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u-MAPPINGS ON TREES
M. M. MARSH

David Bellamy has shown that there exist tree-like continua which
do not have the fixed point property. We give sufficient conditions for a
tree-like continuum to have the fixed point property. In order to establish
this result, we define u-mappings on trees and show that each »-mapping
is universal. Our results generalize similar theorems of C. A. Eberhart
and J. B. Fugate in [3].

In 1969 R. H. Bing [2] asked if each tree-like continuum has the fixed
point property. In 1979 David Bellamy [1] answered Bing’s question in the
negative; i.e., he gave an example of a tree-like continuum which admits a
fixed point free map to itself. In this paper, we give sufficient conditions
for a tree-like continuum to have the fixed point property. Our result
generalizes a similar theorem of C. A. Eberhart and J. B. Fugate [3,
Theorem 7]. Other papers concerned with fixed point theorems for tree-like
continua are [6] and [7].

W. Holsztynski [5, Corollary 1] has shown that whenever a continuum
is the inverse limit of absolute retracts with universal bonding maps, then
the continuum has the fixed point property. In [3], Eberhart and Fugate
showed that if a mapping of trees is weakly arc-preserving, then it is also
universal. Their fixed point result for tree-like continua follows from
Holsztynski’s theorem. We define a u-mapping of trees and prove that
each u-mapping is universal. We also show that u-mappings are more
general than weakly arc-preserving mappings.

By a continuum we will mean a compact, connected metric space. A
tree is a finite, connected, simply connected graph. Each continuous
function will be referred to as a map or mapping.

A mapping f: X — Y of trees is arc-preserving provided that f is a
surjection and if A4 is an arc in X, then f(A) is an arc or a point. The
mapping f is weakly arc-preserving provided that there is a subtree X’ of
X so that the restriction of f to X’ is arc-preserving. A mapping f:
X — Y of topological spaces is said to be universal provided that whenever
g: X — Y is a mapping, there is a point x € X such that f(x) = g(x).

Suppose that X is a tree. We define the sets E(X) and B(X) of
endpoints and branchpoints of X, respectively, by

E(X)={xe€ X|X —{x} is connected} and
B(X) = {x € X| X —{x} has at least three components}.
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For each pair of points x;, x, in X, the unique arc in X linearly ordered
from x; to x, will be denoted by [x,, x,]. The arc [v,,v,] in X will be
called an edge of X provided that v,, v, € B(X) U E(X) and if x €
[vy,v,] and v, # x # v,, then x & B(X) U E(X). If [v,, v,] is an edge of
X and one of v, or v, is in E(X), then [v,,v,] is said to be a terminal
edge of X. Otherwise, [v,, v,] is an interior edge of X.

If H is a subcontinuum or a point of a tree X, we define s¢(H) to be
the union of all edges of X which intersect H. The arc s is said to be a leg
of st( H) provided that s is the closure of some component of st(H) — H.
Notice that each leg of st(H) contains an endpoint of st(H) and is a
subarc of some edge of X.

Suppose that f: X — Y is a mapping of trees, w € B(Y), {¢,}/_, are
the legs of st(w), and [u,v] is an arc in X so that f(u)=w, but
f(Qu,v]) # {w}. We will say that [u,v] has an initial image under f
provided that there is an integer j € {1,2,...,n} and a point x € [u, v]
such that f(x) € T, — {w} and, if x" € [u, x], then f(x') € ¢,. In this
case, we will also say that ¢, is the initial image of [u,v] under f. The
reference to f will be omitted if such reference is clear. If C is the closure
of the component of X — {u} that contains [, v] and D is the closure of
the component of Y — {w} that contains ¢;, we will also say that D is the
initial image of C. Finally, if M is any component of f~}(w), we will say
that the legs of st(M) initially cover the legs of st(w) provided that, for
each leg ¢; of st(w), there is a leg s of st(M) whose initial image is ¢,.

For each tree X in this paper, we will assume that we have a metric d
defined on X X X so that each edge of X has length one. Since each
mapping from a connected metric space onto an arc is universal [5], and
O. H. Hamilton [4] has shown that arc-like continua have the fixed point
property, we will further assume, throughout this paper, that all trees have
non-empty branchpoint sets.

DEFINITION. Suppose that f: X — Y is a mapping of a tree X onto a
tree Y. We will say that f is a w-mapping (u-map) provided that f
satisfies the following properties.

