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ALGEBRAIC KAHN-PRIDDY THEOREM

WEN-HSIUNG L I N

There is an epimorphism from the stable homotopy of
the infinite real protective space RP°° to the (2-component)
stable homotopy of spheres. This is the well known Kahn-
Priddy theorem and was originally a conjecture of M. E.
Mahowald and G. W. Whitehead. Mahowald also conjectured
that the epimorphism should occur in the E2 terms of the
Adams spectral sequences. We prove this conjecture is true.

l Introduction* In his memoir [3] M. E. Mahowald made
two conjectures on a specific map λ from the suspension spectrum
P°° of the infinite real protective space RP°° to the sphere spectrum
S°. He conjectured that λ induces epimorphisms in homotopy and
in E2 terms of the mod 2 Adams spectral sequences which are Ext
groups over the mod 2 Steenrod algebra A. The first conjecture,
which was also conjectured by G. W. Whitehead [5], has been
proved by D. S. Kahn and S. B. Priddy [2] and is now known as
the Kahn-Priddy theorem. The second conjecture, however, remains
unproved. In this paper we record a proof of the truth of
Mahowald's conjecture on this "algebraic Kahn-Priddy theorem".
The result is stated as Theorem 1.1 below.

The map λ cited above has the property that λ#: π^P00) = Z2 —>
^i(S°) = Z2 is an isomorphism. Kahn and Priddy proved their theorem
not just for λ but also for any map g: P°° —> S° which induces iso-
morphism in πx( ). We shall state our "algebraic Kahn-Priddy
theorem" also for any such map g.

THEOREM 1.1. For any map^ P00—> S° that induces an isomor-
phism in the first stem homotopy groups the induced homomorphism

(ff * ( P " ) , Z2) > E x t l + M + 1 ( i f *(S 0), Z2)

is an epimorphism for all s and t with t — s ^ 1.

Here i P ( ) is the reduced mod 2 cohomology functor. The
result in Theorem 1.1 is what Mahowald had conjectured in [3] for
g = x,. We shall see that only the isomorphism gf π^P00) —> π^S0) is
relevent. The mapλ does not play a special role.

I would like to thank Professor Mahowald for encouragement
to prove his conjecture.

2* Proof* The main result used to prove Theorem 1.1 is

435
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Proposition 2.1 which will be stated at the end of this section and
proved in § 3.

We first briefly describe the induced homomorphism g* in Theo-
rem 1.1. Recall that H*(P°°) = ΈJx\ with dim (x) = 1. The mod 2

Steenrod algebra acts on H*(P~) by Sq*xk = (Ψ\xk+\ Consider the
W

following diagram consisting of the first stage of the mod 2 Adams
resolution of S° and the map g:

Y

r
K(Z2) >SY.

It is easy to see that H*(Y) = Σ~ιΆ where A is the augmentation
ideal of A and we have the short exact sequence of A-modules

0 > H*(SY) = A > H*(K(Z2)) = A
(1) ,•*

^->H*(S°) = Z2 »0.

Since ίίo(P~) = 0, jg: P" -> K(Z2) is null homotopic; so g can be lifted
to a map g: P°° —> Y as indicated in the diagram above. Composing
the induced homomorphism

with the coboundary homomorphism

which is obtained by applying Ext*'*( , Z2) to the short exact
sequence (1) we get the homomorphism g* in Theorem 1.1.

The A-map <Γ: H*(Y) = Σ~λA ^^*(P°°) is easy to describe.
Recall that π^S0) = Z2 is generated by rj and ^ is detected by
Sq2. It is easy to infer from the isomorphism g^\ π^fJP00) = ^ 2 —>
π^S0) = ^ 2 that g*(Sq2) — x and then from the A-module structure
of ίZ"*(P°°) that g*(Sqi) = xi~1 for all i ^ 2. It is clear that ĝ *(S?1) =
0. Thus g* is independent of the lifting g and also independent of
g: P°° —> S° for which #> is an isomorphism in πx{ ).

We next recall ([1]) that for any locally finite left A-module M
a suitable small complex for computing Ext*'*(Λf, Zz) is M*®A
where ikί* is the dual ^-module of M and A is the lamda algebra.
A is a bigraded differential algebra over Z2 generated by xt(i ^ 0)
with Xi e Alti+1 subject to the following relations
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( 2 ) λiiλ^i+i+Λ — Σ

the differential <5 is given by

+ /
M * φ A is a differential right /1-module with differential § given
by

δ(m*) = Σ m*Sgί+1 (g) λ£

where the right A-module structure of ikf* is obtained by transpos-
ing the left A-module structure of M.

