S+k) (Vo)Vv (Uh)hel(ocz—s+k)) w.
P:"%Vo >V1 x(ﬁh)hel(a)
(106)
Now, using Lemma 13, we deduce that
W) “ (PVoV1.UppzosW)
(107)
X Z Aj,ocfs+k+1 (VO’ Vis (Uh)hel(ocz—s+k+1))
—a
X (an\Pocz—SHc) (Vo Vi, (Uh)hel(acz—s+k)) :
Py :Vo )Vl )(Uh )heI(:xz)
+(d +1) max a,(p + S)dgjd (o, - S+ k)>
0<p<d
% (6n0+"1 +Zhe1(a2—s+k+l) Iy )_1
(109)

Aj,ocz—s+k+1 (VO’ Vl ’ (Uh)hel(az—s+k+1))

Aj,oc2 ~S+k+1 (VO’ Vis (Uh)hel(oc2 —~S+k+1) )

= Z A

Joa=S+k+1,19,11, (I Dner(ay —s+ke1)
ng,1p5l,=0,hel (o, —S+k+1)

(108)

Ny 1 I,
% V() Vl I Uh
PR heI(ocz—S+k+1)l_,
0° 1 h*

satisfy the next estimates. There exist constants a,§ > 0, with
8>9,a,>0,0<p<d suchthat

A

o0 =S4kt 1,110,115l pe oy -sk1)

1olmy !Hhez(a2—5+k+1) !

s(av(a2—8+k+1)2(p+6)

foralla, > S—k,all j € I(ay = S + k), all ny,ny;, 1, >0,
hel(y—S+k+1) where P is defined in (115).
(2) The coefficients of the Taylor series of |Byjq |(V, V7,
U,)
[Bias | (Vo V1. Uo)
‘—/(V)lo ‘—/’111 Ui;] (110)
= Z bl,k,ocl,no,nl,lg 71_0'”_1'10_'

71g,111,lp =0

satisfy the following inequalities. There exist constants 8 > 5,
Dl,k’ Dl,k > 0 with

Dyi(p+8)" oy 1D,

Srotmitly

Lk,oy,mg,m1,0y

(11)

nglng !

foralla; >0, all ny,n;, 1, = 0.
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Proof. We first treat the estimates for A;,. From the Cauchy
formula in several variables, one can write

I}
(3700 Me ray-s1es1y 0t A § (Vo vis (1) era,-sokeny))

-1
X (no!nl!Hhel(ocz—s+k+1)lh!)

1 o, —S+k+4
- ()

X J- J Hper(a,-sik+1)
Clp:d) JC,.0)

X jc(uh)g) A] (XO) X1 (Eh)hg[(az,SJrkJrl))

X ( (dXod)ﬁ HheI(zxz—S+k+1)dEh)
x ((Xo - Vo)nOH(Xl - Vl)nlﬂ

41\
X Myer(ay-seirny (§n = )" )
(112)

for all |[vo]l < R, [vy| < R |luyl < p,h € I(ay, — S+ k+ 1)
and j € I(a, — S + k) where R is introduced in Section 2.2.
The integration is made along positively oriented circles with
radius 8 > 0, C(v,,8),C(v;,6) and C(uy,,0) for h € I(a, —
S + k + 1). We choose the real number § > 8 in such a way
that R+ 6 < R’ where R’ is defined in Section 2.1 and & at the
beginning of Section 3.1. Now, since the functions a(yy, x;)
and a,(xo, x,) are holomorphic on D(0, R')?, the number v >
0 (see (10)) can be chosen large enough such that there exist
real numbers a,a, > 0, for 0 < p < d, with

!
aX‘la (X0 11)
sup S| <a,
ol <R+8,lx; <R +8 e
(113)
I
a)?lap (X()’ Xl)
sup || <y
o <R+8, |, [<R+d Iy!v'o

for all [;,1; > 0. We recall also that for any integers k,n > 1,

the number of tuples (b, ..., b,) € N* such that b, + - +b. =n
is (n+ k — 1)!/((k — 1)!n!). From these latter statements and
the definition of A ; given by (27), we deduce that

|Aj (Xm X1 (Eh)hel(ocz—s+k+1))|
<av(j+1) (p+9) (114)

+(d+1) max a,(p+8)' 2, (j)

(since p > 1), where

Pa(j) = C=m G+ ) (115)
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is a polynomial of degree d in j with positive coeflicients, for
all [xol < R+38, [x1l <R+, 18, < p+8,hel(a,-S+k+1)
and j € I(a, — S + k). Gathering (112) and (114) yields (109).

