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PARTIALLY MEASURABLE SETS IN MEASUR SPACES

MAX SHIFFMAN

1. Introduction. This article is concerned with any sets, whe-
ther measurable or not, in a general measure space (a general mea-
sure space is briefly defined in the article). A set S has an interior
measure m;(.5) and an exterior measure m.(.S), where 0 < m;(S) <
me(S). Consider two disjoint sets S; and Sz, i.e. S;N Sy = 0, and
their union set S; U Sz. There are the six non-negative quantities
m;(S) and m(S), for S = 53, Sy, and S; US,. It is well-known that
me(S) is subadditive, i.e. m.(S1US3) < m(S1)+m.(S2), and m;(S)
is superadditive, i.e. m;(S1US;) > m;(S1)+m;(S2). The present ar-
ticle obtains more inequalities on the six quantities m;(.S) and m.(S)
for S = 51,52, and S; U S; and indeed obtains a specific collection
of six linear inequalities. One of these six inequalities states that
the average measure 2(mi(S)+m(S)) is subadditive. Also, average
measure is countably subadditive. Further, if the general measure
space satisfies a certain two conditions, it is shown that these six
inequalities form a complete collection of independent inequalities,
valid for every pair of disjoint sets Sy,S;. These two condition on
the measure space do hold for the usual measure spaces.

Previous articles of the author considered the same matters for
Lebesgue measure on the real number line or in Euclidean n-dimen-
sional space. These are listed as [1] and [2] in the References at the
end of the present article. The present article extends these results
to a general measure space, subject to some limitations.

The inequalities on m.(S) and m;(S), for S = 51, Sz, and (S; U
S2), where S; N S; = 0, are stated in Theorems 2 and 4 below, in
§3. Furthermore, if the measure space satisfies two conditions, the
partitionable condition and the basis condition, these inequalities
are shown to be a complete collection of inequalities which are valid
for every pair of disjoint sets contained in a measurable set M.
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This is stated in Theorem 8 in §6. The partitionable condition on
a measure space is discussed in §4, and the basis condition in §5.
These conditions do hold for Lebesgue or Borel measure, and in the
usual measure spaces. The above results, without specifying the
two conditions, were obtained in the author’s previous articles cited
above when the measure space is Lebesgue or Borel measure on the
real number line or in Euclidean n-dimensional space.

A set S for which m;(S) < m.(S) has been called a non-measu-
rable set. In the introduction to my previous article [2] in Pa-
cific Journal of Mathematics, it is stated that a non-measurable set
S might be more appropriately called a partially measurable set
since one does have some information concerning the measure of S,
namely that its “measure” is something between m;(S) and m.(S)
inclusive. In the present article, I am indeed calling such a set par-
tially measurable, as indicated in the title of the present article. In a
broad sense of measure, if one is thinking of applications, not only in
mathematics, an exact measurement might not be available for some
process or subject. But a lower value and an upper value might be
available, like interior measure and exterior measure. Or one might
be concerned with estimates rather than measurements. Finding
properties of the lower and upper values would be of interest.

Further results concerning partially measurable sets are obtained
in the present article, including some interesting partially measur-
able sets. These latter are obtained in §5 and §7, and in particular
in Theorems 7 and 9. Also, if one has two disjoint sets contained
in a partially measurable set S, instead of in a measurable set M, a
complete collection of inequalities is obtained in §3 and §7, stated
in Theorems 4 and 10. These hold as well for Lebesgue or Borel
measure on the real number line or in Euclidean space, and is a
supplement to the previous articles cited above. It should also be
stated that the present article, as well as the previous articles cited
above, makes use of transfinite induction and the axiom of choice
in set theory, but does not make use of the continuum hypothesis
of set theory (which is that 2X° = y;).

2. Measure Spaces. The definition and properties of set the-
ory and of measure spaces are fairly standard. For the sake of def-
initeness and generality, the definition and properties of a general
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measure space, as used in the present article, will be stated briefly
here.

A general measure space, written (X, M,m), is a non-empty set
X of elements, which are called “points”; and a non-empty collection
M of sets of points in X which form a countable ring of sets; and a
measure function m(M) defined for every set M in the collection M,
where m(M) is a non-negative real number or co, and the measure
function m is required to be countably additive, and m(0) = 0 where
0 is the empty set.

The terms countable ring and countably additive are defined im-
mediately below. A non-empty collection M of subsets of X is
called a ring if, whenever M; and M, are both members of the col-
lection M | written M; € M and M, € M, then (M; U M;) € M
and (M; — M;) € M, where U is the symbol for the set-theoretic
sum (or union) of sets, and — in M; — M, is the symbol for the
set-theoretic difference of sets. Note that the empty set @ is in M,
since § = M — M for any M in M. It follows that (M;NM,) € M,
where N is the symbol for set-theoretic product (or intersection) of
sets, since (M; N My) = My — (M; — M,), noting that My — M, =

My — (My 0 My). Consequently, ({J M;) € M and ([ M;) € M
7=1 1=1

if M; € M for every j = 1,2,...,n. A non-empty collection M
of subsets of X is called a countable ring if M is a ring and if,
whenever a countable infinity M;,; = 1,2,...,n,..., of sets are all

in M, then (U Mj) € M . It follows that ( Mj) € M | since
7=1

8

(ﬁ M;) = M, — Q(Ml — M;).

The non-negative set function m(M), defined for all sets M in
M, is said to be additive if, whenever M; € M, M, € M, and
(M1 N M;) = 0 (which is described by the words “M; and M, are
disjoint sets”), then m(M, U Mz) = m(M;) + m(M;). The non-
negative set function m(M), defined over the countable ring M, is
said to be countably additive if it is additive and if, whenever M; for
7=1,2,...,n,..., are a countable infinity of mutually disjoint sets
in M, ie., (M;, N Mj;,) = 0 for every j; and jp with j; # js, then
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m(U1 Mj) = z;m(M]) Note that the values of m(M) for all M
= ]:

in M lie in the extended non-negative real number system, i.e., all
non-negative real numbers and co. Incidentally, note that if M;, M,
are both in M and M; C M, (C is the symbol for set-theoretic
inclusion, and D is the symbol for set-theoretic containment), then
m(M;) < m(My), since My = My U (M, — M;) and My, N (M, —
M,) = 0, so that m(M;) = m(M;) + m(My — My) > m(M,); and if
m(M;) < oo then m(M,; — My) = m(M,) — m(M,). It also follows
that if there is a set M € M with m(M) < oo, then m(0) = 0 since
0 =M — M and m(0) = m(M) — m(M) = 0. Even if there is no
such M € M, it is supposed that m(§) = 0.

The above gives the definition of a measure space (X, M, m) as
used in this article. Note that the above definition of a general
measure space does not assume that the set X is in M. If X ¢
M, the measure space (X, M, m) can be extended, if it is desired,
to a measure space (X, M*,m*) in which the countable ring M*
includes the set X as well as all of M, and m*(M) = m(M) for
all M € M. This is discussed near the end of §6 herein. Also
note that the definition of a general measure space does not assume
the “countability condition for a measure space”, which is stated
and discussed in the latter part of §6 herein, and this matter does
not enter prior to that, nor in §7. And the definition of a general
measure space does not assume that it is a complete measure space,
i.e. that every subset of a set M in M with m(M) = 0 also is in
M and has m-measure 0. The measure space can be extended, if
desired, by completing it.

Consider a general measure space (X, M, m). For any set S of
points in X, the interior measure m;(.S) and exterior measure m.(S)
can be defined (for m(.S), it is required that there be a set M € M
for which S C M). The interior measure of S (also called inner
measure of S), written m;(.S), is defined as usual by

(2.1)  mi(S) = sup m(M), for all M € M with M C S,
Mcs

where supyscs m(M) is the supremum, or least upper bound, of all
the numbers m(M) with M € M and M C S. There is at least one
such M, namely @ for which m(@) = 0. As is well-known, shown
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from (2.1),

(m;(S) > 0; and if S; C Sy, then m;i(S1) < my(Sz);
and if S € M, then m;(S) = m(S);
and if S;,7=1,2,... tonor

2.2) <
(22) to 0o, are mutually disjoint, then m; (U Sj)

Z E m,(SJ)

\

The last in (2.2) states that the set function m is superadditive, and
indeed is countably superadditive, for disjoint sets. Also,

(2.3) there is a set A C S for which
A € M and m(A) = m(S).
For the exterior measure m.(.S) of a set S (also called outer mea-
sure of S), suppose that there is a set M € M for which S C M. (If

X € M, this is satisfied for every S.) The exterior measure m.(S)
is defined as usual by

(2.4) me(S) = Ai!rgfsm(M),for all M € M with M D S,

where infy5s is the infimum, or greatest lower bound, of all the
numbers m(M) with M D S and M € M. As is well-known, shown
from (2.4)

me(S) > mi(S) > 0;
and if S; C Sy, then me(S1) < me(S2);
and if S € M, then me(S) = m(S);
(2:5) { and if Si,3=12,...,ton

or to 0o, are a countable

aumber of sets, then " (U S]‘) <> o me(S;).
J

\ J

The last in (2.5) states that the set function m.(S) is subadditive,
and indeed is countably subadditive. Also,

(2.6)  thereis a set B € M for which S C B C M and
m(B) = m.(S)
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The above in (2.4), (2.5), (2.6) assumed that there was a set M € M
such that the sets S and S;, Sz, and S; are all contained in M.

Note that, in the general measure space (X, M,m), the interior
measure m;(S) is defined for every set S in X, but the exterior
measure m.(S) is defined for a set S only if there is a set M in M
for which S C M. Whenever m.(S) is used in the present article
it is assumed that thereis aset M € M with SC M. If X ¢ M,
there are sets S with no such M, for example the set X itself. If
X ¢ M, the measure space (X, M, m) can be extended if desired to
a measure space (X, M* m*) in which X € M*, as discussed near
the end of §6 herein.

An example of a measure space (X, M, m) is Lebesgue measure on
the real number line or in Euclidean n-dimensional space (or Borel
measure). In this case, X is the set of points on the real number
line or in Euclidean space, and M is the collection of Lebesgue
(or Borel) measurable sets, and the measure function m(M) is the
Lebesgue (or Borel) measure of M. Then for any set S the interior
measure m;(S) and exterior measure m.(.S) are the usual Lebesgue
interior and exterior measures of S.

Consider now a general measure space (X, M,m). There are
some lemmas concerning the interior and exterior measures, m;(5S)

and m.(S).

LEMMA 1. Suppose M’ € M,j = 1,2,... to n or oo, are a
countable number of mutually disjoint sets in M. Then for any set
S,

m,(S) :Zmi(MjﬂS)+mi((X—UMj)OS),

(2.7) i . o

me(S) =Y m(M?NS)+m, ((X -UM)n S),
J J

where in the second line of (2.7), S C M for some M € M.