In particular H*9 *(A) = Ext*'*(Z2, Z2) = Extϊ*(H*(S°), Z2) and
H*>*(H*(P~) (g) Λ) = Ext2'*(JBr*(P-), ̂ 2) where ^ ( P 0 0 ) = (iί^P0 0))*
is the mod 2 homology of P°°. Let {yk}k^χ be the Z2-base of H*(P°°)
dual to {α5*}fc2sl. The differential δ of H*(P°°) ® Λ is given by

= Σ
yo

The A-map g*: H*(Y)-* H*(P°°) gives rise to a chain map ̂ :
ίί*(P°°) ® ̂ t —> ^ which induces the homomorphism g* in Theorem 1.1.
The chain map^ is a differential yl-map and on the generators yk it
is given by

Φ(Vu) = λ fc .

Our method to prove Theorem 1.1 is to construct a chain map
ψ: Λ—>H*(P°°) (x)/l (which is not a differential /1-map) so that the
composite Φ = φψ: A—> A has the property that for any pair of
integers (s, t) with t — s ^ 1 there is an integer m = m(s, t) >̂ 1
such that the iterated product Φm is equal to the identity map on

To construct ψ we define some terminology and fix some nota-
tions. From the relations (2) we see a iΓ2-base for AS(A8 = Σt^ s > ί ) is
given by {λ^λί2 - λ ^ ^ ^ i2, , 2is_x ^ i8}. Any such monomial
XhXh'"Xίs is called an admissible monomial and the corresponding
sequence (iu ί2, , is) is called an admissible sequence. If J =
(Jit O2, * , j8) is a sequence of nonnegative integers then we write
Xj to denote λ^λ^ λ i s. If / = (iu i2, , ia) is an admissible
sequence and J = (ju j2, - , j8) is an sequence of nonnegative
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integers (whether it is admissible or not) then we write λ 7 e λ / to
mean that λ7 appears in the admissible expansion of λj.

We construct ψs: As —> H*(P°°) (x) As as follows. ^°(1) —0, ^1(λ0) =
0 and ψ^Xi) = yt (x) 1 for i ^ 1. For s Ξ> 2 it is a little complicated
to describe ψs. Let λ7 = XhXi2- Xis be a given admissible monomial
in As(s ̂  2) and let Γ = (i2, , iβ). If ix = 0 (which implies v = 0
for all μ ;> 2) then define α^s(λ7) = 0. If ^ > 0 then <fs(λ7) will be
of the form

\ ° / y ^ Vy I^I' ~>~ ^LJ y3X{V) \cy fcj'M

where the second sum is described as follows. First of all we
require that each xJfM be an admissible monomial in A8-1 and that
J(v) = (iiOΌ, J2M, , i .M), where J'(i ) = (j2(v), , is(^)), be inad-
missible. Secondly, choose any positive integer m so that m > ix +
i2 + + i s + s (which means m is very large compared with the
integers iό and s) and consider the sequence J(v, m) — (2m + ji(v)9

32(^)9 * ',i s(i ;)) It is clear that J(v,m) is admissible. Then yh{v)®
Xj>{y) occurs in the second sum of (3) if and only if XJ{v,m) 6 XIίq>m) for
some q with 2 ^ q ^ s where /(g, m) — (ΐ2, , iq + 2m, iq+lf , iβ).
We shall see later that the second sum of (3) is independent of the
large positive integer m.

Consider the composite Φs = <ρsψs: AS-^AS. It is clear that Φ°(l) =
0, φ\χ0) = 0 and Φ\Xt) = λ, for i ^ 1. For s ^ 2 let I=(ilf i2, , iβ)
be a given admissible sequence. If ix — 0 then Φs(λ7) = 0. If ΐ$ > 0
and if we still use the notation in the preceding paragraph then

ΦS{XJ) = λ7 + Σ XJM .

Note that each λj ( v ) is an inadmissible monomial. Suppose Σ v V w ^
0 and let Σ/< λ/(/o be the admissible expansion of Σ ^ / w l s o

Φ s (λ 7 ) = λ 7 v

PROPOSITION 2.1. ( i ) ψ*: Λ* ->H*(P°°) (x) Λ* is a chain map
(so Φ*: A* —> A* is also a chain map).

(ii) For s ^ 2 let λ7 be any admissible monomial in As such
that the first entry of I is positive. Suppose Φs(λ7) is as described
in (4). Then the first entry of I is strictly less than that of each

It follows from Proposition 2.1 that Φ has the property described
above, that is, for any pair of integers (s, t) with t — s ^ 1 there
is some integer m — m(s, t) ^ 1 such that Φm is equal to the identity
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map on Λs>t. Since op: H*(P°°) (x) A* —> Λ* induces the homomorphism
g* in Theorem 1.1 the result in the theorem follows.

3* Proof of Proposition 2*1 We begin with the proof of
Proposition 2.1 (ii) which is easier than that of Proposition 2.1 (i).
To prove Proposition 2.1 (ii) we begin with some lemmas which will
also be needed in the proof of Proposition 2.1 (i).

