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UNIQUE BEST APPROXIMATION FROM A
C2-MANIFOLD IN HILBERT SPACE

THEAGENIS ABATZOGLOU

Given a C2-manifold in a Hubert space we examine
whether a critical point of the distance function to the
manifold is actually a global best approximation. We
establish a criterium for the above in terms of the curva-
ture of the manifold.

l Introduction. In the last 10 years there have been papers,
see [3], [4], [9], [10], [12], where the authors determine how close
you have to be from a manifold to make sure that a critical point
of the distance function to the manifold is a global best approxi-
mation. In their discussion the authors above use explicitly or
implicitly the notions of curvature and radius of curvature and as
long as the manifold does not bend back into itself too much, they
use a global lower bound on the radius of curvature to conclude
that if a point is within one third of the radius of curvature then
it has a unique global approximation. In this paper we use different
methods, mainly from differential geometry, to arrive at a sharp
bound of one radius of curvature guaranteeing unique global best
approximation.

2. Global best approximation to C2-curves* We would like to
establish some facts about C2-curves which we will use later to
obtain our results about global best approximation to C2-manifolds.
A version of Theorem 2.1b is known in ^-dimensional Euclidean
space and is due to Schwarz, see [7] page 38. Our proof holds for
any Hubert space and is different from the classical one.

We will need the following lemma to prove Theorem 2.1:

LEMMA 2.1. Let x, y, z be in H, a Hilbert space, and assume
that \\y\\ = 1, y ± z. Then: \(x,z)\ ^ \\z\W\\x\\2 - (x, y)\

Proof. Write z as: z — t(x — (x, y)y) + v where v±x,y. Then
\\z\\i = t\\\x\\i~(x,y)*) + \\v\\* so that: | ί | ^ p | | / i / | | a ? | | 2 - ( α ? , y ) 2 .
We now estimate (x, z) and get

| (a f Z)\ = | t | | x | | 2 - t(x, yf\ = \t(\\x\\> - (x, y)*)\

^\\z\\i/\\x\\2-(x,y)2.

THEOREM 2.1. If y is a C2-curve embedded in H such that
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||7(0)|| = R, τ(0)±7'(0), | |γ'(ί)| | = 1 and | |τ"(ί) | | £ 1/Λ for all t. Then
(a) | |γ(ί)| | ^ R for all t,\t\£ πR
(b) d/dt ||7(ί) - 7(0)|| ^ 0 /or 0 < t ^ τri2 αwd \\y(±πR) - 7(0)||

Proo/. (a) We shall assume first that ||7(0)|| < R. Let F{t) =
||7(ί)||2 and compute F'(t) and ί"'(ί). We obtain

F'(t) = 2(7'(ί), 7(ί))

F"(ί) = 2 + 2(τ"(ί), 7(ί))

Since 7'(0)±7(0) and \\y"(t)\\ ̂ 1/R we can assume there exists an
interval [0, ί j where F'(t) ^ 0 and F'(td = 0 otherwise the proof is
immediate. We now apply Lemma 2.1 with x = y(t), y = y'(t), z =
7"(t) and obtain

F"(t) - 2
^ll7"(t)HVf(*)-

or

2- F" ^ 1/R]/AF - F'2

deleting the ί's. Multiply the last inequality by F' in [0, t j and
get (1)

(1) JP'(2 — F") ^
R

which we rewrite as

•F'(2 - F^) ^ F

Integrate from t to t± and get (2)

( 2 ) vΊΓPόϋ

Set FίtJ = α2 and 2α - a2/R = 6, then (2) becomes (3)

( 3 ) (6 + JP/JB) ^ 1/4F

We would like to show that ίx ^ πi2/2. If we assume on the con-
trary that ίi < τri?/2 then it easily follows that b + F/R ^ 0 for all
t, t in [0, ί j . We then square (3) and obtain