Proof. Select a set A € M with A C S and m(A) = m;(S). Then
(M N A) C (M?NS)so that m(M’ N A) < m;(M? N S); and

(X—-UMf) NA= (A-U(anA)) € M, and
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(X UMJ ﬂA) ((X—UMf)ns) so that
m(A M’nA)) gm,-((x-UMf) ns). Since

= (U(M’ n A)) u (A - U(M’ N A)), one has

mi(S) = m(A) = (}: mi(M7 1 A)) +m (A - U n A))

J

< (5_) mi(M? 01 8)) +m;(X — Ui n s)).

But interior measure m; is countably superadditive for disjoint sets,
as in (2.2), which is the reverse inequality for m;(S), so that the
first equality of (2.7) is established.

Select a set B € M with S C B C M and m(B) = m.(S5).
Then (M? N S) C (M? N B) so that m(M? N B) > m.(M’ N S); and

((X—LJJM’)DS) C ((X—LJJMj)nB)—_- (B—L]J(MjnB)) eM

so that m(B — Ui n B)) > m((X - UMJ’) N s). Since

B=UM’ nB)u(B- Uaen B)) one has

me(S) = m(B) = (3. m(M’ 0 B)) + m(B - | J(M’ n B))

> (é me(M7 1 S)) + m((XJ— LJ_JMf) N S).

But exterior measure m, is countably subadditive, as in (2.5), which
is the reverse inequality for m.(S), so that the second equality of
(2.7) is established. Lemma 1 is proved. O

Lemma 1 is an extension to a general measure space of Lemma 1 in
the author’s article, Measure-theoretic Properties of Non-measurable
Sets, Pacific J. Math. 138(1989), 357-389, which is listed in the
Bibliography at the end of the present article as [2]. This lemma
is on p.359, proof on p.360, of [2]; and Lemma 1 above, where
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S = US,,, is an extension to (X, M,m) since X need not be in

M. The article Lemma 1 concerns Lebesgue measure on the real
number line or in Euclidean n-dimensional space.

Also, Lemmas 2 and 3 and their proofs, on pages 360, 361 of
[2], hold in a general measure space (X, M,m). Just replace the
word “measurable” and words “measurable set” by the words “in
M?” and “set in M” respectively. For the statements and proofs
use only the countable ring and countable additivity properties of
Lebesgue measure, and these hold in (X, M, m). Also, formulas
(2.1) on the page 360 of [2] hold; just replace the sentence after
formulas (2.1) by the sentence: This is by Lemma 1, since for the
second formula of (2.1) S is contained in the set (M — (L N M)),
which is in M and is disjoint from L, where S C M € M. Note
again that throughout the present article, if m.(.S) is used, then it
is supposed that there is a set M in M such that S C M. Lemma 2
is stated below, as Lemma 2, since it is used frequently in later
sections of the present article; its proof is on pages 360,361 of [2].

LEMMA 2. Suppose that (S1US;) is in M, where Sy and Sz are
disjoint sets, S; NSy = 0. Then

m(Sl U Sz) = m;(Sl) + me(Sz) = me(Sl) + mi(Sz).

Theorem 4 on page 372 of [2] also holds in a general measure
space (X, M,m). The inequalities for m.(S; U S;) in that theorem
are proved in the first paragraph of the proof on page 372 of [2],
where L and B; are in M. The inequalities for m;(.S; U S;) in that
theorem can be proved similarly, instead of the proof that is given
on pages 372, 373 of [2] (which involves the functionals d; and d,
and d; < d., to be taken up later in the present article), as follows.
Pick a set K € M with K C (51U S;) and m(K) = m;(S1 U S2),
and a set A; € M with A; D S; and m(A;) = m.(S2). Then
(K—(KNAz)) C Sy, since a point in (K —(KNA3)) is in K and not
in As, and so not in Sy, and therefore is in S; since K C (51 U Sz).
Thus, m(K — (K N Az)) < mi(S1); also m(K N Az) < m(A;) =
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me(Sz). Now

K=(K—-(KNA)U(KNA;) sothat
m;i(S1U S2) =m(K)=m(K — (KN A)) +m(K N Ay)
< m;(S1) + me(Sz).
This is one of the inequalities for m;(S; U S;) in theorem 4 of [2],
and the other inequality is obtained by interchanging the roles of .S}
and S;. Theorem 4 on page 372 of [2] is thus proved for a general

measure space (X, M,m). .
It will be important to consider those sets M in M for which

either m(M) < oo
(2.8) or m(M) = 0o and M = | M? where

J=1

M? € M and m(M?) < oo for all j.

In (2.8), it suffices that M C (U Mj) since then M = U (MnM).
Jj=1 Jj=1

8

In case m(M) = oo and M = | J M’ asin (2.8), then M= JM -
1=1 I=1

i-1 0 . '
U M*), where for j = 1, U M* means 0. The sets M7 = M’ —
k=1 k=1

j-1

U MFforall j =1,2,... to oo are mutually disjoint since

k=1

.-l
(M’— UMk)ﬂanfoorn<j,
k=1
and M7 € M with m(M?) < m(M/) < 00, and unite all the M
for which m(M?) = 0 together with an M’ for which m(M’) > 0;

and renumber the resulting j’s from 1 to co. Thus, a set M Wthh
satisfies (2.8) and has m(M) = oo can be expressed as

M = U M where M7 € M and

j=1
(2.9) 0 < m(M’) < co for all j,and

MAnM#2=0 forall j,j, with j; # ja.



372 MAX SHIFFMAN

The collection of all sets M in M which satisfy (2.8), will be desig-
nated by M:

(2.10) M = collection of all sets M in Mwhich
satisfy (2.8), or the sentence below (2.8).

Concerning the collection M, it is easily seen to be a countable
ring. Also, (M N M) € M for every MeM, M € M. Indeed,
using the same measure m(M) for all M € M as in (X, M,m),
one sees that (X, M, m) is a measure space also. And note that
if S Cyl for some M; € M then m;(S) and m.(S) obtained
in (X, M, m) have the same values as m;(S) and m.(S) obtained
m(XMml For, if M € M and M C S then M C M, and

= (MnM)eM, so that m;(5) is the same. And if M € M
and M > S, then (MﬂM) > S for every M € M with M O S, and

m(M) > m(M N M) so that i in taking the infimum of m(M) one
can limit oneself to sets M N M, , and these are in M; thus m.(S)
is the same. Also, concerning M, there is Lemma 6 stated and
proved in §7 of the present article. And in §6 of the present article,
a condition is stated when M = M.

3. Functionals and Inequalities for Two Disjoint Sets.
Consider a general measure space (X, M, m), and consider any sub-
sets S of X. For two disjoint sets S; and Sy, several functionals of
the pair S;, .Sz will be defined. The notation and definitions of these
functionals are the same as in the author’s article, Measure-theoretic
Properties of Non-measurable Sets, Pacific J. Math. 138(1989), 357-
389, which is listed in the Bibliography at the end of the present
article as [2]. Article [2] concerns Lebesgue measure on the real
number line or in Euclidean n-dimensional space, and the results in
[2] are being generalized to a general measure space (X, M,m) in
the present article. The definitions will first be given immediately
below for the case that

(3.1) me(S1 U Sy) < 0o, where (S1 N S2) = 0.

The functionals are written as d;(S1, S2), de(S1,52), 91(S1, S2),
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92(51,52), and A(S1,S;). Their definitions in the case (3.1) are:

(d:(S1,52) = mi(S1US,) —mi(S1) — mi(Sa),
(Sl, 52) = me(S ) + me(S'g) me(Sl ] Sz),
(3 2) gl(sla 2) = me(S U 52) - ml(Sl) me(SZ)’
. g2(51, 52) = me(S' U 52) m,(Sg) me(Sl)
h(S1,52) = mi(S1) + me(S1) + mi(S2) + me(S2)
L —m,(Sl U 52) me(Sl U 52)

Another form for the last equation in (3.2) is
(33) h(Sl, 52) = de(Sl, 52) - di(Sl, 52),

which follows from the first two equations in (3.2). These functionals
will be shown to be non-negative in value, as in [2]. That the first
two functionals in (3.2), i.e. d;(S1,52) and d.(S1, S2), are > 0 is
well-known, expressing the superadditivity of interior measure and
subadditivity of exterior measure. Note that also 2(S7, S;) is stated
to be > 0, where h(S51,S;) is given in (3.3).

Let f(S1,S2) beany one of the functionals d;(S1,S2), de(S1, S2),
91(S1, S2), g2(S1, S2), h(S1, S2). There is the following theorem.

THEOREM 1. Consider two disjoint sets S; and Sy which are
contained in M for some M in M, where M is defined in (2.10):

(3.4) (S1US3) C M for some M € M, where (S;NS,) = 0.

Let f(S S;) be any one of the functionals d;(S1,S2),d.(S1,S2),
91(S1, 52), 92(51,S2), h(S1,S2). Suppose that Ly, for k = 1,2,...
to n or to 0o, are a countable number of mutually disjoint sets in

M. Then

(3.5) f(S1,82) =) f(LxN S, LN Sy)
k

+f((X—LkJLk) NSy, (X —ULk) 052).

k
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(Note that ( ULk) in (3.5) can be replaced by (M ULk)

and also if (S USQ) C (U Lk) then the last term in (3.5) is 0 since
k

f(0,0)=0,)

Proof. The theorem will first be proved when m.(S; U S;) < oo.
Given any two disjoint sets S; and S, such that m.(S; U S2) < oo,
there is a set M in M such that (S;US;) C M and m(M) = m.(5;U
S;) < 00, so that M € M by (2.8), and (3.4) holds. Consider any
particular case for f(51, S2), for example f(Si,S2) = ¢1(S1,52). By
(3.2) applied to the disjoint sets Ly N Sy, Lx N S, one has

g1(LxkNS1, LkNSy) = me(LyN(S1US2)) —mi(LiNS1) —me(LkNSs).

since (Lx N S1) U (L N Sy) = Ly N (S; U S;), and summing for k
going from 1 to n gives

(36) Z gl(Lk n Sl, Lk n Sz) = Z me(Lk n (51 U 52))
k=1 k=1

— i m,-(Lk N Sl)

k=1
- E me(Lk N 52).
k=1
If the index k in Theorem 1 runs from 1 to oo, let n — oo in (3.6),

giving

(37) Z gl(Lk n S], Lk N Sz) = Z me(Lk N (51 U 52))
k=1 k=1

- f: mi(Lk n Sl)

k=1
- Z me(Lk N 52),

k=1
since the quantities on the right-hand side are less than or equal to
me(S1 U S2), mi(S1), me(S:) respectively, by Lemma 1. There is
also
(38) gl(Y N Sl, Yn Sg) - me(Y N (SI U 52))

—mi(Y N Sl) - me(Y n 52),
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where Y = X — U LyorY = X — U Ly, according as k runs
k=1 k=1
from 1 to n or 1 to oo in Theorem 1. Adding (3.8) to (3.6) or (3.7)

accordingly yields, for the right-hand side of (3.5) when f(51, S2) is
91(51, S2), the value

(3.9) me(S1 U S2) — my(S1) — me(S2),

by Lemma 1. The expression (3.9) is equal to ¢1(S1, S2) by (3.2).
Thus, (3.5) is established when f(S1, S2) is ¢g1(S1, S2).

