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JOINT ESSENTIAL SPECTRA
A. T. DasH

There are many pretty and significant results concerning
the essential spectrum of a single operator. The purpose of this
note is to introduce the concept of essential spectrum for a
sequence of operators and prove analogous results.

1. Imntroduction. For a nice discussion relating to the essen-
tial spectrum of a single operator (bounded linear transformation) A ina
complex separable infinite dimensional Hilbert space #, the reader is
referred to Fillmore, Stampfli and Williams [5]. The purpose of this
article is to discuss and prove analogous results concerning the joint
essential spectrum [Def. 2.3] of n-tuples of operators which were
announced in [4]. The results of this paper can also be extended to
sequences of operators {A,} with very little modifications in the proofs
and definitions. However, for brevity we have chosen to discuss them for
n-tuples of operators on #.

2. Joint essential spectra. Before we formally define the
notion of joint essential spectrum of an n-tuple of operators, we first
review the various definitions of joint spectrum existing in the literature.

DerFiNITION 2.1. Let a = (a,,* - -, a,) be an n-tuple of commuting
elements in a Banach algebra 2 with identity. The double commutant
joint spectrum o"(a) of a is defined as the set of all z =(z,,---,z,)EC"
(n-fold Cartesian product of all complex numbers C) such that the closed
ideal generated by the set {a, — z,},<,=,is a proper ideal in a”. Here a”is
the set of all elements of % which commute with the elements of U that
commute with a,, a, - - -, a,. Consult [3].

Similarly, the commutant joint spectrum o'(a) of a is the set of all
points z = (z,, - - -, z,) in C" such that the set {a, — z,},,=.1s contained in a
proper (two sided) ideal of a’, where a’ is the set of all elements of 2 that
commute with a,, a,, ' - -, a,. See Taylor [8].

There is also another notion of joint spectrum which exists in the
literature and is the following:

DEerFINITION 2.2. Let a =(ay, -, a,) be a commuting n-tuple of
elements in A. Then the joint spectrum o(a) is defined as

o(a)=o'(a)Uo'(a);
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where the left (right) joint spectrum o'(a) (o' (a)) is defined as the set of
all points z = (zy, - -+, z,) in C" such that {a; — z,},<,=, generates a proper
left (right) ideal in the algebra 2. For this notion of joint spectrum, the
reader is referred to Bonsall and Duncan [1] and Harte [6].

Clearly, we have

o(a)Coa'(a)C o’(a).

Note that if a consists of a single element, then all these notions of
spectra coincide with its usual spectrum. If a = (ay,- -, a,)is an n-tuple
of commuting elements in %, then o'(a), ¢"(a), o(a), o'(a) and o'(a)
are nonempty compact subsets of C”, otherwise (if a,’s do not commute)
each of these sets may be empty. Here in what follows we shall mainly
be concerned with the Definition 2.2 for joint spectrum of an n-tuple of
elements. Moreover, Definition 2.2 can very well be considered for the
definition of joint spectrum of arbitrary (not necessarily commuting)
n-tuple of elements in .

REMARK 1. The definition of joint spectrum given above is valid
for any complex algebra with identity. Furthermore, in a Banach algebra
with identity it is well known that a left (right) ideal is proper if and only if
its closure is a proper left (right) ideal. Thus there is no ambiguity if the
ideals considered in the above definitions are closed or not.

In the sequel £ () denotes the algebra of all operators on # and X
denotes the ideal of compact operators on #. Let v be the canonical
homomorphism from ¥ (%) onto the Calkin algebra F(¥)/# = €. If
A=(A, -, A,) is an n-tuple of operators on &, then we write
v(A,) = a, the coset containing A, for each j, 1 =j =n. Now we are
ready to introduce the following

DEerINITION 2.3. The joint essential spectrum of an n-tuple of
operators A =(A,, -+, A,) on ¥ denoted by a,(A) is defined as the
joint spectrum o (a) of a = (a,, -+, a,).

