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ABSTRACT

Recently David Preiss proved a remarkable theorem about dense differentiability of
locally Lipschitz functions on Banach spaces. Using his result and adopting a technique of
Petar Kenderov used to prove generic differentiability of convex functions we establish similar
generic differentiability properties for locally Lipschitz functions. We apply our results to
determine further differentiability properties of distance functions.
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1. Introduction

In the 1970s considerable attention was focussed on the problem of determining
classes of Banach spaces where the continuous convex functions have differentiability
properties similar to those on Euclidean spaces. An Asplund (weak Asplund) space is defined
as a Banach space where every continuous convex function is Fréchet (Géteaux) differentiable

on a dense Gg subset of its open convex domain, and in particular the class of Asplund spaces

has been characterised in several ways which demonstrate its significance.

Recently, David Preiss [12] has shown that any real locally Lipschitz function on an
open subset of an Asplund space also has the property that it is Fréchet differentiable on a
dense subset of its domain. His proof is very technical but his result is very powerful and has
many applications. However, the number of applications would be multiplied if conditions
could be determined under which the set of points of differentiability is a generic set.

In this paper we use Preiss’' work and modify techniques used by Petar Kenderov
[9] associated with the earlier weak Asplund and Asplund investigations, to find classes of
such spaces on which certain locally Lipschitz functions are generically Gateaux and Fréchet
differentiable on dense subsets of their domains. The results have immediate application in
determining differentiability properties of distance functions on Banach spaces.

2. Differentiability of locally Lipschitz functions

Given a real Banach space X, a real function ¢ on an open subset A of X is said to
be a locally Lipschitz function on A if for each x € A there exists a K >0 and a § > 0 such that
10(y) —0(@) I<Klly—zll forall y,ze B(x; d).

We define the local Lipschitz constant for ¢ at x by

AMx) = %H—I;O o(x; 8)

where

w(x; 8) = sup{% 1y.z€ B(x; 8), y#z }
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Such a function ¢ is said to be Gdreaux differentiable at x € A if there exists a continuous linear

functional ¢'(x) on X where, given € >0 and ll y Il = 1 there exists a &(g,x,y) > 0 such that

¢(x+tyz—__¢(x) -0 <¢ whenO<ltl<d .

The function ¢ is said to be Fréchet differentiable at x if there exists (g, x) > 0 such that the
inequality holds forall lly Il = 1.

Our work in this paper is dependent on the following theorem which is the main result of
Preiss' paper, [12, Theorem 2.4].

2.1 Preiss’ Theorem

Let X be a Banach space with an equivalent norm Gdteaux (Fréchet) differentiable

away from the the origin. Then every locally Lipschitz function ¢ defined on an open subset A
of X is Gdteaux (Fréchet) differentiable on a dense subset D of A.

More generally in the second case, when X is an Asplund space then every locally

Lipschitz function ¢ defined on an open subset A of X is Fréchet differentiable on a dense

subset D of A.

In all these cases and for the appropriate derivative, for every open ball B in A and for

everyy,z € B

inf{¢'(x)(y-2): x € BND} < §(y) - §(z) <sup{¢'(x)(y-z) :x e BND} .
This last inequality in Preiss' Theorem has the following interesting implication

2.2 Corollary

In such a space X, a locally Lipschitz function ¢ on an open subset A has the
property that for any x € A and € >0 where B (x; €) C A, there exist y,z € B (x; €) such that

sup { 1 ¢"(w)ll : u e B(x; € "D}

| 6(y) — ¢(z)l
Z—W— >A(x)—£

where Mx) is the local Lipschitz constant of ¢ at x.
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A useful tool for discussing the differentiability of a locally Lipschitz function ¢ on an

open subset A of a normed linear space X is the Clarke generalised subdifferential of ¢ atx
"defined by

IO(x) = {fe X*: f(y) £ lim sup )6 forallye X}
73X t
t—0+
If 99(x) is singleton then ¢ is Gateaux differentiable at x but the converse is not true in general.
Wherever ¢ has the property that dd(x) is singleton we say that ¢ is strictly differentiable at x,
[5, p.33]. The subdifferential mapping x — d¢(x) has the useful property that it is weak *

upper semi-continuous.