A similar proof holds for any of the other functionals d;(S1, S5),
de(51,52),92(51,52), h(S1,S2) in (3.2). Theorem 1 is therefore
proved for the case that m.(S; U S;) < co. O

Incidentally, Theorem 1 above, for the case that m.(S;US2) < oo
and f(S1,S;) is di(S1,S2) and d.(S1,S:), is stated and proved in
[2], on page 362 of [2], as Lemma 4 on page 362, where S; =
USY, S, = US3, and (S; U ST) C L% the L“ being disjoint mea-
surable sets. (There is a misprint on page 365 of [2], in formula (3.5)

there; it should read Z not Z ) It is stated in later pages of [2]

that a similar proof holds for gl(Sl, S2),92(S1,S2) and h(Sq,52).

Still for the case that m.(S; U S2) < oo, the quantities d;(Si, S2)
and d.(S1, S2) are non-negative, since they state the superadditiv-
ity of interior measure respectively. And also ¢;(S1,52) > 0 and
92(S1, S2) > 0, by Theorem 4 on page 372 of [2] (using the inequal-
ities for m.(S; U S;) in that Theorem 4), which holds in a general
measure space (X, M,m), as stated and proved in the preceding
section, §2 of the present article.

Also, the functional h(S;,S;) is non-negative, stated in the form

(310) di(Sh SZ) S de(Sl)S2),

The inequality (3.10) is stated as a theorem on page 367 of [2],
and proved on pages 367-369. The same proof holds in the general
measure space (X, M,m), when m.(S; U S2) < oo, replacing the
words “measurable set” by “set in M”, and “(the entire space -
B,)” and “(the entire space - B3)” by “(M — B;)” and “(M — B,)”
respectively, where M € M and (S; U S2) C M with m(M) =
m(S1US2) < 00; and also “bounded set” by “set with finite exterior
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measure”. Note that Lemma 4 in [2], referred to in the proof on
page 367 of 2], is included in Theorem 1 of the present article, as
stated two paragraphs above. Thus (3.10) holds, so that A(S;, S2)
in (3.3) and (3.2) is non-negative.

Thus, all the functionals d;(S1,S2), de(S1, S2), 91(S1, S2), 92(S1, S2)
and h(Sj,S;), defined in (3.2) (and also (3.3)), for the case that
me(S1 U Sy) < oo, are non-negative. Their definitions will now be
given for two disjoint sets S, .Sz, when

(3.11) me(S1 U S2) = oo and
(S, U S3) C M for some M € M

where M is defined in (2.10). Then m(M) = oo, and the set M can
be expressed, by (2.9) as

M = | M?, where M’ € M and m(M?) < oo

J=1
(3.12) for all j, and M7* N M2 = ()

for all 71,72 with 77 # js.

Let f(S1,S:) be any one of the functionals d;(S1,S2),d.(S1,S2),
91(51, 52), g2(51, S2) or h(S1, S2), and define f(Sy,S2) by

(3.13) f(S1,8;) = if(Mj NSy, M’ NS,).

i=1

One has that m.((M’ N S;0 U (M? N S;)) < m(M?) < oo, and the
formula in (3.2) can be applied to obtain f(M?NS;, M?NS,), which
is finite and non-negative, and (3.13) yields f(S1,.52). Note that co
is a possible value of f(S;,S2). The values of f(Si,S2) are in the
extended non-negative real number system, including co as well as

non-negative real numbers. _
Concerning f(S1,S5;) as defined in (3.12) and (3.13), if M =

U N?, where N¥* € M and m(N*) < oo and the N* are mutu-
Jj=1
ally disjoint, is another expression for M as in (3.12), then

f(N¥N S, N N S,y) = if(Mf N(N*N S;y), M N (N N Sy))

=1
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by Theorem 1 already proved for the finite case since m.((N*NS;)u
(N*¥NS;)) < m(N*) < oo and ((N¥FNS;)U(N*NS;)) C (S1US,) C
M= U M?. Summing for all k gives

5=1

SN NS, N NS) =S 3 f(MI NN NS, MINN¥NS,)

j=1 k=1 j=1

uMs

Z FIN O(MINS,), N* n(MINS,)) = Y f(MN Sy, MINSy)

=1
by Theorem 1 since m((M? N S;) U (M N Sg)) < m(M?) < co and
(MPNS;)U(MINS,)) C (S1USy) (U Nk) the interchange
of the order of summation being legltlmate smce all terms are non-
negative. This shows that i f(N¥ N Sy, N¥ N S,) is equal to the
right-hand side of (3.13), so that the definition (3.13) of (51, S) is
independent of which division of M as in (3.12) is used.

Also, the definition (3.13) of f(Si, S2) is independent of which M
as in (3.11) is used. If m(Sy,S2) = oo and (S1 U S;) C N for some

N € M, and N = | J N* with N* € M and m(N*) < oo for all k
k=1
and the N* are mutually disjoint, then

7=1 1=1k=1
so that using M one has
f(51,5) =YY f(M'nN*NS,M' nN*N S,)
k=1j=1

since (M? = N)N Sy = 0,(M’ — N)n'S, =0 and f(9,0) = 0.

Likewise, using N for the definition of f(51,52), the same double
sum expression is obtained for f(Si,S;). This shows that the value
of f(S1,S52) is independent of which M is used in (3.11). Inciden-
tally, note that if (S; U S3) € M and m.(S; U S3) < oo, then the
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formulas (3.13) and (3.12) are correct formulas, by Theorem 1 al-

ready proved when m.(S; U S;) < oo, since (X - U Mj) NS, =
J=1

0,(X - |JMi)nS,=0,and f(9,0) =0.
1=1

The following theorem has been proved above.

THEOREM 2. Consider two disjoint sets Sy and S, which are
contained in M for some M € M, where M is defined in (2.10) and
(2.8). Then there are non-negative functionals of Si,S;, namely
di(S1,52), de(S1, 52), 91(51, S2), 92(S1, S2) and h(Sy,S2), i.e.,

f(S1,52) >0, where f(S1,S52) is any one of
(3.14) di(S1,52), de(S1, S2), 91(S1, S2),
92(51, 52), h(Sh 52)-

These are defined in (3.2) when m.(S; U S;) < oo, and in (3.12),
(3.13) when m(S; U S;) = oo.

Returning to Theorem 1, it has been proved above, after its
statement, when m.(S; U S3) < oo. Consider now the case that
me(S1 U S2) = co. Then f(S1,S2) is given by (3.12), (3.13). Since
me((M? N S;) U (M7 N S;)) <m(M?) < oo, one has by (3.5) that

F(MINS, M N Sy) =3 f(Lin M NSy, L0 M? N Sy)
k

+f((X——ULk) NM NSy, (X L) annsz).

k k

Summing for all 7 from 1 to oo, one obtains

(oo} [e o]

ST AMNSL,MNS) =33 f(LinM NS, Lyn M’ N S,)

=1 k =1

X —JLe) n M0 Sy, (X = J L) N M nsz),

k k

+
[~]¢
~n
N
—
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having interchanged the order of summation, since all terms are
non-negative. From (3.13), this is

f(51,82) =) f(Le N S1, Ly N Sy)
k

(v, (x-yu)ns)

which is (3.5). Theorem 1 is completely proved.

Incidentally, formulas (3.2) and (3.3) can be written in a form
which is valid even if m.(S; U Sz) = oco. Namely, transpose all the
negative terms in these formulas to the other side of the equations,
resulting in

( di(S1,52) + mi(S1) + mi(S2) = my(S1 U S,),

)
( ,52) + me(Sl U 52) = me(Sl) + me(SQ),
J 91(S1,S2) + mi(S1) + me(S2) = me(S1 U S,),
)

(3.15)
92(51, Sg + mi(Sz) + me(Sl) = me(Sl U 52),
h(Sl, 52) + m,—(Sl U Sg) + me(Sl U Sg)
| =mi(S1) + me(S1) + mi(Sz2) + me(S2),
and
(316) h(Sl, Sg) + di(S], Sz) == de(Sl, SQ)

These are true when m.(S1US;) < 0o, and also when m.(S1US;) =
oo and (8;US;) C M € M, by writing (3.15), (3.16) for the sets
M’ N S, M?N S, and then summing over all 7 from 1 to oo, using
(3.12), (3.13) and Lemma 1 for the sums involving m; and m..

The inequality d;(S1,52) < de(S1,52), or h(S1,S2) > 0, can be
stated in an interesting form. For any set S define the average
measure of S, written m,(S), by

(317) ma(8) = 3 (mi(5) + me(S)),

it being supposed that there is an M € M with S C M. Note that
3me(S) < me(S) < me(S). Consider two disjoint sets Sy, S; for
which m.(S1) < 00, my(S2) < 0o. The statement that h(S;,S2) > 0
can be written in the form

(3.18) mq(S1 U S2) < me(S1) + ma(S).
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This follows from the formula for k(S;,.5;) in (3.2). If m.(S;) = oo
for j = 1 or 2 or both, formula (3.18) is still true since then
mq(S;) = oo. Thus, m,(S) is subadditive; and it is also non-
negative and monotone increasing. Incidentally, the subadditivity
(3.18) also holds if S; and S, are not disjoint, since

ma(Sl U Sg) = ma(Sl U (52 - Sl)) S ma(Sl) + ma(Sz — S])
< me(S1) + ma(Sz).

Indeed, m,(S) is countably subadditive, as in the following theorem.

THEOREM 3. The average measure mo(S) of a set S, defined in
(3.17), is subadditive and indeed is countably subadditive. That is,if
S;, forg =1,2,... ton orto oo, is a countable number of sets such

that (U Sj) C M for some M € M, then
J

me (U S]) S Z ma(S'j).

J

Proof. The subadditivity of m,(S) for two sets has been proved
above, in (3.18). The proof for any countable number n or co of
sets S; is given in [2], in the last paragraph on page 370 and on
page 371 of [2]. (There is a misprint in the middle of page 371
of [2], in formula (5.1) there. The right-hand side of (5.1) should

be > mq(S,) + 6.) The same proof holds for the general measure

v
space (X, M, m), replacing the words “measurable set” by “set in

M?”. D

Also, the complementation and other properties of m,(5), as in
the lower part of page 371 and the top paragraph of page 372 of [2],
hold in the general measure space (X, M, m).

