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HOLOMORPHIC FOLIATIONS AND DEFORMATIONS
OF THE HOPF FOLIATION

T. DucHaMP AND M. KALKA

A deformation theory for transversally holomorphic foliations is
developed here and used to give an explicit description of the transver-
sally holomorphic foliations near the ‘“‘Hopf foliations” on odd dimen-
sional spheres.

Introduction. In [1] and [2] we began the study of the deformation
theory of holomorphic foliations on a smooth compact manifold. Our aim
was to construct a reasonably explicit parameterization of a neighborhood
of a fixed holomorphic foliation ¥, in the space of all foliations by
generalizing Kuranishi’s theorem on deformations of complex structures
on compact complex manifolds. However, in [1] we assumed the existence
of a smooth foliation F* transverse to the foliation %,. The purpose of the
present paper is to eliminate this rather artificial assumption. In [3]
Gomez-Mont observed that the Kodaira-Spencer machine can be used to
show the existence of such a parameterization by an analytic subset of a
finite dimensional vector space. However, as is the case for the deforma-
tion theory of complex structures, the proof is rather abstract and is not
easily adapted to computations. To illustrate our results, we present here a
classification of all holomorphic foliations near the foliation given by the
Hopf fibration §2"*! - CP".

We shall now give a more precise statement of our results. The reader
is assumed to be somewhat familiar with the notations and results of [1];
but we begin with a short review. Let %, be a fixed holomorphic foliation
of real codimensions 2¢g on the smooth, compact, oriented manifold M",
ie, %, is given locally by smooth submersions into C¢ which patch
together via local biholomorphisms of C?. Let L C TM and Q = TM /L
be the (real) tangent and normal bundles of %, and fix once and for all a
splitting 7M = L ® Q and a Riemannian metric on M respecting it. (In
[1] this splitting was assumed to be induced by a transverse foliation. This
is not necessarily the case here.) The complex structure map on Q induces
a splitting of the complexified normal bundle in the standard way,
Q€ = 019 & QO and there is a split exact sequence
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where E = L€ ® Q" and where ( )€ denotes complexification. It will be
convenient to identify elements of E and Q''? with either images in TM€;
for example, we will sometimes write X for i( X). Finally, set £5° = A°E*
®c 0", s = 0; then T(E}*) = Hom(AE, Q7). The ordinary exterior
differentiation operator induces operators d,: T'(E}*) — T'(EZ*"") mak-
ing (I'(E**), d,) into an elliptic complex [1, page 324]. As usual, let §, be
the adjoint of d,,, let A, be the associated Laplacian, let G, be the Green’s
operator of A, and let H, be the harmonic projection operator. Finally,
let O denote the sheaf of germs of local holomorphic vector fields, locally
constant along the leaves of %,. The complex of sheaves ( E}*, d,) resolves
89—0 and by Hodge theory we can identify H(M,®5) with the finite
dimensional spaces H,I'(E}*) C T(ES").

Now observe that there is a bijection between maps ¢ €
Hom(E,, 0"'?) = I'(E}') and submodules E, C TM € near E = E, given
by ¢ > E, = {x +¢(x)|x € E}. It then follows from the complex
Frobenius theorem that the subset

(0.2) Fol(%,) = {¢ e T(E}")|T(E,). T(E,)] CT(E,)}

corresponds to a neighborhood of %, in the space of holomorphic folia-
tions on M. In §1 we shall characterize Fol(%,) as the kernel of a certain
nonlinear operator

D:T(E}') - T(EF)
whose linearization is dQ. Our main result follows:

0.3 THEOREM A. There is a local analytic set B C H'(M, ©g) about
0 € H'(M, Og) and a holomorphic map

|| B~ Fol(%) c (£}

04 . dp > d( )

whose image is a locally complete family of holomorphic foliations near %,.
That is, every holomorphic foliation sufficiently near %, is equivalent, via a
diffeomorphism of M near the identity, to an element in the image of ®. In
particular, the space of holomorphic foliations on M is locally path con-
nected. This partially answers a question raised in [6, page 245, Problem 12]
concerning the topology of the space of foliations.