LEMMA 3.1. Let I=(ilf •••, in) be an admissible sequence (w >̂
Suppose J = (ju , jn) is a sequence such that λj eλ j . Then

( i ) ΐx <£ m(J) where m(J) = maxz {JΊ} and (ii) j \ ^ il9

The proof is given by induction on the lexicographical order
from the right of the sequence J — (jl9 * , i J , the first inductive
step being the case (jlf , jn) — (ίlf , i j . We leave the details
of the proof to the reader.

LEMMA 3.2. Let (ju * -fj8) be an admissible sequence (s ^ 2)
and m be a positive integer such that m > j \ + + j 8 + s.
Suppose (plf , p8) is a sequence of nonnegative integers such that
(J>2, *, P8) ^ admissible and

for some k with 2 5̂  k ^ s + 1. Then (i) p2 ^ %ji + 1 α^ώ (ii)
(Pi, Pz, ' ', Ps) is inadmissible, i.e., 2pλ < ί)2.

For the proof of Proposition 2.1 (ii) we shall only need the
result in Lemma 3.2 (i).

Proof of Lemma 3.2. In our proof there will arise variables
vk_u vk_2, , vγ with integral values and integers

2m + jk-3k-i Jk-t+i — Ok-t — Vk-i — Vk-i

and

where 1 ^ t <; Λ — 1. We denote these integers by μk__t, j " and ji
in that order.

Since m is large and k ^ 2, ( j ^ , 2W + ifc) is inadmissible. So
we can expand λiifc_ιλ2m+ifc into sum of admissible monomials by using
the relations (2). We have
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^_!^0 \ Vk_χ j

From the assumption in the lemma we see that there is at least
one vk_x for which

lμk~Λ = 1 (mod 2)

and

By Lemma 3.1 (i) either

or

(since m is large). If 2ifc_x + vk_x + 1 ^ 2W + px then vfc_1 > μ ^ =

2m + j k - 2jk^ - vk_x - 2 and we would have (ζ1"'1) = 0 (mod 2).

Therefore jϊ ^ 2W + Pl. Thus (i,_2, jT) is admissible'(if k > 2). By

expanding λiA._2λj- we find

= Σ̂

Hence there is at least one vk_2 for which

/ftc-2 ^
Ξ 1 (mod 2)

and

Again from Lemma 3.1 (i) and |the fact (^ 2) Ξ 1 (mod 2) we must

have jz ;> 2m + Pl. Thus (jk_z, j") is inadmissible and we can con-

tinue to expand Xjk_3\j^ (if it > 3). Continue this argument a finite

number of times we end up with

for some values of vl9 •• ,vA._1 which are nonegative and we have
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jk-x ^ 2m + p1# Since m is large, 2m + px is actually equal to #.'-1
i.e.,

or

Pl — Jk ^*- l # * * Jl Vjc-1 Vk-2

and

By Lemma 3.1 (ii) p2 Ξ> $._i = 2j\ + ^ + 1 :> 2j\ + 1. This proves
part (i) of the lemma. Since (jl9' ',jβ) is admissible, we have
2j\ ^ j 2 9 2j2^j3f , 2jk_1^jk which imply j1^jk/2k-1

9 j 2 ^jk/2k-2, ,
Λ-i^it/2. Then

p2 - 2 P l ^ 2i, + 1 - 2jk + 2(i,_1 + + 3d

+ 2fc - 2 ^ 2(2^ + i 2 + + i^O - 2jk + 2k - 1

^ 2(l/2fc~2 + l/2fc~2 + l/2fc-3 + - + l/2)i, - 2jk + 2k - 1

= 2ifc - 2ifc + 2A; - 1 = 2k - 1 > 0 ,

that is, p2 > 2plt This proves Lemma 3.1 (ii).

Proof of Proposition 2.1 (ii). We recall that

0s(λ7) = λj + Σ λJ(1,,

and Σi»λ/W is the admissible expansion of Σ v V ω where each
J(v) = Ui(v)t J2(»), , λ M ) is inadmissible, (j2(v), , iβ(v)) is admis-
sible and

for some fc with 2 ^ fc ^ s (m is large). Let /(^) = (i^μ),
We want to show that ix(μ) > ix for all μ where J = (ix, , iβ)

By Lemma 3.2 (i) we have
(a) j2(v) ^ 2 ^ + 1 for all v.

We shall prove
(b) For each μ there is some v such that

2^/0 + 1 > i

It is clear that the desired result follows from (a) and (b).
We suppose μ is a given index element. Since Σj"λI{^) is the

admissible expansion of ^XJM there is some v such that
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By assumption {j1{v)9 j2(v)) is inadmissible; so we can expand
λil{v)λi2(v) into sum of admissible monomials. We have

h(v)-2j1(v)-r-2

Hence there is some r for which

ίj2(v) - 2jx{v) - r - 2\
(5 ) ) = 1 (mod 2)

and

From (5) we see that

(j2(v) - 2 j » - r - 2) - r ^ 0

or

j2(v)/2 ^ ^(p) + r + 1 .