Returning to the non-negative functionals of two disjoint sets it
will be shown in a later section of the present article that the four
functionals d;(S1,S2), 91(S1, S2), 92(S1,S52), and h(Sy, S;) are inde-
pendent functionals, while d.(Si, S3) is expressible in terms of them
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by (3.16). To simplify the writing, place

(3.19) a1 = m;(S1), az =m(S2),a=m;(S U Ss),
by = me(S1), b2 = m(S2),b=m(S1US,),

and

. 91 = 91(51,52), g2 = 92(51, 52), h = (51, 52),
all of which are non-negative real numbers or co. For the case
that m.(S1,S2) < oo, the four formulas in (3.2) for d;,g1,¢2 and
h (omitting the d.) can be solved for the four quantities a, by, bs, b
with the result given in (3.23) shortly below, and also d. = d; + h.
This is easily done, and is done on pages 374, 375 of [2], which use
the same letters as above. Thus, the quantities b;,b,,a,b can be
expressed in terms of the six quantities ay, as,d;, h, g1, g2 by (3.23),

and so can a; and a3 by a; = a1, a3 = a;. The formulas (3.22) below
follow from (3.23), since by (3.23) one has

a1+ az +di = a =m;i(S, U Sy) < my(S)
and
ay+ay+di+h+g+g:=b=m (51U S;) <me(S).
The following theorem has been obtained above.

THEOREM 4. Suppose that S; and S; are two disjoint sets,
S1 NSy =0, in a measure space (X, M, m), and that

(S;USy) C S, where S C M for some M C M,
where M is defined in (2.8) and (2.10). Then there are 6 set func-

tions, whose values are non-negative real numbers or oo, namely
(3.21) m;(S1), mi(S2), di(S1, S2),
91(S1, 52), g2(51, S2), h(S1, S2),

all > 0, which satisfy

a1 + ay + di <my(S), and

(3.22)
a1+ az+di + 91+ 92+ h <me(S9),
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where the letters in (3.22) have the meaning given in (3.19) and
(3.20). The 6 quantities m;(S) and m.(S), for S = S;,S,, and
(S1US,;), can be expressed in terms of the six quantities in (3.21)
by the formulas:

b =a1+di+h+ g,

by =as +di+ h + g3,
a=a+a+d,
b=ar+a+di+h+g+ g2,

(3.23)

and also ay = ay,aq9 = a,.

It will be shown in a later section of the present article that
if the measure space (X, M,m) satisfies some conditions, which
are satisfied in the usual measure spaces, then the 6 set functions
ai,az,d;, g1,92, h are a complete collection of independent non-ne-
gative set functions.

Incidentally, concerning the set functions f(Sj, S2), a consequence
of Theorem 1 is the following. For given disjoint sets Sy, S, with
(51U S3) C M € M, consider the functional f(M NS;,MNS;) as
a functional of theset M e M. f M = U My, and My € M for all

k

k and the M) are mutually disjoint, then
(3.24)  f(MNS;,MNS,) =Y f(Myn Sy, McNSy).
k
For, in Theorem 1,replace S;,S; by M N Sy, M N S, respectively,
and note that M, N M = M, and (X — UMk) N M = 0. Formula
k

(3.24) and Theorem 1 state that the non-negative functional f(M N
S1, M N Sy), when considered as a functional of the set M € M,
is countably additive for disjoint sets M € M. This is like m(M),
and also m;(M N S) and m.(M N S) by Lemma 1. And also note
that, if A and B are two sets € M with A C B, then

f(ANS;,ANS2) < f(BN S, BNS,),
since
f(BNS;, BNS;) = f(ANS1,ANSy)+ f((B—A)NSy, (B—A)NS,)
by (3.24) for two sets Mj.
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4. Partitionable Sets. Consider a general measure space
(X, M,m), and a set M € M with m(M) > 0. The set M will
be called a partitionable set if, for each set B in M with B C M
and m(B) > 0, there is a set A € M, where A depends on B, with

(4.1) ACB and 0<m(A)<m(B).

Note that if M is partitionable, then every set B C M with B € M.
and m(B) > 0 is also partitionable. A measure space (X, M, m) for
which every set M € M, with m(M) > 0, is partitionable will be
called a partitionable measure space. The following lemma will first
be proved.

LEMMA 3. Suppose that M € M is a partitionable set with
m(M) >.0, in a measure space (X, M,m). Then for any positive
real number r, there is a set

(4.2) Ae MACM, and 0 <m(A) <.

Proof. Consider first the case that m(M) < oco. There is a set
B e M,B C M with0 < m(B) < m(M), since M is a partitionable
set. Then m(M) = m(B) + m(M — B), and at least one of the sets
B or M — B has its m-measure < Im(M). If r > 1m(M), then this
set can be taken for the set A. For any positive r, let n be a positive
integer such that 2—1,;m(M) < r. There is a set A; € M, A; C Ay,
with 0 < m(Az) < im(4;) < 5sm(M); etc., etc.; at the n-th step,
there is a set A, € M, A, € M, with 0 < m(A,) < 5zm(M) <.
The set A, is a set A of the lemma. If m(M) = oo, there is a set
B C M,B € M with 0 < m(B) < oo, by the partitionability of
M. Pick aset A C B,A € M with 0 < m(A) < r. Lemma 3 is
proved. 0

THEOREM 5. Suppose that M € M s a partitionable set, with
m(M) > 0, in a measure space (X, M,m). Then, if c is any positive
real number or co with ¢ < m(M), there is a set C € M,C C M,
with m(C) = ¢. (M is defined in (2.10) and (2.8)). If m(M) = oo
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and ¢ = oo, there is a set C € M,C C M with m(C) = oo and
m(M — C) = oo.

Proof. (If ¢ = 0, the set @ will do, and consider ¢ > 0.) There is
by Lemma 3, a set C; € M,C; C M with 0 < m(C;) < min(e, 1),
where min(c, 1) is the minimum of ¢ and 1. Then m(M — C;) =
m(M) —m(Cy) > c—m(Cy) 2 0. If c—=m(Cy) =0, pick C, = 0. If
¢ —m(Cy) > 0, there is by Lemma 2 a set C; € M,C, C (M — C4)
with 0 < m(C;) < min(e — m(Cy),1); then

m(M — (C;UCy))=m((M — Cy) — C)
=m(M — Cy) — m(Cs)
>c—m(Cy) —m(C,) > 0.

If c—m(Cy) —m(Cy) = 0, pick C3 = §; if c—=m(C — 1) —m(Cy) > 0,
pick C3 € M,C3 C (M — (C; U C3)) with 0 < m(C3) < min(c —
m(Cy)—m(C3),1). Continue by transfinite induction over countable
ordinal numbers. For any countable ordinal number v, suppose that

sets Cy € M ,Cq C M, have been selected for all ordinals a < 7,
such that for every ordinal a < 7v:

(Co C (M — | Cp),

B<x

and if S m(Cs)=c  then C, =9,
(4.3) - *

m(Cg) < ¢ then 0 < m(Cy)

< min(c -y m(Cpg), 1).

B<a

The sets C;, Cs, C3 have been obtained above, and satisfy (4.3) for
7 =1,23 1 Y m(Cy) =c,select C, = 0. If Y m(Cy) <
a<y a<y
then (U C_a_) € M since 7y is a countable ordinal number, and
a<y

m(M— U Cg_) = m(M)—m(}(J C’g) > c-—m(U Cg) > 0, and

a<y a<y
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select Cy € ./ﬁ,C’l C (M -y Cg) with 0 < m(C,) < min(c -

a<y

m( U CQ), 1) . Then (4.3) holds for a = v also.
a<y
By the principle of transfinite induction, the mutually disjoint
sets Cy € M and Cy, C M have been selected for all countable
ordinal numbers, with (4.3) being satisfied for all these ordinals a.
And for every countable ordinal ¢, either Cy = 0 or 0 < m(Cy) < 1.:
For any given positive integer n, there are only a countable number

. 1 . o
of C, with m{C, > —). For, if there are an infinity of them, as
C’g_],CQQ,...,C’g_J,... where gy < @, <...<@; <@j4 <... forall

integral 7 from 1 to co. Then m(U ng) = Zm(C’g_]) = 00 since
=1

J=1

1 . . .
m(C’QJ_) > on for every j. If 4 is any countable ordinal > ¢; for all
[ee]
J,ie. v > lim g;, then m( U C’O,) > m(U Caj) = 00, and ¢ = oo,
o I o<y — 1=1 -

so that C, = 0 by (4.3). In any case, there are at most a countable
infinity of Cy for which m(C,) > 0. Since the number of countable
ordinals is uncountably infinite, there are countable ordinals larger
than all these. Let y be the smallest countable ordinal such that
m(C,) = 0, so that > om (Cp) = c by (4.3).
By
Place C = | J Cp, which € M by (2.8) and (2.10) since 7y is
B<y

countable ordinal number. Theorem 5, up to the last sentence,
is proved. For the last sentence of Theorem 5, which is the case
m(M) = oo and ¢ = oo, one has C € M,C C M, with m(C) =

oo =m(M). Now, by (2.9), C = U M’ where the M7 are mutually
Jj=1

disjoint and m(M?) < oo for all j. By the first part of Theorem 5

already proved, there is A7 € M, A’ C M’ with m(A?) = Im(M?),

and therefore m(M’ — A7) = 1m(M?). Then, the set A = | J Al e

7=1

— IS

Jj=1

l\’)l)—'

MvandACCCMandhasm(A)zz
i=1
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—l—m(C’) = oo. Also, (C — A) = G(MJ — A7) and m(C — A) =

i=1

Zm =) = 5 m(M’) = oo. Theorem 5 is proved, with
71=1
the set A as the C of the last sentence of the theorem. O

One easily shows from Theorem 5 that, for a partitionable set
M € M with m(M) > 0,if¢; > 0,5 =1,2,... to n or to oo, are
a countable number of non-negative real numbers or oo such that
Zc] < m(M), then there are mutually disjoint sets C; € M with

C’ C M and m(C;) =¢j, for all j =1,2,... ton or to co. A proof
is given on page 384 of the Pacific Journal of Mahtematics article
[2], Lemma 8.

There is also the followmg lemma.

LEMMA 4. A partitionable set M € M with m(M) > 0 contains
an uncountable infinity of points. If the partitionable set M € M,
then any point x in M is contained in a set My € M, My C M,
with m(Mo) = 0.