As an example, let M = S?7*! and let 9, be the Hopf foliation given
by the standard fibration S$297! - CP". Use the holomorphic connection
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w on the Hopf bundle to define the splitting 7M = L © Q and let the
metric on $?"*! be g = w ® w + 7*h where A is the Fubini-Study metric
on CP". Because H'(CP", O¢pn) = 0, it follows from [2] that there is an
isomorphism

(0.5) H'(527"',0; ) =C[w] ® [(CPY, Ocp,) =T(CP",Ocpn).

Finally, let © denote the Kihler form on CP” and observe that Q") =
a*T"9CP" and E’Q"1 = (] ® 7*TO®YCPY) ® 7*TOCP.

0.6 THEOREM B. There is an open set B C I'(CPY, O¢p,) about the
origin such that the map ® in (0.4) is given by the formula
B - (E*® QU9)
(0.7)

XI——)(i)X:—},l;w@X

where f is a function on CP" satisfying the conditions
QX,—)=0fy.

and
f £ dvol = 1.
cpe

In §2 we prove Theorem B and use the fact that the group of
biholomorphisms of CP” is the projective linear group to explicitly
compute the image ®.

REMARK. Since the completion of this paper we learned that Girbau,
Haefliger and Sundararaman [3] obtained somewhat stronger results using
the Kodaira-Spencer machinery. They compute the Kuranishi family for a
class of foliations which includes the Hopf foliation.

1. Proof of Theorem A. We begin with a characterization of the
operator d,: [(E}'") —» T(E}?).

1.1 LEmMA. Let ¢ € T(E3') = Hom(E, 00). Then dyp € T(EZ?)
= Hom(A’E, Q") is given by the formula
(1.2) dpp(X,Y) =a([X,¢(Y)]) —#([Y,6(X)]) — ¢ o 7([ X, Y])
for all vector fields X, Y € T(E) C T(TMC).
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Proof. This is a straightforward computation after writing d,¢ in
local coordinates adapted to the foliation %, as in [1, page 320]. O

Next define operators [, 1,: T(E}') X T(E3') —» T(EX?), p,: T(E}')
- T(E}?) and D: T(E}') > T(E}?) as follows. For ¢, ¢ € I['(E}') and X,
Y € I(E) C I(TMC), let

(1.3) [, ¢]o(X, Y) = 3{¢ o n([ X, $(Y)]) — ¢ o 7([Y¥, ¥(X)])
+yor([X, ¢(V)]) — ¢ o 7([¥, $(X)])}
—7([¢(X), ¥(Y)]) + 7([(Y), ¥(X)]),

(1.4) p(8)(X,Y) = oo r([¢(X),o(Y)])
aind
(1.5) Do =dyd —{[o, 9]0 + p.(0)}.

We can now characterize holomorphic foliations near %, as follows:

1.6 PROPOSITION. Given ¢ € I'(E}'), the associated distribution E,
defines a holomorphic foliation if and only if D¢ = 0.

Proof. First observe that a vector Z € TM€ lies in E, if and only if
m(Z) — ¢o1(Z) =0. Now apply this observation to the vector field
Z=[X+¢(X), Y+ ¢(Y)] for X, Y € I'(E) and conclude that [ X +
o(X), Y + ¢(Y)] € I'(E,) if and only if D¢(X, Y) = 0. The result then
follows from the complex Frobenius theorem. O

From the above proposition, it follows that the problem of classifying

holomorphic foliations near %, will be solved once we classify the solu-
tions of the equation D¢ = 0. To do this we need the following estimates.

