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We first introduce a new class of mappings called Bregman asymptotic pointwise nonexpansive mappings and investigate the
existence and the approximation of fixed points of such mappings defined on a nonempty, bounded, closed, and convex subset
C of a real Banach space E. Without using the original Opial property of a Banach space E, we prove weak convergence theorems
for the sequences produced by generalized Mann and Ishikawa iteration processes for Bregman asymptotic pointwise nonexpansive
mappings in a reflexive Banach space E. Our results are applicable in the function spaces L?, where 1 < p < 00 is a real number.

1. Introduction

Throughout this paper, we denote the set of real numbers and
the set of positive integers by R and N, respectively. Let E be
a Banach space with the norm | - || and the dual space E*. For
any x € E, we denote the value of x™ € E* at x by (x, x"). Let
{x,},en be a sequence in E; we denote the strong convergence
of {x,},en tox € Easn — oo byx, — x and the weak
convergence by x,, — x. The modulus & of convexity of E is
denoted by

5 = inf{l - M el <Ly < L Jx -y 2 e},
<1>

for every e with 0 < € < 2. A Banach space E is said to be
uniformly convex if §(e) > 0 for everye > 0. Let Sy = {x € E :
x|l = 1}. The norm of E is said to be Gdteaux differentiable if
for each x, y € Sg, the limit

lim ”x + ty" — lIxI )
t—0 t

exists. In this case, E is called smooth. If the limit (2) is attained
uniformly for all x, y € Sg, then E is called uniformly smooth.

The Banach space E is said to be strictly convex if || (x+y)/2| <
1 whenever x, y € S and x# y. It is well known that E is
uniformly convex if and only if E* is uniformly smooth. It is
also known that if E is reflexive, then E is strictly convex if
and only if E* is smooth; for more details, see [1, 2].

Let C be a nonempty subset of E. Let T : C — Ebea
mapping. We denote the set of fixed points of T by F(T); that
is, F(T) = {x € C : Tx = x}. Amapping T : C — Eis
said to be nonexpansive if [Tx — Ty| < |lx — y| forall x, y €
C. Amapping T : C — E is said to be quasi-nonexpansive
it F(T)#@and |[Tx — y|l < [lx — yll forall x € Cand y €
F(T). The nonexpansivity plays an important role in the study
of Mann iteration [3] for finding fixed points of a mapping
T : C — C. Recall that the Mann iteration is given by the
following formula:

Xn+1 = YnTxn + (1 - Yn) X, X; € C. (3)

Here, {y,},c 1S @ sequence of real numbers in [0, 1] satisfying
some appropriate conditions. A more general iteration is the
Ishikawa iteration [4], given by

Yo = /jnTxn + (1 - :Bn) Xn>



Xn+1 = YnTyn + (1 - Yn) Xn>
(4)

where the sequences {f3,,},,cy and {y,},.cy satisfy some appro-
priate conditions. When all 8, = 0, the Ishikawa iteration
reduces to the classical Mann iteration. Construction of fixed
points of nonexpansive mappings via Mann’s and Ishikawa’s
algorithms [3] has been extensively investigated in the litera-
ture (see, e.g., [5] and the references therein). A powerful tool
in deriving weak or strong convergence of iterative sequences
is due to Opial [6]. A Banach space E is said to satisfy the
Opial property [6] if for any weakly convergent sequence
{x,}en in E with weak limit x, we have

lim sup ||x, — x| < limsup ||x, -y, (5)
n— 00 n—oo

for all y in E with y# x. It is well known that all Hilbert
spaces, all finite dimensional Banach spaces, and the Banach
spaces I (1 < p < oo) satisfy the Opial property. However,
not every Banach space satisfies the Opial property; see, for
example, [7].

Let E be a smooth, strictly convex, and reflexive Banach
space and let J be the normalized duality mapping of E.
Let C be a nonempty, closed, and convex subset of E. The
generalized projection Il from E onto C [8] is defined and
denoted by

IT = i ,X),
c(x) argg(ljlngb(y x) (6)

where ¢(x, y) = lxl? = 2(x, Jy) + ||y||2. Let C be a nonempty,
closed, and convex subset of a smooth Banach space E, and
let T' be a mapping from C into itself.

1.1 Some Facts about Gradients. For any convex function g :
E — (—00,+00] we denote the domain of g by dom g =
{x € E: g(x) < oo}. Forany x € intdomg and any y € E, we
denote by g°(x, y) the right-hand derivative of g at x in the
direction y; that is,

o - glx+ty)—g(x)

g’ (xy) =lim ; : )
The function g is said to be Gateaux differentiable at x if
lim, _, o(g(x+ty)—g(x))/t exists for any y. In this case g°(x, )
coincides with Vg(x), the value of the gradient Vg of g at
x. The function g is said to be Gdteaux differentiable if it is
Giteaux differentiable everywhere. The function g is said to
be Fréchet differentiable at x if this limit is attained uniformly
in [yl = 1. The function g is Fréchet differentiable at x € E
(see, e.g., [9, page 13] or [10, page 508]) if for all € > 0, there
exists § > 0 such that || y — x|| < § implies that

9() -g(x)-(y-xVg@)| <ely-x]|. )

The function g is said to be Fréchet differentiable if it is
Fréchet differentiable everywhere. It is well known that if
a continuous convex function g : E — R is Gateaux
differentiable, then Vg is norm-to-weak”™ continuous (see,
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e.g., [9, Proposition 1.1.10]). Also, it is known that if g is
Fréchet differentiable, then Vg is norm-to-norm continuous
(see, [10, page 508]). The mapping Vg is said to be weakly
sequentially continuous if x, — x asn — o0 implies
that Vg(x,)—"Vg(x) asn — oo (for more details, see [9,
Theorem 3.2.4] or [10, page 508]). The function g is said to be
strongly coercive if

g(x,)

1m
x| =00 [|%]

= 00. 9)

It is also said to be bounded on bounded subsets of E if g(U)
is bounded for each bounded subset U of E. Finally, g is said
to be uniformly Fréchet differentiable on a subset X of E if the
limit (7) is attained uniformly for all x € X and |y|| = 1.

Let E be a reflexive Banach space. For any proper, lower
semicontinuous, and convex function g : E — (—00, +00],
the conjugate function g* of g is defined by

g (x") = Sl:g{(x,x*> -g()}, (10)

forall x* € E*. It is well known that g(x) + g* (x*) > (x,x")
for all (x,x") € E x E*. It is also known that (x,x") € dg is
equivalent to

gx)+g (x")={xx"). 1)

Here, dg is the subdifferential of g [11, 12]. We also know that
ifg: E — (—00,+00] is a proper, lower semicontinuous,
and convex function, then g* : E* — (-00, +00] is a proper,
weak” lower semicontinuous, and convex function; see [2] for
more details on convex analysis.