Thus z = (z,,- -, z,) belongs to o(a) if and only if {a, — z;},5,<, is
contained in a proper left or right ideal of the Calkin algebra €. We call
the set o'(a) (o' (a)) as the left (right) joint essential spectrum and denote
it by 0i(A) (0(A)). Clearly, s (A)C d'(A), c(A)C o' (A); and hence
0. (A)=0(A)Uo(A)Ca(A). Moreover, if A*=(A%---,A%) and
z*=(z%, -+, z%) (here, z 7% is the complex conjugate of z, and A* is the
adjoint of the operator A,), then one can easily show that o,(A*)=
o.(A)*and o, (A, +K,,---,A, + K,)=0c.(A)forall K, K, - -, K, in .

If we denote by F, the set of all Fredholm operators (an operator T
is called Fredholm if and only if v(T) is invertible in the Calkin algebra
€) on ¥, then the joint essential spectrum o, (A)of A =(A,,---, A,)is
equivalently defined as
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o.(A)=0 A)Uo(A),

where

oi(A)= {z = (212 2, B(A, —2)€ F for all B € x(%)}
and

o(A) = {z = (21, 2,): 3 (A~ z)BE F for all B € 2(%)} .

If there is no ambiguity, we shall write % for Zr,. Furthermore, if
A =(A, -, A,)is an n-tuple of essentially commuting (pairwise com-
muting modulo the compacts) operators, then o(A), oi(A) and o.(A)
are nonempty compact subsets of C".

LEMMA 2.4. Let b =(b,,---,b,) be an n-tuple of elements in a
unital C*-algebra A. Then:
@) (z1, -, z,)Ea'(by, -+, b,) if and only if

0e U(Z(b/ - ZI)*(bI - Z/))
(b) (zi,°+,z,)Ea'(by,- -, b,) if and only if

0e U(E(b/ - ZI)(bI - Z/)*)-

Proof of (a). If (z,,--+,z,)Ea'(by," -, b,), then it follows easily
from the definition of joint spectrum that

0e U[(z(bl - Z/)*(b/ -z )) = O'(Z(b, - Zi)*(b/ —Z ))

Conversely, suppose that 0 € o (2(b, — 2,)*(b, — z,)). Then there ex-
ists a sequence {u} in A with Ju =1 such that
(b, = z,)*(b, ~ z,)u || =0 as k — . Therefore we have

"(bl - Z/)uk ”2 = “ u t(b] - ZJ)*(bl - Zl)uk ”
=||Zui(b —z)*(b — z)uJ]—>0 as k—x,

for each j, 1=j=n. Thus it follows that (z,,- -, z,)€ o'(by,- -, b,).
This proves Lemma 2.4(a) and part (b) follows by taking adjoints.

CorOLLARY 2.5. Let A =(A,,---,A,) be an n-tuple of operators
on #. Then:
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(@ (21,7, 2,)ETUA) if and only if 0 € 0, (3(A, — 2))*(A; — z;))
) (z1, ", z.)EcTUA)ifandonlyif 0 € o.(C(A, — 2))(A, — z;)*).

The following theorem characterizes the left joint essential spectrum
and right joint essential spectrum of an n-tuple of operators on #.

THEOREM 2.6. Let A =(A,,---, A,) be an n-tuple of operators on
K. Then:
(@) z=(zi, -+, z,)EaA) if and only if there exists a sequence

{xc} of unit vectors in % with x, — 0 weakly such that
1A, = z)x )| =0 as  k— o,

foreach j, 1=j=n.
(b) z € aiA) if and only if there exists a sequence {x.} of unit
vectors in X with x, — 0 weakly such that

1A=z D%l =0 as k—e,

for each j, 1=j=n.
Moreover, the sequence {x.} can be chosen orthonormal.

Proof of (a). Let z €oy(A)=0c'(a). Then 2 b,(a —z)#1 for all
by in €. In particular, this implies that 3(a, —z)*(a —z)=
v(2(A, — z)*(A, — z,)) does not have a left inverse in 6. Hence there
exists a sequence {x;} of unit vectors with x, — 0 weakly such that

12(A, = 2)*(A, - z)x]—0 as k—c [5 Thm. 1.1].