( 4) Fn ^ 4F - (6 + F/i2)2 or ί7' g l/4F - (6 +

Integrate the last inequality from 0 to tx and get
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1 d F <; \hdt
- (b + F/BY - Jo

so that

Rsin
2F(t) - (4jg2 - 2bR) Ί

l/(4i22 - 2bRf - 4&IR2J

F(td = α2

F(fi) = (1

We evaluate the integral substituting 2a — a?/R = b, observing that
when t = 0 equation (3) implies F(tx) = α2 ^ (1 + sfR\ So the above
integral computes to:

sin- Γ 2(1 - eYR* - 4fl2 + UR - 2α2 ΊΊ <
L 4J?(α - R) ΔΛ~ x

from which we obtain Rπ/2 ^ ί1# This contradiction shows that
| |7(ί)| | is an increasing function on [0, πR/2]. In the case that
117(0) 11 = R we consider the curve δ(t) = 7(ί) — 67(0) and let β->0
to obtain once more that | |7(ί)| | is an increasing function of t on
[0, πR/2]. Now let [0, t2] be the largest interval where | |7(t)| | ^R
with ||7(£2)|| = i2. Suppose F'(t) ^ 0 on [ί8, ί2] and F'(t3) = 0, then
an entirely analogous argument shows that t2 — tz^ πR/2. This
concludes the proof of Theorem 2.1a.

(b) Now we shall prove Theorem 2.1b.
Define G by G(t) = \\y(t) - 7(0)||2. Then

G'(t) - 2(τ'(ί), 7(ί) - 7(0)) and G"(ί) = 2 + 2(7f'(ί), 7(ί) - 7(0)).
We apply Lemma 2.1 with x = 7(ί) — 7(0), y = 7'(ί), ^ = 7r/(ί) and
obtain,

2 - G"(ί) I

Let us assume that G'(t) ^ 0 on [0, t0]; then we multiply the in-
equality by G\t) and get

(2 - G"(t))G\t) ^ l/RG'(t)V4G(t) - G'\t) .

This last relation we rewrite as (2 - G"(t))G\t)/V£G(t) - Gf2(t) ^
G'(t)/R and integrate from 0 to ί, ί in [0, t0] to obtain

τ/4G(ί) - G'2(ί) ^ G(t)/R

which we express as (5)

( 5 ) 4G(ί) - G'\t) S G\t)/R2 .

Suppose there is ί0, 0 < ί0, such that 0 < G'(ί) for ί in (0, t0) and
G'(t0) = 0. Then using (5) we get 4R2 ^ G(ί0). Set c2 = G(ί0) and
consider the curve δ defined by
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δ(f) = 7(ί) ~ (C-—-7(ίo) + —7(0)
\ C G

Observe that δ(to)±δ'(to) because G'(ίo) = O; also P(ί o ) | | = 22, ||δ'(ί)|| = l
and P"(ί) | |^ l/22 for all ί. Then by Theorem 2.1a δ will stay
outside the sphere of radius R centered at ((c — B)/c)y(t0) + (B/c)y(0),
on the interval [t0 — πR, to\. We project δ radially into the above
sphere; call the projected curve δ. Then the arc length of δ from
0 to t0 must be less or equal than t0. However δ(ί0) and 3(0) are
antipodal points of the sphere and by [11]: Theorem 51, ί0 ^
We rewrite (5) as VAGjt) - G2(t)/R2 ^ G'(t); this last inequality is
equivalent to 2RVl - (G(t)J2R2 - I)2 ̂  G'(t) which we integrate from
0 to t with £?(«)•<; 4222 we obtain:

ί £ 22[sin-1((?(ί)/2iί2 - 1) - siirX-l)] i.e.,

t ^ i?[ττ/2 + sin~\G(t)/2R2 - 1)] .

So then G(ί) = 4i?2, t in [0, ί0], ί must be less or equal to πR. This
implies now that G(πR) ^ 4β2.

We are almost ready now to apply the above theorem to best
global approximation from curves. We need a definition: that of
folding.