We are now ready to present our main result.

2.3. Theorem

On a Banach space X with rotund dual X* (and with norm Fréchet differentiable
away from the origin) a locally Lipschitz function ¢ on an open subset A, with the property that
wherever ¢ is Gdteaux (Fréchet) differentiable it is strictly differentiable, is Gdteaux
differentiable on a dense G § subset of A and at each point x of this subset, | ¢ ‘(x) | = Ax), the
local Lipschitz constant of ¢ at x.

Proof
a.  Consider the real function y on A defined by
y(x) =inf {Ifll: fe 3p(x)}.
(i) We show that v is lower semi-continuous on A.
For x € A, consider a sequence {x,} in A convergent to x. For each n choose
f, € d0(xy) such that W(x,) > Il f; | — 1/n. Since tﬁe subdifferential mapping x— 9¢(x) is
weak* upper semi-continuous and 9¢(x) is weak*compact, {f,} has a weak* cluster point
f e dd(x). From the weak* lower semi-continuity of the norm on X* we deduce that
lim inf W(xy) = lim inf Il £, 12 11 £ 1| 2 y(x).
(i) Since v is lower semi-continuous on an open subset A of a Banach space X, it follows

that y is continuous on a dense Gg§ subset Ay of A
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b.  Consider the real function A on A where A(x) is the local Lipschitz constant of ¢ at x. We
show that A is upper semi-continuous on A. For x € A, consider a sequence {x,} in A

convergent to x and sequences {y,}, {z,} where for each n, yp, z, € B(x, ; 1/n), yp # z, are

such that
L 0(yn) — 9z, | 1
Tyl MW

Then A(x) = lim sup 180w — ¥z | 2 limsup A(x,) .
n —»eo I YnZa I n —eo

c.  We show that at every point x € A\V’

Mx) = 1 Il = y(x) for all f € 9(x).
From Preiss' Theorem, since X has norm Géteaux (Fréchet) differentiable away from the

origin, we have that ¢ is Giteaux (Fréchet) differentiable on a dense set D in A. From the

Corollary to Preiss' Theorem, for each n we can choose x, € D N B(x; 1/n) such that
19 Ge) >0 -1

But then the sequence {x,} is convergent to x and
Ax) 2 lim sup A(x,) 2 lim sup | §'(xy) 1= lim inf ' (xp) | 2 A(x).
But since ¢ is strictly differentiable on D,
Ax) =Hm Il ¢ '(xp) Il = lim y(x,) = y(x).
However wx) <l <Mx) for all f € 9O(x)
so AR =Ifll=yx) for all f e dd(x).
d. Since X has rotund dual X*, we have for every x & A\lf that d¢(x) is singleton.

Therefore, ¢ is Giteaux differentiable on A\V and 1 ¢ '(x) ll=A(x)forallx e A‘lf . //

For this theorem to hold we require that the locally Lipschitz function satisfy the
property that wherever it is Géteaux differentiable it is strictly differentiable. We note that this
condition is satisfied if the Clarke and Michel-Penot generalised subdifferentials coincide for
the function, [2, p.515].

We should notice that this theorem holds more generally in the second case when X
is an Asplund space.
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This result has a general version for the family of Banach spaces isomorphic to
those specified in the theorem. This corollary for locally Lipschitz functions is a generalisation
of Kenderov's Theorem [9] for convex functions.

2.4. Corollary

' On a Banach space X which can be equivalently renormed to have dual X* rotund, a
locally Lipschitz function ¢ on an open subset A, with the property that wherever ¢ is Goreaux

differentiable it is strictly differentiable, is Gdteaux differentiable on a dense G § subset of A.

The Preiss Theorem enables us to extend the theorem to produce a Fréchet
differentiable result. Again this corollary for locally Lipschitz functions is a generalisation of
the Namioka-Phelps Theorem [11] for convex functions.

