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THE FIRST BOUNDARY VALUE PROBLEM FOR SOLUTIONS OF 

DEGENERATE QUASILINEAR PARABOLIC EQUATIONS 

Gw:mgchang Dong 

The study of a class of degenerate quasilinear parabolic equations 

such as ut 

u = A(um) 
t • a' 

a' (0) = 0 ; 

etc. comes from 

liquid flow through porous medium. Attention is restricted to the 

nonnegative solutions because of their meaning in this context. A 

special feature of the above equations is, that at the point 0 0 (x ,t ) 

where 0 0 u(x ,t ) > 0 , the equations are nondegenerate. Degeneracy 

occurs only at the point 0 
(x • where 0 u(x , = 0 Because of the 

degeneracy of the equation, the classical solutions do not exist, so 

that we must consider the generalized solutions. 

The following results were obtained in the study of the Qmchy 

problem and the first boundary value problem of the above equations, for 

the one space variable case. 

Oleinik. Kalasinkov and Czou [1] treated the Cauchy problem and 

first boundary value problem of ut = [~(x,u)]xx where ~(x,O) = 

cp~(x,O) = 0 . 

Gilding and Petelier [2] studied the Cauchy problem of 

ut (urn) + (un) (m>l , m , n , are constants). Under the 
XX X 

1 restriction n ~ ~m+l), the generalized solutions were proved to be 

unique, while for the existence of generalized solution this restriction 

was not needed. 
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Gilding [3] extended the result of [2] to the equation 

ut (a(u)ux)x + b(u)ux where a(O) = 0 and a(u) > 0 when u > 0 , 

and studied the existence and uniqueness of generalized solutions for 

the Cauchy problem and the first boundary value problem. A similar 

restriction b2 ~ Ka (K is a constant) is needed in the proof of 

uniqueness of solutions. 

There have been many attemmpts to remove the restriction b2 ~ Ka 

on the uniqueness of solutions (see [4] and its references). At last, a 

result of Chen Yazhe (preprint) nearly removes this serious restriction. 

In higher space dimensions, Sabinina [5] solved the Cauchy problem 

of ut = A~(u) where ~'(0) = 0 

In 1981, the author studied the existence and uniqueness of 

solutions for the first boundary value problem of 

u" = div{a(u)gradu) + 2 b.(u)u where a(O) = 0 and a(u) > 0 when 
C 1 X. 

l 

u > 0 For the uniqueness of solutions there were some restrictions on 

bi(u) related to a(u) (preprint). 

Chen Yazhe [6] solved the first boundary value problem of 

ut = L:(a .. (x,t,u)u ) + 2: b. (x, t,u)u + c(x,t,u)u where the 
lJ xj xi 1 X. 

l 

smallest eigenvalue A of the nonnegative symmetric matrix 

(aij(x,t,u)) satisfies 
"lu = 0 = 0 and 2 b7 ~ KA (K is a 



150 

constant). It should be noticed that the restriction ~ b~ ~ KA is 

needed in [6] for the proof of the existence of the solution. This is 

unlike the one space dimensional case, where b2 ~ Ka is needed only 

for the proof of uniqueness. 

We l~ve succeeded in removing the restriction and prove 

the existence and uniqueness of generalized solutions of the first 

boundary value problem and the Cauchy problem [7]. 

Let 0 be a bounded domain in mn , T > 0 , Q = Ox(O,T) . 

Consider the generalized solutions of the first boundary value problem 

{ u, I(a .. (x, '·, v) ) • Th. t,v)u + c(x,t,v)u t) E Q 
lJ xj xi 1 X. 

1 

(1) Ult = Q = u0 (x) , X € 0 

ulanx(O,T) = ~(s,t), s € an . 0 ~ t ~ T 

where the initial and boundary data and the coefficients of (1) satisfy 

the following conditions: 

(1) aij(x,t,r) , bi(x,t,r) 

2.88 b. (x. t. r) E C(Qx!R) 
X. 1 

l 

a c(x,t,r) , 2.8 a .. (x,t,r) 
xj lJ 

l~i,j~m. 

