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The purpose of this paper is to define some new types of summability methods for double sequences involving the ideas of de la
Vallée-Poussin mean in the framework of probabilistic normed spaces and establish some interesting results.

1. Introduction and Preliminaries

Throughout the paper, the symbols N and R will denote the
set of all natural and real numbers, respectively. The notion
of convergence for double sequence was introduced by
Pringsheim [1]: we say that a double sequence x = () ken
of reals is convergent to L in Pringsheim’s sense (briefly, (P)
convergent) provided that given € > 0 there exists a positive
integer N such that |x; — L| < € whenever j,k > N.

The idea of statistical convergence is a generalization of
convergence of real sequences which was first presented by
Fast [2] and Steinhaus [3], independently. Some of its basic
properties and interesting concepts, especially, the notion of
statistically Cauchy sequence, were proved by Schoenberg
[4], Salat [5], and Fridy [6]. See, for instance, [7-16] and
references therein. Mursaleen and Edely [17] introduced the
two-dimensional analogue of natural (or asymptotic) density
as follows: let A < NxNand A(h,l) = {j <h k<I:(jk) €
A}, where h,1 € N. Then

8, (A) = (P)lim sup |4 (7, D)| ,
hl— oo hl
€))
3 .. A
8 ()= (P in =

are called the upper and lower asymptotic densities of a two-
dimensional set A, respectively, where the vertical bars stand

for cardinality of the enclosed set. If SZ(A) = §,(A), then

|A (h, D)
hi

is called the double natural density of the set A. In the same
paper, using the notion of double natural density, they
extended the idea of statistical convergence from single to
double sequences (for recent work, see [18-23]).

The double sequence x = (x ;) is statistically convergent
to the number L if, for each € > 0, the set {(j, k), j <h,k<1:
[x ik~ L| > €} has double natural density zero. We denote this
by S-limx = L (or Xik = L(S)).

Mursaleen initiated the notion of A-statistical conver-
gence (single sequences) with the help of de la Vallée-Poussin
mean, in [24]. For detail of A-statistical convergence, one can
be referred to [25-31] and many others. In [32], Mursaleen
et al. presented the notion of (A, p)-statistical convergence
and (A, p)-statistically bounded for double sequences and
showed that (A, y)-statistically bounded double sequences are
(A, w)-statistical convergence if and only if (A, p)-statistical
limit infimum of x = (x j)k) is equal to (A, p)-statistical limit
supremum of x (also see [33]).

Suppose that A = (A,,,) and p = (u,,) are two nondecreas-
ing sequences of positive real numbers such that

A =0,

8,(4) = (P) lim_ ©

A1 S A+ 1
3)
Hpn Syt 1, =0

and each tends to infinity.



Recall that (A, p)-density of the set K € N x N is given by

61,0 (K) = (P)ljm—

min

(4)

x|{{m-21,+1<j<m,
n- u,+1<k<n:(jk)eK}

provided that the limit exists.

We remark, that, for A,, = m and y,, = n, the above den-
sity reduces to the double natural density.

The generalized double de la Vallée-Poussin mean is de-
fined as

1
e () = == 2 D %o 5)

mi™n jeJ, kel,

where J,, = [m—- A, + l,mland I, = [n -y, + 1,n].
We say that x = (x i) is (A, p)-statistically convergent to
the number L if, for every e > 0,

1
(P) mlmm Hielwkel,:|x—Ll2ef|=0.  (6)
We denote this by S, ,-limx = L.

The symbol A" will denote the set of all distribution
functions (d.f) f : R — [0, 1] which are nondecreasing,
left continuous on R, equal to zero on [-00, 0], and such that
f(+00) = 1. The space A" is partially ordered by the usual
pointwise ordering of functions.

A triangular norm (or a t-norm) [34] is a binary operation
T : [0,1] x [0,1] — [0,1] which satisfies the following
conditions. For all i, hy, h; € [0, 1]

(i) T(v(hy, hy), hy) = 1(hy, T(hy, hy)),

(ii) 7(hy, hy) = T(hy, hy),
(iil) 7(h,, hs) < T(hy, h;) whenever hy < h,,
(iv) 7(hy, 1) = h;.

In the literature, we have two definitions of probabilistic
normed space or, briefly, PN-space; the original one is given
by Serstnev [35] in 1962 who used the concept of Menger [36]
to define such space and the other one by Alsina et al. [37]
(for more details, see [38-40]).

According to Serstnev [35], a probabilistic normed space
is a triple (X, 7, 1), where X is a real linear space, v is the
probabilistic norm, that is, v is a function from X into A", for
x € X, the d.f. v(x) is denoted by v,, v,(t) which is the value
of v, att € R, and 7 is a t-norm that satisfies the following
conditions:

(i) v,(0) = 0;
(ii) v, (t) = 1 for all t > 0 if and only if x = 0;
(iii) v, (t) = v, (t/]al) forallt > 0, « € R with « #0 and
x € X;
(iv) vy (t) + 15) 2 T(0,(81),7,(f)) for all x, y € X and
tt €RT={xeR:x >0}
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2. Main Results

We define the notions of (A, 4)-summable, statistically (A, u)-
summable, statistically (A, p)-Cauchy, and statistically (A, y)-
complete for double sequences with respect to PN-space and
establish some interesting results.