Thus,
2"(141 = Z,)X “2 = <E(A/ - ZI)*(AI = Z,)X, X )
= HE(A/ - Z!)*(A! - Z;)xk ”'_)O as k-
This implies that ||[(A, — z,)x.||—0 as k — o, for each j, I=j=n.
Conversely, suppose {x,} is a sequence of unit vectors with x, —0
weakly such that ||(A, — z,)x | >0 as k —« for each j, 1 =j = n. This
implies that
HE(A/ - Z])*(A/ = Z)x ” =3 ”(A/ - Z,)*(A, 2z )xk ”—>O

Therefore we have

0e Ui(E(A, - Z!)*(A/ - zl)) = 0. (Z(AI - Z/)*(A/ —Z ))
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Thus it follows from Corollary 2.5 that z € (A ). Furthermore, it is not
hard to see that z € o}(A) if and only if z* € oi(A *). Thus the proof of
(b) reduces to that of (a) just discussed above. Therefore the proof of the
theorem is complete.

The above theorem may be restated as follows: z € ¢,(A) if and
only if there exists a sequence {x, } of unit vectors with x, — 0 weakly such
that either

(A, = z)x || >0 as k-—>ow, foreachj 1=j=n,
or

(A —z)x||—0 as k—x, foreachj 1=j=n

REMARK 2. As indicated in the introduction all the results of this
paper can be extended to an infinite sequence of operators with very little
effort. For example, as suggested by the referee the proof of Theorem
2.6(a) for an infinite sequence of operators A ={A,} may be briefly
outlined as follows:

It can be easily shown that z = (z,,- -, z,,- - - ) belongs to ogi(A) if
and only if 0E€ o, (Zy,(A, —z)*(A, — z)), where vy, =2 |A —z]|P)".
Now it is not hard to see that both conditions are equivalent to the
condition that there exist unit vectors x, with x, — 0 weakly such that
(A, = z)x ||— 0 for each j.

By now it is clear that in order to prove the rest of the results of this
paper for infinite sequences of operators (or elements in the Calkin
algebra) one may use the same weight factors vy, while all other
arguments remain the same. Therefore there is no loss of generality in
describing the rest of the results for n-tuples.

To the best of the author’s knowledge the use of the weight factor vy,
is the idea of Professor J. P. Williams which the author learned from him
during the A.M.S. meeting held at Washington, D.C., 1975, although the
same is being suggested by the referee.

DEeriNITION 2.7. Let A =(A,,---, A,) be an n-tuple of operators
on #. A pointz =(z,---,z,) of C"is called a joint eigenvalue of A if
and only if there exists a nonzero vector f in  such that

(A, —z)f=0, foreachj, 1l=j=n

The set of all joint eigenvalues of A is denoted by a,(A) [3]. Moreover,
it is easy to see that (z,,---,z,)€0,(A) if and only if 0E
Tp (X(A, - ZJ)*(Ai = z))).

Next we describe the relationship between the joint spectrum and
the joint essential spectrum.
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THEOREM 2.8. Let A =(A,,---, A,) be an n-tuple of operators on
H. Then:

() o'(A)=cliA)Uc,(A)

(B) o'(A)=0cUA)Ua,(A*),
and hence we have

() o(A)=0.(A)Uag,(A)Ua,(A%)".

Proof. First we shall prove (a). Suppose z = (z,,-**,2,)E o'(A)
and z & o,(A). Thus it follows from Lemma 2.4 and the above remarks
that 0€ o (2(A, — 2))*(A; — z,)) and 0 € 0, (%(A, — 2,))*(A, — z;)). Hence
the operator (A, —z)*(A, —z) is 1-1 and has dense range. Since
3(A, - z)*(A, — z,) is not invertible, the range of 2(A; — z,)*(A, — z)) is
not closed. Thus the operator 2(A, — z;)*(A, — z,) is not Fredholm; and
hence 0 € 0. (%(A, — 2,)*(A, — z,)). Therefore, it follows from Corollary
2.5 that z € o(A). Moreover, from Theorem 2.8(a) and earlier remarks
we have

o' (A)=0'(A*)*=(0(A")Ua,(A*)*=a(A¥)*Ug,(A*)*
= o (A)U a,(A*)*.

This proves Theorem 2.8(b). The proof of (c) follows immediately from
(a) and (b). Thus the proof of the theorem is complete.