1.2. Some Facts about Bregman Distances. Let E be a Banach
space and let E* be the dual space of E. Let g : E — R
be a convex and Gateaux differentiable function. Then the
Bregman distance [13, 14] corresponding to g is the function
D,:EXE — R defined by

Vx,y € E.
(12)

Dy(x,y)=gx)-g(y)—{x-»Vg(»),

It is clear that D (x,y) > 0 for all x, y € E. In that case

when E is a smooth Banach space, setting g(x) = Ixl? for
all x € E, we obtain that Vg(x) = 2Jx for all x € E and hence
Dy(x,y) = ¢(x, y) forall x, y € E.

Let E be a Banach space and let C be a nonempty and
convex subset of E. Let g : E — R be a convex and Gateaux
differentiable function. Then, we know from [15] that for x €
Eand x, € C, D(x,, x) = min D, (y, x) if and only if

(y = x0, Vg (x) = Vg (x5)) <0,

Furthermore, if C is a nonempty, closed, and convex subset
of a reflexive Banach space Eand g : E — R is a strongly
coercive Bregman function, then for each x € E, there exists
a unique x, € C such that

Vy e C. (13)

D, (xo,x) = r}l}qeing (y,x). (14)
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The Bregman projection proje. from E onto C is defined by

projZ(x) = x, for all x € E. It is also well known that proj
has the following property:

D, (3, projx) + D, (projéx, x) < Dy (y,x),  (15)

forall y € Cand x € E (see [9] for more details).
For any bounded subset A of a reflexive Banach space E,
we denote the Bregman diameter of A by

Bdiam (A) := sup {Dg (%y):ix,y€ A} < 0o0. (16)

1.3. Some Facts about Uniformly Convex Functions. Let E be
a Banach space and let B, := {z € E : |z|| < s} foralls > 0.
Then a function g : E — R is said to be uniformly convex on
bounded subsets of E ([16, Pages 203, 221]) if p,(t) > 0 for all
s,t > 0, where p; : [0,+00) — [0, 00] is defined by

P, (t) = (ag (x) + (1 =) g (y)

in
x,y€Bg[lx=yll=t,a€(0,1)
~glax+(1-ayy) 17
x (a(l-a)) ',

for all ¢ > 0. The function p, is called the gauge of uniform
convexity of g. The function g is also said to be uniformly
smooth on bounded subsets of E ([16, Pages 207, 221]) if
lim, 4 (o,(t)/t) = Oforalls > 0, whereo; : [0, +00) — [0, 00]
is defined by

o, (t) = sup (ag (x+ (1 -a)ty)
x€B,,y€Sg,a€(0,1)

+(1-a)g(x-aty) - g(x) 18
X (a(1-a)",

for all ¢ > 0. The function g is said to be uniformly convex if
the function 6g : [0, +00) — [0, +00], defined by

1 1
8 )= sup {3900+ 59 () -9 (22 ) s Iy -l =1},
(19)

satisfies that lim, ,(o(t)/t) = 0.

Remark 1. Let E be a Banach space, let s > 0 be a constant,
andlet g : E — R be a convex function which is uniformly
convex on bounded subsets. Then

glax+(1-a)y)<ag(x)+(1-a)g(y)
—a(1-a)p,(|x-]),

forallx,y € B, :={z € E : ||z|| < s} and « € (0, 1), where p,
is the gauge of uniform convexity of g.

Definition 2. Let E be a reflexive Banach space and let
g : E — R be a convex, continuous, strongly coercive,
and Gaéteaux differentiable function which is bounded on
bounded subsets and uniformly convex on bounded subsets

of E. Let C be a nonempty, bounded, closed, and convex
subset of E. A mapping T : C — E is said to be Bregman
asymptotic pointwise nonexpansive if there exists a sequence
of mappings 6, : C — [0, 00) such that

D, (T"x,T"y) <0, (x) D, (x,y), Vx,y€C,

(21)
lim sup 8, (x) <1, VxeC.

Denoting a,,(x) = max{0,(x), 1}, we note that without loss
of generality we can assume that T is Bregman asymptotic
pointwise nonexpansive if

D, (T"x,T"y) <a,(x) D,y (x,y), Vx,y€C, neN,
(22)
nllngoan (x) =1,

a,(x)>1, VxeC,neN. (23)

Define b,(x) = a,(x) — 1. In view of (23), we obtain
,,ILI%O b, (x) =0. (24)

Next, we denote by B85 (C) the class of all Bregman asymp-
totic pointwise nonexpansive mappings T : C — C.

Imposing some restrictions on the behavior of a, and b,,
we can define the following subclass of Bregman asymptotic
pointwise nonexpansive mappings.

Definition 3. Let C and BT (C) be as in Definition 2. We
define 37 ,(C) asaclassof all T € BT (C) such that

(e8]
an (x) <00, Vxe€eC, a,isabounded function
n=1 (25)

for every n in N.

Kirk and Xu [17] studied the existence of fixed points of
asymptotic pointwise nonexpansive mappings with respect
to the norm of a Banach space E. Recently, Kozlowski [18]
proved weak and strong convergence theorems for asymp-
totic pointwise nonexpansive mappings in a Banach space. To
see some other related works, we refer the reader to [19, 20].

In this paper, we first investigate the approximation of
fixed points of a new class of Bregman asymptotic pointwise
nonexpansive mappings defined on a nonempty, bounded,
closed, and convex subset C of a real Banach space E. Without
using the Opial property of a Banach space E, we prove
weak convergence theorems for the sequences produced by
generalized Mann and Ishikawa iteration processes. Our
results improve and generalize many known results in the
current literature; see, for example, [18, 21].

2. Preliminaries

In this section, we begin by recalling some preliminaries and
lemmas which will be used in the sequel.

Definition 4 (see [10]). Let E be a Banach space. The function
g : E — Ris said to be a Bregman function if the following
conditions are satisfied:



(1) g is continuous, strictly convex, and Géateaux differ-
entiable;

(2) theset{y € E: Dg(x, y) <r}isboundedforallx € E
andr > 0.

Lemma 5 (see [9, 16]). Let E be a reflexive Banach space and
g: E — R astrongly coercive Bregman function. Then

(1) Vg: E — E" isone-to-one, onto, and norm-to-weak”
continuous;

(2) (x—y,Vg(x) —Vg(y)) = 0ifand only if x = y;

3){x e E: Dg(x, y) < r}is bounded for all y € E and
r>0;

(4) dom g* = E*, g* is Gdteaux differentiable and Vg"* =
(vg) .