1.7 LEMMA. Let ¢, ¢ € Hom(E, Q"?). Then

(1.8) I, vlel, = Cloll+ vl
and
(1.9) 12.(9) = ()], = Cllé — v, (Il + 1)’

We have used the notation || ||, for the usual Sobolev norms on sections of the
relevant bundles.

Proof. The easiest way to see this is to write out explicit local
formulae for these operators. In coordinates adapted to the foliation %,
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let {3/9x’, 3/0z°} span E and {[3/0z°]} span Q"?. Label elements of

{9/9x',9,/92°} by Y, and their duals by Y/", and set [0,/0z°] = Z,. Here i

ranges between 1 and p and « between 1 and ¢, p = dim L, ¢ = dim QY.
Then, if we set 7[Z,, Zs] = Cj3Y; and 7[Y,, Z,] = D;,Y,, we have for

$=9}(Y"®2Z,)
and
v=y (Y ®Z,)

the formula

(110) (6, ¥lo=|5 (#1Z.(48) + vZ,(of)

+ (@845 + W) DY A Y ® Z,.

Inequality (1.8) now follows. With the same notation we see that
(1.11) p(9) = (Clpd)oisf ) Y*' N Y ® Z;.

So we see that
P9) = p(¥) = Cls 9f50f — YPYrE )Y A Y* ® Z,

= Cl{ (42 — 92) o3l + 42(05 — vr)of + ur(of — vP))
AY* @ Z,.

Inequality (1.9) follows from this formula. O

1.12 REMARK. Observe that p_ depends on the splitting (0.1). Suppose
that the splitting satisfies the integrability condition [T(Q!'?), T(Q"9)]
C I'(QU?). Then p, =0 as can be seen from (1.11) and the fact that

g = 0. If (0.1) is induced by a foliation transverse to %, or if %, is given
by the fibers of a holomorphic fiber bundle and (0.1) is induced by a
holomorphic connection, then the above integrability condition is satis-
fied.

The next proposition shows that we need not examine all solutions of
the equation D¢ = 0.

1.13 PROPOSITION. Every solution of the equation D¢ = 0 of sufficiently
small norm is equivalent, via a diffeomorphism close to the identity, to a
solution of the system

(1.14) {D¢:O

56 = 0.
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Proof. The argument in [1, pp. 330-334] applies here. Simply replace
the local vector fields 0 /9z% in [1] by the fields Z, = [d/0z*]. Nowhere in
the argument was the integrability of the splitting (0.2) used. O

To investigate solutions of (1.14) we need the following lemma.

1.15 LEMMA. For ¢, € H T (E}') of sufficiently small norm, say e,
there is a unique solution ¢ = ¢(,) of the equation
(1.15) ¢ = ¢ + 8,Go{[¢, 9o + P,(9)).
Moreover, the map ¢, ¢(¢,) is holomorphic.

Proof. We solve the equation by iteration, using the estimates of

Lemma 1.7 together with the standard elliptic estimate |Gy9||, = Cl[¢||;,.
Forn =0, set ¢, = ¢y + djGo{[9,, $,]0 T P.(9,)}. Then

b1 — @alls
= d35Go{[9,: 0o —[9n1> Buoi]o + P(9,) — P(0,- )},
< C|[$> bl o —[0—1> builo + P($,) — P00,
< C{|l[¢n 3o —[$0—1> Sl oll, -, +lp() = P9, -1}
= C{“[‘i’n — -1, by T ¢n—l]Q“S—l
1y = b ally—y max(li,ll,— 1. - illy— 1)}
=< Cllé, = Syl {Ially 10— ll, + max(li 1 - ill—1) }-

Thus for ||¢g||c= < 1/3C, ¢, converges in H* for all s.
Uniqueless follows in a similar fashion. Suppose ¢, { are two solu-
tions. Then

lo = vl =[8,G([9, 8]0 = [¥: ¥lo) + pi(9) = (V)]
= Cllo — ¢lis{llolls +I1#lls}-
Thus, for ||¢,||, small, the solution is unique. Holomorphic dependence on

¢, 1s standard, for example, [5].) O

We can now define the analytic subset B C H,I'(E}') = H'(M, Og)
of Theorem A. A section ¢, is in B if the following conditions are
satisfied:

(117) Joole- <.
(1.18) HQ{[¢(¢0),¢(¢0)]Q+PT¢(¢0)} =0,
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and

(1.19) do{[(0), (%)) o + Pb(90)} = 0.

