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THE FIRST BOUNDARY VALUE PROBLEM FOR SOLUTIONS OF

DEGENERATE QUASILINEAR PARABOLIC EQUATIONS
Guangchang Dong

The study of a class of degenerate quasilinear parabolic equations
m ‘
such as u = (u )xx(m>1) Pu = [a(u)]xx + [b(u)]x ,a'(0) =0 ;

u = A(um)(m>1) Pug = Aa(u) + Ebi(u)ux , a'(0) =0 etc. comes from
i

liquid flow through porous medium. Attention is restricted to the
nonnegative solutions because of their meaning in this context. A

. . . . 0
special feature of the above equations is, that at the point (xo,t )
where u(xo,to) > 0 , the equations are nondegenerate. Degeneracy

. 0.0 0.0

occurs only at the point (x ,t ) where u(x ,t ) = 0 . Because of the
degeneracy of the equation, the classical solutions do not exist, so

that we must consider the generalized solutions.

The following results were obtained in the study of the Cauchy
problem and the first boundary value problem of the above equations, for
the one space variable case.

Oleinik, Kalasinkov and Czou [1] treated the Cauchy problem and
first boundary value problem of u, = [q)(x,u)]xx where ¢(x,0) =

¢ﬁ(x,0) =0 .

Gilding and Petelier [2] studied the Cauchy problem of

u, = (um)

¢ + (un)x (m>1 , m , n , are constants). Under the

XX

restriction n < %{m+1), the generalized solutions were proved to be
unique, while for the existence of generalized solution this restriction

was not needed.



149

Gilding [3] extended the result of [2] to the equation
u, = (a(u)ux)X + b(u)ux where a(0) =0 and a(u) >0 when u > 0 ,
and studied the existence and uniqueness of generalized solutions for
the Cauchy problem and the first boundary value problem. A similar
restriction b2 { Ka (K 1is a constant) is needed in the proof of

uniqueness of solutions.

There have been many attemmpts to remove the restriction b2 < Ka
on the uniqueness of solutions (see [4] and its references). At last, a

result of Chen Yazhe (preprint) nearly removes this serious restriction.

In higher space dimensions, Sabinina [5] solved the Cauchy problem

of u, = A®(u) where 3'(0) =0 .

In 1981, the author studied the existence and uniqueness of
solutions for the first boundary value problem of

u, = div(a(u)gradu) + 3 bi(u)ux where a(0) =0 and a(u) > O when
i

u > O . For the uniqueness of solutions there were some restrictions on

bi(u) related to a(u) (preprint).

Chen Yazhe [6] solved the first boundary value problem of
u, = E(aij(x,t,u)ux')Xi + 3 bi(x,t,u)uxi + c(x,t,u)u , where the
smallest eigenvalue A of the nonnegative symmetric matrix

< ps _ 2 .
(aij(x,t,u)) satisfies Alu -0°= 0 and = bi (KN (K is a
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constant). It should be noticed that the restriction 3 b? < KN is
needed in [6] for the proof of the existence of the solution. This is
unlike the one space dimensional case, where b2 { Ka 1is needed only

for the proof of uniqueness.

We have succeeded in removing the restriction Eb? < KA\ and prove
the existence and uniqueness of generalized solutions of the first

boundary value problem and the Cauchy problem [7].

Let Q be a bounded domain in R* , T >0 , Q = x(0,T) .
Consider the generalized solutions of the first boundary value problem

u = E(aij(x,t,v)xj)xi + Ebi(x,t,v)uXi + c(x,t,v)u (x,t) €Q
(1) ult =0 = o(x) . X€Q

Uanx(o,7y = ¥(s:t). s€8. 0Lt (T

where the initial and boundary data and the coefficients of (1) satisfy

the following conditions:

(1) aij(x,t,r) . bi(x,t,r) , c(x,t,r) , ngsaij(x,t.r) s

a = © s

25§;bi(x,t,r) €CQR) , 1 <i,j {m.