Proof. Considering the second sentence of Lemma 4, suppose first
that 0 < m(M) < oo. (If m(M) = 0, then My can be taken
as M.) There is by Theorem 5 a set C € M with C C M and

m(C) = tm(M), and then m(M — C) = Im(M) also. One of the
sets C or M — C contains the point z, and designating this one
by A; one has A} € M,A; C M,z € Ay, and m(A;) = m(M).
Then there is A, € Jq,Ag C Aj,z € A;, and m(4;y) = %m(Al) =

1 —
—m(M); and there is A3 € M, A3 C Az,z € As, and m(A4;) =

22
1 1
gm(Az) = Egm(M ). Continuing for all possible integers n, there
— 1
are A, € M, A, C A,_1,2 € A,, and m(A4,) = —2-;m(M) Placing
My = (ﬂ An) C M, then My € M,z € My, and m(M,) = 0,
n=1

which is a desired M,. If m(M) = oo, then since M € M one
has M = | J M’ by (2.9), where the M7 are mutually disjoint sets

i=1
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€ M with 0 < m(M?) < oo, so that € M for some j;. By
the preceding there is My € M with My C M* C M,z € My, and
m(Mp) = 0. The second sentence of Lemma 4 is proved.

For the first sentence of Lemma 4, there is a set B € M,B C M
with 0 < m(B) < m(M). The set B € M since m(B) < oo, and
each point z in B is contained in a set My € M, My, C B, with
z € My and m(Mp) = 0. If there were only a countable number of
points z in B, then B would be a union of a countable number of
sets My with m(M,) = 0, and one would have m(B) = 0 contrary
to m(B) > 0. Thus B, and therefore M, contains an uncountable
infinity of points. Lemma 4 is proved. O

Lemma 4 is stated since one could have a two-valued measure
space (X, M,m) which doesn’t contain an infinity of points. Two-
valued measure spaces are discussed in §6.

5. A Basis Condition for a Measure Space. Consider a gen-
eral measure space (X, M, m). A measure basis of (X, M, m) will
be defined as a collection C of sets Cy in M with m(Cy) > 0, such
that every set M in M with m(M) > 0 contains a set Cy in C,
Cy C M (where C, depends on M). There is at least one such
collection C, namely all sets M in M with m(M) > 0. Consider
the cardinal number of all the different sets C, in such collection
C, and let x) be the least cardinal number for all such collections
C. Or, it suffices to let x{) be the cardinal number of one such
collection C. Let w(f) be the least ordinal number with the cardi-
nality x¥). There is a collection C\/) of cardinality x(/), called a
basis collection, and let C, denote all the sets Cy with m(Cy,) > 0
in this collection C{/), where o runs over all the non-negative ordinal
numbers a < w(f).

Consider the cardinal number of points in a set M € M with
m(M) > 0, and let x® denote the least cardinal number of points
in such sets M, among all sets M € M with m(M) > 0. Thus,
every set M € M with m(M) > 0 has at least x(P) points.

The measure space (X, M,m) will be said to satisfy the basis
condition if

(5.1) X(P) > X(f)’
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i.e. if the number of points in every set M € M with m(M) > 0 is
at least y (/).

For the usual measure spaces (X, M,m), the cardinal numbers
x) and x{) are both 2%, the cardinal number of the continuum,
so that the usual measure spaces do satisfy the basis condition. For,
consider Borel or Lebesgue measure on the real number line or in
Euclidean space. There is a measure basis consisting of all bounded
closed sets of positive measure. Here yf) = 2% (since closed sets
are complements of open sets, and the number of these is 2X°). And
every measurable set M of positive measure contains a bounded
closed set of positive measure, and thus contains a continuum num-
ber 2% of points. So, x\/) = x» = 2%°_ and the basis condition
(5.1) is satisfied.

Consider a general measure space (X, M, m) and suppose that:

there is at least one set M € M
(5.2) with m(M) > 0; and every set M € M
with m(M) > 0 has an infinity of points.

This is stated since one could have a two-valued measure space with
a finite number of points. Two-valued measure spaces are discussed
in §6. The following theorem will be proved.

THEOREM 6. Suppose that (X, M,m) is a measure space sat-
isfying the basis condition (5.1), and also (5.2). Then there are
x?) mutually disjoint sets Zg C X, where B varies over all ordinal

numbers of cardinality < x?), such that

(5.3) X-= L[;JZE, where ZEI N Zﬁz =0 for all B, # B,

and

(5.4) m,(ZE) = O, mz(X - Zg) =0 f07‘ all é

Proof. Let w(?) be the smallest ordinal number of cardinality x(?)
and w® the smallest ordinal number of cardinality x/) , where
w) < w?) by (5.1). Since x(x®) = x) the set of all ordered
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pairs (a, ), for all non-negative ordinal numbers o and g for which
a < w¥) and B < w®, has the cardinality x?) and so can be
put into one-to-one correspondence with the set of all non-negative
ordinal numbers v < w(?). For any given v < w(®, designate the
(o, B) of the associated pair (g, B) in this one-to-one correspondence
by a(v),B(7). Thus, for any ¢ < w!f) and any 8 < w®), there
is one and only one v < w® for which a(y) = ¢, ﬂ('yl) = B
and if v, # 7,, then either a(y,) # a(v,) or B(v,) # B(7,) or
both. L

Let cf), consisting of sets C, € M with m(Cy) > 0 where o
varies over all ordinal numbers a < w!f), be a measure basis of the
measure space (X, M, m). Continuing with the proof of Theorem 6,
the following lemma will first be established.

LEMMA 5. There are points yo and (a5 in X, for all ordinal
numbers a < w' and all ordinal numbers B < w'?), which are all
different points, and

5.5) Yy € Co,Z(ap) € Cy for all a < w) and all B < w®
(3 o L(af) a £

Proof. For v = 0, pick two different points yu(0) and z(40),s(0)) in
Cq(0)- For 7 = 1, pick two different points y,(1) and w(g(l),[_;(l)) in
Co(r) — {¥a(0)s x(a(o),ﬁ(o))} Continue by transfinite induction. Sup-
pose, for an ordinal number y < w?), that Ya(®) and Z(q(s) 8(8)) have
been selected for all ordinal numbers § < 7 in such a way that they
are all different points, and

(5.6) Ya(® € Ca(®)> T(o(),0(9) € Co(p) for all § < 7.

Since v < w(®, the total number of points Yo(s) and T(a(s),5(8)) for
all § < v has cardinality < xP), and so the set

Caty) — U {¥as) Z(a9).006) }

<y
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has cardinality > x® and is therefore an infinite set. Select two
different points yu(y) and Z(4(y),5(v)) in this set:

(5.7) Ya(y) and T (afv),8(7)) both
€ (Ca = U {va@» 20 .000})
<y

where yg-(l) 7& x(g('l)’ﬁ(l))' Thus, Ya(8) and -T(g(g),g_(g)) have been se-
lected for all § < ~, and are all different points, and satisfy (5.6) for
all § <. This can be done for all v < w, and so by the principle
of transfinite induction, one has selected yu(,) and z(q(y),8(+)) for all

7 < w® in such a way that they are all different points in X, and
(5:8)  Ya € Caty)s Tam o) € Cagy for all 7 < w.

For any a < w and B < w®), there is a single v < w® such
that a(y) = a and B(y) = B, and (5.8) is (5.5). Lemma 5 is
proved. O

Returning to the proof of Theorem 6, define the set Zg by

Zp = {2(ap); for all @ <wP}, for 0 < g <w®,
(5.9) Zo=X— U Zg-

1<B<w(P) -

Then (5.3) is satisfied, and note that Zy O {y; forall a < wN}. Let
M be a set € M with M C Zg. If m(M) > 0, then thereis a Cy €
C) with M D C,, so that Cy C Zg. But for 8 > 0,y, € Cy and
Yo # Zp, 50 that Cy & Zg; and for B = 0, 2(a,1) € Cy and 2(a,1) & Zo,
so that C, ¢ Zo. These contradictions show that m(M) = 0, and
therefore m;(Zg) = 0. Concerning the complementary set X — Zg,
let M be a set € M with M C (X — Z3). If m(M) > 0, there
is a set Cy € CY) with M D C,, so that C, C (X — Zs). But for
B> 0,z(a,p) € Co and 2(a,p) & (X —Zp) so that Cy ¢ (X~ Zg); and
for B =0,y, € Cq and y, & (X — Zp) so that Cy ¢ (X — Zp). These
contradictions show that m(M) = 0, and therefore m;(X — Zg) =
0. Thus, (5.4) holds, and Theorem 6 is proved. (Incidentally, the
different points y(4 and z(4,p) in the above proof can be replaced by

mutually disjoint point sets of less than x(?) points each.)
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For Lebesgue or Borel measure on the real number line or in
Euclidean space, in which case x?) = y(f) = 2%¢_ Theorem 6 shows
that there are a continuum number of mutually disjoint sets Z3 as in
Theorem 6. This is an addition to a similar theorem in the author’s
articles [1], [2], and in particular an addition to Theorem 7 on page
381 of [2]. Likewise for Theorem 7 below.

An immediate consequence of Theorem 6 is Theorem 7.

THEOREM 7. Suppose that (X, M,m) is a measure space satis-
fying the basis condition (5.1), and also (5.2). Then, for any integer
N > 2, and also for any x < x?), there are N and also x, mutu-
ally disjoint sets Z, fory = 0,1,...,N — 1, or for v = all ordinal
numbers of cardinality < x, such that X = UZv,mi(Z,y) =0 and

Y
mi(X — Z,) = 0 for all . For any M € M with m(M) > 0, one
has M = J(M N Z,) and
2

(5.10) m;(MNZ,) =0 and

mi(M — (M N Z,)) =0 for all y
and
(5.11) me(M N Z,) = m(M),

me(M — (M N Z,)) = m(M) for all 5.

Proof. The first two sentences of Theorem 7 for the case that
x = x® is Theorem 6. For the case that x < x®, replace Zo
of Theorem 6 by Zo = ZoU ( U Zﬁ), where w is the smallest

B2N orw
ordinal number of cardinality x. Now, ZoNZ; = 0 so that Z, C (X —
Zy) and m;(Zo) = 0 since m;(X — Z;) = 0; and (X — Zo) C (X — Zo)
so that m;(X — 20) = 0 since m;(X — Z;) = 0. This establishes the
first two sentences of Theorem 7.

Equation (5.10) is a consequence of (M N Z,) C Z, and (M —
(MNnZ)) Cc(X-Z,). Also, by Lemma 2, -

me(M N Zy) + mi(M — (M N Z,)) = m(M),



392 MAX SHIFFMAN

and
m;(M N Zl) +me(M—-(Mn Zl)) =m(M),

so that (5.11) follows from (5.10). Theorem 7 is proved. O

(Incidentally, §5 also holds if x(?) is a finite number, which would
require that the measure space be a direct sum of a finite number
of 2-valued measure spaces and of a zero-measure space; and also
if the second line of (5.2) is not satisfied, so that x(» can be a
finite number > 2, as can be shown. Two-valued measure spaces
are discussed briefly in the latter part of §6.)