Again, from the Cauchy formula in several variables, one
can write

I
0,00, 0, by g, (Vo V1> 1)

Vo V1 U

nglng ;!

l 3
- (E)
x J J J bl,k,le (Xo> X1%0)
Clvyd) JC,,0) Jcwy,6)

x ((drodnidt,)
x ((Xo - Vo)n0+1(X1 - Vl)nlﬂ

% (50 _ uo)loﬂ)—l)
(116)

forall [vy| < R, [v;] < R, luy| < p. Again, one chooses the real

number 8 > 8 in such a way that R + 8 < R". By construction
of by ., in Section 2.2, we know that there exist two constants

Dy 51,k > 0 such that

d, =~
|b1,k,oc1 (XO’XI’EO). < Dl,k(p +9) ’k‘xl!Dl,k 117)

forall o > 0,all [xo| < R+ 6, x| < R+6,1§] < p+3d.
Gathering (116) and (117) yields (111).
From (111), we deduce that

[Bia,| (Vo V1. Us)

o !

e (118)
Dy i(p +8)™ Dy

" (1= (Vo/)) (1= (7,/0)) (1 - (To/e))

On the other hand, from Proposition 8, we deduce that

14 e-seier (Voo Vi (Un)neriey sikeny)
x (an \Ptxz—S+k)

X (V()’ Vl > (Uh)hEI((XZ—S+k) ) ||p,oc2 ,VO ’Vl ’(ﬁh )hel(az)

s 'Ai’az—5+k+1| (‘70"71’ (Uh)hEI(rxz—S+k+l))
X " (an\P“fS+k)

X (Vo’ Vi, (Uh)hez(a2—3+k))'l VoV Thery

(119)
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From (109), we deduce that

o ko4
|Aj,a2—s+k+1| (VO’ Vl’ (Uh)hez(aferkﬂ))

2
s(av(ocz—S+k+1)2(p+8)+(d+1) =<<av((x2—8+k+1) (p+0)+(@d+1)

a 8) Py (ay - S k>
X Or?pag);ap(p+6) Pi(a, —S+k)> (120) x J?pag);ap(p+ ) Py =S+k)

7 -1

lry 124
%))
o b
X Uper(a,-stk+1) (1 - %)) " €xXp (_UP ((S — k) /(ay +1) ))

1
5+ (a, -1+ 1) 5

for all j € I(e, — S + k). Now, from the definition of U, = (o =S+k+1)
o/ (hh + 1), where b > 1, we know that there exists ¥ > 0 such
that

x((ocz—S+k)b+1).

U
Myer(q) (1 - Fh)

for all « > 0. From Proposition 10, we have that

> K

Now, we recall the following classical estimates. Let §,m,,
(121)  m, > 0 be positive real numbers, and then

my
sup(x + &)™ exp (-m,x) < (—1) exp (-m,) exp (6m,)
x>0 m,
” (an\PlefSJrk) (VO’ Vl’ (Uh)hej((xzferk))

(125)
P2V o,V 1 (Unner(ay)

holds. Hence,
< exp (—ap ((S —k) /(o + 1)b>)

(p+&)hed
6]-1'[?:’1’"1 (e, —1+1)
<
X ||\Pocrs+k

<<av(a2 —S+k+ 1) (0 + )70
X (Vo, Vi (Uh)hel(afs%) ) " P =S+k Vo,V 1 (U her(eg—sik) (
(122)

Collecting the estimates (120), (121), and (122), we get from
(119) that

1+d,
SISHIERY exp(%(s_k))>

b(d+d, ;)
+| d+1) maxa,P;(a, —S+k)(ay+1) "
Aj)‘xz’s*kJrl (VO’ Vl’ (Uh)hej(azfsﬁLkJrl)) ( 0<p<d P
jeI(ay—S+k)

d+d
rhyontr ) exp (80 (S - k)))

_ _ -1
VO Vl
X 1-—J{1-— )«
N ((-3)(-%)) )
p,az,VO,Vl,(Uh)heI(zxz)
<y,

(a, -S+k+1 ((a2—8+k)b+1>
X =
ST F1 (a, — 1+ 1)
X .|\Pa2—5+k = ?

X (auj‘yaz—erk) % (

X (Vo’ Vi, (Uh)hel(ocz—s+k))

(126)
X (Vo’ Vl > (Uh)hel(a2—5+k) ) ||P’0‘2_S+k)vo’vl’(Uh)hel(az—sﬂc) ’

Under the assumptions (101), one gets a constant Cg; > 0
(123)

(depending on a, maXyc gy 8,8,b,d, d ;> 0,78, k, &,
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V,, V) such that

(127)

"Bl,k (Vo V1, Up, W) a;vSJrkDA‘{’ (VO’ Vi, (Up)

21

forall p > 0, all «, > S — k. Finally, gathering (107), (118),
(123), and (127), one gets that

1179)] PR———
h=0° ) (P)V(])Vp(Uh)hZo)W)

=y

3 s Du

a>0

xCy1 | ¥k (Voo Vi (U | o
st ¥er-srt (Voo Vi Undiero,-s1 P =Stk VoV 1O hertey-s1iy

—a, +o,—S+k—S—-k

x W w

68‘1D1,k

B (N () [ (e G [ E G e

(128)

(1= (Vo/8)) (1= (v1/8)) (1 - (Uo/8)) (1 - DixW)

provided that V, < 8, V, < §,U, < §,and W < 1/Dy,
which yields (102).

