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GENERALIZED ACTIONS
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Abstract. In this paper a generalization of the concept of action is con
sidered. This notion is based on a new algebraic structure called gener
alized groups. An action is deduced by imposing an Abelian condition 
on a generalized group. Generalized actions on normal generalized 
groups are also considered.

1. Basic Notions

The theory of generalized groups was first introduced in [1]. A generalized 
group means a non-empty set G admitting an operation

G x G —> G 
(a, b) i—» ab

called multiplication which satisfies the following conditions:
i) (ab)c =  a(bc) for all a, 6, c in G;

ii) For each a G G there exists a unique e(a) G G such that
ae(a) =  e(a)a =  a;

iii) For each a G G there exists a -1 G G such that aa~x = a~1 a = e(a).

Theorem 1.1. [1] For each a G G there exists a unique a -1 G G.

Theorem 1.2. [2] Let G be a generalized group and ab = ba for all a, b in G. 
Then G is a group.

Example 1.1. Let G =  M x M\{0} x R, where R is the set of real numbers. 
Then G with the multiplication (a i,  bi, C i)(a2, b2, c2) =  (b1a1^b1b2^b1c2) is a 
generalized group.
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In this paper we consider a generalized action of a generalized group on a set.

Definition 1.1. We say that a generalized group G acts on a set S  if there 
exists a function

G x S  -► S
(.9, x) ^  gx

which is called a generalized action such that:
• (9i 92)x = gi(g2x) for all gx,g2 G G, and x  G S;
• For all x  G S  there exists e(g) G G such that e(g)x = x.

Example 1.2. Let

G = a b 
c d a , b, c and d are real numbers}

Then G with the product

a b 
c d

e /  
. g h

a f  
. g d

is a generalized group, and the function

G x R 4
a b 
c d , (e , f , g , h ) (a, f ,g ,d)

is a generalized action of G on

Theorem 1.3. Let r  : G x S  —» S  be a genaralized action, and G be an Abelian 
generalized group. Then G is a group and r  is an action.

Proof: By theorem 1.2, G is a group. So r  is an action. □

2. Elementary Results on Generalized Actions

If G acts on a set S, then the relation ^  defined by:

x 1 rxj x 2 ^  (gi%i =  % 2  and g2x 2 =  x 1 for some gi,g2 G G) 

is an equivalence relation.

Definition 2.1. If x  G S, then 0{x)  =  {y G S; x ~  y} is called the generalized 
orbit of x.
Now we deduce a generalized subgroup by a generalized action.

Theorem 2.1. Let a generalized group G act on a set S. Then for every x  G S, 
the set Ix = {g G G; gx =  x} is a generalized subgroup of G.
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Proof: For g E Ix we have:

So
If
then
Hence

and

gx = x  =>* (e(g)g)x = x  =>* e(g)(gx) =  x 
=>■ e(g)x =  x => e(g) G Ix , 

g,-1̂  =  5f_1(5fx) =  (g~lg)x = e(g)x = x . 

9 1 S  Ix ■
9h  92 €  Ix >

O i^ )^  =  Pifeæ) = g lX = x .
9i 92 £  Ix ■

Thus / æ is a generalized subgroup of G. □

Theorem 2.2. Let /  : G —»■ E  be a generalized group homomorphism. Then

is a generalized action.

Proof: Let g,g'  G G and h G E.  Then:

T(g,T(g' ,h)) =  f (g)T(g' ,h) =  f (g)(f (g' )h)
= f{gg')h = r ( g g h ) .

Moreover if g G / _1 ( {e (/; )} ), then:

r ( e(g),h) = f(e(g))h
= e(f(g))h = e(e(h))h
= e{h)h =  h.

Thus r  is a generalized action. □

Example 2.1. Let G =  Mx M\{0} with multiplication (a, 6)(c, d) =  (6c, bd). 
Since

is a homomorphism, when the multiplication of R is ab =  6, the function

G x K  R 
( M ) ,c )  ~  ^

t : G x E  -> E  
(g, h) ^  f (g)h

f : G  -

(a, 6) i—>

R
a
b

is a generalized action.
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3. Generalized Action of Normal Generalized Groups on a Set

A generalized group G is called a normal generalized group if e(ab) = e(a)e(b) 
for all a,b G G. In this section we assume that G is a normal generalized group.

Definition 3.1. [3] A generalized subgroup A  of a generalized group G is 
called a generalized normal subgroup if there exist generalized group E  and a 
homomorphism f  : G —> E  such that for all a G G,

N a = (j) or N a = kernel f a ,

where JV0 =  iVn Ga, Ga = {g G G; e(g) = e(a)}, and f a = f \ Ga.

Example 3.1. Let G be the generalized group of Example 2.1. Then N  = 
{(a,b); a = b or a = 3b} is a generalized normal subgroup of G.

Theorem 3.1. Let G be a normal generalized group, and f  \ G G be a 
generalized groups homomorphism. Moreover let N  =  ker / .  Then

T : f  X /(G ) ^  /(G )

(.gNg,x) ^  f (g)x

is a generalized action.

Proof:
i) If (giNgi, x i) =  (g2Ng2, x 2), then g1Ngi = g2N g and x x = x 2.

So N gi = N 92 ,x i = x 2 and g1 = ng2 for some n G N gi. Hence

f (9i)  = f (ng2) = f ( n ) f ( g 2) = f  (e(g2) ) f  (g2) = f (g2) .

Therefore = f{g2)%2- Thus r  is well defind;
G

ii) Let giNgi, g2^ 92 G — and x  G S  are given. Then

T(giNgi,T(g2N 92,x)) = f (gi )r(g2Ng2,x) = f (g i ) ( f (g2)x)
= f{9i92)x = T ^ N ^ X g z N ^ ) ^ )  ;

iii) If x  G /(G ), then x = f(g)  for some ^ g G, and we have

r{e(g)Ng,x) = f(e(g))x = f(e(g))f(g) = f(g) = x  .

□
Notation. We denote the set

9 G G
x gx }
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by H(S).
The following example shows that H(S)  with multiplication ipgi ipg2 := <pgi o ip2 
is not a generalized group.

Example 3.2. Let S  =  R x M\{0}, and G =  R x {1} with multiplication:
(a, 1)(6,1) =  (5,1). Then the function

G x S  -*• S
((a, 1), (c, d)) !-»• (c,d)

is a generalized action, but H(S)  is not a generalized group. Because the 
inverse of an element is not unique.

Theorem 3.2. Let a generalized group G act on a set S, and the function

G

9 ^  ¥g
be a one-to-one mapping. Then iî(S ') with the multiplication (pgi(fig2 := 
cpgi o (pg2 is a generalized group. Moreovere if G be normal, then H(S)  is a 
normal generalized group.

Proof: Suppose that (pg G H(S)  is given. If (pg(fih =  (Ph(Pg =  (Pg, then 
(pgh — P̂hg — (Pg• So gh =  hg =  5. Hence the identity of (pg is ^ e(c/)- Thus 
h = e(g).
One can easily deduce other properties of generalized group. Now let G be a 
normal generalized group, and ipgi, ipg2 G H(S).  Then

e((flgi(fig2) e{(fgig2) P̂e(gig2) ^e{gi)e{g2)
□
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