1 2 2 n
(2) pUrDIEI" < Eaij(x,t,r)fifj <Au(IrD)IEI® , VEER ,

V(x,t,r) € QR , where A is a positive constant,

v(r) € C[0,2] , p(0) =0, v(r) >0 when r > O . There

exist constants & > 0 , m > 1 such that
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1< rv(r)/Jwv(s)ds {m, r € (0,6] .
0

abi(x,t,r)

2 Ox.
1

(3) Ibi(x,t,r)l Je(x,t,r)l <A (1 <i<n)

V(x,t,r) €Q xR .

(4) There exist constants a, >0, 90 € (0,1) such that

mes {K(p) N Q} < (1-6,) mes K(p) (p < )

where K(p) is the ball with center on 90 .

1+Bo
(5) ot ecC (BO >0) ., uo(x) 20, Y(s,t) 20, (s €80,

0 £ t{T) , satisfy the compatibility condition

uo(s) = y¥(s,0); uo(x) and Y(s,t) satisfy Holder conditions.
A function u(x,t) satisfying u(x,t) € C(Q) and u(x,t) > O
is called a generalized solution of (1) when it satisfies the

initial and boundary conditions in the ordinary sense and

satisfies the equation in the generalized sense as follows.

For all o(x.t) € ¢2'1(@) n cl(@) . #lecr = *lanxgo.1] = © -

J;{u¢t + EAij(x,t,u)¢x - E[Ai(x,t,u) + Bi(x,t,u)] Pyt [e(x, t,u)

(X,
iTj i

I SA. .(s.t.¥(s,t))
aax[o,t] Y

Qﬂéﬁiflcos(N,si)cos(N.sj)dsdt =0, where N is the outer normal of

+ B(x,t,u)Je} dxdt + J uo(x)¢(x.0)dx -
Q

dQ2 and
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T r Oa, .
Aij(x,t r) = J;aij(x.t.s)ds , Aj(x,t.r) = J;E—aii(x,t.s)ds ,
1<i,j<{n.
. b,
Bi(x,t,r) = Jwbi(x,t,s)ds . B(x,t,r) = JT25§—(x,t,s)ds .
. 0 0 i

THEOREM Under the above conditions the solution of the generalized
solution exists. Moreover u satisfies a Holder condition in Q . If

we further assume JdQ0 € C2 , then the generalized solutions are unique.
Sketch of the proof:

STEP 1 Prove the classical solution of (1) satisfies a Holder estimate
when uo(x) >0, yY(s,t) >0, and the exponent and coefficient of
Holder estimate are independent of the positive lower bound of u in

Q.

In order to obtain this result we first make a change of variables
such that -A { c(x,t,u) { O and then let w = Jur(s)ds or u = &(w) .
0

Multiplying (1) by Cz(x) (w—k)+ and (2(x)(w—k)— where ((x) is a

cutoff function and k is a constant, we have

3 [e-~,<1>- (x) cj

Ers A )fzxk(w—k)dx + Q%K e_qél(k)tJ‘ C2|Vw|2dx
t
. o

A (8
(2)
< ve—qﬁi(k)tj |V§|2(w—k)2dx

) Ay o(t)
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where ~ 1is a constant, Ak p(t) = {x€KpﬂO|w(x,t)>k} , xk(s)

= JSQ'(T+k)TdT .
0

[e—@' (x)t J‘

B, p(t)

X (k-w)dx + 21—MA e""'(k)tj 2 1vw 1 2ax

B, o(t)

CDlQJ
o+

(3)
< e (k)tU

Bk,p(t)

|V§|2(k—w)2dx + mesBk’p(t)]

where t) = {x€K M lw(x,t)<k} . x,.(s) = | &' (k-r)vdT . A function
p p k
’ 0

w(x,t) satisfying (2), (3) shall be said to be of generalized
%2(Q,M,m,7) class. In the ordinary %2 class of Ladyzenskaya and
Ural’ceva the function xk(w—k) and ;k(k—w) are replaced by (w—k)2 s

-2 (k)t . Its Holder estimate has been

and there is no factor e
established by Ladyzenskaya and Ural’ceva already [8]. The generalized
@2 class has properties similar to the ordinary %2 class and, after

some special treatment, the Holder estimate independent of the lower

bound of u in Q is ultimately obtained.