(2) Now, we turn towards the estimates (104) which will
follow from the same arguments as in (1). Using Lemma 13,
we get that

"BZ,k (Vo, Vl: UO’ W) a‘j\}%k
X [DB\P (Voa Vl’ (Uh)hzo’ W)"(P,Vo,vl,(ﬁh)hzo’w)

|Bz,k,¢>¢l | (‘70> ‘_/1 > 60)

ol

3 s

az0 \ a;+o,=a,0>S-k

Jp

jeI(ay—S+k)

Bj,tx278+k+l (Vo’ Vis (Uh)h61(zxrs+k+1))
x (an \Pocz—s+k)

X (Vo’ Vi, (Uh)heI(ocz—S+k))

P2 VoV 1 Uner(ay)

xXW.
(129)

In the next lemma, we give estimates for the coeflicients of the
series B, , and |B, -

X Ws_k“\}/ (Vo’ Vi, (Uh)hZO’ W)”(P,Vo’vl’(ﬁ")hzo’w)

Lemma 17. (1) The coefficients of the Taylor series of
Bj,a2—8+k+1 (VO’ Vl’ (Uh)hel(ocz—s+k+1))

Bj,ocz—s+k+1 (VO’ Vis (Uh)hel(az—s+k+l))

= Z B

gyl 20,hel(ay—S+k+1)

o0t =Stk 10510 per oy stk

(130)

oy 1 Iy
VO Vl Uh

n()! ”1! hel(o,—S+k+1) lh!

satisfy the next estimates. There exist a constant § > 0, with
0 > 0 such that
B

js0o=S+k+ 1,015 e (o -ske1)

10! M@, —sks1) !

(131)

- v(,-S+k+1)(p+0)

5”0 +1ny +Zh€1(1x2 —S+k+1) lh

forallay, > S—k,all j € I(ay =S + k), all ny,ny;, 1, >0,
helle,-S+k+1).
(2) The coefficients of the Taylor series of |B, . |(V, V7,
Uo)
[Bosa, | (Vo V1, U
‘_/go V'lll ﬁi)o (132)
= Z b2,k,zx1,n0,n1,l0 _I_l_l
ny! ny! !

71g>111,lg =0

satisfy the following inequalities. There exist constants & > 0,
D2,k’ Dz,k >0 Wlth

by

nglng !

D, (p +8) ™0, Dg,

Sttty

)k,al >Hg>1y :lo

(133)

foralla; >0, all ny,n;, 1y = 0.
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Proof. (1) From the Cauchy formula in several variables, one
can check that

1y 1 I,
(avo0 avll HhEI(aZ—SJrkJrl)auh

><Bj (Vo’ Vi (uh)hel(az—s+k+1)>)

-1
X (”O!nl!Hhel(az—s+k+1)lh!)

1 \* —S+k+4
- (3)

X 11 B
JC(VO,6) JC(VI,S) hel(o,—S+k+1) (134)

X Jc(uh’s) B] (XO: X1> (Eh)hEI(a2—5+k+1))

X < (dXod)ﬁHhez(afswﬂ)dfh)

ny+1 n+1

X ((Xo =) (X1 — 1)

L+1\"1
X peo,-sken)(&n = up)" ) )

forall [vy| < R, |v;| < R, luyl < p,h € I(a; =S + k + 1), and
j € I(a, — S + k). We choose the real number § > § in such a
way that R+ & < R'. From the definition given in (28), we get
that

|Bf (XO’ X (Eh)hel(cxz—s+k+1))| <V (] + 1) (P + 8) (135)

forall |x,| < R+6, |x;| < R+6,1&,| < p+8,h € I(a,—S+k+1),

and j € I(a, — S + k). Gathering (134) and (135) yields (131).
(2) The proof is exactly the same as (2) in Lemma 16.
From (133), we deduce that

[Bosa| (Vo V1, Us)

o !

e (136)
D, (p +8)™ D,

" (1= (70/0)) (1 - (V,19)) (1 - ([0l0))

Using Propositions 8 and 10, we deduce that

Bj,ocz—s+k+1 (VO’ Vi, (Uh)hel(ocz—s+k+l))
jeI(a,—S+k)

X (an \Pocz —S+k)

X (VOs Vi, (Uh)heI(az—S+k))

P92,V o,V 1 (Unner(ay)
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< ‘%jp,ocz

x ||\Ij0t2 ~S+k

x (Vo Vi, (U )|| o
0> 1’( h)hel(a2—5+k) p,az—s+k,V0,V1,(Uh)hd(,,,z,s+k)’

(137)
where
5 - v(ay—S+k+1)(p+9)
ity (1 _ (VO/(;)) (1 - (71/6)) K
exp (—Up ((S—k)/(‘xz + l)h)) (138)
X

Hlsz‘lk‘1 (ay =1+1)

1 b
xg(ocz—s+k+1)<(oc2—8+k) +1)

and where « is introduced in (121). Using the estimates (125),
we get

(p+ )™ B,

< <<v(oc2 —Stk+1) (o + 1)

D (1+d 1+dy
x(exp(cr(;(— 5 Z’k)> o wG(S_k”)

(56500

(062—S+k+1)((0c2—S+k)b+1)
Yoy —1+1) .