We know the following two results; see [16, Proposition
3.6.4].

Theorem 6. Let E be a reflexive Banach spaceand g : E — R
a convex function which is bounded on bounded subsets of E.
Then the following assertions are equivalent:

(1) g is strongly coercive and uniformly convex on bounded
subsets of E;

(2) dom g* = E*, g" is bounded on bounded subsets and
uniformly smooth on bounded subsets of E*;

(3) dom g* = E*,g" is Fréchet differentiable and Vg*
is uniformly norm-to-norm continuous on bounded
subsets of E*.

Theorem 7. Let E be a reflexive Banach spaceand g : E — R
a continuous convex function which is strongly coercive. Then
the following assertions are equivalent:

(1) gis bounded on bounded subsets and uniformly smooth
on bounded subsets of E;

(2) g" is Fréchet differentiable and Vg™ is uniformly norm-
to-norm continuous on bounded subsets of E*;

(3) dom g* = E*, g" is strongly coercive and uniformly
convex on bounded subsets of E*.

Let E be a Banach space andlet g : E — R be a convex
and Gateaux differentiable function. Then the Bregman
distance [13, 14] does not satisfy the well known properties of
a metric, but it does have the following important property,
which is called the three point identity [22]:

D, (x,2) =Dy (x,y) + D, (y.2)

+(x-y,Vg(y)-Vg(2)), Vx,y z€E.

(26)

In particular, it can easily be seen that

D, (x,y) = =Dy (y,x) +(y - % Vg(y) - Vg(x)), o
Vx,y € E.

Indeed, by letting z = x in (26) and taking into account that
Dg(x, x) = 0, we get the desired result.
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Lemma 8 (see [23]). Let E be a Banach space and g : E —
R a Gateaux differentiable function which is uniformly convex
on bounded subsets of E. Let {x,},cn and {y,},en be bounded
sequences in E. Then the following assertions are equivalent:

1) limnHng(xn, ¥,) =0;
(2) lim,, , lIx, — ¥, = 0.

Lemma 9 (see [10, 24]). Let E be a reflexive Banach space,
g : E — R astrongly coercive Bregman function, and V the
function defined by
V(iex)=gx)-{(x,x")+g" (x"), x€E, x"€E".
(28)

Then the following assertions hold:

(1) Dy(x, Vg*(x")) =V(x,x") forallx € Eand x* € E*;

(2) V(x, x™) + (Vg" (x™) = x,¥™) < V(x,x" + y*) for all
x € Eand x*, y" € E*.

Let C and D be nonempty subsets of a real Banach space
E with D ¢ C. A mapping R, : C — D is said to be sunny if

Rp (Rpx +t(x — Rpx)) = Rpx, (29)

for each x € Eand t > 0. A mapping R, : C — D is said to
be a retraction if Rpx = x for each x € C.

Lemma 10 (see [25]). Suppose {ri}ien is a bounded sequence
of real numbers and {dy_,}y ,en is a doubly index sequence of
real numbers which satisfy

lim suplim supd, , <0,
k — 00 n— 00

rk,n < T’k + dk,n’ (30)

for each k,n > 1. Then {r}cy converges toanr € R.

Let E be a reflexive Banach space and let g : E —
(—00,+00] be an admissible function, that is, a proper,
lower-semicontinuous, convex, and Gateaux differentiable
function. Let C be a nonempty, closed, and convex subset of
E and let {x,},y be a bounded sequence in E. For any x in E,
we set

Br ({x,},x) = lirrln_)solip D, (x,,x). 31)

The Bregman asymptotic radius of {x,},cy relative to C is
defined by

Br({x,},C) = inf {Br ({x,},x) : x € C}. (32)

The Bregman asymptotic center of {x,},cy relative to C is the
set

BA ({x,},C) = {x € C: Br({x,},x) = Br ({x,},C)}. (33)

The following Bregman Opial-like inequality has been
proved in [26]. It is worth mentioning that the Bregman
Opial-like inequality is different from the ordinary Opial
inequality [6] and can be applied in uniformly convex Banach
spaces.
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Lemma 11 (see [26]). Let E be a Banach space and let g :
E — (-00,+00] be a proper strictly convex function so that
it is Gateaux differentiable on int dom g. Suppose {x,,}, ey is a

sequence in dom g such that x,, — v for some v € int dom g.
Then

lim sup D, (x,,v) < lim sup D, (x,, ),
n—00 n—00

(34)
Vy € int dom g with y#v.

Theorem 12 (see [16]). Letg: E — (—00,+00] be a function.
Then the following assertions are equivalent:

(1) g is convex and lower semicontinuous;
(2) g is convex and weakly lower semicontinuous;
(3) epi(g) is convex and closed;

(4) epi(g) is convex and weakly closed,

where epi(g) = {(x,t) € ExR : g(x) < t} denotes the
epigraph of g.

3. Fixed Point Theorems and
Demiclosedness Principle

Proposition 13. Let E be a reflexive Banach space and let g :
E — R be a strongly admissible function which is bounded on
bounded subsets and uniformly convex on bounded subsets of
E. Let C be a nonempty, bounded, closed, and convex subset of
EandletT € BT ,(C). Then T has a fixed point. Moreover,
F(T) is closed and convex.

Proof. We first show that F(T) is nonempty. Let x in C be
fixed. We define a function f: C — [0, 00) by

f(y)=limsupD, (5. T"x), y<€C. (35)

In view of Remark], it is easy to see that f is convex.
Since g is continuous, by Theorem 12 we conclude that the
Bregman distance D, is weakly lower-semicontinuous in the
first argument. Since E is a uniformly convex Banach space
and C is weakly compact, in view of [1] there exists a unique
point z € C such that

f (@) = minf ). (36)

We show that {T"z},,. is convergent in norm. To this end,
let s; = sup{[[T"z|, ||zl : n € N} and ps, + E > Rbe
the gauge of uniform convexity of g. For any k, m € N, put
U = (1/2)T*z + (1/2)T™z. Then we have U, € C. In view
of Remark 1, we obtain

k+m+n
Dg (uk)m, T x)

= g (up) — g (T"x)

_ <uk,m _ Tk+m+nx) Vg (Tk+m+nx)>

_g <%Tkz + %TW‘Z) - g (T""x)

(5T ST T Vg (147 ) )
<29(1%2) + 29 (T"2)

- o (=) - g (147n)

_ % (TFz =T, Vg (T ) )

_ % (T™z - T™"x, Vg (TF™"x))

[g (Tkz) ny (Tk+m+nx)

—(TkZ _ Tk+m+nx) Vg (Tk+m+nx)>]

1
2

+ % [g (TmZ) -9 (Tk+m+nx)
_ <TmZ _ Tk+m+nx’ Vg (Tk+m+nx)>]

- 3o (e =174

_ %Dg (TkZ, Tk+m+nx) + %Dg (TmZ, Tk+m+nx)

1 m
=20 (|2 =172
< %ak () Dy (2, T""x) + %ak (2) D, (z, Tk+"x)
-3 (2= 12]).