From (6) and Lemma 3.1 (ii) we have

i.e.,

2ii(jw) ^ i2(^) which implies

2 ^ ) + 1 > i2(v) .

This proves (b) and therefore Proposition 2.1 (ii).
Our proof of Proposition 2.1 (i) is rather lengthy. The con-

struction of the map ψ*: Λ* —> H*(P°°) (x) Λ* in § 2 comes from con-
sidering the dual complex K*(A) of Λ*, called Koszul complex for
the Steenrod algebra A, in the bar construction B*(A) as described
by S. B. Priddy in [4]. We shall prove Proposition 2.1 (i) by show-
ing that the dual Z2-map ψ *: K*(A) (x) H*(P~) -* K*(A) of ψ* is a
chain map (Proposition 3.6).

We will first describe the structure of K*(A) and then sum-
marize the main properties of K*(A) in Theorem 3.3 below. K0(A) =
B0(A) = Z2 and K^A) is the Z2-submodule of B^A) = A which has
{Sq*\i S 1} as a i^-base. To describe K8(A) for s ^ 2 consider any
admissible sequence I = (ilf , iβ). Let Γ z = [Sqia+1\- >\Sqil+1] + Qx

where Q7 is the sum of all [Sq3s+1\ - \Sqji+1] such that J = 0 \ , , js)
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is inadmissible and λz e λj. Then KS(A) is the i?2-submodule of BS(A)
which has {Γ^I = (ilf , is) is admissible} as a Z2-base. For s = 2
we can explicitly write out, from the relations (2) in § 2, the terms
in the sum Γ7 = jΓ(<1,i2,; we have

^ ) [ S g | S q * ]

where [x] denotes the greatest integer less than or equal to x.
From the Adem relations in the Steenrod algebra A we have

where d is the boundary homomorphism of I

THEOREM 3.3 ([4]). Let M be a locally finite A-module, {m0) a
Z2-base of M and {mj} the dual Z2-base of M*.

( i ) K*(A) 0 M is a subcomplex of the bar construction B*(A)(x)
M and the inclusion map ί (x) M: K*(A) 0 M —> B*(A) 0 M is a
chain equivalence.

(ii) The complex K*(A)®Mis dual to the complex M* 0 A
in the sense that {ΓΣ ®mό\I is admissible) (Γz — Sqil+1 if I — (ij)
is dual to the Z2-base {mf (x)λz| I is admissible) of If* (x) A and
that the boundary homomorphism of K*{A) 0 M is dual to the
differential of M* 0 A.

(iii) For a homogeneous element B = Σ i [SqSl\ * ISq3s] e B8(A)
(s ^ 2) to be an element of K8{A) it is necessary and sufficient that,
for each i(l ^ i ^ s — 1) and each pair of sequences (kl9 , k^

(ki+2f * *, ks), the following condition holds

sjq3i+1 = gqc o γ o

where the summation is taken over all j such that (jl9 •• , i ί _ 1 ) =

We should remark that in [4] the complex K*(A) is approached
from the Koszul resolution viewpoint and the property in Theorem
3.3 (iii) is taken as the definition of K*(A). The ^2-base of K*(A)
described above is not explicitly exhibited there.

The property in Theorem 3.3 (iii) will be important to the proof
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of Proposition 2.1 (i). From (7), (8) and the Adem relations one can
easily prove Theorem 3.3 (iii) for s — 2 and we would like to make
the following remark.

REMARK 3.4. The condition " Σ i SqJiSqJί+i = Sqc or 0" in Theorem
3.3 (iii), for s>2, can be replaced by the condition " Σ i [SqJί\SqJi+1] e

We proceed to describe the mapf^: K*(A) (x) H*(P°°) —> K*(A)
dual to ^*:Λ*->iΓJ | l(Poo)<g)Λ*. It is clear that ^ 0 ( l (x) x*) = Sg<+1.
To describe α/rs for s ^ 1 consider any basis element Γr (x) of of
Xβ(A) (x) H*(P°°) where I' = (ilf , iβ) Let I=(i, ilt , iβ). Choose
any positive integer m such that m > i + ix + + i8 + 8 and let
I(m) = (2m + i, ilf , iβ). Since m is large, /(m) is an admissible
sequence. Consider the corresponding basis element

I{m)