2.5 Corollary
On a Banach space X which can be equivalently renormed to have a dual which is
rotund and where the norm and weak* topologies coincide on the dual unit sphere, a locally
Lipschitz function ¢ on a open subset A, with the property that wherever ¢ is Fréchet

differentiable it is strictly differentiable, is Fréchet differentiable on a dense G§ subset of A.

Proof

Consider X so renormed. Then X has rotund dual X* and the norm of X is Fréchet
differentiable away from the origin. From the Theorem, ¢ is Gateaux differentiable on a dense
Gg subset A\I’ of Aand ateachx e A“,, 1o '(x) Il =\(x). We show thatateachx A\V’
¢ '(x) is a Fréchet derivative of ¢.

From Preiss' Theorem, givene >0 and iy ll <€
inf {¢ '()(y) : ue B(x; &) "D}
S O(x+y) — 0(x)
<sup {0 '(u)(y) : ue B(x;€) " D}.
Then |9(x+y) = 6(x) - 6 GO |
<sup {19'@(¥) -¢'C)(y) | : ue B(x;€) "D}

<liylisup {1 ¢ ') —¢'x) Il :u e B(x; €) " D}......... T
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Since ¢ is also strictly differentiable at x, as before it follows from the weak * upper
semi-continuity of the subdifferential mapping x — d¢(x) that for u € D converging to x, we

have ¢ '(u) converges weak* to ¢ '(x). But from the weak* lower semi-continuity of the dual
norm

liminf 1 ¢ '(u) 1211 § '(x) I = A(x).
But also from the definition of a local Lipschitz constant we have

lim sup Il ¢ '(u) Il SA(x)
and so Il ¢ '(u) Il converges to Il ¢ '(x) Il = A(x).
From the properties of the renormed space we have ¢ '(u) is norm convergent to ¢ '(x). Then

from inequality { we deduce that ¢ is Fréchet differentiable on Ay /

A normed linear space X is said to have locally uniformly rotund dual X* if for any

sequence {f,} in X* where Il £, l=1=1fll and l f+f | - 2 we have Il f,-f Il = 0. Ttis

known that on such a space the norm and weak* topologies coincide on the dual unit sphere.

Recently, Fabian [7] has shown that any weakly compactly generated Asplund space
can be equivalently renormed to have locally uniformly rotund dual, so such spaces which
include reflexive Banach spaces satisfy the requirements of this corollary.

3. Applications to distance functions

‘We now explore the implications of these results for the differentiability of distance
functions.

Given a non-empty closed set K in a normed linear space X, the distance function d
generated by K is defined by

d(x) = d(x, K)

If there exists a point p(x) € K such that d(x, K) = Il x—p(x) Il we say that p(x) is a point of best
approximation to x in K. We apply our theory to d as a Lipschitz 1 function on X\ K.

A normed linear space X is said to have imiformly Gadteaux differentiable norm if given

e>0and ll x Il =l y Il = 1 there exists a continuous linear functional f, on X and a 8(g,y) >0

such that

Ity 1l I '
YR - £0)| <ewhenO<Itl<dand forall lixli= 1.
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Such a space X has rotund dual X*, [6, p.148]. Itis also known that on such a space X every
distance function d on X \ K has the property that wherever it is Gateaux differentiable it is
strictly differentiable, [2, p.525].

Theorem 2.3 has the following immediate application to distance functions.

3.1. Theorem
On a Banach space X with uniformly Gateaux differentiable norm, the distance

function d generated by a non-empty closed set K is Gdteaux differentiable on a dense G §

subset D of X\ K and || d'(x) I|= 1 for all x € D.

This is an improvement on [8, Theorem 2], [2, p.526].

From Corollary 2.5 we can make the following deduction.

3.2. Theorem

On a reflexive Banach space X with uniformly Gdteaux differentiable norm, the

distance function generated by a non-empty closed set K is Fréchet differentiable on a dense G §
subset of X \ K.