(37)

Applying to both sides of the above inequalities lim sup,,_, .,
we obtain

) < 3 [a(2) + 2, @] £ )~ 2, (T2 - T7e]).
G9)

This, together with f(z) < f(u,,), implies that
po (|72 - 2]
<4[Jn@+a, @ f@ - fun)| o)

<4

e, @+a, D] (@) )]
Letting k, m — o0 in (39) we conclude that

lim p, (|T%z-T"]) = 0. (40)

k,ym — 0o



From the properties of p; , we deduce that limy,,, _, T z -

T"z|| = 0. Thus, {Tkz}keN is a norm-Cauchy sequence and
hence convergent. Let

v= lim T"z. (41)

n— 00

Since T is a Bregman asymptotic pointwise nonexpansive
mapping, we have, for alln € N,

D, (T"Hz, Tv) <a) (T"z) Dy (T"z,v). (42)

Lettingn — o0 in (42), we conclude that T'v = v. This shows
that F(T) # 0.

Now, we show that F(T) is closed. Let {p,},cn be a
sequence in F(T) such that p, — pasn — oco. Then we
have that {p,},.cn is a bounded sequence in E. We claim that
p € F(T). Since g is continuous, we conclude that g(p,) —
g(p) asn — oo. This implies that

Dy (pup) =9(ps) = g(p) = {p.— 1 Vg (p))
<lg(p.) g @) +lp.-plIVa(p)]| — 0

(n — ).
(43)

In view of the definition of T, we obtain

D, (Tp, p,) < a,(p) Dy (P, pu) — 0 (n—> 00). (44)

This implies that

0= nlLHéng (pn’ Tp)
= lim [g(p,) - g9(Tp) = (p.— Tp,Vg(Ip))]  (45)

n— o0

=D, (p.Tp).

It follows from Lemma 8 that Tp = p. Thus we have p € F(T).

Let us show that F(T) is convex. For any p, g € F(T),
t €(0,1),andn € N,wesetx =tp+ (1 —-t)qande,(p,q) =
max{a,(p),a,(q)}. We prove that x € F(T). By the definition
of Bregman distance (see (12)), we get

D, (x,T"x) = g (x) - g (T"x)
~ (x—T"x, Vg (T"x))
=g(x)-g(T"x)
—(tp+ (1= q-T"x, Vg (T"x))
=g (x)—g(T"x) —t{p-T"x,Vg (T"x))
—(1-1)(q-T"xVg(T"x))

+tg(p)+(1-1)g(q)
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~[ta(p)+ (1 -1)g(q)]

=g +t[g(p)-g(T"x)

—(p-T"x,Vg(T"x))]
+(1-1)[g(q) - g(T"x)
—{q-T"x,Vg(T"x))]
9(x) +D, (p,T"x)
+(1-1)D, (g, T"x)
~[tg(p) + (1-1)g(q)]
g(x) +ta, (p) Dy (px)
+(1-t)a,(q) D, (g x)
~tg(p)-(1-1t)g(q)
g(x) +te, (p.q) D, (p, x)
+(1-1)e,(p.q) D, (g %)
~tg(p)-(1-1)g(q)
g(x) +e,(pq)

x[t(g(p)—gx) - (p-xVg(x))
+(1-1)(g(q) - g(x)-{qg-xVg(x))]

~tg(p)-(1-1)g(q)

g(x) +e,(p.q)

x[-g(x) = (t(p-x),Vg(x))
—((1-1(q-x),Vg (x))]

+e,(p.a) [tg (p) + (1-1) g(q)]

~tg(p)-(1-1)g(q)

g(x) —e,(p.q) g (x) e, (p.q)

x[{tp+(1-1)q-x,Vg(x))]

+e,(p.q) [ta(p) + (1-1) g(q)]

~tg(p)-(1-t)g(q)

(en(prq) = 1) (-9 (%))

+ (e, (p,q) - 1)tg (p)

+(e,(pg)-1) (1 -1 g(q)

= (e (p.q) - 1)

x[~g(x)+tg(p)+(1-1)g(q)].
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This implies that lim,, _, ,,D,(x, T"x) = 0. Thus for each e >
0, there exists n, € N such that

D, (x,T"x) <€, Vnzn. (47)

This means that the sequence {D,(x, T"x)},en is bounded. In
view of Definition 4, we conclude that the sequence {T"x},,cy
is bounded. Then, by Lemma 8, we obtain lim,_, . [lx —
T"x|| = 0. Thus we have T""'x — x; that is, T(T"x) — x.
On the other hand, in view of three-point identity (see (26)),
we deduce that

D, (x,Tx) = Dy, (x, T"”x) +D, (T"Hx, Tx)
+ <x -T"'x,Vg (T”Hx) -Vg (Tx)>
(48)
<D, (x, T"“x) +a, (T"x) Dy (T"x, x)
+ “x - T"Hx" "Vg (T"'x) - Vg (Tx)” .

Letting n — oo in the above inequalities we deduce that
D,(x,Tx) = 0 and hence by Lemma 8 we conclude that
Tx = x, which completes the proof. O

Lemma 14. Let E be a reflexive Banach space and let g : E —
R be a convex, continuous, strongly coercive, and Gateaux
differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a
nonempty, bounded, closed, and convex subset of E and let T €
BT (C). If{x,},en is a sequence of C such thatlim,, _, |ITx,—
x,|| = 0, then, for anym € N, lim,, _, . IT"x,, — x,| = 0.

