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HANKEL OPERA'TORS ON mE PALEY-WIENER SPACE IN IRd 

Peng Lizhong 

d d d 
I = {-1T,1T) = {f E IR : -1T <f.< 'IT, i = l, ... ,d} and let 

J 

X d denote the characteristic function of Id 
I 

Denote the Fourier 

transform of g by F{g) = g and the inverse Fourier transform of f 

{1) A 1 I -if•x g{f) = d/2 d g{x)e dx 
{2v) IR 

and 

{2) J: 1 I if•x I{x) = d/2 d f{f)e df . 
{21T) IR 

The Paley-Wiener Space on Id , PW{Dd) , is defined to be the 

under -1 F , i.e. 

{3) -1 
{F (x df) 

I 

As is well known, f is in PW(Id) if and only if it is the 

restriction to IRd of an entire function of exponential type at mos~ 

(v+e, ... ,v+e) in O::d which satisfies llfll2 = [ JIRd lf{x) 12dxr/2 < oo 

Let P d denote the projection defined by {P dg)A =X dg The 
I I I 

Toeplitz operator on PW(Id) with symbol b is defined by 

{4) d for f E PW(I ) . 

d And the Hankel operator on PW(I ) with symbol b is defined by 

{5) Hb(f) = p d{bf) • 
I 

d for f E PW(I ) 
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Because PW(Id} is preserved when taking complex conjugates, these 

two operators on PW(Id} are unitary equivalent. But as they have 

properties similar to those of classical Hankel operators (see below), 

we prefer the name Hankel operators in both cases. 

In [7], Rochberg has studied the Hankel operators on PW{I) , i.e. 

the case of one dimension, the results he obtained are as follows: 

Let 9{x) i'liX 
= e 

on [-3~.-rr] , 

00 

-/JL ' -/JR € CO{IR) 

-/IR(f) = -/IL(-f) 

, supp -/JL C [-4~.-rr/2] , 

-/ic = 1 - -/JR - JL ' 

~ A (Rochberg [7]) 

1. IITbll e: IIP_(a~R)IIBMO + IIP+(e~ * ;jJL)IIBMO + lib* $cll00 

2. Tb is compact if and onLy if P_(a~ * ;jJR) and P+(e~ * ;jJL ) are 

in CMO and lim b * ;jJ (x) = 0 
lx (...,ro c 

3. IITbiiS = llbll~ e: IIP_(92 * ;jJR)IIB + IIP+(e~ * .'ft)IIB + lib* ;jJ II , 
p p p p c Lp 

for ~ p < 00 , where S are Schatten-von Neumann ideaLs, B are 
p p 

cLassicaL Besov spaces B1/p,p(IR) . 
p 

He aLso gives a characterization of ~ 
p 

THEOREK B (Rochberg [7]) Suppose that supp G C 2I , 1 ~ p < ro , then 

llbll~ e: I dist .ll~j * bliP , 
P j€Z J Lp 

where {~j}jEZ is a partition of unity for 2I with respect to the 

singuLar points -~ and 2~ , dist. =the distance from the centre of 
J 

support set of ~j to the compLement of 2I . 

In the end of [7], Rochberg proposed several open questions, e.g. 

do the S criteria in Theorem A and B extend to all positive p ? what 
p 
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are the analogs of above results in ? what are the basic functional 

anlytic results for the spaces ? 

We study the Hankel operators on i.e., thecaseof 

d-d:i.mension, and al'lS<Ner the questions. 

Taking Fourier transform, we get 

(6) 

This turns out to be a paracommutator with symbol b Fourier kernel. 

and index s = t = 0 , see Janson and Peetre [3]. But now 

the Fourier kernel X d{fh d(Tl) does not satisfy the conditions in 
I I 

Janson and Peetre [3]. and so it ca...."'IDot be dealt with in the framework 

of [3]. We have to look for a nevr approach. 

Note that where X 
(2I 

We assume that 

supp b C (2I)d throughout this paper. 