DEefFINITION 2.9. Let A =(A,, -+, A,) be an n-tuple of operators
on #. Then z =(z,---,2z,)is a joint approximate point spectrum of A
or z € o,(A), if there exists a sequence {f,} of unit vectors such that

(A, = z)fi|| >0 as k—>w, foreachj 1=j=n.

We say that z € a;(A), the joint approximate defect spectrum of A if and
only if z*E o, (A%).

It is well known that o'(A)=0,(A) and 0'(A) = 05(A). Consult
[3]1. Clearly, z=(z,---,z,)Eo0,(A) if and only if O€
0,(2(A, —2)*(A, —z))and z € g;(A) if and only if z* € 0,(A *) if and
only if 0 € o, (X(A, — z,)(A, — 2,)*).

THEOREM 2.10. Let A = (A, -, A,) be an n-tuple of operators on
H. Then:

(@) The joint approximate point spectrum o,(A) of A consists of
o (A) together with the joint eigenvalues of finite multiplicity.

(b) The joint approximate defect spectrum o5;(A) of A consists of
o0 (A) together with the set of all z € C" such that z* is a joint eigenvalue
of finite multiplicity of A*.
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Proof. Suppose z =(zy,"**,2,)E0,(A) and zZ oyA). This
means that 0 € o, (3(A, — z))*(A, — z,)) and 0 € o (2(A; — 2))*(A, — 2))).
Therefore, the operator 3(A, — z;,)*(A; — z;) is not bounded below but
has closed range and finite dimensional null space. Hence the null space
of 2(A, —z)*(A; — z;) is nontrivial so that 0 € g,(2(A, — z))*(A, — z))).
Thus it follows that z € 0,(A) and z is a joint eigenvalue of finite
multiplicity. Recall that z € o;(A) if and only if z* € 0,,(A *). Thus the
proof of (b) reduces to that of (a) by taking adjoints.

3. Hyponormal elements in the Calkin algebra. We
give here a simple proof of the BDF Lemma 2.1 [2].

LEmmA 3.1 {2, Lemma 2.1]. Let A =(A,,---, A,) be an n-tuple of
essentially normal operators (AA*—A*A, €H, for each j, j=
1,2,---,n). Then

0.(A)=0lA)=0A).

Proof. Suppose z =(zy,***,2z,)E 0.(A). This means that either
2b(a—2z)#1 for all €€ or 2(a —z)b#1 for all h €¥. In
particular, this implies that 0€ o(3(aq; — z;)*(a; — z;)). Hence z €
c'(a,, -, a,). Therefore z € ol(A), and hence o.(A)=0cUA).
Moreover, we have 0,(A)=o.(A*)*=0o(A*)*=0c(A). This proves
the lemma.

Note that the proof of Lemma 3.1 for an infinite sequence of
operators follows trivially from Remark 2.

CoROLLARY 3.2. Let A =(A,---,A,) be an n-tuple of normal
operators. Then z =(z,,**,2,)€ 0.(A) if and only if there exists an
orthonormal sequence {e,} such that

I(A = z)ec| =0 and [|(A; - z)*e|—0 as k-
and for each j, 1 =j =n.
Such a point in the joint essential spectrum is called a normal joint
essential approximate eigenvalue. The above corollary states that each
point in the joint essential spectrum of an n-tuple of normal operators is

a normal joint essential approximate eigenvalue.

THEOREM 3.3. Let A =(A,---,A,) be an n-tuple of essentially
hyponormal operators (a,a* = a* a; for each j, 1=j=n) on ¥. Then

ag.(A)=ayA).
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Proof. Suppose z =(z;,-*+,2,)E oi(A). Then there exists a se-
quence {u.} in € with |lu, || =1 such that ||(a, — z,)u || — 0 as k — o, for
each j, 1=j=n. Consult the proof of Lemma 2.4. Since each a; is
hyponormal we have

@t = zDu = (a, - z))ue [P

Thus z € 0(A). Therefore, 0,(A)=0c(A)Uc(A)=0(A).