The following proposition concludes the proof of Theorem A.

1.20 PROPOSITION. ¢ is a solution of (1.14) with ||¢|| -~ < € if and only if
it is in the image of the map

(1.21) {B - Fol(%)

G d(dy)

Proof. ¢ is a solution of (1.14) if and only if the following equations
are satisfied:

(1.22) 69 = 0,
(1.23)  Hy(dgo — ([, ¢l + p.(9))} = -Hy([9, ¢] + p.(3)) =0,
(1.24) do([9. ¢lo + P.(9)) =0
and
(1.25) 8o(dgp — {[6. 8]0 + p,($)}) = 0.
In particular,
(1.26) 8o(dp — {[9. 9]0 +p.(3)}) =0
and
(1.27) dgbe9 = 0.

Adding, we get the equation
(1.28) Agp — {[¢, 8]0 + p(e)} = 0.
If we apply the Green’s operator G, to the last equation, and use the
identity G,A, = Id — H,,, we get the equation
(1.29) ¢ = Hyp + 8,Go{[#, dlo + p.(4)).
Setting ¢, = H,¢ proves the proposition. O

REMARK. In [1] we were able to simplify the form that B takes, and
use this to conclude that if H*(M, ©5) = 0, then B = a neighborhood of
0 in H'(M, ©g). The reason that we cannot make the same conclusion
here is that the operator [, ], + p, does not have the pleasant algebraic
properties (2.12)—(2.14) of [1], unless the splitting (0.2) is integrable. See
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Remark 1.12. In case [T(Q"0), T(Q"?] C I'(Q'?), then our method
allows us to conclude that H*(M, ©3) = 0 = B = a neighborhood of 0 in
H'(M, ©5). However, in [3] it is shown that H*(M, ;) = 0 implies
B = a neighborhood of 0 in H'(M, ©y).

2. Deformations of the Hopf foliation. As an application of Theo-
rem A, we now consider the holomorphic foliations on M = §27+! =
{(2°%...,29) € C9"!|29_,z°2* = 1} near the holomorphic foliation %,
given by the Hopf map #: S?9"! -» CPY% The notation is as in the
introduction. Via the projection map = we can make the identifications
[(Ocps) = I'(Bg,) and C*(CP7) C C=(S2h,

We first compute H,I'(E}') C Hom(E, QU?).

2.1 LEMMA. Let g be a C*-function on CP? and X a holomorphic vector
field on CP4. Then

(2.2) dp(w®X) =0

and

(2.3) 8y(gw ® X) = 0.

In particular, H)T(E}') = {w ® X| X € I(O¢po)}.
Moreover,

(2.4) HQ(gw®X)=w®(aX)

where a = [cpsgv and v = 9/(q!).

Proof. Let p,: AT*M® - AE* be the natural mapping. Then
dy(w® X) = (psdw) ® X =2mp,(7*Q) ® X = 0 since dw = 2m(7*Q)
and since € is of type (1, 1).