(1) f(B(X)) < B(Y),

(2) if s is a terminal edge of X, then f(s) is a terminal edge of Y,

(3) if w € B(Y) and M is a component of f~!(w) which contains a
branchpoint of X, then the legs of st( M) initially cover the legs of st(w),

(4) if we B(Y) and [v,v,] is an interior edge of X such that
f(vy) =w = f(vy) and f([vy,v,]) # {w}, then there is a component N of
f7%(w) and two legs ¢, and ¢, of st(w) such that N = [z}, z,] C [v}, v,],
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and f([v,, z,]) is a nondegenerate subarc of ¢, for i = 1,2,
and

(5) if v € B(X), then f(st(v)) C st( f(v)).

We will show that whenever a mapping f of trees has a restriction to a
subtree that is a w-mapping, then f must be universal. Although the
properties of a u-map are technical and many in number, each property is
necessary in the sense that its omission yields an example of a non-univer-
sal mapping of trees. We give examples later in the paper. Also, it is
generally easy to check if a mapping f: X — Y of trees has properties (1)
through (5), while it is not easy to check if f has a coincidence point with
each mapping g: X — Y.

We begin with a lemma concerning u-mappings.

LEMMA 1. Suppose that f: X — Y is a u-mapping, [w,, w,] is an edge of
Y with w, € B(Y), v, € B(X), and f(v,) = w,. Then there is an arc
[v1, v,] in X such that the initial image of [v,,v,] is [wy, w,], and [wy,w,]
C f([vy, v,]) C st(w;). Moreover, if [w,,w,] is a terminal edge of Y, then
v, can be chosen from E( X), and if [w,,w,] is an interior edge of Y, then v,
can be chosen from B( X) with f(v,) = w,.

Proof. Let M, be the component of f~'(w,) which contains v,. Since
f is a u-mapping, we may choose a leg s, of st(M;) whose initial image is
[w;,w,]. Let a; be the edge of X such that s; C a;, and let u; be the
endpoint of a; which is not in M,.

If a, is a terminal edge of X, then f(«;) is a terminal edge of Y.
Hence, [w,, w,] must be a terminal edge of Y and we have that [w,w,] =
f([vy, uy]) < st(wy). So, [vy, u;] satisfies the conclusion of the lemma.

We assume that «; is an interior edge of X. By property (5) of a
u-mapping, we have that f([v,, 4;]) C st(w,). Since the initial image of a,
is [w;,w,], by properties (1) and (5), f(u;) must be either w; or w,. If
f(u;) = w,, then again we have that [v,, ;] satisfies the conclusion of the
lemma. So, we assume that f(u;) = w,. Let M, be the component of
f7Y(f(u;)) which contains u,. Let s, be a leg of st(M,) whose initial
image is [w;,w,], a, be the edge of X such that s, C «,, and u, be the
endpoint of a, which is not in M,. Now, by property (4) of a u-mapping,
o, * a.

Again, if either a, is a terminal edge of X or f(u,) = w,, then the
result follows for the arc [v;, u,]. So, we assume that «, is an interior edge
of X and that f(u,) = w;. Now, since X has finitely many interior edges,
a continuation of this procedure eventually gives us a positive integer »
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for which «,, is either a terminal edge of X or f(u,) = w,. We then have
the desired result for the arc [v,, u,,].

THEOREM 1. Suppose that F: X' — Y is a mapping from a tree X’ onto
a tree Y such that there is a subcontinuum X of X’ for which F|y is a
u-mapping from X onto Y. Then F is universal.

Proof. Let f= F|y. We will show that f: X — Y is universal. It
follows that F is universal.

Suppose there is a point w € B(Y) such that f~}(w) N B(X) = &.
Let v € B(X). By property (1), f(v) € B(Y). Let z be a point of Y such
that w € [f(v), z] and w # z. Let x € f}(z). Then [ f(v), z] is a subset
of f([v, x]). Let u be the last branchpoint in [v, x] with the property that
w does not separate f(v) from f(u) and if »" is in B(X) N (u, x], then w
separates f(v) from f(u’). It follows that f(st(u)) & st( f(u)), which is a
contradiction. Hence, for each branchpoint w € Y, there is a branchpoint
v in X such that f(v) = w.