Definition 1. A double sequence x = (x]-,k) is said to be (A, p)-
summable in (X, v, 1) (or, shortly, v(A, y)-summable) to L if
for eache > 0,60 € (0,1) there exists N € N such that
% (x-1(€) > 1 =0 forallm,n > N.In this case, one writes
v(A, w)-lim x = L.

Definition 2. A double sequence x = (x;;) is said to be
statistically (A, y)-summable in (X, v, 1) (or, shortly, v(SW)—
summable) to L if 82(KM) = 0, where K, , = {(m,n) ¢
N x N : vtm,”(x)_L(e) < 1 - 6}; that is, if, for each ¢ > 0,
0 € (0,1),

!
(Plim— |{m<hnslin, o (@<1-6l|=0 @)
or equivalently
.1
(PYlimoS [{m<hns<liv, o (@ >1-0}=1. ()

In this case, we write v(SMl)—limx = L, and L is called the
(S M)—limit of x.

Definition 3. A double sequence x = (x;;) is said to be
statistically (A, u)-Cauchy in (X,v,7) (or, shortly, V(S/W)—
Cauchy) if, for every ¢ > 0 and 6 € (0,1), there exist
M,N € N such that, for all m,p > M, n,q > M, the set
ScAp) = {mn) e NxN : vtm)n(x)_tpyq(x)(e) < 1 -0} has
double natural density zero; that is,

1
(P) 1}11}15 l{m < h,]’l <I: ‘Vtm,n(x)ftp,q(x) (6) <1- 9}| =0.
€

Theorem 4. If a double sequence x = (x;) is statistically
(A, p)-summable in (X, v, 1), that is, v(SM)—limx = L exists,
then v(Sy ,)-limit of (x ;) is unique.

Proof. Assume that ¥(S, ,)-limx = L, and »(S, ,)-limx =
L,. We have to prove that L, # L,. For given € > 0, choose
q > 0 such that

7((1-9),(1-g)>1-e (10)

Then, for any ¢ > 0, we define

M(; (Ap) = {(m, m eNxN:v, o () <1- q}, 0
1
M (Ap) = {mm) e NxN:v, 0 () <1-q}.

Since v(SM)—limx = L, implies 82(M‘;(A, @) = 0 and sim-
ilarly we have 82(M;'()t, @) = 0. Now, let Mq()t, Y = M(;
A u)n Mé'(/\, ). It follows that 62(Mq(/\, @) = 0 and hence
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the complement M;(A, () is nonempty setand 8, (M;()L, W)=
1. Now, if (m,n) e Nx N\ Mq()t, u), then

T C (R () B
>7((1-q),(1-q)>1-e

Since € > 0 was arbitrary, we obtain v, _; (t) = 1forallt > 0.
Hence L, = L,. This means that (S, ,)-limit is unique. ~ [J

Theorem 5. If a double sequence x = (x;;) is v(A, p)-
summable to L, then it is v(SW)—summable to the same limit.

Proof. Let us consider that v(A, y)-lim x = L. For everye > 0
and t > 0, there exists a positive integer N such that

Ve o-L () >1—€ (13)
holds for all m,n > N. Since
K. (L) = {m,n) e NxN: v, o () <1— el (4)

is contained in N x N, hence 8,(K_(A, 4)) = 0; that is, x =
(xj)k) is v(S)h#)—summable to L. O

Example 6. This example proves that the converse of
Theorem 5 need not be true. We denote by (R, | - |) the set
of all real numbers with the usual norm and 7(a, b) = ab for
all a,b € [0,1]. Assume that v, (t) = t/(t + |x|) forall x € X
and all t > 0. Here, we observe that (R, v, 1) is a PN-space.
The double sequence x = (x;) is defined by

2

mn; ifmn=w", weN

tm,n (x) = { (15)

0; otherwise.
Fore > 0andt > 0, write
K, (A p) = {(m,m) e NxN: ARSIOES T el. (0

It is easy to see that

v (t) = !

) R

(%) f+ |tm,n (x)l

¢ 5 (17)
, formn=w", weN;
=qt+mn
1, otherwise;
and hence

0, forifmn=uw? weN;

lim » £ = 18
im,, e *) {1, otherwise. 9

We see that the sequence (x ]-’k) is not (A, y)-summable in
(R, v, 7). But the set K, (A, #) has double natural density zero
since K.(A, 1) € {(1,1),(4,4),(9,9), (16, 16), .. .}. From here,
we conclude that the converse of Theorem 5 need not be true.