(2) lv(lri)IEI 2 ~ ]aij(x,t,r)f1fj ~A v(lrl)l§l 2 , V E € !Rn. 

V(x,t,r) € Qxffi , where A is a positive constant, 

v(r) € C[O,oo] , v(O) 0 , v(r) ) 0 when r ) 0 . There 

exist constants l5 > 0 , m > 1 such that 
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1 ~ rv(r)/J:v(s)ds ~ m r € (O,c5] . 

(3) I ab.(x,t,r) I 
lbi(x,t,r)l ~ 1 axi , lc(x,t,r)l ~A (1 ~ i ~ n) 

V(x,t,r) € Q x ffi 

(4) There exist constants a0 > 0 , 90 € (0,1) such that 

mes {K(p) n 0} ~ (1-90) mes K(p) (p ~ a0 ) 

where K(p) is the ball with center on ao . 

1+{30 
(5) an € c ((30 > 0) . uo(x) ~ 0 . ~(s,t) ~ 0 • (s € an . 

0 ~ t~T) , satisfy the compatibility condition 

u0(s) = ~(s,O); u0(x) and ~(s,t) satisfy ffolder conditions. 

A function u(x,t) satisfying u(x,t) € C(Q) and u(x,t) ~ 0 

is called a generalized solution of (1) when it satisfies the 

initial and boundary conditions in the ordinary sense and 

satisfies the equation in the generalized sense as follows . 

..2,1 1 -
For all ~(x,t) € c- (Q) n C (Q) , ~~t=T = ~laox[O,T] = 0 • 

I {u~t + ~- .(x,t,u)~ - ~[A.(x,t,u) + B.(x,t,u)] ~ + [c(x,t,u) 
Q 1J xixj 1 1 xi 

+ B(x,t,u)]~} dxdt + Ju0(x)~(x,O)dx- J ~- .(s,t.~(s,t)) 
o anx[O,T] 1 J 

a~(s,t) 
aN cos(N,si)cos(N,sj)dsdt = 0 , where N is the outer normal of 

an and 
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r 8a .. 
Aj(x,t,r) = ! ~J{x,t,s)ds 

0 i 

1 S: i,j S: n 

II:" 8b. 
B{x,t,r) = 0!8x:(x,t,s)ds 

THEOREM Under the above conditions the solution of the generalized 

solution exists. Moreover u satisfies a Holder condition in Q . If 

we further assume an € c2 , then the generalized solutions are unique. 

Sketch of the proof: 

STEP 1 Prove the classical solution of {1) satisfies a ffolder estimate 

when u0{x) ) 0 , ~{s,t) > 0, and the exponent and coefficient of 

Holder estimate are independent of the positive lower bound of u in 

Q. 

In order to obtain this result we first make a change of variables 

such that -AS: c{x,t,u) S: 0 and then let w = J:r{s)ds or u = w{w) 

Multiplying {1) by C2{x) {w-k)+ and C2{x){w-k)- where C{x) is a 

cutoff function and k is a constant, we have 
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where ~ is a constant, A. ( t) --k.p 

(3) 

-~!11· (k)t [I 2 2 J ~ ~e IVCI (k-w) dx + mes~ (t) 
R (t) ,p 
-k.p 

where Bk (t) = {x€K nDiw(x,t)<k} • xk{s) = r!l1'(k-T)TdT . A function 
.p P Jo 

w{x,t) satisfying (2), {3} shall be said to be of generalized 

~2(Q,M,m.~) class. In the ordinary ~2 class of Ladyzenskaya and 

Ural'ceva the function xk{k-w} are replaced by 2 (w-k} 

and there is no factor 

)(k(w-k} and 

-~w· (k}t 
e . Its Holder estimate has been 

established by Ladyzenskaya and Ural'ceva already [8]. The generalized 

~2 class has properties similar to the ordinary ~2 class and, after 

some special treatment, the Holder estimate independent of the lower 

bound of u in Q is ultimately obtained. 