(139)

Under the assumptions (103), one gets a constant Cg, > 0
(depending on 8,6,b,d, 4, 0,7, S, k,x,V,, V) such that

(p+8)B,, <Ci, (140)
forall p > 0, all @, > S — k. Finally, gathering (129), (136),
(137), and (140), we get (104). O

Proposition 18. (1) Let S, k > 0 be integers such that
S>k+1+bmax(dydyy). (141)

Then, for m € {0, 1}, there exists a constant Cy > 0 (which is
independent of p > 1) such that

[Bor (Vo Vi U, W) 0370,

x¥ (VO’ Vl’ (Uh)hZO’ W)||(p,\70,vl,(ﬁh)hzo’w)

. (142)
< CoW

X “\I’ (VO’ Vi, (Uh)hzo’ W)”(p,vo,vl»(ﬁh)hzo'w)
Jor all ¥(Vo, Vi (Upiz0: W) € G5, ¥, 00
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(2) Let S, k > 0 be integers such that

S >k+bd,,. (143)

Then, there exists a constant Cq | > 0 (which is independent of
p > 1) such that

|Bsc (Voo Vi, U, W) 03

x¥ (Vo, Vi, (Uh)hzo’ W) '|(p,V0,\71,(@.)hzo,W)

(144)
—S—k
<Cy W

X 'l\P (Vo; Vl’ (Uh)h20’ W) “(p,vo,vp(ﬁh)hzo’w)

fOT all \P(VO, Vl) (Uh)hzo’ W) e G(p,Vo,Vp(Uh)hzoW)‘

Proof. (1) We expand
th
B (Voo Vis U W) = ZBm+1,k,ac (Vo V1, Uj) o (145)
=0 :

By definition, we have
~S+k
“Bm+l,k (Vo V1, Uy, W) 80y,

x¥ (VO’ V] > (Uh)hzo’ W)"(p,vo,vp(ﬁh)hzo’w)

Bm+1,k,0¢1 (VO’ Vl > UO)

ol
ol

)

a>0

0, =00, >S—k

x ((3y, ¥y sk (146)

X ( Vo, Vi, (Uh)hel(fxz—s+k))

X (“2!)71)

PV V1 (Unera
x W
Now, using Lemma 13, we deduce that
—S+k
||Bm+1,k (Vo Vi, Uy, W) 0y 0y,

x ¥ (V()a Vl’ (Uh)hzo’ W)"(p,vo,vl’(ﬁh)hzww)

|Bm+1,k,oc1 | (‘_/0’ ‘_/1 > 60)

a;!

3 s

a0 \ o) +a,=a,0,>S—k

x| (0, e, -5

x (Vo, Vi, (Uh)hel(ocz—s+k))|' VoV 1 Onerey )

—

xXW-.
(147)
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From Proposition 10, we know that
(0, ¥a, -s1x)
% (Vor Vis (Un ey -s)| P70 O icry
_ew (~op (5= /(@ +1)"))
T VI (g -1 +1)
-
x (Voo Vi Un)hera-sei ) “ P =Stk VoV O eray-seiy
(148)

From (118), (136), (147), and (148), we get that
~S+k
“Bm+1,k (Vo Vi, Up, W) 3y, dy,

XV (VO’ Vi, (Uh)hzo’ W)"(p,vo,vp(ﬁh)hzmw)

=a,
< Z Z Dm+1,k x %Pytxz
o o, =00, >S—k

a=0

X ||\Poc2—S+k

x(Vy, Vi, (U, ) _
( 0> 1,( h)heI(az—S+k) =S+ VoV LU peray-si)

o (149)
where
% = D,y k(p + S)dmﬂ’k
o (= (7a0)) (1~ (7,10)) (1 (0)
(150)

b
exp (—op ((S —k) /(e +1) ))
X — .
VI (o, =1+ 1)
Using the estimates (125), we deduce that
€

P
D1 (A1 €30 (-1) [0 (S = k)™ exp (80 (S - K))

(1-(Vo/8)) (1 (v1/8)) (1 - (To/9))

(“z + 1)bdm+1,k
V55 (o ~ 1+ 1)

(151)

Under the assumption (141), we get a constant Cy >
0 (depending on D, 1, d,11 4 S, k, 6,0,V , V,Uy, b) such
that

@0, < Co (152)

forall p > 1, all o, > S — k. Finally, collecting (149) and (152),
we get
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“Bm+1,k (Vo V1, Up, W) a;vSJrkan‘{’(Vo’ Vi (Unhsos W)"(P,Vo

3 s

az0 \ o +o,=a,0,>S—k

C, — Sk
=———W |¥(V,,V},(U)
1- Dm+1,k || (
which yields (142).
(2) We expand
W[X
By (Vo, Vi, Up, W) = ZB3,k,¢x (Vo V1, Up) o (154)
a>0 :
By definition, we have
—S+k
”33,k (Vo, V1, Up, W) Oy
x ¥ (Vo> Vi, (Uh)hzo’ W) 'l(P:VU’le(ﬁh)hzo)W)
_ Z OC'B3,k,oc1 (V07V1’U0)
a0 ||, +o,=a,0,>S—k !
(155)

X ((\Paz—s+k (V(), Vl’ (Uh)hel(ocz—s+k))

x (0‘2!)71)

PV oV 15(Un)neren

xW .