Proof. In view of (25), there exists a finite constant M, > 0
such that

m—1
sup {aj (x):x € C} < M,. (49)
=1
It follows from three-point identity (see (26)) that
m —1
D, (T"x,,x,) = D, (T"x,, " 'x,)
+D, (Tm_lxn, xn)
+ <men -T"'x,,Vg (Tm_lxn)
_Vg (xn) >
< am—l (xn) Dg (Txn’ xn)
+D, (Tm_lxn, Tm_zxn)
+D, (Tmfzxn, xn)

+ <Tm_1xn -T"x,,Vg (Tm_zxn)

—Vg (xn) >

7
+ M, ||men - Tm_lxn“
m—1
< ( Zaj (x,)+ 1> D, (Tx,, x,)
=1
m—1
+2M, ) ”men - Tm_lxn" ,
=1
(50)

where M, := sup{IIVg(zjn)II :j=12,...,mand n € N}L.
This, together with Lemma 8, implies that lim,, _, . |T"x,, —
x,| = 0. This completes the proof. O

Theorem 15. Let E be a reflexive Banach space and let
g : E — R be a convex, continuous, strongly coercive,
and Gateaux differentiable function which is bounded on
bounded subsets and uniformly convex and uniformly smooth
on bounded subsets of E. Let C be a nonempty, bounded, closed,
and convex subset of E and let T € BT .(C). If {x,},en
converges weakly to z and lim,,_,  |Tx, — x,| = 0, then
Tz = z. That is, I — T is demiclosed at zero, where I is the
identity mapping on E.

Proof. Let the function ¢ : E — [0, c0) be defined by
¢ (x) = limsupD, (x,,x) (x € E). (51)

For any m,n € N with m > 2, in view of three-point identity
(see (26)), we obtain

D, (T"x,,x) = D(T"x,, T" 'x,) + D, (T" 'x,, x)
+{T"x, - T" 'x,, Vg (T" 'x,)
-Vg(x))
< @y, (x,) Dy (T, x,)
+D(T"'x,, T"?x,) + Dy (T" 2, x)
+{T" %, - T"x,, Vg (T"x,))
Vg (x,))

! m m—1
+ My [T, - T x|

m—1
< < Zaj (x) + 1) D, (Tx,, x,)

j=1
m—1

+ D, (Tx,, x) + M, Z "men - Tmﬁlan ,
j=1

(52)



where M; = sup{IIVg(zjn)II :j=12,...,mand n € N}
This, together with Lemma 8, implies that

limsupD, (T"x,, x) < limsupD, (x,,x) = ¢ (x). (53)

n—-00
In view of (25), there exists a finite constant M; > 0 such that

m—1
sup {aj (x):x¢€ C} < M;, (54)

=1

where M, := sup{IIVg(Tmflxn)II :m=12,...,mand n €

N}. This, together with Lemma8, implies that

lim, ,  IT™"x, - x,/ = 0. Employing Lemma 8, we
conclude that

¢ (x) = limsupD, (x,,, x)
< limsupD, (x,, T"x,)
n— 00
+limsupD, (T"x,, x) (55)
n— 00
+ lim supMé ||xn - men“
n— 00

< limsupD,, (T"x,, x) < ¢ (x) .

This means that

¢ (x) = limsupDy (T™x,, x) (56)

Since T is a Bregman asymptotic pointwise nonexpansive
mapping, it follows that

¢(T"x) <a,,(x,)d(x), VxeC. (57)
In view of (57), we deduce that
timsups (1"'2) < ¢ 2). (58)

By the Bregman Opial-like inequality ((34)) we obtain that
forany x #z

¢ (z) = liZILsolcl)ng (x,,2) < lizllsolcl)ng (x,,x) = ¢ (x).

(59)
This shows that ¢(z) = inf{p(x) : x € C}. Thus we have
$(T"z) = ¢ (2). (60)

Put s, = sup{|Vg)|,IVg(T"2)| : m € N}, z, =
Vg*((1/2)Vg(2) + (1/2)Vg(T™z)), and u,, = proje(z,,) for
all m € N. Then we have u,, € C. In view of Remark 1,
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we obtain a continuous strictly increasing convex function
ps*2 : [0, +00) — [0, +00) with ps*2 (0) = 0 such that

Dy (%> tys)
= Dy (%, Proj¢: (z,,)) < Dy (5, 2,)
=9 (%) =9 (2) = (% = 2 V9 (20))
=9(x.) + 3" (2m) = (2 V9 (2))
= (% Vg (20)) + (20 Vg (20))

(1 1 -
=g(x,)+g (Evg (2)+ Vg (T Z)>
1 1 .

- <xn, 5Vg @)+ Vg (T Z)>

< 39(5) + 39(0) + 39 (V9 ()

+ %g* (Vg (T™"2)) - ;llp:z (Vg (2) - vg (T"2)]))
- % (%, Vg (x,)) - % (%, Vg (T"2))

- % [9(x,)+ " (V9(2)) - (x,, Vg (x,))]
N % [g(x,)+g" (Vg (T"2)) - (x,,Vg (T"z))]
- 22, (V9 - Vg (1"2)])

- % [9(x,) = 9(2) + (%, V9 (2)) = (,, Vg (2))]
N % [9(x,) = g (T"2) + (T"2, Vg (T"2))

~(x,, Vg (T"'z))]

- 22, (99 ) - Vg (1"2)])

1 1
= EDg (x,,2) + EDg (x,,T"z)

1, -
- 275 (Vg @) = Vg (T72)]).
(61)

Applying to both sides limsup,,_, ., and remembering that
¢(z) = inf{p(x) : x € C} we obtain

$(2) < 3¢+ 26 (1"2) ~ p. (IVg () - Vg (T"2))).
(62)

This implies that

P (Vg (2) - Vg (T"2)|) < 20 (T"2) - 24 (2).  (63)
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Letting m — o0 in (63) we conclude that

lim p: (|Vg(2) - Vg (T"2)|) = 0. (64)

m— o0
From the properties of Ps*z’ we deduce that lim,, _, ,[[Vg(z) -
Vg(T™z)||. Since Vg* is uniformly norm-to-norm continu-
ous on bounded subsets of E*, we arrive at lim,,_, [z —
T™z|| = 0. Thus we have T""'z — z; thatis, T(T™z) — z.
On the other hand, in view of three-point identity (see (26)),
we deduce that

D,(z,Tz) =D, (z, Tm”z) +D, (Tm“z, Tz)

+{z-T""2,9g(T""'z) - Vg (T2))
(65)
<D, (z, Tm“z) +a, (T"z) Dy (T"z, z)

+ “z - T"’“zH HVg (Tm+lz) -Vg (Tz)" .

Letting m — oo in the above inequalities we deduce that
D,(z, Tz) = 0 and hence by Lemma 8 we conclude that Tz =
z, which completes the proof. O

4. Weak Convergence Theorems of
Generalized Mann Iteration Process

In this section, we prove weak convergence theorems of
generalized Mann iteration process in a reflexive Banach
space.