If [u,, u,] is an interior edge of X with the property that f(u,) = f(u,)
but f([u,, u,]) # { f(u,)}, then we will say that [u,, u,] is folded by f. We
will use induction on the number of interior edges of X which are folded
by f.

Suppose there is no interior edge of X which is folded by f. We claim
that

if [w,b] is an edge of Y with we B(Y) and v is a
branchpoint of X such that f(v) = w, then there is an arc

(%) [v,a] in X such that f([v,a]) = [w, b]. Moreover, if
be B(Y), then a can be chosen from B(X) with
f(a) =b.

So, let [w, b] be an edge of Y withw € B(Y) and let v € B(X) N f~}(w).
By Lemma 1, there is an arc [v, u] in X such that u is a vertex of X, [w, b]
is the initial image of [v, 4], and [w, b] C f([v, u]) C st(w). Let a be the
first vertex of X in [v, u] such that f([v, a]) # { w}. Now, by properties
(1), (2), and (5), and the assumption that no edge of X is folded by f, it
follows that f([v, a]) = [w, b].

We will now show that f is universal, in this case, using an induction
argument on the number of branchpoints in Y.

Suppose that Y has only one branchpoint w. Then Y = st(w). Let
{t,}7_, be the legs of st(w). Let v be a branchpoint of X such that
f(v) = w. By (%), foreachi € {1,2,...,n}, we can choose an arc [v, a;] in
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X such that f([v,q;]) = ¢,. Let T = U_,[v, a,]. Since each ¢, is an arc,
fl1v,q 1s universal. Also, for i # j, f([v,a,]) N f([v,a;]) = {w}. A theo-
rem of Holsztynski [S, Prop. 7] gives us that f |, is universal. Hence, f is
universal.

Suppose that Y has exactly m branchpoints. Let w be a branchpoint
of Y andlet v € B(X) N f~}(w). Let { Y;}7_, be the collection of closures
of components of Y — {w}. We intend to produce, for each i in {1,..., n},
a subtree X; of X such that f(X;) = Y; and f| y is universal.

For i € {1,...,n}, let [w, b;] be the terminal edge of Y, with end-
point w. Applying (*), for each i € {1,...,n}, we choose an arc [v, ;] in
X such that f([v, a,]) = [w, b;].

Now, if for some j € (1,...,n}, b, € E(Y), then [w, b;] = Y,. So, in
this case, we let X, =[v,a] and thus, f| X, is universal.

Suppose for some j € {1,...,n}, b;€ B(Y). Now, f([v,q;]) =
[w, b;], and, by (*), we may assume that a; was chosen from B(X). We
now will apply () to each leg of st(b;) except for [b;, w]. Let {d;}E; be
the vertices of Y that are adjacent to b,. Assume d; = w. For each i in
{2,3,...,k}, choose an arc[a, ¢;] in X such that f([a;,c,]) = [b;, d;]. Let
X, = Uf;z[aj, ¢;]U [a;,v]. Now, X, is a simple k-od and f| x, Maps the
edges of X, onto the edges of st(b;). So, clearly f| X X~ st(b;) is a
u-mapping. For each d; that is a branchpoint of Y;, we repeat the above
procedure on st(d;). This gives us another k-od, say X, (not necessarily
the same k as above) in X which shares the edge [c;, a;] with X}; and
whose edges are mapped by f | x, onto the edges of st(d;). We repeat the
process again for each vertex of Y, that is both a branchpoint of Y, and
adjacent to some d, that was a branchpoint of Y. In this manner, since Y;
has but finitely many branchpoints, in fact fewer than m, we will generate
a subtree X; of X (X; will be the union of all the X;’s produced by this
procedure) that is a homeomorph of Y, and whose edges are mapped by
Il x, onto the corresponding edges of Y;. Thus it is clear that f| X, is a
u-mapping. Since X; has fewer than m branchpoints, we have by the
inductive assumption that f| , is universal.

For each i € {1,...,n}, we have constructed a subtree X; of X such
that f(X;) = Y, and f| x is universal. Thus, by Holsztynski’s theorem [S,
Prop. 7], it follows that f is universal.

Suppose that X has exactly m interior edges which are folded by f.
We assume that whenever f’: Z — Y is a u-mapping of a tree Z onto Y
such that Z has fewer than m interior edges which are folded by f’, then
f’ is universal.