Now, using Lemma 13, we deduce that

||B3,k (Vo, Vi, Up, W) av_\;wc

x ¥ (V(): Vlr (Uh)hzo’ W)"(p,vo)vp(ah)hzww)

By | (Vo V1. Uo)

ol

3 s

az0 \ o+, =a,0,>8—k

X “‘I’

a,—S+k

X (Vo) Vl’ (Uh)hEI(zxz—S+k))'lp,ocz,vg,vl,(ﬁh)hez(az)>

XW.
(156)

5$+1,k X 69||\I'ocfs+k (Vo’ Vi, (Uh)hez(af&k))”
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ViUnsoW)

o Wocl +at, _S+kWS_k
Py —=S+k,V,Vy ’(Uh)heI(ocz —S+k) (153)

T
h=0° (P:Vo WV )(Uh)hzg W)

From Proposition 10, we know that

“‘Paz—erk(Vo, Vi, (Uh)hel(a2—5+k) “ P02V o V1O neray)

< exp (—op ((S —k) /(e + l)b>)

- 5K (o, = 1+1)

x “\Pvcz—SHc

X (Vo> Vis (Uh)hel(a2—8+k))|| Py —S+k,V o,V

Unnel(ay-stk)

(157)

On the other hand, the coefficients of the Taylor series of
|BS,k,¢x1 |(V()7 Vl) UO)

|B3,k,¢x, | (Vo’ Vi, Uo)

‘_/’(’)‘0 ‘7';11 63} (158)

= b
3,k,01,10,m7,l) | | |
roT0 ny! my! !

satisfy the following inequalities. There exist constants & > 9,
D5, Dy > 0 with

Dy(p + 6)d3’k0‘1 '5‘?,(

bS,k,ocl,nO,nl,lo <
Stotm+l

(159)

nglng !

for all oy > 0, all ny,m;,l, = 0. The proof copies (2) from
Lemma 16. From (159), we deduce that

|B3,k,o¢1 | (‘_/0’ ‘_/1 > 60)

ol

o (160)
DS,k(P + 8) 3’kD3,lk

* (1= (Vol)) (1= (7,/0)) (1 - (To/0))

From (160), (156), and (157), we get that
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1Bk (Voo Vi Up, W) 355 (Vi Vi, (U s

3 s

a0 \ a;+a,=a,0, 25—k

where

D, = Dy, (p + 5)"
o ) - (78] (- )

. exp (—ap ((S —k) /(o + l)b))

K (a, 1+ 1)

(162)

Using the estimates (125), we deduce that
"Bs,k (Vo V1, U, W) a;vSJrk\P (Vo> Vi, (Uy)

3 s

az0 \ o +a,=a,0,>S—k

69.1

B35 % Dy st (Vo Vo Wi 5]

W) 5,7, @
h=0° (p:Vo:V1:(Un)pzosW)

ﬁg,lk x Cy,y “\Ijaz—8+k (V0> Vi, (Uy,)

W) " (P’Vo’vl’(ﬁh)hzo'w)

25
(161)
- >W,
P =S+kV o,V 1 (Un)her(ay sk
9Pv"‘z
Ds(ds g exp (<1) [0 (S = k)™ exp (80 (S — k)
(1 - (\70/5)) (1 - (\71/5)) (1 - (Uo/s)) (163)

(o, + 1)bd"k

I (o =1+ 1)

Under the assumption (143), we get a constant Cy, > 0
(depending on D5, ds ., S, k, 8,0, V, V|, Uy, b) such that

Dy, < Co, (164)

X

forall p > 1, all «, > S — k. Finally, collecting (161) and (164),
we get

—a) +0, —S+k—S—k
o w w
hel(op-S+k) ) "P’“z =S+kV o,V 1.(Unneray-sti) (165)

- —_Ws_k“\y (Vo> Vl’ (Uh)hzo’ W)“(p,vo,vp(ﬁh)hzo’w)

1-Dy W

which yields (144). O

3.2. A Functional Partial Differential Equation in the Banach
Spaces of Infinitely Many Variables G, v @), w In the
next proposition, we solve a functional fixed point equation
within the Banach spaces of formal series introduced in the
previous subsection.