Theorem 7. A double sequence x = (xj)k) is v(SA)M)—summable
to L if and only if there exists a subset K = {(j,,,k,) : j; < j, <

< g <k <ky <o <k, <o} € NN such that
6,(K) =1 and v(A, p)-lim xj k, =L

Proof. Assume that there exists a subset K = {(j,,, k,,) : j; <
Jo << g <osky <ky<-o-<k,<---} € NxNsuch
that 6,(K) = 1 and »(A, )-lim xj k, = L Then there exists
N € N such that

Vi, (0L t)y>1-¢€ (19)

holds for all m,n > N. Put K.(A,u) = {(m,n) ¢ NxN :
v e®) < 1-c and K = {(Ggy1, Kygy1)s G K- -
Then &,(K') = 1 and KA u) € N- K' which implies that
6,(K. (A, 4)) = 0. Hence x = (xj)k) is statistically (A, p)-
summable to L in PN-space. O

Conversely, suppose that x = (x j,k) is V(SA,H)—summable
toL.Forqg=1,2,3,...and t > 0, write

1
K, A = {(m,n) e NxN: Ve, ()-L ) <1- é} ,

1
M, M) = {(m,n) e NxN: Ve, (-L (t) > a} .

(20)

Then 82(Kq()t, @) =0and
My (A p) > My (A ) 5+ My (A, ) > My (A, ) > -'(-2,)
1
8 (M,(Lw)=1, q=12,-. (22)

Now, we have to show that, for (m,n) € Mq()t, U), x =
(x jm>kn) is (A, p)-summable to L. Suppose that x = (x jm,kn) is
not (A, y)-summable to L. Therefore, there is € > 0 such that

Ve e () < e for infinitely many terms. Let

M, (L) = {omm e NxN:v,  (@©)>¢},  (23)

and e > 1/gwithg =1,2,3,.... Then
6 (M (A p)) =0, (24)

and by (21), Mq(/\, @) € M.(A, u). Hence 6(Mq()t, w) =0,
which contradicts (22) and therefore x = (x jm,kn) is v(A, p)-
summable to L.
Theorem 8. If a double sequence x = (x;) is statistically
(A, y)-summable in PN-space, then it is statistically (A, u)-
Cauchy.

Proof. Suppose that ¥(S, ,)-limx = L. Let e > 0 be a given
number so that we choose g > 0 such that

((1-9),(1-g))>1-e (25)

Then, for t > 0, we have

8, (A, (A w) =0, (26)



where Aq(/\, ) = {(m,n) e NxN : vtm’n(x)_L(t/Z) <l-g¢g}
which implies that

8, (A5 (L))

=90, <{(m,n) ENXN:v, 1 (%) >1- q})
=1.
(27)
Let (f’ g) € ACq(Af’ [/l) Then 'th)g(x)_L(t/z) >1- q. [
Now, let
B. (M) = {(m, n) e NxN: Vb0t 1 () H<1- e} .
(28)

We need to show that B,(A, u) C Aq(/\, @). Let (m,n) € B,
(A, H)\Aq(l, [/l) Then vtm,n(x)ftf,g(x)(t) < l-e, 'Vtmm(x),L(t/z) >
1 — g, and in particular thg(x)—L(t/Z) > 1—g. Then

L—e29 e, 00 )

t t
27 (s (3) e (5)) @

>7((1-9),(1-9)) > 1-¢,

which is not possible. Hence B.(A, ) ¢ A q(A, @). Therefore,
by (26) 8,(B.(A, 1)) = 0. Hence, x is statistically (A, y)-
Cauchy in PN-space.

Definition 9. Let (X, v, 7) be a PN-space. Then,
(i) PN-spaceis said to be complete if every Cauchy double
sequence is P-convergent in (X, v, 7);

(ii) PN-space is said to be statistically (A, u)-complete
(or, shortly, »(S, ,)-complete) if every statistically
(A, u)-Cauchy sequence in PN-space is statistically
(A, 4)-summable.

Theorem 10. Every probabilistic normed space (X,v,T) is
Y(S), ) -complete but not complete in general.

Proof. Suppose that x = (x;;) is ¥(S),)-Cauchy but not
V(S)hﬂ)—summable. Then there exist M, N € N such that, for
allm,p > M,n,q > M, the set E_(A, u) = {(m,n) e NxN:
Vtm,n(x)—tp,q(x)(t) < 1 — €} has double natural density zero; that
is, 8,(E.(A, 1)) = 0 and

&, (F. (A p))

=4, ({(m,n) e NxN: vtm)n(x)_L<£> > 1 —6})

=0.
(30)

This implies that 8, (F: (A, u)) = 1, since

t
Vtm,n(x)_tp,q(x) (t) > thm,n(x)_L (5) >1- €, (31)
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if v, (-r(t/2) > (1 - €)/2. Therefore 0,(EZ(A, ) = 0; that
is, 82'(E6(A, @) = 1, which leads to a contradiction, since x =
(x;x) was ¥(S, ,)-Cauchy. Hence x = (x;;) must be %(S, ,)-
summable.

To see that a probabilistic normed space is not complete
in general, we have the following example.

Example 11. Let X = (0,1] and v, (t) = t/(t + |x|) for
t > 0. Then (X, v, ) is a probabilistic normed space but not
complete, since the double sequence (1/mn) is Cauchy with
respect to (X, v, 7) but not P-convergent with respect to the
present PN-space.
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