By way of contradiction, we assume that f is not universal. Let g:
X — Y be a mapping such that f(x) # g(x) for each x € X.
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Let [v,,v,] be an interior edge of X which is folded by f. Let
w = f(v;). We let [z,, z,] be the component of f~!(w) as indicated in
property (4) of a u-mapping. Also, we let 7, and ¢, be the legs of st(w) as
indicated in property (4). Let b, and b, be the vertices of Y which are
adjacent to w and belong to ¢, and ¢, respectively.

For i = 1,2, let a, be the endpoint of f([v,, z;]) which lies in ¢, We
have that, for i = 1,2, w < a, < b, in the order on [w, b,]. Since we are
assuming that each leg of Y has length one, we let |q,| denote the distance
from a; to w. For i=1,2, let ¢, =1 — 1/]a,|; we notice that ¢ < 0.
Assuming that each of X and Y is a subset of E?, we define the mapping
f: X - Y by

f(x) if x & [v,,0,],
f(x) ={ew+(1-¢)f(x) ifxe [01’22]’
ew+(1— &) f(x) ifxe[z,0,].

Now, it is clear that, for each point f(x) in ¢, (i = 1,2), f(x) is on
the line containing w and f(x). We claim, in fact, that f(x) is in the arc
[w, b;]. The calculations which follow will make this clear.

For each x € [v,,v,] such that f(x) = w, we notice that f(x) = w.
Thus, £ is continuous. Suppose that x € [v,, z,], for either i = 1 or i = 2,
and f(x) = a,. Then

f(x) = ew +(1 - &)a,

ew +(1 = &), +(1 —|a,)w)

ew +(1—¢)la,lb, +(1 - )(1 —[a,])w
= [e,+(1 - &)1 ~la,)]w +(1 = &)la,lp,
= [1 —lg;|+ gla,[]w +(1 - &)la;lb,

= [1 _Iail +(1 - 1/|ai|)|ai|]w +(1 _(1 - 1/,ai|))|ai|bi
=0-w+1-b,=5b,.

Thus, f([v,,z,]) C ¢, for i = 1,2. We also notice that if a, = b, for
either i = 1 or i = 2, then ¢, = 0, and f(x) = f(x) for each x € [v,, z,].
In addition, it is easy to see that f is a u-mapping and exactly m interior
edges of X are folded by f.

For i = 1,2, let u, be a point of [v,, z,] such that f(u,) = b,.

We now would like to modify the mapping / and perhaps we will also
need to modify the continuum X by adjoining a homeomorphic copy of a
subcontinuum of Y to X. However, our procedure is dependent upon
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whether b, is an endpoint or a branchpoint of Y, for each i = 1,2. We see
that there are actually four cases to consider. We will consider only one
case. It will be clear that the proof of the other cases can be carried out in
a similar manner.

We suppose that b, is a branchpoint of Y and b, is an endpoint of Y.
Let X; be the closure of the component of X — {z;} which contains v;.
We claim that ¥ C f(X,). We only need to show that each endpoint of ¥
is in f(X,). Now, b, = f(u,) and u, € [v,,2,] C X,. Let e # b, be an
endpoint of Y. Let {e;}%_, be the vertices (in order) of Y that lie in the
arc [w, e], with e; = w and e, = e. Notice that [w,e] N [w, b;] = {w}. By
Lemma 1, there is an arc [v;,d,] in X such that the initial image of
[v:,d,] under fis [w, e,] and [w,e,] C f([vl, d,]) C st(w). Since the
initial image of [v,, d,] is [w, e,], it follows that [v,, d,] N [v,, ;] = {v,}.
So, [v,,d,] C X;.

If k = 2, then e, = ¢, [w, e] C f([v,, d,]) and we are done. Otherwise,
e, is a branchpoint and we may assume, by Lemma 1, that d, € B(X)
and f( d,) = e,. We repeat the process above. By Lemma 1, there is an
arc [d,,d;] in X such that the initial image of [d,, d;] is [e,, e;] and
le,, e5] C f((d,, d5]) C st(e,). It follows that [d,, d5] € X,. If k = 3, then
e;=e,le,e]lC f([dz, d,)]), and we are done. Otherwise, e; € B(Y) and
we continue the process. After finitely many steps, we get that e € f(X,).
Thus, Y € f( X,).