6. A Complete Set of Independent Inequalities. The fol-
lowing main theorem will now be proved.

THEOREM 8. Suppose that (X, M, m) is a partitionable measure
space satisfying the basis condition (5.1). For any set M in M with
m(M) > 0, where M is defined in (2.10) and (2.8), and any siz non-
negative real numbers or co, namely ay,az,d;, h, g1, g2, satisfying

ay+as+d; + h+ g1+ g2 < m(M),

there are two disjoint sets Sy, Sy in M, S C ]Vf, S, C ]\7, SiNS, =
0, such that (3.20) holds and

Q

)=
S1)=a; +d +h+q ( which = by),
) =

Q

mi(

me(

m(

(6.1) { me(S2) _.a2+d,~+h+g2 ( which = by),

mi(S1USy) =a1+ax2+d; ( which = a),

me(S1 U Sz)
=a

1+a+di+h+g1+ 92 (which =b).

Proof. (A partitionable measure space is defined in the first para-
graph of §4.) The theorem and proof are exactly the same as in
[2]. The theorem and proof appears on pages 382-385 of that arti-
cle, with the symbol X in the article replaced by M for Theorem 8
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above, and the words “measurable set” replaced by “set in M?”.
Lemma 7 in that proof appears in the present article as Theorem 5,
and Lemma 1 is the same as Lemma 1 in the present article; and the
sets Z; and Z; in that proof are the sets Z; and Z, in Theorem 7
for N = 3, since Z; U Z; = X — Zp so that m;(Z; U Z;) = 0 and
m;(X — (Z; U Z;)) = 0. A misprint appears in the cited article [2]
on page 385, line 3; it should read: Z; N Z, = @, not Z; N Z, # 0.
Theorem 8 is proved. O

A proof of Theorem 8 is also contained in the proof of the more
general Theorem 10 in §7 of the present article. Theorem 10 con-
cerns two disjoint sets contained in any set S, where S C M for
some M in M. Theorem 8 is the case of Theorem 10 when S = M.
Then m;(S) = m.(S) = m(M), and the second line of (7.11) is a
consequence of the first line of (7.11), and the sets K and L appear-
ing in the proof of Theorem 10 are also = M.

Theorems 2 and 8 are the main theorems concerning the quan-
tities m;(S) and m,(S) for § = 51,53, and S; U S;, where S; and
Sy are disjoint sets contained in a set M in M with m(M ) > 0.
They state that the six quantities ay, b;, as, b2, a, b defined in (3.19)
are subject to six independent inequalities, that ay,as,d;, h, 91,92
are each > 0, and the inequality a; + a; +d; + h + g1 + g2 < m(M),
where by, by, a,b and a;, a; are expressible in terms of them by (6.1).
These are valid for every pair of disjoint sets S, S, contained in
M , and any other numerical relation involving a;, b, az, b3, a, b and
m(M ) which is valid for every pair of disjoint sets C M is a con-
sequence of these. For, Theorem 8 states that the six non-negative
quantities a1, az,d;, h, g1, g2 can have any values independently sub-
ject merely to their sum being < m(M). In any particular case or
cases of two disjoint sets Sy, S, in a set M € M, there may be more
information applicable to the particular case or cases.

Without the use of the symbols d;, h, g1, g2, the inequalities are

a1>20, a;>20, a>a;+ay,
a+b>a;+b +ax+ by,
b>a;+b;, b>ay+b,

b < m(M).

(6.2)

In other words, the non-negativeness of interior measure, and the
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superadditivity of interior measure for disjoint sets and subadditiv-
ity of average measure for disjoint sets, and the inequalities on the
third line of (6.2), and the monotone increasing property of exterior
measure, form a complete set of conditions on the quantities m;(S)
and m.(S) for § = S, S, and S;US,, valid for every pair of disjoint
sets 51,97 contained in M € M.

In Theorem 8 above, consideration was given to partitionable
measure spaces. If the measure space (X, M,m) is not partition-
able, then from §4 there would be a set M € M with m(M) > 0
which is not a partitionable set, which means there is a set B C M,
with B € M and m(B) > 0, for which there is no set A € M
satisfying (4.1). Thus, for this set B, every set A € M with A C B
has m(A) = m(B) or m(A) = 0. The subset of M consisting of all
sets A € M for which A C B, which could be designated by M N B
and includes the set B, forms a countable ring, and the measure m
defined for M N B is countably additive. Thus (B, MNB,m) is also
a measure space which is a 2-valued measure space, having only the
values 0 and m(B) for the measures m(A) of all sets A € (M N B).
This measure space is a part of (X, M, m).

If one considers all the sets M € M for which M C (X — B), then
these form a countable ring M N (X — B) with a countably additive
set function m, and so one has a measure space (X — B, M N (X —
B), m), which is also part of (X, M, m). And the original measure
space (X, M, m) is a direct sum of the two measure spaces (B, M N
B,m) and (X—B, MN(X—B),m). Consideration can now be given
to the measure space (X — B, MN(X — B), m), breaking off another
2-valued measure space, if this is not a partitionable measure space,
etc.. Suppose now that the original measure (X, M, m) satisfies the
following countability condition for a measure space:

If M, € M with m(M,) > 0, are a collection of mutually disjoint
sets € M with positive measure, then there are at most a countable
infinity of M,.

If (X, M,m) satisfies this countability condition for a measure
space, then one easily shows that (X, M,m) is a direct sum of
a countable number of mutually disjoint 2-valued measure spaces
and of a partitionable measure space. Indicating this countable
number of disjoint 2-valued measure spaces by the index j, where
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7=1,2,...,to n or to 0o, one has that

(63)  (X,M,m)=ED(B;, M B;,m)

EB(X—L:JB]-,MD (X—L])Bj),m),

where B; € M and m(B;) > 0, and (Bj, M N Bj,m) is a 2-valued
measure space, and B;, N Bj, = 0 for all j;, 72 with j; # 7., and

(X — U Bj,Mn (X — U Bj) , m) is a partitionable measure space
J J
(which may be a 0-measure space in which every M in (M N (X —

UBj)) has m(M) = 0). For any set S in X, one has S = J(SN
J J

Bj)u (S n(x- UBJ-)), and by Lemma 1,

() = Ems 0 5) +mi( 50 (X -UB)

and

me(S) = zj:me(S N B;) + me(S n(x - LJJBj)).

For m;(SN B;) and m.(SN B;) one has only the two possible values

0 and m(B;), since (B;, M N B;,m) is 2-valued measure space.
Thus, in considering m;(S) and m.(S) for any set S, it is best to

decompose the measure space as in (6.3), and treat the first part

P (B;, MNB;,m) separately from the second part (X—U B;, Mn
J J

(X - UBJ-),m) which is a partitionable measure space. This lat-
i

ter partitionable measure space also satisfies the countability con-
dition for a measure space. Furthermore, it is easily shown that: If
(X, M, m) is a partitionable measure space and satisfies the count-
ability condition for a measure space, than every set M which € M
also € M, so that M = M.
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An example of a 2-valued measure space (X, M, m) is one in
which M consists of the two sets § and X, and m(0) = 0 and
m(X) > 0. Then for any set S in X, other than § and X, one
has m;(S) = 0 and m.(S) = m(X). The set X could have any
number of points, including a finite number. Another example of a
two-valued measure space (X, M, m) is one in which X consists of
an uncountable infinity of points, and M consists of all subsets of
X, and m(M) = oo if M contains an uncountable infinity of points
while m(M) = 0 if the number of points in M is countable. For
this 2-valued measure space, every set is measurable. Still another
example of a two-valued measure space is to take any measure space
(X, M,m) and form a new measure space (X, M, m) with the same
X and M but with a different 2, where m(M) = 0 if m(M) =0
and m(M) = oo if m(M) > 0.

Incidentally, in connection with Theorem 8 for disjoint sets in a
given M € M, one need only have the basis condition (5.1) with the
x) and x(?) for the measure space (H S MNOM ,m) instead of the
containing measure space (X, M,m), if these are different. Note
that the measure space (M, M N M,m) in which S; and S; lie does
satisfy the countability condition for a measure space.

In the definition of a general measure space (X, M,m), it was
not assumed that X € M. If X ¢ M, one can extend the measure
space (X, M, m), if it is desired, to a measure space (X, M*,m*) in
which the extended countable ring M* includes the set X as well
as all of M, and the extended measure function m* coincides with
m over all of M. The smallest such countable ring M* is:

(6.4) M*=M andthesets X —-M forall MeM.

Indeed, one easily shows that M* in (6.4) is a countable ring. Note
that the two parts of M* in (6.4) have no sets in common, because

X — M; # M, for all M; € M, M, € M since X ¢ M. Define the

measure function m* by:

(6.5) m*(M) = m(M) forall M e M,
' m (X -M)=m(X - M) forall Me M.

One can show that m* is countably additive for disjoint sets in M™.
This uses (X — M) N (X — M) = X — (M U M) # 0, so that two
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sets of the form X — M are not disjoint. Thus, (X, M*,m*) is a
measure space, an extension of (X, M,m).

In the extended measure space (X, M*,m*) | any set S has an
interior measure m}(S) and an exterior measure m}(S). One can
prove that:

(6.6) m?(S) = m;(S) forall S, and,
' mi(S) = m.(S) forall Ssuchthat SCMe M.

The measure space (X, M*,m*) is thus not only an extension of
(X, M, m) but it also gives the same interior measure for every set
S in X and it is an extension of the exterior measure applicable now
to every set S in X. _

Concerning the countable ring M defined in (2.10) and (2.8), one
obtains a similar countable ring M* in the measure space
(X, M*,m*), and this includes M. Also, it is easy to show that
if (X, M,m) is a partitionable measure space, so is (X, M*,m*) a
partitionable measure space. And the measure spaces (X, M,m)
and (X, M*,m*) have the same value for x/), and the same x(®).
And if (X, M, m) satisfies the countability condition for a measure
space, so does (X, M* m*).

It might be desirable to have a complete measure space, i.e. one
in which every subset of a set of measure 0 is also measurable and
has measure 0. The measure space (X, M* m*), if it isn’t complete,
can be extended to a complete measure space by the usual process
of completion. The above extensions can be made beforehand, if it
is desired, and have X as measurable also. (Incidentally, if there
are points of X not contained in any M € M, one can limit con-

sideration to the point set U M, and replace X in the above by
MeM

U M, or consider U M as X.)
Mem Mem
If one has any extension (X, M* m) of (X, M,m) to the count-

able ring M*, one can prove that m is given by
(6.7) m=m(M), m(X-M)=m;(X-M)+¢
forall M e M,

where ¢ is a non-negative constant, ¢ > 0. Indeed, for any ¢ > 0,
(6.7) does furnish a countably additive measure function . If there
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is a set M7 € M for which m;(X — M;) < oo, in which case there is a
set My € M for which m;(X — M;) = 0, then for é > 0 the extension
(X, M*,m) is different from (X, M*,m*). It might be desired to
have such an extension, to represent some unknown measure. But
note that m;(X—M;) = m(X—M;) = mi(X—-M)+¢ > m;(X—M),
and 7; does not agree with m; for all sets S, as in (6.6). Thus, the
extension (X, M* m*) is the only extension of (X, M, m) to the
countably ring M*which satisfies (6.6).