Definition 16. Let E be a reflexive Banach space and let
g : E — R be a convex, continuous, strongly coercive,
and Géteaux differentiable function which is bounded on
bounded subsets and uniformly convex on bounded subsets
of E. Let C be a nonempty, bounded, closed, and convex
subset of E and let T € BT, (C). Let {m )i be an
increasing sequence in N and let {y; };en € (0, 1) be such that
lim inf; _, y.(1-y;) > 0. The generalized Mann iteration pro-
cess generated by the mapping T, the sequence {y;}cn»> and
the sequence {rn;};cn, denoted by gM(T, {yic}eens (it ken)> 18
defined by the following iterative formula:

X = BT () + (1= ) %
(66)
where x, € C is chosen arbitrarily.

Definition 17. We say that a generalized Mann iteration
process gM (T, {Vi}ens (i) een) 1s well defined if

lim supa, (x;)=1. (67)
k— 00

Remark 18. Observe that by the definition of Bregman
asymptotic pointwise nonexpansive, lim;_, a, (x) = 1
for every x € C. Hence we can always select a subse-
quence {a, }en of {a,},en such that (67) holds. In other
words, by a suitable choice of {n;};y we can always make
M (T, (Yt kens 1Mt ken) well defined.

We will prove a series of lemmas necessary for the proof
of the generalized Mann process convergence theorem.

Lemma 19. Let E be a reflexive Banach space and let g :
E — R be a convex, continuous, strongly coercive, and
Gateaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets of E. Let C
be a nonempty, bounded, closed, and convex subset of E. Let
T € BT .(C) and let {mt}rey € N Let {yetren € (0,1)
such that lim inf, _ .y (1 — y.) > 0. Let w € F(T) and let
IM(T AV ens 1Mt een) be a generalized Mann process. Then
there exists A € R such that lim; _, . D(x;, w) = A.

Proof. Let w € F(T) be arbitrary chosen. In view of (66), we
obtain

Dy (x> w) < Dy (T™ (%), w)
+(1 =) Dy (x5 w)
< YDy (T™ (i), T™ (w))

+(1-y) D, (xpw)

(68)
< Yk (1 +b,, (xk)) D, (xp, w)
+ (1= y) Dy (x5 w)
< iy, (%) Dy (x5 w) + Dy (x5, w)
< b, (%) Bdiam (C) + D, (x; w)..
This implies that for every n € N,
k+n-1
Dy (Xgen w) < Dy (x4, w) + Bdiam (C) Z b, (x;). (69)
ik
Put r, = Dg(x,w) for every p € N and d, =

Bdiam(C) Zf:fl b, (x;). Since T € BT ,(C), we obtain that
lim sup, _, (limsup, _, . d;,, = 0. In view of Lemma 11, there
exists A € R such thatlim; _, D, (x;, w) = A. This completes
the proof. O

Lemma 20. Let E be a reflexive Banach space andlet g : E —
R be a convex, continuous, strongly coercive, and Gateaux
differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a
nonempty, bounded, closed, and convex subset of E. Let T ¢
BT (C) and let {n}ren € N. Let {yrhieny € (0, 1) such that
lim inf, _, oy (1 = ) > 0 and let gM(T, {y}rens i) en) be
a generalized Mann process. Then

lim D, (T" (x;),x;) = 0, lim D, (%41, %) = 0.
k—oo I k—oo 7
(70)

Proof. In view of Proposition 13, we conclude that F(T) # 0.
Let w € F(T) be fixed. It follows from Lemma 19 that there
exists A € R such that lim;_, D;(x;,w) = A Lets; =
sup{IT™(x )l Ixll : k € N} and let ps, E >R be the
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gauge of uniform convexity of g. By the definition of T, we
obtain

D, (xy41w)
=D, (5 T™ (xi) + (1= 1) % w)
< YDy (T™ (xi), w) + (1= 1) Dy (o w)
= 1Dy (T™ (), T™ (w)) + (1 = y;) D, (5, w)
< Yty (xi) Dy (xow) + (1= ) Dy (o w)

- V) Ps, (”Tnk (%x) = xk")

(71)

-y (1

= Yk (“nk (k) = 1) D, (xi w) + D, (%, w)

=V (1= 9 s, (IT™ (xi0) = xi]) -

This implies that
Ve (1=1i0) ps, (1T (i) = xi])
< (ank (xk) - 1) Dg (xk’ w) (72)

+ Dy (xow) = Dy (%41, w) -

Letting k — o0 in (72) we conclude that
Jim oo (|7 () = i) = 0. (73)

From the properties of p; , we deduce that limy _, ., [IT™ (x;) -
x|l = 0. Employing Lemma 8, we conclude that

lim D, (T™ (x;), %) = 0,

lim D, (x;,,%.) = 0.
oo kD oo g( k+1> k)

(74)
This completes the proof. O

In the next lemma, we prove that under suitable assump-
tion the sequence {x;},cny becomes an approximate fixed
point sequence, which will provide an important step in the
proof of the generalized Mann iteration process convergence.
First, we need to recall the following notions.

Definition 21. A strictly increasing sequence {n;};cy € N is
called quasiperiodic if the sequence {1;,; — #;};cy is bounded
or equivalently if there exists a number p € N such that any
block of consecutive natural numbers must contain a term
of the sequence {#;},y. The smallest of such numbers will be
called a quasi period of {#;};cy-

Lemma 22. Let E be a reflexive Banach space and let g : E —
R be a convex, continuous, strongly coercive, and Gateaux
differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a
nonempty, bounded, closed, and convex subset of E. Let T €
BT (C) and let {n}ren € N. Let {yrhieny € (0, 1) such that
liminf, |, y(1 — y) > 0. Let {m}pey € N be such that
the generalized Mann process gM (T, {y}ren» 1Mt ken) is well
defined. If, in addition, the set of indices F = {j e N :n

1 =
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1 + n;}is quasi—periqdic, then {x; }en is an approximate fixed
point sequence; that is,

Jim IT () = 2] = 0. (75)
Proof. In view of (66), we have

Xpar = X = Y (T™ (o) = %) - (76)

This, together with Lemmas 8 and 20, implies that

klincl)o ks = x| = 0. (77)

In view of Lemma 8, we conclude that
Jim Dy (x5 ) = 0. (78)

Let p € N be a quasi-period of #. We first prove that [x; —
T(x )l — O0ask — oo through f. Since ny,; = n; + 1 for
such k, we obtain

Dy (T (xr) , T ()

D, (177 (34). T ()