Let U be the component of Y — {b,} which contains w. Let Y, =
Y — U. Let h be a homeomorphism from Y, into E? such that a(b,) =
u, and h(Y,) N X = {u,}. Also, let X, be the union of A(Y,) and
the closure of the component of X — {z,;} which contains v,. Let Z =
X, U X,.

We now wish to define mappings f: Z —» Y and g": Z - Y. Let f’
be defined by

€
-5 ey
(x) ifxezZ-X.
Let g’ be defined by
g(x) ifxeX,
g'(x) = { :
g(u,) ifxeZzZ-X.

Let f/ =f'|x, for i =1,2. Now, it is clear that each of f] and
f2l x,—(u, . 1 1S @ u-mapping. Since ¥ C f(X,) it follows that the image of
fiis Y. We will also show that the image of f] |y _(,, , ) is Y. Again, we
show that each endpoint of Y is in the desired image. If e is an endpoint
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of Y,, then h(e) € X, — (u,, z;]. Furthermore, f,(h(e)) = f'(h(e)) =
h~'(h(e)) = e. Suppose e is an endpoint of Y and e is not in Y,. Then
e € U. Let {w,}%_, be the vertices (in order) of Y that lie in the arc [w, e],
where w; = w and w, = e. By Lemma 1, there is an arc [v,, c,] in X such
that the initial image of [v,, ¢,] is [w, w,] and [w, w,] C f([v,, ¢,]) C st(w).
Now, since the initial image of [v,, ¢,] is [w, w,], it follows that [v,,c,] N
[0y, 4] = {0, }. So, [1;,6,] C X, — (uy, ;] Also, since [vy,¢,] C X, it
follows that f;([v,, ¢;]) = f'([v5, ;) = f([v5, ¢5])-

If k=2, then w, = e, [w,e] C f;([v,,c,]) and we are done. Other-
wise, w, is a branchpoint and we may assume, by Lemma 1, that
¢, € B(X) and f(cz) = w,. We repeat this process, as we have done
before, finally getting that e is in the image of ;| x _(,, , z-

Hence, we have that each of f] and f;|x _(,, .z IS @ u-mapping
whose image is Y. Also, each X, has fewer than m interior edges which
are folded by f;. Hence, for i = 1,2, there is a point x; in X, such that
fi(x;) = g'(x).

We consider the point x; in X;. Since X; C X, g(x;) = g'(x;) =
fl(x)) = f(x;). So, f(x,) # g(x,) implies that f(x,) # f(x,). It follows
that x, € [v,, z;] and f(x,) # w. Hence, w < f(x,) < f(x;) = g(x,) < b,
in the ordering on [w, b,].

We will now find a point z in [v,, v,] so that f(z) € [w, b,] and f(z)
separates w from g(z) in Y. We indicate this separation by writing
w < f(z) < g(2).

If x, € X, we may apply the same argument to x, that we applied to
x, to get that x, € [v,, z,] and w < f(x,) < f(x,) = g(x,) < b,. In this
case, we let z = x,.

If x, € Z — X, we get that g(u,) = g'(x,) = f5(x,) = h™(x,). Thus,
g(u,) is in Y,. We have that w < a, = f(u,) <f(u2) = b, and either
g(u,) is separated from f(u,) by b, or g(u,) = b,. We indicate this
separation by writing b, < g(u,). In this case, we let z = u, and we again
have that z € [v;,v,] and w < f(z) < g(2).

We consider the arc [x,, z]. Since [x;, z] C [v,,v,] and f([v,,0,]) =
[a), a,] € 1 U t,, it follows that f|, ., and g|, .; have a coincidence
point, which is a contradiction. Hence, f: X — Y is universal. It follows
that F: X’ — Y is universal.

In [8], Nadler showed that each universal mapping from a compact
Hausdorff space onto a locally connected metric continuum is weakly
confluent. Hence, by Theorem 1, a u-mapping of trees must be weakly
confluent.
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We also have the following fixed point result as a corollary to
Theorem 1.

THEOREM 2. Suppose that D is a directed set and X = ]%_I__n (X, f/,D},

where, for each i < j, X, is a tree and there is a subtree X| of X; such that
71 x; is @ u-mapping onto X.. Then X has the fixed point property.

Proof. The theorem follows immediately from Holsztynski’s [S,
Corollary 1] result and Theorem 1.