It should be stated, in closing §6, that in all of the present ar-
ticle, and also in the author’s articles [1] and [2], no hypothesis is
made concerning the continuum 2X°; the continuum hypothesis of
set theory, which is that 2X° = yy, is not used. Use has been made
of transfinite induction and of the axiom of choice.

7. Disjoint Sets in a Set S. In all of the preceding, consider-
ation was given to disjoint sets S, .52 contained in a set M € M.
Now, consider disjoint sets S;,.5; contained in any set S. First, for
any set S contained in M € M, there is m;(S) and m.(S) for which
0 < m;(S) < me(S), and the sets A and B in (2.3) and (2.6) will
be chosen more carefully in the following lemma.

LEMMA 6. Suppose that S is a set in a measure space (X, M, m)
and S C M € M, where M is defined in (2.10) and (2.8). Then
there are sets K € M and L € M such that

(7.1) KcScLcM, with
m(K) =mi(5), m(L)=m.(5),

mi(S—-K):O, m,'(L—-S)=0,
(7:2) {me(S —K)=m(L—-K), mL—-S)=m(L—-K).

Further, considering M NS for any M € M, and using K, L satis-

fying (7.1) and (7.2), then (7.1) and (7.2) also hold with MNK, MnN
S,M N L in place of K, S, L respectively.

Proof. Suppose first that m.(S) < co. Then sets A and B in (2.3)
and (2.6) can be selected as the sets K and L of Lemma 6, and
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(7.1) is satisfied. Let C; by any set € M with C; C (S — K). Then
CiNK = pand (C1UK) C S, so that m(Cy)+m(K) = m(C1UK) <
m;i(S) = m(K). Transposing m(K) since m(K) < oo shows that
m(Cy) < 0 and therefore m(Cy) = 0, and so m;(S — K) = 0. Let
C; be any set € M with Cy C (L — S). Then C; NS = 0 so that
S C (L —C3), and m(L) = me(S) < m(L — C3) = m(L) — m(Cy),
which gives m(C3) < 0 since m(L) < oo and therefore m(Cs) = 0,
and so m;(L — S) = 0. Thus, the first line of (7.2) is established.
Also, (L—K)=(L-S)U(S—=K)and (L—-S)N(S—K)=10,s0
that by Lemma 2,

mi(L —S)+me(S — K) =me(L—5)+mi(S—K)=m(L—- K).

This gives, using the first line of (7.2), that m.(S — K) = m.(L —
S) =m(L — K). Thus, (7.1) and (7.2) are established for m.(S) <
oo. Note, when me(S) < 00, that (7.2) followed from (7.1) in the
above proof. N
Consider now the case that m.(S) = oo, so that m(M) = oo.

Write M = J M7 as in (2.9), where the M7 are mutually disjoint
=1
and M7 € M and m(M?) < oo for every j. Then S = Uwins),
7=1
and for the set Min S there is by the preceding paragraph sets
K7 and L7, both € M, with K’ C (Mj NS)c L’ ¢ M?, and
formulas (7 1) and (7.2) hold w1th Ki, M’ ﬂ S, L’ replacing K S,L

respectively. Now, place K = U KL = U L. Then K C S C
7=1 7=1

L C M, and since the M’ are mutually disjoint, so are the K, and

also so are the L?. One has

m(K) =3 m( i_oj (M 01 §) = my(S)

[ee]

by Lemma 1, formula (2.7), since (X -U Mj) NS =0, and also

i=

[

Zm (1Y) Z me(M? N S) = m,(S)

7j=1 7j=1
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by Lemma 1, (2.7) again. So, (7.1) is established.
Also,

Q n(s - K))_UI(M’DS) K%)

since M’NK = K’ and then by Lemma 1, (7.1) and (7.2) for finite
Me,

mi(S — K) = Z (M'nS)-K)=S0=0,
j=1 1=1
m(S—K)=Y m((M'nS)- Zm(LJ K7) =m(L—-K)
1=1

since L — K = | J(L? — K’). Likewise,

J=1

(M?N(L-S)) U(LJ (M’ N S))

C8

L-S5=

Il
A

J

since M N L = L7, and then by Lemma 1, (7.1) and (7.2) for finite

mC?

Zmz —(M'nS))=>0=0,
J=1 71=1

(L—8)= Zme(LJ MjﬂS))=im(Lj—I{j)=m(L—I{).

7=1

Formulas (7.2) are established.
Concerning the last sentence of Lemma 6, one has that

mi(MNS)—(MNK))=0 and m;((MNL)—(MnS)) =0,

which is the first line of (7.2) with M N K, M N S, M N L in place
of K, S, L respectively, since ( MNS)—(MNK)=Mn(S—K) C
(S — K) and m;(S — K) = 0, and likewise (M NL)—(MnNS) =
Mn(L-S)c(L—-S)and mi(L—S)=0. By Lemma 1,

m{(MnS)y=m;(MNK)+m((MnS)—-(MnK))
=m;(MNK)+.0=m(MnK),
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and since (M NL)=(MnS)u(Mn(L-S)), Lemma 2 gives
m(MNL) = m (MNS)+m;(MN(L-S)) = m(MNS)+0 = m (MNS);
thus, (7.1) holds with MNK, MNS, MNL in place of K, S, L. Also,
(MNL)—(MNK)=((MNL)—(MnS))u((MNS)—-(MnK)),
so that by Lemma 2,
m((MNL)—(MnK))
=me(MNL)y—(MNS))+mi((MnS)—(MnNK))

=m((MNL) —(MNS)+0=m((MNL)—(MNS)), and

m((MNL)-(MnK))
=mi((MNL)—(MNS))+me((MNnS)—(MnK))

=0+m((MNS)— (MNK))=m((MNS)— (MnK)).

So, the second line of (7.2) holds with MN K, M NS, MNL in place
of K, S, L; and also the first line of (7.2) holds. The last sentence of
Lemma 6 is therefore established, and Lemma 6 is proved. O

__Now consider disjoint sets Sy, S, contained in a set S where S C
M e M:

(7.3)  $1NS=0,(5US)CS where SCMe M.

By Theorem 4 and (3.19) and (3.20), there are the six non-negative
quantities ay, az, d;, h, g1, g, satisfying (3.21) and (3.22). The con-
verse, as in Theorem 8, will now be discussed. Note that there is
the formula

(7.4) a1 + a3 + d; < my(S),

as well as a1 + a2+ di + h + g1 + g2 < m.(S).

As in §5, consider the cardinal number of points in a set .S for
which m.(S) > 0, and let x(P denote the least cardinal number of
points in such sets S, among all sets S with m.(S) > 0. This is
analogous to §5, in defining x®, and note that x® < x(). The
measure space (X, M, m) will be said to satisfy the basis condition
for partially measurable sets if

(7.5) @ > 50,
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where x/) is defined in §5. And also suppose as in (5.2) the follow-
ing.

(7.6) Every set S with m.(S) > 0 contains an
' infinity of points, besides the first sentence of (5.2).

Let w® denote the smallest ordinal number of cardinality x®.
There is the Theorem 9 below, analogous to Theorems 6 and 7.

THEOREM 9. Suppose that (X, M,m) is a measure space satis-
fying the basis condition (7.5) for partially measurable sets, and also
(7.6). Consider a set S in X with m.(S) > 0 and S C M where
M € M, and let L be a set € M with

SCL and m(L)=mS), mi(L—-S)=0,

as in Lemma 6. Then for any cardinal number < x® and > 2,
there are that number of mutually disjoint sets Zs contained in S,
where B runs over all non-negative ordinal numbers of cardinality
< that cardinal number, such that

(77) S = UZp_ and m,(ZE) = 0,

miL — Zg) =0 forall B,

Proof. Let C1Y) be a collection of sets C, € M with m(Cy) > 0,

which form a measure basis for (X, M, m), there being x(/) number
of sets C,, in the collection C (/). Consider all those sets CyinC () for
which m.(C, N S) > 0; the totality of all such C, forms a collection

ch , where C @ isa part of CY), Let X(f ) denote the cardinal number
of sets Cy in C(f) so that X(f) < x), and let w® be the smallest

ordinal number of cardinality . The totality of all the C, in c
can be written as C, , where ¢ runs over all non-negative ordinal

numbers < w®), and designate the C, more simply as C,. Thus,
the collection C() consists of the sets C, with

me(Cq N'S) >0, for all non-negative ordinals o < w(?);
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and the measure basis collection Cf) consists of C) and also all o
for which m.(C, N S) = 0. B

Now, proceed as in the proof of Theorem 6, with x® and w®
(where w(® is the smallest ordinal number of cardinality x( ), and
X(?) and w(?), replacing x? and w(®), and x) and w(/), respectively.
As in Lemma 5, but with C,N S replacing C,, one proves that there
are points y, and z(q,f) in S, for all ordinals a < _@7) and all
ordinals 3 < w), which are all different points, and

(7.8) € (CynS), a:(a B) € (Can S),
for all o < w!/ a,ndallﬂ<w 28

The proof of this is the same as the proof of Lemma 5, with C4 N S
replacing C, in the proof, noting that m.(C4NS) > 0 so that CoNS
contains at least x® points, and x® > x(f) > x() by (7.5).

Proceeding as in the proof of Theorem 6 after the proof of Lemma 5,
define the set

(7.9) Zp asin (5.9)for 0<pB< w®,
and Zo=S- |J Zs,
1<B<u®

so that S =(JZ as in (7.7). Let M be a set € M with M C Zg.
8

If m(M) > 0, there is a set C;, € C¥) with m(C,) > 0 and M D Cay
so that C, C Zs C S. Since C, NS = Cy, Cy is a Cy € €Y, and
the same contradiction as in the proof of Theorem 6 shows that
m(M) = 0. Thus, m;(Zs) = 0 as in (7.7).

Concerning the set L— Zﬁ, let M be aset € M with M C (L—Zp).
If m(M) > 0, there is a set C;, € C¥) with m(Cy) > 0and M D Cy,
so that C,, C (L — Zp). If me(C’,7 NS) >0, then C,isaCy €C @,
and Cp C_(L — Zp) with m(ﬁg_)—> 0. But for g >—0,$(g,_,3_) €Cy
and z(a, B) € (L - Zg) by (7.8) and (7.9) and (5.9), so that C, ¢
(L — Zg); and for § = 0,y, € Cy by (7.8) but ya € Zo by (7.9)
and (5.9 —) so that C, ¢ (L — Zy). These contradictions show that
me(Cy N S) = 0. LetheasetEMmthC D> QD (C,N5S)
and m(Q) = me(Cy N S) = 0. Then m(C, — Q) =m(C,) > 0, and
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(C,—Q)NS =0;and (C, — Q) C C, C (L —Zg) C L, so that
(C, — Q) C (L—S). Since m;(L — S) = 0, one has m(C, — Q) = 0.
This contradicts that m(C, — @) > 0. Therefore the assumption
that m(M) > 0 is false, and so m(M) = 0. This is for every
M € M with M C (L — Zp), so that m;(L — Zg) = 0. Thus, (7.7) is
established, and Theorem 9 is proved for a cardinal number = x®.