(79)
< ank+1 (xk+1) Dg (ka, xk) ’
Dy (T (x) T (x0)) < MyDy (T (). %)
where M; = sup{a,(x) : x € C} < oco. This implies that
lim D ( " (x,,,), T (xk)) =0,
k— 00
(80)
lim D, (TT™ (x), T (x,)) = 0.
k— o0
It follows from Lemma 8 that
i [7 () - ()] =0
(81)
klim ||TT”’< (x)-T (xk)" =
On the other hand, we have
I = T ()| < ok = | + ||xk+1 - (xk+1)“
+ [T () = T ()| (82)

HTT™ () = T ()] -

Thus, we obtain [x;, — T(x;)|| — 0ask — oo through 7.
In view of Lemma 8, we conclude that D (X T(x;)) — Oas
k — oo through 7. Now, let € > 0 be fixed. It follows from
Dg(xk, T(x;)) — 0ask — oo through # that there exists
N, € N such that

Dg (Xk,T

() <

Since 7 is quasi-periodic, for any k € N there exists j, € f
such that |k — j,| < p. Assume that k — p < ji < k (the

, Vk>=N,. (83)

w|m
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proof of the other case is identical). Since T'is a Bregman M-
Lipschitzian mapping where M, = sup{a, (x) : x € C}, there
exists 0 < & < €/3 such that

€ .
D, (Tx, Ty) < 3 it D, (x,y) <é. (84)
In view of (66) and (83), there exists N; € N such that
1
[xer = x| < > Vk > N. (85)
We also obtain

”xk - Xj, " < k= 2 ||+ [1xen = x|

S (86)
toot “xjkﬂ - xfk" = P; =0.
This implies that
klilréng (xk’xjk) =0, kh_ynéng (T (), T (xj")) =0
(87)
If follows from (77)-(78) that
v = Tocel) < [ = i | + ey, = T (5]
€ € (88)
HT () - T <845+ 35 <e
This completes the proof. O

Theorem 23. Let E be a reflexive Banach space and let g :
E — R be a convex, continuous, strongly coercive and
Gateaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets. Let C be a
nonempty, bounded, closed and convex subset of E. Let T €
BT (C) and let {n}ren € N. Let {yhieny € (0, 1) such that
lim inf, |, y(1 = y) > 0. Let {m}rey € N be such that
the generalized Mann process gM (T, {Vi}en» 11t een) is well
defined. If, in addition, the set of indices 7 = {j € N : kj,; =
1 + k.} is quasi-periodic, then the sequence {x;},cn generated
by gM(T, {Vic} en» 1M} een) converges weakly to a fixed point of
T.

Proof. In view of Lemma 22, we obtain
lim (|Tx; — x| = 0.
e " Kk~ Xk || (89)

Let y,z € C be weak cluster points of the sequence {x;};cn-
Then there exist subsequences { y; }reny and {2z }eeny Of {X Heeny
such that y, — yandz, — zask — co.In view of (89) and
Theorem 15, we conclude that Ty = y and Tz = z. It follows
from Lemma 19 that there exist real numbers A, and A, such

that
Jm Dy (yoy) =An lim Dy (z2) = A2 (90)

We claim that y = z. Assume on the contrary that y # z. By
the Bregman Opial-like property we obtain

Ay =limsupy (. Dy (yio ) < limsup_, Dy (4 2)
=limsupy _, ,D, (2, 2) < limsupy _, ,D, (2 )

=limsup, _, ,D, (Yo ¥) = Ay
(91)

1

This is a contradiction and hence there exists w € C such that
x;, — wask — 00. Since C is weakly sequentially compact,
such a weak cluster point w is unique. In view of Theorem 15,
we conclude that T'(w) = w, which completes the proof. [

5. Weak Convergence of Generalized Ishikawa
Iteration Process

The two-step Ishikawa iteration process is a generalization of
the one-step Mann iteration process. The Ishikawa iteration
process provides more flexibility in defining the algorithm
parameters which is important from numerical implementa-
tion perspective.

Definition 24. Let E be a reflexive Banach space and let
g + E — R be a convex, continuous, strongly coercive,
and Gateaux differentiable function which is bounded on
bounded subsets and uniformly convex on bounded subsets.
Let C be a nonempty, bounded, closed, and convex subset of
E.Let T € BT ,(C) and let {m};y € N be an increasing
sequence. Let {Bilren € (0,1) and {yi}reny <€ (0,1) be
sequences of real numbers such thatlim inf, , fB,.(1-f5;) >
0 and lim inf, _, .y, (1 — ) > 0. The generalized Ishikawa
iteration process generated by the mapping T, the sequences
{Bitken € (0,1), and {yilreny € (0,1), and the sequence
{ni}gen denoted by gI(T, {Bylxens (Vitkens {1k ken) is defined
by the following iterative scheme:

x, € C chosen arbitrarily,
Vi = BeT™ (x) + (1 = By) xp (92)

Xir = VeI (i) + (1= ye) X

Definition 25. We say that a generalized Ishikawa iteration
process gI(T, { Bitien 1Vidkens it keny) s well defined if

limsupa, (x;)=limsupa, (y)=1. (93)

k— oo k— o0

Lemma 26. Let E be a reflexive Banach space and let g :
E — R be a convex, continuous, strongly coercive, and
Gateaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets of E. Let C
be a nonempty, bounded, closed, and convex subset of E. Let
T € BT ,(C) and let {m}rey € N. Let {Brleeny € (0,1)
and {yen € (0,1) be sequences of real numbers such that
lim inf; _, . B (1-;) > Oandlim inf, _,  y(1—y;) > 0. Let
w € F(T) and gI(T, { i} ren Witkens i) en) be a generalized
Ishikawa iteration process. Then there exists 0 € R such that
limy. _, oo D, (5, w) = 6.