The advantage of having conditions holding generically is made even more apparent
when we link our results to those of Lau [10] on points of best approximation.

3.3. Corollary

In a reflexive Banach space X with uniformly Gateaux and Kadec norm, given a

non-empty closed set K there exists a dense G g subset of X \ K each of whose points has

points of best approximation in K and at whose points the distance function d generated by K is
Fréchet differentiable.

Proof

Lau has shown that in a reflexive Banach space X with Kadec norm there exists a dense

Gg subset P in X\ K where each point of P has a best approximating point in K. A reflexive

Banach space can be equivalently renormed so that its dual is locally uniformly rotund. Now
the property that wherever a locally Lipschitz function is Géteaux differentiable it is strictly
differentiable is an isomorphic property. In the renormed space the distance function d remains
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a locally Lipschitz function and by Corollary 2.5 it is Fréchet differentiable on a dense Gg
subset A‘I’ of X \ K. But then in the original space the distance function d is Fréchet
differentiable on the dense Gg subset Ay, of X \ K.We conclude that d has the required

properties on the dense Gg subset A\l’ NP of X\K. /!

But again we can link this result to [1, Theorem 6.6] which generalizes that of
Stechkin [13] for points of unique best approximation.

3.4. Corollary
In a Banach space with uniformly Gdteaux differentiable norm and with Fréchet

differentiable dual norm, given a non-empty closed set K there exists a dense G § subset of

X\ K each of whose points has a unique point of best approximation in K and at whose points
the distance function d generated by K is Fréchet differentiable.

For distance functions on Hilbert space we have not gained any information which
was not already known [3, p.379]. This is because in such a space the square of the distance
function is the difference of two convex functions. However, using a special case of the
smooth variational principle due to Borwein and Preiss [4, p.525] it is possible to deduce Lau's
result for Hilbert space with a short proof which also shows how points with best
approximation and their best approximating points in the set are related to general points off the
set.

3.5. The Borwein—Preiss Theorem

Consider a proper extended real lower semi-continuous function 6 bounded below
on a Hilbert space H. Given € >0andxy € H such that
O(cp) <infO+¢
for any A > 0 there exists av € H such that
lIxgvii<2
and aw € H such that
lxp-wl< A and

0(x) + (e/A2) —w II2 2 6(v) + (e/A2) Il x—v 112 forallx e H.
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3.6. Theorem
Consider a non-empty closed set K in a Hilbert space H and yy € H\K and § > 0.
For sufficiently small 0 < € <d?(yp) and xg € K N B(y ; d(yp) + €/4d(yp), given A > 0 there

exists ay € B(yy ; 6) with best approximation p(y) € K N B(xg ; A) such that for some

2
+(EIX)w
w e B(x ;l)wehavey:—)—)QL—z)— .
1+el
Proof
Consider the function
2 ]
0() =l x=y, II whenx e K
+ oo when x € H\K |

Since Il xgyq Il < d(yg) + €/4d(yg) and 0 < € < d2(yg) we have
8(xq) = Il xg—yq I2 < d2(yg) + € =inf 8 +&.

Applying the Borwein—Preiss Theorem to 6 we see that there exists av e B(xg;A) and a

we B(xg; M) suchthatforallxe K

Il x—yg 12 + (&/A2) l x=w 112 2 1l v—yq I2 + (€/A2) Il v—w I2
SO

(1+eA2) 1 x 112 = 2(x,y0 + €/A2) w) = (1+e/A2) || v 12 = 2(v, yo + €/A2) w)
and

2 2
+(e/A 2 +(e/\ 2
Y €AW 2, Yt w2

1+&/N 1+s/7»2

2
i Yo HEM yw
Since O(v) < = we have that v e K and so we deduce that v = p(y) where y = ———r— .

1 +e/?»2

Now Il ygy Il =—E— llygwil < —E— (d(yy) + A +er4d(yy)
A +e A +e

so by suitable choices of € and A we have Il y=yg Il < 3. /
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