To verify (2.3) we must show that for Y € T'(Q"?) the equation
(dpY, gw ® X)=0 is satisfied. Write Y in the form Y = Z, f X, for f,
smooth functions on $%9*! and X, holomorphic vector fields on CPY.
Then a standard computation using the formulas (1.17) and (1.30) of [1]
together with Stokes’ Theorem yields:

(oY, g0 ® X)=73 fsz (df) Ag-h(X, X)»

=3 [, d(fgh(X, X)) =0.
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Finally, to verify (2.4), a set ¢, = w ® aX and let 3* be the adjoint of

the d operator on the complex of T'°(CP9)-valued (0, p) = forms on
CPY. 1t follows that (g — a) X = 3*n for n a T'°(CP9)-valued (0, 1)-form.
Now let ¢ = w ® Y be a harmonic element of I'( E*') where Y € I(O¢p.).
Then the result follows from the computation:

(Voo =)= fszc,ﬂ‘“’ A(g—a)h(Y, X)»
B CPq[‘/;iber w](g__a)h(x X)V

= 2wfcpq(ﬁ)h(Y, X)v=27(Y,(g — a)X)cpe

= 27T<Y, 5*n>cpq = 277'(5},, 7’>Cpq =0
since Y = 0. =

Proof of Theorem B. By the results of §1, every holomorphic foliation
near %, is equivalent to one of the form E, where ¢ satisfies the equations

(2.5) D¢ = 0,
(2.6) 8,6 = 0,
and

(2.7) Hgp = ¢,

for ¢y = w ® X and X € I'(Op,). Moreover, the section ¢, completely
determines ¢. It is reasonable (and correct) to try ¢ = gw ® X for g a
function of CP¥ satisfying the condition [, g» = 1. By the above lemma,
(2.6) and (2.7) will hold true.

By Remark 1.12, p, = 0 so to solve (2.5) we must compute [, ¢],:

[9,910(U. V) = ¢([6(U), ¥]) = ¢([¢(V), U]) — 7[(U), $(V)]

0 if U, V are both horizontal or both vertical
go([go(U)X, V)X = g%0(U)Q(X, V)X if
U is vertical and V is horizontal.

Thus,
dyd —[¢,8lo =g N0 ® X+ g% AQ(X,-) ® X

and ¢ defines a holomorphic foliation iff this expression is zero. Thus we
need to find g satisfying dg — g*Q(X,-) = 0. Since H'(CP",0) =0,
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Q(X,-) = dfy, for some fy, unique up to a constant. Thus we need to
solve the equation

58 = gzéfx

which has g, = —1/f, as a solution. By choosing X sufficiently small and
fixing f, by the normalization [-p.gy» = 1, we obtain the required
solution. O

We shall now utilize Theorem B to give a more concrete parameteriza-
tion of the set of holomorphic foliations near the Hopf foliation.

Let z =(z°...,z7) be a point in C7*', let [z] = [2°,...,2z7] be the
associated point in CP7 and let | z|= yz°z*. Greek indices will range from
0 to g in this section and the summation convention is in effect throughout.
Identify $?9" with the unit sphere {|z[* = 1}. Then w is the restriction to
$24+1 of the form 9|z ? and © = /39 log |z . Note that the vertical vector
field on §29*! — CPYis the vector field

0

_ « 0 s
(2.10) V=i/2|z e s

Now every holomorphic vector field on CP? arises in the following way:
Choose a complex matrix 4 = (a?) € GL(g + 1, C) and set
(2.11) X, = afz“—a—.

0zP
This vector field projects to a holomorphic vector field X on CP¢ and all
holomorphic vector fields on CP7 arise this way. It is now easy to find fy
from the formula of, = §( X, —) as follows:

|2 _ ,5( aPzezp ) '

e

QX,-) = (afz"‘—a— ) i90 log|z
0zP

So

PL,azB
.arz’z

(212) fX: l |Z|2

where C, is a constant chosen so that [.p.(-1/fy)» = 1.
We can now investigate the holomorphic foliation associated to the
section ¢ = (-1/fy)w ® X. From the definition of E,, it is easy to see
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that it is the subbundle of T(S?7*")€ given by