Theorem 9 for a cardinal number < x® and > 2 is proved as
in the proof of Theorem 7, using L — Z,,L — Zy, and (L — Zo) in
place of X — Z;, X — Z,, and (X — Z,) respectively. The proof of
Theorem 9 is completed. O

Incidentally, Theorem 9 shows that even if m;(S) = 0,5 can be
decomposed as in (7.7). For example, any particular Zg in (7.7) can
itself be decomposed as in (7.7).

Now, there is Theorem 4, and analogous to Theorem 8 there is
the following theorem.

THEOREM 10. Suppose that (X, M, m) is a partitionable mea-
sure space (this is defined in the first paragraph of §4) satisfying the
basis condition (7.5) for partially measurable sets. Let S be a set for

which
me(S)>0 and SCM for some M e M.
Then, given any siz non-negative real numbers or co, namely

ay,as, dia h7 91,92 all 2 0) Satisfying

(7.10) a1 +a;+di+h+g1+9 <m.(S), and
. a + az + d; < my(S),

there is a pair of disjoint sets S1,S2 contained in S such that

(7.11) mi(S1) = a1, mi(S2) = a2, di(S1,5:) =4,
91(51752) =, g2(Sl> 52) = 92, h(Sl,Sz) = h.

And formulas (6.1) hold.

Proof. Concerning the set S one has Lemma 6, including the sets
K and L in M satisfying (7.1) and (7.2). Consider first the case
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that m.(S) < oo, so that ay,a2,d;, h, g1, g2 are all finite by (7.10).
Select three mutually disjoint sets

A1, A;, and D;, mutually disjoint and C K
(7.12) and € M, with
m(Al) = ay, m(A2) = ay, m(Dt) = di-

This is possible by the second formula of (7.10) and Theorem 5 and
the paragraph preceding Lemma 4 in §4. Place

F:K—(AIUA2UD,),
(7.13) L=L-(AUAUD;), and
§: S—-(AIUA2U.D,),

sothat KCScIcM. By Lemma 1,
m,(g) = m;(S)—(a1t+az+d;) = m(K)—(ar1+az+d;) = m(?), and

me(§) =me(S)—(a1+ar+d))=m(L) — (a1 + a2+ d;) = m(f),
and S-K=S—-K, I-S=L-S,andL—-K=L-K.
These state that the sets K and L are the K and L of Lemma 6

for the set S, satisfying (7.1). And (7.2) is satisfied for S and K, L
because (7.2) followed from (7.1) in the proof of Lemma 6. Since

(7.14)  m(L) =m(S) — (a1 + a2+ di) > h + g1 + g2,
by the first of (7.10), select three mutually disjoint sets

H,Gq,and G,, mutually disjoint
(7.15) and C T and € M, with
m(H) =h, m(Gi) =g, m(G2) =g

This is possible by (7.14), and Theorem 5 and the paragraph pre-
ceding Lemma 4 in §4.

Now, apply Theorem 9 for the set S. If m.(S) > 0, then since
S C M C M, every such S contains an uncountable infinity of
points. For, a point of S is contained in a set My C M with M, €
M and m(My) = 0, by Lemma 4. If there are only a countable
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number of points in S, then S would be contained in a countable
union of such sets, which is a set in M of m-measure 0, so that
m.(S) = 0, contrary to m.(S) > 0. Thus, the condition (7.6) is
satisfied, and apply Theorem 9 for 3 sets. There are three mutually
disjoint sets Zy, Z;, and Zz in S, with S = Z; U Z, U Zs, satisfying
(7.7) using S and L for these three sets. If m.(S) = 0, choose any
three mutually disjoint sets in S, possibly including @, whose union
is S, for Zy,Z,,Zs. Also, by Theorem 9 for 2 sets, there are two
disjoint sets Z and D; —Z in D; with m;(Z) = 0 and m(D;—Z) = 0.
Place
Sl-—:AlUZU(HﬂZl)U(GlﬂZl),
Sy =AU (D; — Z)U(H N Zy)U(GyN Zy),
so that 51U52=A1UA2UDi

U(H N (Z1 U Z,))U (G1 U Zy) U (G2 N Zy).

(7.16)

The sets Ay, Az, D;, H, Gy, G4 are mutually disjoint sets € M , SO
that by Lemma 1,

mi(S) =m(A1)+0+0+0=m(4,),

mi(S;) =m(Az) + 0+ 0+ 0 =m(A,),

m,'(Sl @] 52) = m(Al) + m(Az) + m(D,) + 0

+0 + 0 = m(A;) + m(A42) + m(D;),
since HN(Z, U Z;) = (H ﬂ_(-g— Z3)) C (S — Z3) C (L — Z3) and
m;(L — Z3) = 0 by (7.7) for S, L. Concerning exterior measures for
( 7.16 ), one has by Lemma 2
mi;(H — (HN Zy)) + me(H N Zy) = m(H),

and H—(HNZ,) = (H-2,) C (L—2,) so that m;(H—(HNZ;)) = 0
because m;(L — Z;) = 0. Therefore, m.(H N Z;) = m(H). Likewise
for the other terms in applying m. to (7.16), including Z and D; —Z
contained in D;; and m(H N (Z1 U Z;)) = m(H) since (HN Z;) C
(HN(Z1U Z,)) C H. There results, by Lemma 1:

me(S1) = m(A1) + m(Di) + m(H) + m(G1),
mo(S2) = m(Az) +m(Dy) +m(H) +m(Ga),
me(S1US;) = m(Ar) +m(Az) + m(D;)

+m(H) + m(G1) + m(G2).

(7.17)

(7.18)
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Concerning the functionals of the disjoint pair Sy, S, for the case
that m.(S) < oo, the quantities a1,a2,d;, k,¢1,92 are finite by
(7.10). One has from (3.2), (7.17), and (7.12) that
(719) di(Sl,Sg) = m(D,) = di.

Also, from (3.2), (7.17), (7.18) and (7.12), (7.15), one has the first
two lines of (7.20):

(7.20)
(91(S1,52) =(a14+as+di+h+g+g)—a
—(az +di + b+ ¢2) = g1 = m(Gr),
92(51, S2) =(a14+aa+di+h+g+g)—a

—(ag +di + b+ g1) = g2 = m(Ga),
land  A(S1,S:) =h=m(H).

The third line of (7.20) follows similarly from (3.2), (7.17), (7.18)
and (7.12), (7.15). Thus, the equations (7.11) and (6.1) are estab-
lished, and Theorem 10 is proved for the case that m.(S) < co.

If m.(S) = oo, then m(M) = oo since S C M € M, and express

M asin (2.9): M = |J M’ with m(M?) < oo for all j and the M’

i=1

are mutually disjoint. Then S = MnS = U(M’ N S), and apply
J=1

what has been proved above to the set M7 NS, using Lemma 6. By

Lemma 6 with M’ N K, M’ NS, M’ N L in place of K, S, L, one has

by (7.1) that

m(M'NK)=my(M'nS), m(M NL)=m, (M nS),
and by (7.2),
mi(M? N S)— (M’ NnK))=0, mi((M’NL)—(M'nS))=0,
me((M? N S) — (M N K))
=me((M' N L) — (Min8)) =m((MinL)— (MinK)).
Using formulas (7.19) and (7.20), there is obtained
d;(Mi NSy, M’ N Sy) =m(M? N D,),
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a(M? NS, M’ N S,) =m(M NG,),
gz(Mj n Sl,Mj n Sg) = m(M’ n Gg),
(M’ N Sy, M’ N S,) =m(M? 0 H).

By Theorem 1, noting that (X - U Mj) N (S; U S;) = 0 since
i=1

(S1USy) C M = | M,

Jj=1
d,’(Sl,Sz) = Em(M] n Di) = m(D,) =d;,
j=1
91(51,52) = Zm(M’ NGy) = m(Gy) = ¢,
(7.21) =1 .
92(51,52) = Y_m(M’ N G;) = m(Gs) = g3,
1=1
h(S1,S2) = z:m(MJ NH)=m(H)=h,
\ J=1

since all the sets involved are contained in M = UM 7 using (7.12)
3=1

and (7.15). Also, m;(S1) = ay,mi(S2) = ay from (7.17). Theorem 10

is proved. O

Theorem 10 is analogous to Theorem 8, but for two disjoint sets
contained in any set S C M € M. (Note that in Theorems 10
and 8, one could also have m.(S) = 0 or m(M) = 0 by selecting the
empty set @ for both S; and S;.)

Incidentally, the proof of Theorem 10 above also gives a proof
of Theorem 8. Theorem 8 is the case of Theorem 10 when S =
M € M. Then mi(S) = m.(S) = m(M), and the second line of
(7.10) is a consequence of the first line of (7.10), and also K = S =
L = M in the proof of Theorem 10. (Note that if one makes the
extension of (X, M, m) to the measure space (X, M* m*) as in §6,
then the x(® for (X, M*, m*) may possibly be smaller than the x(®
for (X, M,m).)

Consider Lebesgue or Borel measure on the real number line or in
Euclidean n-space as the measure space. Condition (7.6) is satisfied,
and if one assumes the continuum hypothesis of set theory, that
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2% = y;, then x® = () = 2x0 and (7.5) is satisfied. The measure
space is also partitionable, so that the results of Theorems 9 and 10
hold for Lebesgue or Borel measure, if one assumes the continuum
hypothesis of set theory.

If one does not assume the continuum hypothesis, there is an
extension of Lebesgue measure, or it is Lebesgue measure itself, for
which x® = y) = 2x0, Namely, consider the collection M of all
sets of the form (L U R;) — R, where L is Lebesgue measurable
and R;, R, are both sets of fewer than a continuum number 2X°
of points, and place m((L URy) — Rz) = m(L). One can show
that M is a countable ring, and that m is uniquely defined in M
and is countably additive, so that a measure space is formed. A
set R with fewer than 2X° points has m;(R) = 0, and I believe
it is not known what m.(R) might be if one does not assume the
continuum hypothesis; but R € M and m(R) = 0 in the above
measure space. For this measure space X(”) = 2X0 = X(f ) and the
results of Theorems 9 and 10 hold. Also, it is reasonable to consider
the measure space (X,M,ﬁz) since for a set R with fewer than
a continuum number 2X° of points, on the real number line or in
Euclidean space, there are a continuum number of mutually disjoint
translations of R. It is reasonable to consider R to be of measure 0.
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