Proposition 19. One makes the following assumptions:

S>k+1+max(b(d,+2)+3,d+1

+b(d+d;;+1)),
(166)
S>k+3+b(2+dyy),

S > k +1+ bmaX (dl,k’ d2,k) N S > k + bd3’k

forallk € §. Then, for given V,V,8 > 0, there exists W > 0
(independent of p > 1) such that, for all 1(V,, V;, (Uy) s W) €
G (7, 7.0 )e ) the functional equation
¥ (Vo Vi (Up) s W)
Stk
= 2 By (Vo Vi, Uy, W) 30y, ¥ (Vo Vi (U)o W)
kes

+ By (Vo V1, U, W) a;\§+k[DA\P (VO’ Vi, (Uh)hzo’ W)

+ Z B, (Voo V1, Uy, W) av_vSJrkaVl\P (Vo’ Vi, (Uh)hz(y W)
kes

+ By (VO’ Vi Ups W) a;vSJrkDB\P (Vo’ Vi, (Uh)hz()’ W)

+ Z B; (Vo Vi, Up, W) av_vSJrk\P (VO’ Vi, (Uh)hzo: W)
keS
+1(Vo, Vi, (Uy)

o W)

(167)
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has a unique solution Y (Vy, V7, (Up)pse W) €
G ANGANN T Moreover, one has that

“\I—’ (VO’ Vl’ (Uh)hZO’ W) “(p,vo,vl,(ﬁh)hzo)w)
) (168)
<2 “1 (VO, Vi (Un)sor W)||(p,VO,V1,(Uh)hzoW)'

Proof. We consider the map I from the space
G[[Vy Vi (Upiso» W11 of formal series (introduced in
Definition 4) into itself defined as follows:

m (A (Voa V1> (Uh)hzo’ W))

= Z Bl,k (Vo’ Vi, Ups W) a‘TVSJrk(—)VOA (Vo’ Vi, (Uh)hz()’ W)
kes

+ Bk (Vo Vi, Up, W) a\7\/S+k[[]’AA (VO’ Vis (Uh)hzo’ W)

+ 3 Byi (Vo Vi Ups W) 3550y A (Vi Vi, (Un) 1000 W)
kes

+ By (Vo Vi, Up, W) a;\erleBA (VO’ Vi, (Uh)hz(v W)

+ Z B; i (Voo Vi, Up, W) a;\;SJrkA (VO’ Vi, (Uh)hz()’ W)
kes
(169)

for all A(Vy, Vi, Upisos W) € Gl Vo, Vi, (Up)ise» W1

In order to prove the proposition, we need the following
lemma.
Lemma 20. Let id be the identity map x —
x from G[[Vy, Vi, Up)pse, W11 into itself. Then, for a
well-chosen W > 0, the map id — I defines an invertible map
such that (id — M)~ is defined from GV, 7T )e ) 1O
itself. Moreover, one has that )

=27 (2 (Vo Vi Undrao W)i5,5, 0100

< 2"5 (V()s Vls (Uh)hzo’ W)"(p,vo,vp(ﬁh)hzo’w)
(170)

fOT’ all E(VO, Vl’ (Uh)hEO’ W) € G(P’Vo’vl’(ﬁh)hzu’w)'

Proof. Taking care of the constraints (166), we get from
Propositions 15 and 18 a constant C;, > 0 (depending
on the constants introduced above and also on the
aforementioned propositions: @, maxy.,<4a,, 6,9, b,d,
maxyod, g, MaXyes Dy g MaXyesd, k> MaXyes Dy ks
maxyesds, MaxgceDsy, 0,7, S, 8, and «,V,, V), but
independent of p > 1) such that

2 (& (Vo Vis (U)o W)

<Cyp ( ZWH>

kes

) “ (PVoV1.UppzosW)

(171)

X ”A (V()) Vi, (Uh)hzo’ W) “(p,vmvp(ﬁh)hzmw)
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for all A(VO’VI’ (Uh)hZO’W) € G(P)VO’Vl’(Uh)hZO)W) with 0 <
W < minmdo’l’z}’keg1/(21’)\,”“,,(). Since S > kforallk € &,
we can choose W > 0 such that

Cio ZWH <
keS

1
5 (172)

together with W < minme{o)l)z},kes1/(25,,,“’,{). We deduce
that

”9)2 (A (VO) Vl) (Uh)hzo’ W))“(p,vo,vl,(ih)hzo’w)
(173)

1
< E ||A (VO’ Vl’ (Uh)hZO’ W)"(p,vo,vp(ﬁh)hzo:w)

for all A(Vy, Vi, (Uppsoo W) € G5, 7,0, 1his yields
the estimates (170).

Finally, let 1(Vo, Vi, (Upi=0:W) € G, %, 7, )0 fOT
W > 0 chosen as in Lemma 20. We define

v (Vo> Vi (Un)ysor W)
’ (174)
= (id = M) (T (Vo Vi, (Up)yopo W)) -

By construction, W(V,,V,,(Uy)ps0-W) belongs to
G Vo 1T o) and solves (167) with the estimates
(168). O

4. Analytic Solutions with Growth Estimates of
Linear Partial Differential Equations in C’

We are now in position to state the main result of our work.