(2.13) E,=H"®C-7,

where H®' is the subspace of horizontal vectors of type (0, 1) and
Y, = Xy — iV

where X, denotes the horizontal lift of X. Using the formula

v as 0
Xy = X, — abz zB(zygz—y)
and setting B = [b#] = [a®? + (C,/q)8P] € GL(gq + 1,C) we obtain the
formula

d d
2.14 Y, = bPze— — (b® ("8—).
( ) () aZ B ( a) z 828
As observed in [3], the foliation E, is the pull-back to S***' of the
codimension q holomorphic foliation on C1*" given by the (complex) integral
curves of the holomorphic vector fields
~ 0

2.15 X, = bPze—.
( ) B o 9z B
Indeed it is easily seen from (2.13) and (2.14) that the normal bundle of
E, is generated by the pull-backs to S?¢*! of the one forms of type (1,0)
annihilating X.

Denote by %, the foliation on S27*! associated to B. From (2.13) we
see that the complex structure on the normal bundle is in some sense kept
fixed — what changes is the underlying real foliation.

2.16 REMARKS. (1) Since multiplying B by a scalar does not change
the foliation %, the map B + %, B € SL(q + 1, C) given a parameteriza-
tion of a neighborhood of the Hopf foliation by a neighborhood of the
identity in SL(q + 1, C). The above discussion shows this parameteriza-
tion to be equivalent to that of §1. The complex dimension of the
parameter space is (¢ + 1) — 1.

The above analysis can be used to give a more useful classification of
holomorphic foliations near the Hopf foliation.

2.17 THEOREM. There is a neighborhood U of the identity in
GL(gq + 1,C) such that if A, B € U are two conjugate matrices, then %, and
%, are conjugate foliations. In particular, every foliation sufficiently near the
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Hopf foliation is conjugate to one of the form %, where

J, 0

5

with

N

A=

0 A,

an n, X n, matrix with |\, — 1|< 3.

o

Proof. Let B € GL(q + 1,C) be so near the identity that Xy(|z [*) has
positive real part for all z € C?*'\{0} and suppose B is conjugate to a
matrix J as in the statement of the theorem. Let u = (u',...,u?"") be
coordinates relative to a basis in which B assumes the form J and set
f(2) =|zF and f,(z) =|u.

Construct a regular isotopy of embeddings ¢,: S9! — C77\(0},
0 =t =1 as follows. Let f(z) be the quadratic form

f(2) = (1= 0)fp(2) + 1f(2)
and set
(I)r(z) = a(t, Z) 4

where a(¢, z) > 0 is the unique positive real number characterized by the
condition f,(a(¢,z) - z) = L.

Letting %, denote the foliations on C7*'\{0} given by the complex
integral curves of X, it is clear that the pull-back foliation qb(’,“(g}B) is just
%,. Moreover, since the image of ¢, is just the set {z € C7*'|f,(z) =|uf
= 1) the pull-back foliation (%) is just F,.

We need only show that the imbeddings ¢, are all transversal to %.
For then %, and ¥, are isotopic to one another and therefore conjugate
(H. B. Lawson, Foliations, Bull. Amer. Math. Soc. 80 (1974), 369-418). To
prove that ¢, is transversal to @B it is sufficient to show that the real part
of Xy( f,) is positive at all points of C*'\{0}.
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But by assumption Xg( f;) has positive real part. The formula

ul

XB(fl):(ala“-’aqH)'J' )
uq+l
together with the inequality |[A, — 1|<} for all k, easily yields the
inequality

Re(X5(£)) > (1 = H)lul” = 4lu[* >0
and therefore
Re(X5(£)) = (1 — t)Re( X5( ) + 1 Re( X,( £,)) > 0. 0

2.18 REMARKS. (1) From 2.17 and the explicit formulas for the
integral curves of X, it follows that %, is a Riemannian foliation if and
only if B is diagonalizable with eigenvalues satisfying the condition A, /A,
real for all k and % is compact if in addition A, /A, is rational for all k.

(2) Note that Theorem 2.17 gives a parameterization of conjugacy
classes of holomorphic foliation near the Hopf foliations by a (¢)-dimen-
sional analytic space.
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