We will now show that Theorem 2 is a generalization of Eberhart and
Fugate’s theorem [3, Theorem 7]. We first show that each weakly arc-pre-
serving mapping of trees can be restricted to a u-mapping of trees. Then
we give an example of a u-mapping of trees which is not weakly arc-pre-
serving.

Suppose hereafter that f: X — Y is an arc-preserving mapping of a
tree X onto a tree Y and that X is minimal with respect to mapping onto
Y; i.e., if X’ is a proper subcontinuum of X, then f(X') # Y.

LEMMA 2. Let w be a point of Y and M a component of f (w). If z,
and z, are endpoints of Y which belong to a component D of Y — {w}, and
each of C, and C, is a component of X — M such that z, € f(C,) and
z, € f(C,), then C; = C,.

Proof. Suppose that C; # C,. For i = 1,2, let a, be a point of C; such
that f(a;) = z,. Let a = [a,, a,]. Now, a is an arc and f(«a) contains each
of w, z;, and z,. But w, z,, and z, are distinct endpoints of D which
implies that f(a) is not an arc, a contradiction.

LEMMA 3. Let w be a point of Y and M a component of f ~*(w) which
contains a branchpoint v of X. If s is a leg of st((M), then f(s) intersects
exactly one component of Y — {w}.

Proof. Suppose that f(s) intersects the components D, and D, of
Y — {w}. Let {C;}/~; be the set of components of X — M. Assume,
without loss of generality, that s C C,. We notice that m > 3, for other-
wise, some component C of X — {v} is a subset of M, in which case X is
not minimal with respect to mapping onto Y. For j = 1,2,3, let z; be in
E(Y) -f(U;ll/i#jCi)'

Suppose that for some j € {1,2,3}, z; € D, U D,. Assume that z;
belongs to the component D, of ¥ — {w}. Let a; be a point of C; such
that f(a;) = z;. Now, let a be the minimal arc in X such that a; € a and
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s C a. We have that f(a) intersects each of D,, D,, and D,. So, f is not
arc-preserving which is a contradiction.

Hence, for j = 1,2,3, z; € D; U D,. Thus, two of z,, z,, and z, are
either in D, or D,. But this contradicts Lemma 2.

We are now ready to see that f has the properties of a u-mapping.

(1) Suppose that v € B(X) but f(v) & B(Y). Let w = f(v) and let
M be the component of f~'(w) that contains v. Let { C;}7; be the set of
components of X — M. As in Lemma 3, m > 3. Since w & B(Y), Y —
{w} has at most two components, say D, and D,. For j=1,2,3, let z ;
be in E(Y) - fUL, ;. ,;C)- So, two of z,,z,, and z; must either be in
D, or D,. But this contradicts Lemma 2. Hence, f(v) must be a branch-
point of Y.

(2) Let [v, a] be a terminal edge of X with v € B(X). Let w = f(v);
by (1), we know that w € B(Y). Let M be the component of f~!(w) that
contains v. Now, [v, a] ¢ M, for otherwise, X in not minimal with respect
to mapping onto Y. By Lemma 3, f([v, a]) intersects exactly one compo-
nent D of Y — {w}. Suppose that D is not an arc. Then D contains at
least two endpoints z, and z, of Y. Since f([v, a]) is an arc, only one of z,
and z, is in f([v, a]), say z,. Hence, there is a component C of X — M
such that CN[v,a]= @ and z, € f(C). This contradicts Lemma 2.
Thus, D is an arc which implies that f([v, a]) is a terminal edge of Y.

(3) Let we B(Y) and let M be a component of f~*(w) which
contains a branchpoint v of X. Let {¢;}7_, be the legs of st(w). Suppose
that the leg ¢, of st(w) is not initially covered by a leg of st(M). Let D, be
the component of Y — {w} such that ¢, C D, and let z, bein E(Y) N D;.
Let C, be a component of X — M such that z; € f(C;). Choose a point
a, € C, such that f(a,) = z;. By Lemma 3, each leg of st(M) has an
initial image, so C; has an initial image. Assume that the initial image of
C, is t,. Let D, be the component of Y — {w} such that ¢, ¢ D,. For
Jj=23 let z;€ E(Y)—fUL,,.,;C), where C,,C;,...,C, are the
remaining components of X — M. So, neither z, nor z; is in f(C;). By
Lemma 2, neither z, nor z; isin D;. Also, z, and z, are not in the same
component of Y — {w}. Hence, one of z, and z; is not in D; U D,.
Assume that z; is in the component D; of Y — {w}. Let a; be a point of
C, such that f(a;) = z;. Let a = [a;,a;]. Now a is an arc, but f(a)
intersects each of D;, D,, and D,, a contradiction. Hence, the legs of
st( M) initially cover the legs of st(w).