Theorem 21. Let b, ;(t, z, uy, w) be the functions defined in
(15) form = 1,2,3 and k € §. Let one assume that there exists
b > 1 such that

S>k+1+max(b(d;+2)+3,d+1

+b(d+d; +1)),
(175)
S>k+3+b(2+d,;),

S > k +1+ bmax (dl,k’ dZ,k) 5 S > k + bd3’k

forallk € 8. Forall0 < j < S — 1, one considers functions
w;(t,2) which are assumed to be holomorphic and bounded on

the product D(0, R
Then, there exist constants o, W,C,, > 0 such that the
problem

an (t,z,w) = Z (bl,k (t,z, X (t,z),w) ataf)Y (t,z,w)
kes

+ by (6,2, X (1,2),w) D,05Y (t, 2, w)

by (8,2, X (t,2),w) OLY (t,2,w))
(176)
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with initial data

(3Y)(t,20)=w;(tz), 0<j<S-1, (177)
has a solution Y (t, z,w) which is holomorphic on Int (K) x

D(0, W /2) and which fulfills the following estimates:

sup Y (¢, z, w)|
(t,z)€ Int (K),weD(0,W/2)

S-1 (W/2)]
<Cpexp(al(b)p) + ];) (t,z)seL}rlljt w0 |wj (t, z)' o

(178)

where {(b) Ym0 L/(n + 1, for any compact set K C
D(0,R)* \ © with nonempty interior Int (K) for some R <
R' and any p > 1 which satisfies (10). One stresses that the
constants o, W,C,, > 0 do not depend neither on K nor on
p>1

Proof. By convention, we will put w;(t,z) = 0 forall j > §

On the other hand, we specialize the functions @, which were
introduced in (12) in order that

(I)(x (VO) Vi (uh)hel(a))

= Wy (Vo» Vi ”0)

=2 2

ke§ o top=a

ol (bl,k,ocl (Vo> V1> tg) avowtxz-f—k (vo 1)

o ! o,!
bz,lc,<x1 (Vo> V1> 1g) avl We, +k (Vo 1)
o ! o,!

+b3,k,o<1 (Vo’ Vi ”0) Wy, +k (VO’ Vl) )

o ! o,!

(179)

By construction and using the definition (26), we can write
with the help of the Kronecker symbol,

Doy Bere = PCosrprndy X Mercen 0100, (180)
where
_ I
Wongnyly = sup afjai? a],;)o a(V0>V1>uo)'- (181)

[Vol<R,|v1[<R,|ugl<p

Lemma 22. There exist VO,Vl,W > 0 such that the formal
series

Q (Vo Vi (Up)ser W)

= Z Z wa,no,nl,(lh)her(a)
az0 \ ng,ny,l,>0,hel(a)

V”o V”l Ulh > we

(182)

X

hel(a) 71 I,!

ny! n;! n,! «!
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belongs to G \- Moreover, there exists a constant
(VoUW
C,, > 0 (independent of p) such that

”ﬁ(vo’ Vi, (Uy,) <Cy. (183)

14] S
h=0 ) (P Vo, Vi, (Up)pz0,W)

Proof. Let k € §. Due to the estimates (14) for the functions
mk“(t z,U,), we get couples of constants le,D x>0
Dj Dz,k >0, and Ds, D3,k > 0 such that

bl,k,le (XO’XI’EO)' < D1,k(P + 6)d1’k“1!(51,k)“1’
|
|b2ko¢1 (XO’X]’EO)' <Dylp+ 5) & ( 2k) Lo (184)

|b3,k,tx1 (Xo» X1> Eo)' < Dyi(p+ 6)(15,,(“1!(53’}{)061

forallay > 0,all [yo] < R+8 < R, [y;] < R+ 8 < R, |§] <
p+0. Moreover, we also get couples of constants E, ., E; > 0,
E2,k’E2,k > 0, and E3,k’E3,k > 0 such that

'a)(owzxz+k (Xo» Xl)' = El,k“Z!(El,k)az’

'axlwochrk (XO’XI)' < Ez,k"‘z!(ljjz,k)w2 (185)

.w(x2+k (Xo> Xl)' < E; k‘le(Ea k)(xz

forall «, > 0,all [y,| < R+6 < R, [x;l <R+6 < R'. From
(184) and (185) we deduce

|cT)“ (XO’XI’EO)|

< Z Z ol (Dl,kEl,k(P + S)dl’k(ﬁl

kes o top=a

#)(Be)”

+ Dz,kEz,k(P + S)dz’k (ﬁz,k)ml (Ez,k)m2

#) " (Ea)”)

(186)

dy
+D; 1 Es(p + 9) k(

forall « > 0,all [y, < R+6 < R, X, < R+6 < R,
|&| < p + 6. From the Cauchy formula in several variables,
one can write

1y 3 Ay ~
0,°0)10,2 @, (o, v1, o)

nylng !
1 3
“(3)
XJ J J @y (Xo» X1%0)
C(vy,0) JC(v,,6) JC(uy,0)
x ((drodnidt,)

X ((Xo —vp)™

)n1+1

x (1 —m
<& -u)")")

(187)
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forall |vy| < R, [v;| < R, |uy| < p. We deduce that

wa,ng Al

nylng ;!