DEFINITION. Let 7 be a curve in H. The folding of 7 at y(t):
Φ(y(t)) is defined by

φ(y(t)) = sup {r I B(y(t), s) Π 7 is connected for all s <£ r}

where 2?(ίc, r) is the ball of radius r centered at x. φ(y(t)) measures
how much does 7 twist back to y(t). We can now prove:

THEOREM 2.2. Let 7 be a C2 curve embedded in a Hubert space
H; suppose \\Y(t)\\ = 1 and \\y"(t)\\ ̂  1/B for all t. Let x be in H
and assume that x - 7(0)±7'(0). Then if | |<B-7(0)| | < min {φ(y(Q))/2,
R} = μf 7(0) is the best global approximation of x from 7.

Proof. Suppose t h e r e is a c Φ 0 such t h a t \\x — 7(c) | | ^ \\x ~

7(0) 11. Then i t follows t h a t | | a - 7(c) | | < μ and (1)

(1) ||7(c) - 7(0)!| ^\\x- 7(o)|| + IIa? - 7(0)|| < 2μ .

It follows from Theorem 2.1a that ||a? - 7(0) || < \\x — y(t)\\ for 0 <
| ί | < πR; also by Theorem 2.1b, ||7(±πJB) - 7(0)|| ^ 222.

This forces πR < |c | but since B(y(0), \\y(e) — 7(0)||) Π 7 is con-
nected by hypothesis, we must have ||7(c) — 7(0) || ^ 22? which
contradicts (1).
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EXAMPLE. Let y(t) = 1/(1 - tx) in L2[-l, 1], | ί | < 1.
Let us find the folding of 7 at τ(s) = 1/(1 — sx). Compute:

= 2 Γ ( x - —
(1 - txf

= 2(ί — s)\ dx .
J-i (1 — sx)(l — txf

This shows that any point of 7 has infinite folding. Now we need
to compute the curvature. Define the arc length s(t) by:

and use the chain rule to obtain

ds* W df ds2 dt

We also get the following formulas by straight forward computa-
tions:

ds ~ V όι2 i +

2a;2

dί2 (1 - txf

df = -9t(X + t
ds2 (1 + Ztff

and

dt (1 - txf

Next we compute \\d2rγ/ds2\\2 and after some work we find that

18 (1 - t2)

ds2 5 (1 + 3ί2)3
- 2ί2

which has a maximum, for | ί | < 1, equal to 18/5 when t = 0.

By Theorem 2.2 all functions / in L2[—1,1] whose distance

from 7 is less than τ/5/18 = l/3τ/5/2 have a unique best approxima-

tion from 7.
In conjunction to this example it is interesting to observe that

if /(a?) = 1 + αx2 then 7(0) = 1 is the best global approximation to
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/, for \a\ ̂  5/6 in jwhich case | | / - 1|| = \a\ χ/2/5. Note that
||(1 + 5/6af) - 1|| = 1/5/18". It is easy to see that if a > 5/6 then
1 + ax2 has at least 2 best approximations from 7. This suggests
the sharpness of Theorem 2.2.

3* Metric curvature* Let M be a C2 manifold embedded in a
Hubert space H and suppose X(xu •••,&«) is the inclusion map. Con-
sider a point m in M and a vector v orthogonal to M at m, ||ι;|| = l.

DEFINITION. We define the directional curvature of M at m in
the direction v to be:

I = max {Aw' w)

p(m, v) ιι«Mi£i (Bw, w)

where

A = ((v,^-)) , B = ([^. MλX7 \ \ " \ 7 - II

i,3=l W OXi OXj //i,3=l

l/p(m, v) is also equal to the largest eigenvalue of B~XA and is
called by Milnor in [8]: the maximum principal curvature of M at
m in the direction v, ρ(m, v) is called the radius of curvature at m
in the direction v.

It was proved in [1] that if P is the metric projection of H into
M and if P is continuous at x then ||P'(a?)|| = ρ/(p — r) where p =
p{m9v) and | | r | | = ||α? - P(α?)||.

We define the curvature, "metric curvature", of M at m by,
) = sup,,l/|θ(m, v) where v is orthogonal to M at m and ||v|| = l.