= [Sφ+1\

Let us write [Sqh | | Sg is+1] e QI(m) to mean that [S^*1 [ | Sqjs+1]
appears in the sum QI{m). By Lemma 3.1 (i) for each [Sg i ι | |Sgiβ+1] 6
Qnm) there is at least one k such that j k ^ 2m + i + 1 > 2m and
since m is large there is only one such k. So each [Sqjl\- |*S^is+1] 6
Γ / ( m ) has exactly one j f c > 2m. We construct an element Ωτ e B8+1(A)
as follows. For each [Sqjl\ | £ ^ s + 1 ] e ΓUm) let ifc be the only integer
such that j k > 2m and consider [S95'ί| -ISg^+i] where jΊ = j \ if ΪΦk
and ^ = j k — 2W. Let i27 be the sum of all such [SqjΊ\ - \SqK+ΐ\.
The first proposition below together with Theorem 3.3 (ii) show
that ψs: K8(A) (x) fί*(P0 0) -> K8+1{A) defined by ψs(Γl9 (g) x*) = β 7 gives
rise to the dual mapf s + 1 : yls+1 -> H*(P°°) (x) yl8 in §2.

PROPOSITION 3.5. ( i ) Ωx is independent of the large positive
integer m and is an element of K8+1(A).

(ii) Ωj = Γj if (i, ίl9 - , iβ) is an admissible sequence.

PROPOSITION 3.6. ψ*: K*{A) (x) ϋr*(P°°) -> K*(A) is a chain map.

We proceed to prove these propositions. To prove Proposition
3.5 we first begin with the case 8 = 1. This case will be basis of
the proof of the whole proposition and the proof of Proposition
3.6. For s = 1 the sequence / in Proposition 3.5 is (i9 ix); so I(m) =
(2m + i, id.

LEMMA 3.7. ( i ) ΩΣ = Ω{ttil) is independent of the large positive
integer m.
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(ii) Ωj is equal to Γj if I is admissible and is a cycle of K2(A)
if I is inadmissible.

In the proof of Lemma 3.7 below and other proofs later we
need to determine mod 2 values of certain binomial coeflBicients. The
following well known result on the binomal coefficients will make
our computations easier.

LEMMA 3.8. Let a and b be two nonnegative integers and let
a = Σ?=o î2% b = Σ?=o&ί2* be their binary expansions where aif δ^O
or 1. Then

a

Proof of Lemma 3.7. We have

Since i + ix + 2 - i > 0 for 1 ^ j £ [i, + 1/2] it follows from the
construction of Ωz that

i + 1 - 2j

(9 4-7* η(9 4 - 7 η \
. ΓΓ

1 9 .), for i in the given

range, is independent of the large positive integer m (even if i<j).
Thus Ωz is independent of the integer m. This prove part (i) of
the lemma.

We turn to part (ii) and we begin with the case in which / =
(i, ix) is admissible; so 2i ^ iλ. We have

[ίj+l/2]/ i — j

(10) ΓI = [Sqi^\Sqi+1]+ Σ . L , o .

2ί ^ it implies i - j ^ 0 for 1 <; j ^ [ίx + 1/2]; so

< " i Vmod2)

+ 1-2JΓ
again by Lemma 3.8. Comparing (9) and (10) we see Ωt = Γt.
This proves the first half of Lemma 3.7 (ii).
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Suppose I = (i, ΐi) is inadmissible. So 2i < ^ which implies
2(i + 1) ^ ii + 1. To simplify notations let α = ix + 1 and b = i + 1
and we rewrite (9) as

[α/2] / 2 m

β, = [S(f I Sqb] + Σ

We have to show that

R(a, b) - d(Ωτ) = S

is zero.
The sum R(a, b) can be reduced to a sum of fewer terms. For

j in the range 1 ^ i ^ & - 1 we have b — j — 1 2s 0 and (α — 2j) —
(6 - i - 1) - (α/2 - 6) + (α/2 - i) + 1 > 0 (since a ^ 26); so

a —

If j = b then

'2m + δ - j - 1\ /2- - 1\
) = 1 (mod 2)

2i/

Thus

(11) R(a, b) =
1 a —

We have the Adem relation

ί2m + 6 - 1

α

= SqaSq2m+b

i=i \ α - _

- SqaSq2m+b + Sq2m+aSqb + ^ ,
α - 2j

— 1 ^ 0 and α > 6 — 1 imply

/ 2 W + 6 -
Ξ 0 (mod 2) .

a

Hence
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[α/2] /2m + 6 — 7 — 1\

(12) SqaSq2m+b + Sq2m+aSqb = Σ )Sqim+a+b'iSqi .
i=6+i\ α — 2j j

We shall prove R(a, b) = 0 by relating (11) to (12).