1

- 8”0*”1*10

XZ Zcx!

kes o ta,=a

X (Dl,kEl,k(P + 8)dl’k (D\l,k)al(Euc)o62
+ Dy Eyi(p + ‘S)dz’k (ﬁz,k)o‘1 (Ez,k)“2

+D3,kE3,k(P + 5)d3’k (53’]()“1 (Ech)o62 )

(188)
for all a > 0, all n, ny, I, > 0. Using (180), we get that
||Q(V0’ Vl’ (Uh)hZO) W)"(P’vﬂ’vl»(ﬁh)hzo»w)
— Z Z .A‘x 11,111,k
a=0 \ ng,ny,li=0 €xp (Urb () P) (189)

—n =, =
BT\
(g +ny + 1y + ) )
From (188), (125), and with the help of the classical estimates
(g +ny + 1y + &)l > nylny ! ladl, (190)

for all ny, ny, Iy, o > 0, we get a constant C,; ; > 0 (depending
on Dl,k’ dl,k’ El,k’ Dz,k’ dz,k’ Ez,k’ D3,k’ d3,k’ E3,k fOr all k € C‘S),
0, ) such that

||ﬁ (Voo Vi (Up) s W)”@,vo,vl,@)hzo,v%

Ci
“ (- (W) (1 (7/9)) (1~ (019))
1
L (=D W) (1 B ) (191)
1
(- Do) (1- By
1
(D) (1- By
We choose
_ 1 1 1
PR ( (2Dsy) (2D5) (2D3)’
1 1 1 ) (192)
(2E,x) (2Eyx) (2Eyy) )
0<Vy<—=, 0<V, < 0<U0<§

From (191) we deduce the 1nequallty (183).
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Under the assumption (175), we get from Proposition 19
four constants 0 < V, < V,,0 < V; < V,,0 < Uy, and 0 <
W < W (independent of p) such that the functional equation

¥ (Vo Vi (Up)sgr W)

= Z( 1k(Vo>V1>Uo>W)a S+ka \P<Vo) 1’(Uh)h>0’ )
kes

+By . (Vo» ViU, W) Oy D, ¥ (Vo> Vi (Un) s W))

+Z(sz(Vo>V1>Uo)W)a S+ka \P(VO’ 1’(Uh)h>o> )
keSS

+B, 1 (Vo, V1, U, W) a&/&rk DB‘{'(VO’ Vi, (Uh)hzw W))

+ ZBM (Vo, Vi, Up, W) a‘;\;%k\}, (VO’ Vi, (Uy)
keS

+Q (VO, Vi (Un) s W)

o W)

(193)

has a unique solution W(Vy,V,, (Uy);s0, W) belonging to
G wh1ch satisfies moreover the estimates
(PVoV 15Up)sosW

“\P(Vo, Vl’ (Uh)hZO’ W)"(p)vo’vl’(Uh)hzo’W)

<2Cy;.
(194)

< 2“6(\/0, Vi, (Uh)hZO’ W)“ PVoViUsoW) —

Now, from Proposition 6, we know that the sequence
Pty Ui introduced in (25) satisfies the inequality

Potrrgony,(h)nere = v/‘x’no’np(lh)hel((x) (195)

forall « > 0, all ny,n;, I, > 0, for h € I(«). Gathering (194)
and (195) and from the definition of the Banach spaces in
Section 3.1, we get, in particular, for ny = n; = [, = 0, for
all i € I(x), all « > 0, that

sup "pzx (VO’ Vb (uh)hel(a))|
[Vol<R,|v [<R,[uy, |<p,hel(ex)
1 o
< Ya,0,0,0per S 2C11 XP (o7, (@) p) (W) al (196)

<2Cy, exp (o7 (b) p) (%) ol

forall¢ > 0 and where {(b) = } ., 1/(n+ 1)°. From (196), we
get that the formal series U(t, z, w) introduced in (11) actually
defines a holomorphic function (denoted again by U(t, z, w))
on Int(K) x D(0, W/2) for which the estimates

sup |U (t, z,w)| < 4C,; exp (o¢ (b) p) (197)
(t,z)€Int(K),weD(0,W/2)

hold and which satisfies (17) on Int(K) x D(0, W/2).
Finally, we define the function

5-1
Y (t,z,w) =0, U(tzw)+Zw (tz)
j=0

(198)
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By construction, Y (¢, z, w) defines a holomorphic function on
Int(K) x D(0, W/2) with bounds estimates

sup |Y (¢, z, w)|
(t,z)€Int(K),weD(0,W/2)

—\ S
< 4(K) Cyy exp (a¢ (b) p)

2
w/2)
o) (2) %

(199)

S-1
+ Z sup
=0 (t,z)€Int(K)

and solves the problem (176), (177). This yields the result. [
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