LEMMA 3.1. If 7 is a geodesic on M then the curvature of 7
at τ(t) is less or equal to the metric curvature of M at y(t)f i.e,.

Proof Let 7 be a geodesic on M, this means that ||7'(t)|| — 1
and y"(t)±M at τ(ί) for each t. Now the definition of directional
curvature applied to 7 would give us l/p(y(t), v) = (7"(t), v)/\\7'(t)\\2.
It is easy to see now that the curvature (metric curvature) of 7 at
7(ί) is equal to ||7"(£)||. On the other hand since 7 lies on M

and
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From the last 2 equalities we obtain

v) = ί ^ - 4 where « =
{B )

4 w h e r e « = ( , A
, w) \ dt dt

This means that,

), v) = ί ^ 4 <; max -JIM! = l/p(m, v)

{BW, w) l!w||=i {BW, W)

where

m = y{t) .

We therefore conclude that if 7 is a geodesic on M. Then the
curvature of 7 at 7(ί) = m is less or equal to the metric curvature
of M at m.

4* The sectional curvature of M* In order to prove a sharper
and generalized version of Theorem 2.2 we need to estimate the
sectional curvature of M in terms of the metric curvature l/p{m).
Unfortunately we cannot use formulas for the sectional curvature
which hold when M is embedded in Rm; so we have to rederive
these formulas for ^-dimensional manifolds embedded in a Hubert
space. The derivation follows [5], page 10.

We consider the set {dX/dx^i consisting of linearly independent
vectors spanning the tangent space of M at each point. Using this
set as a basis we let,

j=i ΰX3

where ft and gά are smooth real valued functions.
We now compute V'YZ where V stands for the usual gradient.

dx3 dx3 dXid

Define FYZ by, VYZ = P{V'YZ) where P is the orthogonal projec^
tion onto the tangent subspace spanned by {3X/3#J?=1. Then we
may wr i te , V'TZ = VYZ + a{Y, Z) where a{Y, Z)±dX/dxif i = l, -- ,n.

Through a straightforward calculation it can be verified that VYZ is
covariant differentiation for the Riemannian connection of M; so
that now we have the means of computing the sectional curvature
of M.
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Take any 2 orthonormal vectors on the tangent space of M at
m; by an appropriate choice of normal coordinates we may express
these vectors as 8X/dx19 dX/dx2 with d2X/dxl and d2X/dxl±M at m.
We want to find out the sectional curvature of the section spanned
by dX/dxx and dX/dxz. That is we have to compute (R(dX/dxl9 dXJ
dx2)dX/dxu dX/dx2) where R(dXfdx19 dX/dx2)dX/dx1 is the curvature
tensor of M. By definition:

t _ }~~Z — γ 3X/3»9\ * dXjdxΛ - } I

/. / dx \\ , F
xΛ ΔdXidxΛ — JJ ~r V [dxidxvdxidx2γ

JJ r V [dxidxvdxidx2γz

where [Y, Z] is the usual Lie bracket. Let us remind the reader
that when M is a surface in Rz its sectional curvature at a point is
usually called Gaussian curvature and it is equal to the product of
the principal curvatures of M at the same point. Therefore the
sectional curvature of a surface is less or equal to (l/<o(m))2.

LEMMA 4.1. The sectional curvature of M at m is less or
equal to

Proof. First we perform a few calculations to obtain the
curvature tensor.

By the definition of vr

YZ we have

dx2
 x\ dx1 ) λ\ dxt ) \ dxt dx1 )

Next we use this equality to get

dX

d2x ίdx dx
x\dχ A z ) ) =

V d î // dx2 l

By an analogous computation we also obtain

dx\\./dx 7 {

~9 Mχ ' dx2

Furthermore we have [3X/dxlf dX/dx2] = 0.
The last 3 equalities imply now that
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3 Λ./ dX dXdX dX\8X
dxy ' dx2 I dxx

dx2
<: dx2

\ dx\
-)' ~dχ7)

ί d a

To simplify the last expression we observe that a(dXjdxu dXjdx2) 1
dXJdx2 which we use to obtain d/dx^aidX/dx^ dX/dx2), dX/dx2) = 0.