For this purpose we will utilize Milnor multiplication to express
SqcSqd in terms of Milnor basis elements of the Steenrod algebra A.
Let Sq(r9 s) denote the element of A dual to ξIff in the monomial
basis of the dual Hopf algebra A* = Z2[ξu ξ2, •]. The rule of
Milnor multiplication is given by

SqcSqd = Σ O 7 )Sq(c + d - 3Λ, fc)

(13) " Λ C 2 " ^
/c + d — 3fc\

= Σ , 7 &Ke + d - 8fc, fc).
fcio \ d — k J

Applying (13) to the terms on the left side of the equation
(12) we obtain

and

+ α + b — 3fc \

b — k J

If * <; (α + 6)/3 and ̂  6 then f + α

+ + δ_" 3 & ) s ( 2" + «+

(mod2) by Lemma 3.8. If b<k^(a+b)β then both

and ( 2 " + * + ^ ~ U) are zero mod2. So

(14) Sq°Sq2m+b + Sqί7n+aSqb = Σ c,Sg(2'κ + α + b - 3fc, fc)
/ ( fe)/

where cfe = 0 or 1.
We next apply (13) to the terms in (11) and to the terms on

the right side of the equation (12). We find

,-i )La( y-
£ <2 +b-i-iW.+»-3«i + 6 _

fc=o [_i=6+i\ α-2 j / \ j- fc /J

and
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[α'2] /2m + b — j — 1

Σ .
i=6+i \ a — 2j

= Σ
α— Σ

k=0
(16) [ β + 6 / 3 ] r [α/2] /2 W + 6 - j -1\ /2 W + α + b - 3A

= Σ Σ

+ Σ
fc> (α+6)/3 α-2i

Since S^(2m + α + b — Zk, k) are linearly independent over Z2 it
follows from (12), (14) and (16) that

b - j - 1\ /2W + α + b - 3fc\ . ft / , Λ
/ Ξ 0 (mod2

for A; in the range 0 ^ A; ̂  (α + δ)/3. Since m is large we have

that (2™ + « +1 ~ 3k) Ξ ( α ΫS^) (mod 2) for fc in the same
range. So

for 0 £ k ^ (α + 6)/3. Thus from (15) we see i2(α, δ) = 0. This
completes the proof of Lemma 3.7 (ii).

The following lemma, which will be needed in the proofs of
Proposition 3.5 and Proposition 3.6, is immediate from the structure
of

LEMMA 3.9. Let R=Σj [Sqh\ ISq3'*] be an element of K8(A)(s^2)
and let {Iv = {%1{p)9 , ΐs(y)}?=i be the set of all admissible sequences
such that [Sq^)+11 \Sq^M+ι] e R. Then R = Σ?-i ΓIp.

Proof of Proposition 3.5. The case s = 1 is Lemma 3.7; so we
assume s > 1. We begin with part (i). In part (i) there are two
conclusions, namely

(a) Ωz is independent of the large positive integer m and
(b) ΩΣ is an element of K8+ί(A).

We shall prove (a) and (b) simultaneously. For this purpose we
restate these two results in the following manner. Recall that ΩΣ

is constructed from Γ/(w) where I(m) = (2W + i, il9 , is); so we
should write Ωz as ΩI{m) to indicate that it depends on m. We fix
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a large positive integer m. Then (a) and (b) together are equivalent
to

(c) ΩHm) is an element of KB+1(A)
and

(d) ΩI{m) = ΩI{mΊ for any other large positive integer m\
We shall verify (c) and (d) by proving (c) and a result which

implies (d). To describe this result let m' be as in (d). We con-
struct an element ΓI{mΊ e BS+1(A) as follows. For each [Sqh | | Sq3s+1] e
ΓHm) let j k be the only integer such that j k > 2m and consider
[Sqjϊ'\ -\SqK'+i] where jϊ = j \ if ϊ Φ k and Λ' = j k - 2m + 2m'. Let
Γ/(m/} be the sum of all such [Sq'ϊ | | Sqjs+i]. We claim

( w •/ Km') = * I(m')

I t is clear t h a t (d) follows from (e). Note t h a t (2W ' + i, iu •••, iβ)

is t h e only admissible sequence such t h a t

So by Lemma 3.9 (e) is equivalent to
(e)' /*!(«'> is an element of KB+1(A).
We proceed to prove (c) and (e)' and we prove them by using

Theorem 3.3 (iii) and Remark 3.4. Suppose ΓIlm) = Σa [Sqdi\- |Sgy + 1 ] .
Let ΛI(m) = Σ i [Sqji I I Sί'ί+i] and f I ( m 0 = Σ / [Sff'ί' I I Sβ^+i] be the
corresponding sums. For each r ( l ^ r ^ s ) and each pair of sequences
(jfei, , fcr_i) and (kr+2, , A?,+1) consider the sums

and

where the summation in 2? is taken over all j such that (jl9 , j r-i) =
(fc, , &r_i), (i r + 2, , iβ+i) = (K+2, - , Λ.+i) and the summations in
C and D are taken, respectively, over all j such that ϋί, , j'r-d —
(klf , kr-i)f \Jr+2f ' ' ' t Js+l) — \kr+2t ' ' ' 1 ks+1)f \Q ι f ' * , Jr-lJ — yki , * , ftV-i)

and (i;'+2, , j7+1) = (k'r+2l , fc"+1). By Theorem 3.3 (iii) and Remark
3.4 B is an element of K2(A). We have to show that C and D are
elements of K2(A).