(4) Let w € B(Y). We will show that there is no interior edge [v,, v,]
of X with the property that f(v,) =w = f(v,) and f([v;,0,]) # {w}.
Suppose otherwise. Let {#;}7_; be the legs of st(w). Let M, and M, be



u-MAPPINGS ON TREES 383

the components of f~'(w) that contain v, and v,, respectively. Assume
that f([v,,v,]) intersects ¢, — { w}. By property (3), there is a leg r of
st( M,) whose initial image is ¢, and there is a leg s of st(M,) whose initial
image is #,. Let a be the unique minimal arc in X such that r U s C a.
Notice that [v,,v,] C a also. Hence, f(a) intersects each of #;, ¢,, and ¢,,
a contradiction. Thus, property (4) holds by default.

(5) Let v € B(X). By (1), f(v) € B(Y). Let [v, u] be an edge of X.
We need to show that f([v, u]) C st( f(v)).

If [v, u] is a terminal edge of X, then by (2), f([v,u]) is a terminal
edge of Y. So, f([v, u]) C st( f(v)).

Suppose that [v, u] is an interior edge of X and f([v,u]) is not a
subset of st(f(v)). Then f([v,u]) # { f(v)} and, by the proof of (4),
f(v) # f(u).

Suppose that f(v) and f(u) are not adjacent branchpoints of Y. Let
w € B(Y) N (f(v), f(u)). Let b be a branchpoint of X such that f(b) =
w. Now, either the arc [b,v] contains u or the arc [b, u] contains v.
Assume, without loss of generality, that u € [b, v]. Since f([v, u]) is an arc
and w is a branchpoint of Y, there is a leg ¢ of st(w) such that
f(lv,ul) Nt = {w)}. Let M be the component of f~(w) that contains b
and let s be a leg of st(M) whose initial image is z. Let a be a point of s
such that f(a) € t — {w}. Finally, let a = [a,v]. Now, [v,u] C a; so,
f(a) intersects each of ¢, [w, f(v)], and [w, f(u)]. Thus, f(«) intersects
three distinct components of ¥ — { w}. This is a contradiction.

Suppose that f(v) and f(u) are adjacent branchpoints of Y; i.e.,
[f(v), f(u)] is an interior edge of Y. Since f([v,u]) is not a subset of
st( f(v)), then either f([v, u]) intersects a leg r of st( f(v)) different from
[f(v), f(u)] or f([v,u]) intersects a leg s of st(f(u)) different. from
[f(v), f(u)]. We assume that the latter is the case. Let ¢ be a leg of
st( f(u)) different from both [ f(v), f(u)] and s. Let M be the component
of f~1(f(u)) that contains u and let & be a leg of st(M) whose initial
image is ¢. Let ¢ be a point in & such that f(c) is in ¢ — { f(u)}. Let
a = [¢,v]. Then a is an arc but f(a) intersects three legs of st( f(u)),
namely ¢, s, and [ f(u), f(v)]. This is a contradiction.

Having established properties (1) through (5), f must be a u-map-
ping. We have the following theorem.

THEOREM 3. If f: X = Y is a weakly arc-preserving mapping of trees,
then there is a subcontinuum X' of X such that f(X')=Y and f |y is a
u-mapping.
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Proof. Since f is weakly arc-preserving, there is a subcontinuum X"’
of X such that f(X”)=1Y and f|,. is arc-preserving. Let X’ be a
subcontinuum of X" which is minimal with respect to mapping onto Y.
Clearly, f| is arc-preserving. We have shown that the mapping f| ,
X’ — Y must satisfy properties (1) through (5). Hence, f| . is a u-map-
ping.

We now wish to look at a few examples. The first example together
with Theorem 3 shows that u-mappings are more general than weakly
arc-preserving mappings. The other examples show the necessity of prop-
erties (1) through (5) in Theorem 1.