In turn this last equality yields

dX dXIK), *IΛ=-(a(*X-, M), J*Λ

Similar calculations lead to

d
dXo

d X

Xt ' dx,. / '
)=(«

t ' dx1 ) ' dx\

3a;̂

because both d%X\dx\ and d2X/dxl are orthogonal to M at m.
By Lemma 3.1 we have

dxt

So~finally we obtain the estimate,

R
dX dX_\ = ί

3x 2 / V dxl3a;2 / 3a?!

\ dx,

5. Folding. We extend the concept of folding to ^-dimensional
manifolds in Hubert space. Define the folding φ(m) of M at m by

φ{m) — sup {r I B(m, s) Π M is connected for every s ^ r} .

We proceed with a couple of properties of folding and an
example.

LEMMA 5.1. Suppose for every p in B(m, r) Π M, r > 0, there
exists a continuous curve j v in M such that 7p(0) = m, τp(l) = P
and \\y9(t) ~ m\\ is increasing for 0 ^ t ^ 1, ίfeβw ^(m) ^ r.

Proof. Clearly any such curve yp lies in B(m, \\p — m | | ) . For
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any $ ̂  r consider p, q in B(m, s). Join both p, q to m by curves
7P and 7q which have the above properties. Then it is clear you
can join p to q by a continuous curve within B(m, s).

EXAMPLE. Let M be the manifold of fractional linear trans-
formations: (ax + b)l(cx + 1), \c\ < 1, in L2[ — 1, 1]. Fix a point
(ax + 6)/(cα? + 1) = m and take any (ax + 6)/(ca5 + 1) in M. Assume
that c Φc.

Consider the curve y(t) = ([a + (α - ά ) φ + 6 + (6 - b)t)/([c +
(c - c)t]x + 1) in £ 2 [ - l , 1]. Clearly 7(0) = (ax + b)/(cx + 1) and
7(1) = (ax + b)j(cx + 1). Now we compute the following,

, 7(ί))

+ [(a — a) + cb — δcjx + 6 — 6]2dx .

(ex + ΐ)[[c + (c- c)t\x + I ] 3

By Lemma 5.1 we have now φ(m) = c>o for any m in M.
The next theorem gives a geometric illustration of 0(m).

THEOREM 5.1. Suppose B(m, φ(m) + ε) Π M is compact for some
ε > 0. Let X = X(x) be the embedding of M into H where x —
(xlf , xn). Then φ(m) ^ inf^||m — X(x)\\ where x is a critical
point of F(x) - | |m - X(x)\\.

Proof. Assume F has no critical points in B(m, φ(m)). Apply-
ing the contrapositive of the definition of φ(m) and using pathwise
connectedness we obtain a sequence {pk} with pk in M9 \\pk — w | | ^
Φ(m)y and lim .̂̂ ^ \\pk — m\\ — Φ(m) such that pk cannot be connected
to m by a continuous curve within B(m9 \\pk — m\\) Π M. Using the
compactness hypothesis we select a subsequence of {pk} which we
call again {pk}, with the property that pk converges to peM and
\\p — ra|| = φ(m). Set p = X(x). By assumption there is a y =
(l/ij ' ", Vn) such that ί7'(^)(τ/)<0; also since X is locally a diffeomor-
phism there is a sequence {xk} in iϋw with the property that X(xk) —
pk and lim^^ xk = x. By the continuity of .F' we now have,
F'(xk + ty)(y) < - ε for some fixed ε > 0, for all k ^ JV and 0 ^ t <
δ, with appropriately chosen N, d.