If kq > 2m for some q then j r = ̂  = j'r' and yr+1 = j ' r + ι = j'r'+1 for
each [Sqj'r\Sq'r+i] in the sum C and each [Sqj'r'\Sq'r'+1] in the sum Zλ
So C = D = 5 which is an element of J ζ ^ ) -

If kq < 2m for all q then fcj = fcj' = kq all g and
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B = Σ Γ(2m + aμ, bμ)

From the constructions of Ωnm) and ΓIίmΊ we have

and

+ 1 - 2]

By Lemma 3.7 each Ωίaμ,bμ) is an element of K^A); so CeK2(A).
Since m and m' are large it follows from Lemma 3.8 that

for 1 ^ i ^ [6̂  + 1/2]. Replacing m in (17) by m' we see that
D = Σμ=iΓ{2™

f+a ,b ) which belongs to K2(A). This proves (c) and (e)'
a ,b

and therefore part (i) of Proposition 3.5.

We turn to part (ii); so we assume /=(i, il9 , i8) is admissible.
Suppose m > ί + ίx + + i8 + s. It is easy to see that except for
(i, il9 , i8) there is no other admissible sequence (jlf , ^8+1) such
that

By Lemma 3.2 (ii)

for any admissible sequence (Zx, , l8+1) and any integer k in the
range 2 ^ fc ^ s + 1. It follows, then, that (ΐ, ilf , iβ) is the only
admissible sequence such that [Sqίs+11 | Sg'ίl+11 Sgi+1] e i27. Since
i27 e KS+1(A), by Lemma 3.9, we see that ΩΣ = Γ7. This proves
Proposition 3.5 (ii).

Proof of Proposition 3.6. We have to show that for each s^
the square
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(18) \d Jd

is commutative. The result is obviously true for s = 0. For s = 1
consider any basis element Sqiί+1<g>x' of K^A) ® H*(P°°). We have
ψi(Sqίl+1 ® a?*) = Ωiifiί). If (ΐ, ii) is admissible then, by Lemma 3.7,
42(Ml, = /Vijj; so from formula (8) we have

I i \
(19) (dψJiSq*^1 (g) a?') = d(Ω{ih)) = S^+ i l + 2 .

This equation is still true if (ί, i j is inadmissible because, then,
d(ΩUth)) = 0 by Lemma 3.7 (ii) and 2i < ix implies ίί + 1> i which

in turn implies ( . \ Λ) = 0 (mod 2). On the other way of square
\%ι -r 1/

(18) we find

a?') - .
\ \ 1̂

i

ii + 1

Thus the result is true for s — 1.

Suppose β > 1. Consider any basis element Γr (g) af of
ίίΓ*(P°°) where / ' = (ilf , i8). We _have ψJJΊ'φx') =J3Σ where
J = (i, ii, , i,). We shall prove (dψ8)(Γj, (g) «*) = {fs^ιd){Γr ® α?*)
by showing that the maps

and

commute with boundary homomorphisms where myi+iι-\ hΐ s +s
and I(m) — (2m + ifiu , iβ). We denote these maps by /i, /2 and
/8 in that order.

That /i commutes with boundary homomorphisms is easy to

verify; we just notice that SgV = (£)&<+*, SgVm+ί = ( 2 " + Λ

and ( 2 * + ^ = (*) (mod 2) for fc < ^ + + v
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To prove that fz commutes with boundary homomorphisms is to
show

/2(d(Γ r (X) x^)) = d{ΓI{m)) .

By Theorem 3.3 (iii) for each integer v >̂ 1 the sum T'\v) of all
\S>φ I • I Sqj*-q with [Sq^ | • | Sg'-i | S<f ] e Γv is an element of K9^(A).
We write [T"(v)|S<f] to denote the sum of all [Sq3'1 | | Sg'**-1 \ Sqv]
such that [SqΊ| | Sq*-i] e T » . So Γv = Σ ^ i [T"(iO IS?*] which
is a finite sum since T"(v) — 0 for almost all integers v. Then

j , (x) x2m+i) = d(ΓΓ)

Let d(Γ r) = Σ I / T I " ( D and let Γ"^) = Σ ^ Λ " ^ , ) - Consider the
admissible sequences /'(Z, m) = (2m + i, Γ'(J)) (i.e., /'(ί, m) = (2m + i,
ii(ί), , i.-i(Z)) if Γ\D^(i3), , i.-i(ί))) and /'(p, Λp, m)-(2
r'(^fcj). Let Γ'(v,m) = Σ f c , Γ r ( ^ , J Then

® x2W+ί)) - Σ /Y(l>m) + Σ f2 + *) Γf(^, m) .