In each example the maps will be piecewise linear with respect to
some triangulation of the domain. Hence, we will only indicate what the
mappings do to the vertices of these triangulations.

ExaMPLE 1. A u-mapping of trees which is not weakly arc-preserving.

al F a2 A {
£
X —> v
b vl r v21 v3 c B L \ R C
FiGURE 1

Let f be given by f(a;)=A4 for i=1,2, f(b)=B, f(c)=C,
f(v;))=Vifori=1,273, f(r)=R,and f(I) = L.
Figure 2 below is a schematic indication of how f maps X onto Y.

T

/“-,

FIGURE 2

It is easy to check that f is a u-mapping. The image of each of the
arcs [a,, ] and [a,, r] in X is the simple triod with endpoints 4, L, and
R in Y. Thus, f is not arc-preserving. Since any subcontinuum of X that
maps onto Y must contain either [a,, v,] or [a,, v;], it follows that f is not
weakly arc-preserving.

Since each subcontinuum of a given tree is characterized by its
endpoints, we will refer to a continuum in X or in Y by listing its
endpoints; e.g., Y may be denoted by (4, B,C).
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EXAMPLE 2. A non-universal mapping of trees which satisfies proper-
ties (1), (3), (4), and (5), but does not satisfy (2).

al - V 8.2 . A
X > y
g
Vl V2 V3
b | 1 r, c B L v R c
o 4
) 1,
FiGURE 3

Let f be given by f(a;)=A for i=1,2, f(b)=B, f(c)=C,
f(v,)=Viori=1,23, f(r)=Rfori=1,2,and f(/,)= L fori=1,2.

Now, g is also piecewise linear with respect to the triangulation of X
shown in Figure 3. Thus, we will indicate, for example, that g maps the
arc [v,, /;] linearly onto the arc [c, v] by the notation [v,, ;] = [c,v]. If g
is constant on some subtree of X, say g({a,, b,r)) = {C}, we use the
notation (a,, b, r;) = {C}. According to this convention, we define g as
follows.

g:{a;,b,ry - {C} [llsUZ] - [V, 4] [r2,05] = [V, B]
[01,11] - [C’ V] [02’r2] - [A’V] <a2’C’l2> - {B}

Figure 4 below gives a schematic representation of the mappings f
and g.

S

FIGURE 4

It is easy to check that f satisfies properties (1), (3), (4), and (5).
Property (2) is not satisfied since the image under f of the terminal edge
[vy, 1] in X is the arc [V, R] in Y which is not a terminal edge.

We will now show that f and g have no coincidence point. Referring
to the definition of g, our notation makes it easy to see the behavior of
both g and f over a given arc. On the triod (a,, b, r,), we see that the
images under g and f are disjoint. On the arc [v,, /;], the image under f
goes from V to L as the image under g goes from C to V; thus, no
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coincidence occurs. On [/}, v,], f goes from L to V' as g goes from V to A.
The action of each of f and g is symmetric on the subtrees (ay, b, r;, v,)
and (a,,c,1,,v,) of X. Hence, f and g have no coincidence point.

EXAMPLE 3. A non-universal mapping of trees which satisfies proper-
ties (1), (2), (4), and (5), but does not satisfy (3).

3 D, a A
f
x T > y
_
o
Vo vy
bl v1 rl 1l V3 r’2 l2 V5 c B L \Y R C
1 ~
f g
T \T T/
FIGURE 5

Let f be given by f(a;,)=A for i =1,2, f(b;)=B for i =1,2,
fle)=2C, f(v,)=Vfori=1,2,3,4,5 f(r)=R fori=1,2, and f(l,)
=L fori=1,2.

Let g be given by

g: {ay, by, v;) > {C}
[02’11] - [C,V]

[L,05] = [V, 4]
[05,b,] = {4}
[03’ "2] - [A’ V]

In a manner similar to that outlined in Example 2, it is easy to check
that f has the desired properties. We also notice that a restriction of the
mapping f would yield an example of a non-universal mapping which
satisfies properties (1), (2), (3), and (5), but not (4). Let X' = X — (vs, b,].
Then the mapping f| ,: X’ — Y has the desired properties.

Examples of non-universal mappings which do not satisfy property
(1) or do not satisfy property (5) can also be given.

[r2’04] - [V9B]
<v4,c,a2) - {B}
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