Proof. Let M; > 1 be fixed. Since lim;._, 4, (y) = 1, there
exists ky € N such that for any k > k, a,, (yx) < M;. Let
sy = sup{IT™ (x;)|l, llxe |l : k € N} and let ps,E—> R be the
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gauge of uniform convexity of g. By the definition of T and in

view of (93), we obtain
Dy (x50 w)
=D, (5 T™ (7)) + (1= y) xp w)
< %Dy (T™ (i) w) + (1 = ) Dy (0 w)
= %Dy (T™ (yi), T™ (w)) + (1 = y) Dy (x5 w)
< Yy, (1) Dy (7o w) + (1= ) Dy (x5 w)
< Yty (i) [BeDg (T (x1) )
+ (1= B) Dy (x5 w)
= py, (IT™ () = xel)]
+(1-y) Dy (xpw)
= yiat,, () [BeD, (T™ (x.), T™ (w))
+ (1= B) Dy (xpow)
= pe, (1T () = xel)]
+(1 - i) Dy (xpw)
< Vit (i) [Bean, () Dy (31 w)
+(1 - B) Dy (xpw)
=P, (17" () = i)
+(1-y) Dy (xpow)
= Y, (i) [Be (@, (1) = 1) Dy (35 w)
+ BiDy (% w)
+ (1= ) D, (x5, w)
= pe, (1T () = xel)]
+(1 - i) Dy (xpw)
= VB, (%) (, (i) = 1) Dy (1 w)
+ Vi, (V) Dy (X )
= eps, (IT7 () = xic)) + (1 = y) Dy (3 w)
< Vit (i) (@, (i) = 1) Dy (31 w)
+ Ve, (V) Dy (x0w) + (1= 1) Dy (3, w)
= s, (1T (i) = x]))
= Vitty, (¥k) @, (%) Dy (3 w) + (1= 9) D,y (0o w)

= YkPs, ("Tnk (xk) - xk”)
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= Yitty, (V) @y, (%) Dy (x5 w)
— D, (xow) + yDy (x4, w)
+ (1= 1) Dy (xw) = yiPrps, (T (i) = xi]))
[, (5) @y, (1) = 1] Dy (x5 w)
+ Dy (xw) = yips, (T (xi) = i)
= a, () ay, (x¢) Dy (xp w)

= s, (|7 () = xi]))
= a, (i) [y, (i) = 1] D, (30 w)

+ [, (x) - 1] D, (3, w)

+ Dy (1o w) = yips, (I T™ (x5) = i 1)
< M;b, (x;) Bdiam (C) + D, (x;, w)

=~ YiPs, ("Tnk (%) = xk“) .

IN

(94)
This implies that for every n € N,
k+n-1
D, (X1 w) < D, (5, w) + M;B diam (C) Z b, (x;).
S
Put r, = Dy(x,w) for every p € N and di, =

M, B diam(C) Zf‘:,f_l b, (x,). Since T € BT ,(C), we obtain
that lim sup, _, lim sup, _, . dj, = 0. In view of Lemma 11,
there exists 0 € R such that lim; _, ,Dy(x,w) = 6. Let
Mg > 1 be fixed. Since lim;_, ,a, (x;) = 1, there exists
ko € N such that for any k > k, a,, (x;) < Mg. Therefore, by
the same argument, as in the proof of Lemma 19, we conclude
that for k > kyandn > 1

k+n-1
Dy (Xgsn w) < Dy (x4, w) + M; B diam (C) Z b, (x;)
i=k

k+n—1
< D, (x¢, w) + M;B diam (C) Z b, (x;) -
i=k
(96)

By the same manner as in the proof of Lemma 19, we deduce
that there exists 0 € R such that lim;_, ,,D/(x;, w) = 0,
which completes the proof. O

Lemma 27. Let E be a reflexive Banach space and let g :
E — R be a convex, continuous, strongly coercive, and
Gateaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets. Let C be
a nonempty, bounded, closed, and convex subset of E. Let
T € BT, (C)and let {m}reny € N. Let {Bileeny € (0,1)
and {ytren € (0,1) be sequences of real numbers such
that lim inf, | y(1 — y) > 0 and lim inf, _, B(1 —
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Bi) > 0. Let w € F(T) and gI(T, {yi}eeny B en (i eeny) be
a generalized Ishikawa iteration process. Then
lim D(T™ (y,),x;) =0, lim D (g1, %) = 0.
k— oo k— o0
(97)

Proof. Inview of Proposition 13, F(T) # 0. Take any w € F(T')
arbitrarily chosen. Then, by Lemma 26, there exists 0 € R
such that limy _, oD, (x, w) = 6. By the same arguments, as
in the proof of Lemma 26, we conclude that

Dy (g1, w) < Myb, (x;) Bdiam (C) + Dy (x;, w)

= YkPs, (”Tnk (Xk) - xk") .

(98)

This implies that
Yeps, (T (x) = xi|)) < Myb, (%) Bdiam (C)

+ Dy (x4, w) = Dy (X1, w) -

(99)
This implies that
Jimp ([T () = i) = 0. (100)
Therefore, from the property of p; we deduce that
lim |T™ - x| = 0.
Jim 7% (x) = x| = 0 (101)

In a similar way, as in the proof of Lemma 20, we can prove
that

Jim T () = x| = 0. (102)
This completes the proof. O

Lemma 28. Let E be a reflexive Banach space and let g :
E — R be a convex, continuous, strongly coercive, and
Gdteaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets. Let C be a
nonempty, bounded, closed, and convex subset of E. Let T €
BT (C) and let {n}ren € N. Let {yhieny € (0, 1) such that
lim inf, , . y(1 — ) > 0. Let {m}reny € N be such that the
generalized Ishikawa process gI(T, {y}eens {Biteens 1 ken) 15
well defined. If, in addition, the set of indices § = {j € N :
N = 1+n;}is quasi-periodic, then {x;}icy is an approximate
fixed point sequence; that is,

tim |7 (%) - %] = 0.

k— o0

(103)

Theorem 29. Let E be a reflexive Banach space and let g :
E — R be a convex, continuous, strongly coercive, and
Gateaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets. Let C be a
nonempty, bounded, closed, and convex subset of E. Let T €
BT ,(C) and let {n}ren € N. Let {yhieny € (0, 1) such that
lim inf, _, . y(1 — ) > 0. Let {m}reny € N be such that the
generalized Ishikawa process gI(T, {y b eens {Bicteens 1 ien) 15
well defined. If, in addition, the set of indices § = {j € N :
ki = 1+ kj} is quasi-periodic, then the sequence {mc}ey
generated by gI(T, {yi}eno 1Bicteens 1t ken) converges weakly
to a fixed point of T.
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Remark 30. Theorem 29 improves Theorems 3.1 and 4.1 of
[18] in the following aspects.

(1) For the structure of Banach spaces, we extend the
duality mapping to more general case, that is, a con-
vex, continuous, strongly coercive Bregman function
which is bounded on bounded sets and uniformly
convex and uniformly smooth on bounded sets.

(2) For the mappings, we extend the mapping from an
asymptotic pointwise nonexpansive mapping to a
Bregman asymptotic pointwise nonexpansive map-
ping.

(3) Since we do not need the weak sequential continuity
of the duality mapping in Theorems 23 and 29 as
was the case in [18], we can apply Theorem 29 in the
Lebesgue space L where 1 < p < co and p # 2 while
this space is not applicable for Theorems 3.1, 4.1, and
5.1 of [18].
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