As is well knovm, there exist two i.mporta:nt decompositions in 

Harmonic analysis: the Whitney decomposition for open set of IRd and the 
X 

Littlewood-Paley decomposition for !Rd 
f 

When d = 1 the 

Littlewood-Paley decomposition for !Rl 
f 

can be regarded as a Whitney_ 

decomposition of the open set !Rl with boundary ± 00 We refine this 
f 

idea and give ar1 appropriate decomposition for Id such that it 

possesses the properties of both the Whitney decomposition and the 

Littlewood-Paley decomposition. Using this decomposition we define a 

new kind of Besov spaces for 0 < p ' q :;; 00 It turns 

out to be quite a success to characterize the Schatten-von Neumann ideal 

criteria for P~el operators acting on PW(Id) . 
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Let Aj = 0, for j = 1,2, ... , 110 = {f E I : lfl ~ ~} , 
. 1 . . 1 . 

11. = {.f € I : 2J- 1f ~ 1r-§ :-:; 2J1r} U {.f € I : 2J- -rr :<;; f + 1f ~ 2J1r} for 
J 

0 
j = -1,-2, ... , A.= A. 1 U A. U A. 1 Thus I= U A. 

J J- J J+ J j::-00 

Let Z denote the set {0,-1,-2, ... } , for j € &':~ 

then we have 

(7) 

This gives a decomposition of Id 

00 
supp :P0 c {f Take :jJ0 E C0 (1R) such that : 3 <Po(f) ~~I ( - 11} i c - 4 

on {f : If I < !. } - 2 . ' .:Po(f) = <Po(-f) Let ,Pj(f) 
~ -j 3 ) for j = -1 ,-2, ... and let = 'P0 (2 (If I - 11" + 

2-j 
2 

d 
:P_jon = u for j € &':d moreover we can also require that 

i=l i 

i.e., it is a partition of unity for 

DEFINITIOi.,- 1 For 1 ~ p ~ ro , 

= II [ g 
i:::l 

DEFINITION 2 For d s E IR , 

(9) 

A d 
supp f C I , llfll d 

Hs(I ) 
p 

0 ( p,q s; 00 
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It is obvious that B1/p,p{2I) = ~ for d = 1 , 1 ~ p < 00 • 
p p 

For a € ffid , the operator Ia is defined by 

We obtain the basic functional analytic results for 

follows. 

1lJIDREI( 1 

{i) Bs,q(Id) is a quasi-Banach space if s € ffid , 0 < p,q ~ 00 
p 

(Banach space if 1 ~ p,q ~ 00 ) , and the quasi-norms 

different choices {~.} are equivalent. 
J. 

{ii) B~1/2, ... ,1/2),2(Id) = ~1/2, ...• 1/2)(Id) 

{iii) S C Bs,q(Id) c S'd . 
Id p I 

( . ) If < S . de . Bs,q(Id) 1v p,q oo , d ~s nse ~n 
I P 

s,q1 d 
c BP (I ) , if q0 ~ q 1 

s,qo d 
(v) B . (I ) 

p 

{vi) Va € ffid , Ia maps Bs'q(Id) · ph' LL t p ~somor ~ca y on o 

THEOREM 2 Let s € ffid , 1 ~ p,q < oo , then 

(10) 

where 1 1 -+-.=1. 
p p 

[B;'q(Id))' = B;s,q'(Id) 

1 1 -+-.=1 q q 

0 1 d IBEOREK 3 Let s ,s € ffi , 1 ~ p0 ,p1,q0 .q1 < 00 - . 
* 0 1. * 0 1 s = (1-9)s1 + 9s (l.e. s1 = {l-9)s1 + 9s1 • 

..!_- 1-9 + .!!... 
P* Po pl • 
1 1-9 -q* 

o < 9 < 1 • 

* 0 1 sd = 1-9)sd + 9sd)' 
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Then 

(11) 

Extending the definition of Tb we consider defined by 

(12) 

h - !Rd were x,t t . We obtain a characterization of the Schatten-von 

si,ti > max(-1/2,-1/p) 

bE Bs+t+(l/p, ... ,lp), 
p 

Then Ts, t E S 
b p 

if and only if 

and 

(13) ,til ~ llbll s 
p 1/p, ... , l/p),p{(2I 

To prove it, for 1 ~ p ro we follow the procedure of Janson and 

Peetre [3], for 0 ( p < 1 we follow the procedure of Peng [5]. 

where 

(14} 

Note that if p = oo , Theorem 4 does not contain the result of 

We have the following direct result. 

= b * "'o , 

~1 (E) =X d(f)- ~0(f) 
(2I) 

::;: b * "'1 

For the converse result, we get it only for d 1 . 
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IH£XJRE11 6 If d = 1 , Tb is bounded on PW(I) , then B1 € BMO . 

b0 € L00 and 

{15) 
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