It remains to show that d(ΓIim)) is equal to the right side of the
above equation.

It is easy to see that xh xljs e xjχ - xjs if and only if
Λ,2m-t-2;Λ/£ * Xi θ /\j2w+ϊλ^ * * Xj a n d . t n a t Xzm+iXi^ * * * X% $• Xk^ui * * * ks ^-^

any sequence (kQ, kly , fcβ) such that kQ > 2m, Λo Φ 2m + i and k0 +
fei + + ks = 2m + i + ix + + v Hence [ΓΓ \ Sq2m+ί+1] is a sub-
sum of Γ I ( W ) and for each [Sq^\ \Sq^] eDI{m) = ΓI{m)~[Γr \Sq2m+i+1]
the integer r with i?. > 2m is less than s + 1. We have

By Theorem 3.3 (iii) and Remark 3.4 we see that there is a subsum
L of DI{m) such that

Σ [Γ» |Sβ1Sϊ 2 M + < + 1 ] + L - Σ [2τ»l^(2«+ί,,-i,]

where for θx e KS_X(A) and θ2 e K2(A) [θ1 \ θ2] denotes the sum of all
[Sq'Ί I I Sg'-i| S?*i| Sqk*] such that [Sg^ | | Sqj°~q 6 θ1 and [Sg^| Sg^] e
02. It is easy to see that L is precisely the sum of all
[Sqjί\- IS '̂ISq^-:-1] e DIim) such that js>2m; so for each [Sqh Sgiβ+1] e
Λf = D/(m) — L the integer r with j r > 2m is less than s. Then
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d(ΓIlm)) = J([Γ r |Sgr + < + 1 ] + Dnm))

[T"(v)\Sq"\Sq*m+{+1] + L + M)

N

where each sequence (Jl9 , j8) with [Sqh+1 \ - | Sqh+1] e N is inad-
missible. The set of admissible sequences (jl9 - , y#) with

e Σ [ A " ( i ) h

. Σ Λ"(v,v

is equal to the set of admissible sequences (j[, - , #) with

So by Lemma 3.9 we have

d(ΓI(u)) = Σ Γrihm) + Σ ( + ]T'(vf m) = / 2 (d(Γ r (g) #2r

This proves that /2 commutes with d.

Finally we prove that /3 commutes with d. Let

and let MΓI{m)) — ΩΣ — Σ i [SqjΊ\- - -\Sqj's+ι] be the corresponding sum.
For each r( l ^ r ^ s) and each pair of sequences Kγ = (fcx, , fcr_i)
and K2 = (&r+2, , fcβ+1) the sums

and

are elements of K2(A) by Theorem 3.3 (iii) and Remark 3.4 where
the summation in U is taken over all j such that (jl9 - - -, j r-i) —
(A?!, , Λ^x), (i r + 2, , y8+1) = (fcr+2, , kB+1) and the summation in
V is taken over all j such that (jί, , j'r^) = (k[, , fcj.-i) and

U'r+2, * * , f,+l) = (^r+2, * * *, # + 1 ) .
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U(Klf K2) = r-ι \d(U)\ Sqk

and

V(Klf K2) = [Sqk[] ISqK-i\d(V)\SqK+*| |SqK+i] .

The sum of all elements U{Klf K2) is equal to d(ΓI[m)) and the sum
of all elements V(Klf K2) is equal to J(i27); furthermore, U{KU K2)—>
V(Kl9 K2) is a one-to-one correspondence between these two sets of
elements. We shall prove fz{d(Γnm))) = d{Qx) = d(fz{ΓI{m))) by show-
ing that, under/ 3, each U(KU K2) goes to the corresponding V(Klt K2).

Suppose Klf K2, U and V are as given above. We need to
discuss d(U) and d{V) and we do this in two cases. The first case
is that kq > 2m for some q. In this case k'g = kq — 2m, k[ = kt if
I φ q, fr = j r and j ' r + 1 = j r + 1 for all [Sqjr \ Sqj'r+i] eV. So U = V.
Since d{U) = d(V) = S^c or 0 and c < 2m it follows from the defini-
tion of /3 that U(Klf K2) goes to F C ^ , K2) under /3.

Σ

The other case is that kt < 2m for all I; so k\ — kt all I. Then

U = Σ ^(2-+.^ v and so F = Σ A v v

By formulae (8) and (19) we have

d(U)

and

So

+ 1= Σ

and

Since m is large, (2

&" + f ) Ξ (&,, + l ) ( m o d 2) f o r a 1 1 i" T h u s

ϋ d
( ) ( , )

LΊ, K2) goes to V(J5!Ί, ϋΓ2) under /3. This completes the proof of
Proposition 3.6 and therefore the proof of Proposition 2.1 (i).
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