The above theorem can be restated as follows: If A = (A,,---, A,)is
an n-tuple of essentially hyponormal operators on ¥, then z € 0. (A)
if and only if there exists an orthonormal sequence {e} such that
(A, — z)*e | >0 as k >, for each j, 1=j=n.

4. Joint eigenvalues in the Calkin algebra. It is well
known that if b € € and z € o(b), then there is a projection p # 0 such
that bp = zp or pb = zp [5]. The following theorem is an extension of
this result to n-tuples.

THEOREM 4.1. Leta = (ay, """, a,) be an n-tuple of elements in the
Calkin algebra € and z = (z,,-+-,2,) € o(a). Then there is a nonzero
projection p in € such that

ap=zp forallj, 1=j=n

or
pa,=zp forallj, 1=j=n.

Proof. Suppose z =(z,,**,2z,)E o'(a). This implies that 0€E
o' G(a, - z)*(a; — z))) = 0 (2(a, — z,)*(a, — z,)). Thus it follows from [5,
Thm. 4.1] that there exists a nonzero projection p in € such that
2(a, — z,)*(a, — z,)p = 0. This implies that % p(a, — z,)*(a; — z;)p = 0, and
hence p(a, — z;)*(a,— z,)p =0 for each j, 1=j=n. But ||(aq, — z})p|f=
lp(a, — z,)*(a; — z,)p||. Thus it follows that (a, —z)p =0 for each j,
1=j =n,sothat ap = z;p for each j, 1 =j = n. In order to complete the
proof we must consider the possibility that z € 0(A). But o)(A)=
oA *)*. Thus this case reduces to the one just discussed. Hence the
proof of the theorem is complete.

LEMMA 4.2. Let A =(A,,---, A,) be an n-tuple of essentially com -
muting operators on ¥. Then

c(A)Na(A)# ¢.

Proof. 1t follows immediately from the definition of joint essential
spectrum and the proof of Theorem 11.1 [7].



JOINT ESSENTIAL SPECTRA 127

COROLLARY 4.3. Let A =(A,, -, A,) be an n-tuple of essentially
commuting operators. Then there are orthogonal projections P and Q of
infinite rank and nullity and an n-tuple of complex numbers z =
(21, +,2,) such that

(A, — z;)P is compact for all j, l1=sj=n
and

Q(A, — z,)) is compact for all j, l=j=n

Proof. 'This follows immediately from the definition of joint essen-
tia] spectrum, Lemma 4.2 and Theorem 4.1.

COROLLARY 4.4. Let A= (A, -+, A,) be an n-tuple of essentially
commuting operators on ¥. Then:

(@) The operators A,,---, A, have a common invariant subspace
“modulo the compacts’.

(b) The operators A*%,---, A’ have a common invariant subspace

“modulo the compacts’.

Proof. From Corollary 4.3 we have that for each j, 1=j=n,
PAP—-AP=2zP—-AP= — (A, —z)P is compact. Thus it follows that
the operators A,,---, A, have a common invariant subspace ‘“modulo
the compacts”. This proves (a); and the proof of (b) is now obvious.

We state the following without proof.

THEOREM 4.5. Let a =(a,,--*,a,) be an n-tuple of hyponormal
elements in the Calkin algebra €. Then:

(@) z=(zi,-"-,2z,)€ o(a)if and only if there is a nonzero projection
p such that

a*p=z*p, foreachj 1=j=n
(b) If p is a nonzero projection such that

ap=2zp (1=j=n), then
a*p=2z%p foreachj 1=j=n.
CoRrOLLARY 4.6. If A =(A, - -, A,) be an n-tuple of essentially

commuting essentially hyponormal operators, then A, ---, A, have a
common reducing subspace ‘‘modulo the compacts”.

Proof. Since oy (A)N o (A)# ¢ [Lemma 4.2], it follows that there
exists z =(z,,"++, z,)in 0(A) N g (A) and a nonzero projection p in the
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Calkin algebra € such that ap=2zp (1=j=n). But g -z is
hyponormal for each j. This implies that a%p =2z%p for each j,
1=j=n Thus we have q;p=z;p=(z5p)*=(a%p)*=pa, 1=j=n
Hence A;P — PA; is compact for each j, where v(P)=p. This proves
the result.
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