To complete the proof we need to estimate F(xk + ty) = | |w —
X(^ fc+ίy) 11, we have F(%+ί») = F(xk+ty)- F(xk) + F(^fc) - F(x) + F(x) =
tFf(xk + tky)(y) + F(%) - F(x) + F(x) with 0 < t < δ, 0 ^ ί t ^ ί. If
we now take & sufficiently large we see that F(xk + ty) < F(x) for
a fixed 0 < t < δ. Also F ( % + sy) - jP(ίcfc) = sF'(xk + si/)(2/) < 0 for
0 < s < t < δ.
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This means that pk •= X{xk) can be joined to X(xk + ty), which

lies in B(m, φ(m)) Π M, by a curve y(s) = X(xk + s#), 0 <: s <; ί, which

lies in J5(m, | |p Λ — m||) Π M. Then we can connect X(xk + ίg/) to m

within B(m, φ{m)) Π M which shows that X(xk) = p* is pathwise

connected to m inside 2?(?w, | |p f t -- m||) Π M, which is a contradiction.

6* Unique global best approximations to C2-manifolds> In
this section we prove our main theorem. We will use the exponen-
tial map, expw, which is defined in the following way:

For m in M and v in the tangent space of M at m define
expm (v) = 7(1) where 7 is a geodesic on M such that 7(0) = m and
7'(0) = v. Here \\v\\ is the arc length between 7(0) and 7(1).

We say M is geodesicially complete if every geodesic can be
infinitely extended. This property of M implies that any 2 points
of M can be joined by a geodesic.

While proving Theorem 6.1 we will make use of the following:
The Morse-Schoenberg Comparison Theorem. Let M be a

Riemannan manifold of dimension n, and 7: [0, L]—>M a geodesic
parametrized by arc length. Let R > 0 be a constant. Then if all
sectional curvatures of M along 7 are less or equal to 1/R2 and 7
has length L < πR, then 7 has no conjugate points.

THEOREM 6.1. Let M be a C2, complete, connected, n-dίmensional
manifold embedded in a Hilbert space H. Suppose x is in H, m
in M and x — m±M at m. Assume 1/R ^ supm/ej«- {l/p(m') | \\mf —
m\\ <; 2R). Then if \\x — m\\ < min {R, φ(m)/2} — μ, m is the unique
best approximation from M to x.

Proof On the contrary suppose there is p in M, p Φ m such
t h a t \\x-p\\ ^ \\x-m\\<μ, t h e n | | p - m | | ^ \\x -p\\ + \\x-m\\<2μ.

If we can now join m to p by a geodesic within B{m, 2R) then
an application of Theorem 2.1, together with Lemma 3.1, will con-
tradict the assumption \\x — p\\ ^ \\x — m| | . By the definition of
folding there exists a continuous curve c in B(m, 2μ) such that
c(0) = m and c(ΐ) = p.

Let s = sup {t I c(t) can be joined by a geodesic to m within
B(m, 2μ)}. s > 0 because the exponential map is a local diffeomor-
phism at m. We will show that s = 1. Let {7&} be a sequence of
geodesies lying inside JS(m, 2/0 and joining m to c(ίΛ) where tk / s.
Express 7k in terms of expm, i.e.: 7*(ί) = expm (vkt), with c(tk) =
expw(^ fc). By Theorem 2.1b the arc lengths ||vfc|| are bounded in
norm, therefore there is a converging subsequence which we call
again {vk} such that vk —> v. Then by continuity of the expw, see
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[6] page 69, we have l i m ^ expm (vkt) = expm (vt) for all t in [0, 1],
and 7(ί) = expw (vt) is a geodesic within B(m, 2μ) such that 7(0) = m
and 7(1) = expm (v) = c(s).

Recall that by Lemma 4.1 and by hypothesis, the sectional
curvature of M in B(m, 2R) M is less or equal to 1/R2. We also
know from Theorem 2.1b that the arc length of 7 from 7(0) = m to
7(1) = c(s) is less than πR. Now we apply the Morse-Schoenberg
Comparison Theorem, see [12], page 344, to conclude that expm(v) is
not a conjugate point of m along the geodesic expm (tv), 0 <; t <Ξ 1.
Therefore by [8]: Theorem 18.1, expm is not critical at v, in other
words expTO is a diffeomorphism in a neighborhood of v. This now
forces 8 — 1 and completes the proof of the theorem.

It is easy to verify the sharpness of this last theorem by con-
sidering a circle or a parabola in R2.
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