STEP 2 The existence of generalized solution
Approximate uo(x) and yY(s,t) by uék)(x) 2 k_l .

¢(k)(s,t) > k_1 (k = 1,2,...) respectively so that the equation (1)

becomes nondegenerate. Then perform a smoothing approximation of

coefficients and initial boundary data by agi) . bge) . c(e) s uék’e) s

¢(k,e) s v(e)(r) . The approximation of wv(r) by v(e)(r) must be
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done so that 1 {r v(e)(r)/Jrv(e)(s)ds holds. The classical solution
o]

u(k’e)(x,t) exists by a well known theorem. Taking a partial sequence,

we then have u(k’e)(x,t)(eﬁO)—au(k)(x,t)(kﬂm) — u(x,t) ; i.e., we
a

obtain a generalized solution of (1) with u(x,t) € Ca’2(6) .
STEP 3 Uniqueness of generalized solutions

If there is another generalized solution E(x,t) € c(Q) .
G(x,t) >0 in Q . Then the difference u(k)(x,t) - K(x,t) satisfies

the following integral relation:

jQ[u(k) - Lo, + Eagl;)(x,t)wxixj + Ebgk)(x,t)q)x. + (B (x, t)pJaxde

1

+fo[uék)(x)—uo(x)](x,O)dx—I [\p(k)—\#]Eagl;)(s,t)g—(chos(N,sj)dsdt -0

x[0,T]
where
& _ [ ), 1-012 (k) (k)
a; .’ = J‘a..(x,t,eu +(1-6)u)dé , b:; 7 = ...,c =
ij o id i
Then approximate u by Ee so that u < Ge < U+e . With U

replaced by Ge’ we obtain the approximate coefficients

1
a?;’e) = Joaij(x,t,Gu(k)+(1—9)ue)d6 : bgk":) = ..., ke
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For any U(x,t) € C(Q) , solve the boundary value problem

(k.e) (k.e) (k.e), _
¢t+2aij ¢xixj+2bi ¢Xi+c ¢ = U(x,t) ,

¢|¢=1=%|a0x[0,77 = © -

Denote the solution of the above problem by w(k'e) . We prove that

¢(k,e) satisfies the following three inequalities

(4) 1056 ¢ 2ATgup1u(x, 1) |
Q
(k.e)
3p 1
(%) l Ianx[o,T]"(E) <K
(6) I Lol + sl ) Phaxar < K(x)

*§ J *4

where K , ﬁ(k) are constants. Hence

Ijq(u—G)dedtl < II (u—u®)yudxde | + |f @ ) Lo, +za(k €) }({kx‘:)

. Ebgk e)¢£5 e) C(k e)@(k 6)]dxdt|

IN

1
lf (u—u®yuaxde | + |J W3 {z[zag?’e)

_ (k)]¢§‘f e.) v 3k o b, 0k-€)
1

s [oloe) (k)},,(k )yaxdt + lj [u8 () - 4y

(k.e)

‘P(k’e)(x,O)did + IJ; [\P(k) \P]h(k)a‘p BN

0X[0,T]
cos (N,si)cos(N,sj)dsdtl — 0
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when € -0, k »® by applying (4). (5) and (6) . Hence
J (u-0)Udxdt =0, u=u
Q
i.e. the uniqueness of the generalized solutions follow.

OPEN PROBLEMS The properties of the generalized solution in the higher

space dimensional case have had very little study.
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