STEP 2 The existence of generalized solution 

Approximate u0(x) and ~{s,t) by u~k}(x) ~ k-1 

{k} -1 
~ (s,t} ~ k (k = 1,2, ... ) respectively so that the equation {1} 

becomes nondegenerate. Then perform a smoothing approximation of 

coefficients and initial boundary data by a~:) ' b~c) . c(c) . uo(k,c} 
lJ 1 

The approximation of v{r) by v{c){r) must be 
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done so that 1 ~ r v(c)(r)/J:v(c)(s)ds holds. The classical solution 

u(k,e)(x,t) exists by a well known theorem. Taking a partial sequence, 

we then have u(k,e)(x,t)(c...ryQ)--!U(k)(x,t)(k-!00) --1> u(x,t) ; i.e., we 

a 

obtain a generalized solution of (1) with u(x,t) € ca· 2(Q) . 

If there is £'.Iwther generalized solution t) € 

~(x,t) ~ 0 in Q . Then the difference (x,t) - ~(x,t) satisfies 

the following integral relation: 

+ 2b~k)(x,t)~x. + c(k) t)~]dxdt 
1 

+I [u(k)(x)-u (x)](x,O)dx-J [~(k)_~]~~~) 
n ° 0 anx[O.T] lJ 

where 

. ~ " ~ c 
(k) 

Then approximate u by uc so that ~ ~ ~c ~ ~+c 

replaced by uc, we obtain the approximate coefficients 

With u 

.... c 
(k,c) 
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For any U{x,t) € C(Q) , solve the boundary value problem 

{ 

+~_{k,c) +~{k,c) + (k,c) _ U( t) 
<p t .L.C1. • <f> .<.U. <p C <p - X, 

lJ xixj 1 xi 

'~~lt=T='~'Ianx[O,T] = 0 

Denote the solution of the above problem by <p(k,c) . We prove that 

{k.'c) 
<p 

{4) 

{5) 

{6) 

satisfies the following three inequalities 

where K , K{k) are constants. Hence 
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when ~~a, k ~ro by applying {4), {5) and {6) . Hence 

I {u-~)Udxdt = 0 , 
Q 

u=u 

i.e. the uniqueness of the generalized solutions follow. 

OPEN PROBLEMS The properties of the generalized solution in the higher 

space dimensional case have had very little study. 



157 

[1] O.A. Oleinik; A.S. Kalasinkov and Czou Yoi-Lin, The Cauchy 
problem and boundary problems for equations of the type of 
non-stationary filtration. Izv. Akad. Nank SSSR. Ser. Mat. 22 
(1958)' 667-704. 

[2] B.H. Gilding and L.A. Peletier, The Cauchy probLem for an 
equation in the theoq; of i.nfil.tration, Arch. Rational Mech. 
Anal. 61. no.2 (1976), 127-140. 

[3] B.H. Gilding, A nonlinear degenerate parabolic equation, JLnn. 
Scuola Norm. Sup-Pisa Cl. Sci. (4) 4, No.3 (1977), 394-432. 

[4] G.C. Dong and Q.X. Ye, On the uniqueness of solutions of 
nonlinear degenerate parabolic equations, Chinese Ann. Math. 3, 
No.3 (1982, 279-284. 

[5] E.S. Sabinina, On the Cauchy problem for the equation of 
nonstationary gas fiLtration in severaL space variables. Dokl. 
Akad. Nauk SSSR 136 (1961), 1034-1037. 

[6] Y.Z. Chen, Existence and uniqueness of weak solutions of 
uniformly degenerate quasHinear parabolic equations, Chinese 
Annals of Mat., 6B:2 (1985), 131-146. 

[7] G.C. Dong, The first boundary value probLems for solutions of 
degenerate quasilinear parabolic equations, Preprint. 

[8] O.A. Lady zhenskaya, V.A. Solonikov and N.N. Ural'ceva, Linear 
and quasilinear equations of parabolic type, Trans. Math. 
Monographs, Vol.23, Amer. Math. Soc. 1968. 

Department of Mathematics 
Zhejiang University 
Hangzhou, Zhejiang 
CHINA 


