7. SUPERPOSITION OF EVOLUTIONS

The main point of this chapter is to present a vector, or operator, version of the
Feynman-Kac formula representing certain perturbations of a given evolution. While
for some evolutions, such as the diffusion semigroup, the formula can be stated in
terms of classical absolutely convergent integrals, for others, notably the Schrodinger
group, the usage of a more general conceptual machinery is inevitable. Needless to say,

the notions introduced in earlier chapters will be used here.

A Let E be a Banach space. The algebra of all bounded linear operators
on F is denoted by BL(E)

The basic ingredient of the abstract Feynman-Kac formula, to be stated in the
next section, is the BL(E)-valued additive set function determined by an evolution in
the space E and a BL(FE)-valued spectral measure. In this section, the conventions
pertaining to these notions are introduced.

Let A be a locally compact Hausdorff space. Although other spaces may be,
and indeed are, of considerable interest, in the examples considered in this chapter, A
will be equal to R? , for some small or unspecified positive integer d. Let B= B(A)
be the o-algebra of Baire sets in A . The B-measurable functions on A will be
called the Baire functions. (See Section 1D.)

Let P:B-BL(E) be a o-additive spectral measure. (See Section 6A.) By
Corollary 6.6, the spectral measure P is closable. (See Section 6C.) If @€ F, by
Py is denoted the FE-valued set function on B such that (Po((B) = P(B)y, for
every BeB. By the assﬁmption, Py is o-additive, for every @€ E. The
integrability with respect to Py is understood in the sense of Proposition 3.13. That
is, a function on A is called (Pyp)-integrable if it satisfies, mutatis mutandis, any of
the equivalent conditions (i), (ii) or (iii) of Proposition 3.13.

Given a Baire function, W, on A, by

P(W) = JA WdP = JA W(z) P(dz)
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will be denoted the operator whose domain consists of the elements, ¢, of the space
FE such that the function W is (Py)-integrable and whose value, P(W)g, at any

such element is given by the formula
P(Wo=| Wia)Pdze.

The operator P(W) 1is bounded if and only if the function W 1is P-essentially

bounded, that is, there exists a Baire set, B0 ,

bounded on the complement of B0 . (See Section 6B.) So, P(W) € BL(E) if and only

such that P(B0)=0 and W is

if WeL(P). (See Section 6C.)
For any real numbers ¢ and ¢" suchthat 0< ¢ <", let S(t",t") € BL(E)
be an operator such that
(i) S(t,t) = I, the identity opereator, for every ¢ > 0 ;
(ii) Sty =8"¢")8(¢",t’), for any ¢, t* and ¢ such that
0<t <t"<t; and
(i) the map S: {(t",t’):0< ¢ < t"} - BL(E) is continuous in the strong
operator topology of BL(E) .

Such a map S:{(¢",t):0< ¢ < t"}-BL(E), with properties (i), (ii) and
(iii), is called an evolution, or a propagator, in the space E. If S(i",t") = S(¢"-t",0),
for any 0< ¢ <", then we speak of a continuous semigroup, or a dynamical
propagator, and write without ambiguity S(¢) = 8(£,0) , for every ¢ > 0. Needless to
say, the numbers ¢, ¢*, {,... entering into arguments of an evolution are intuitively
interpreted as instants of time.

Let t>0. For every se€|0,f], let T, be a set of maps v:[0,s] = A to be
called paths. We assume that {v(s) : veT t} =A, for every s€[0,]. To formulate
another assumption, for any se€ [0,f] , let pr is be the natural projection of T , onto
T_. That is, the value, prt’s(v) , of the map pr s at an element, v, of T , is equal
to the restriction, v|[o’s] , of v to the interval [0,s]. We shall assume that
{prt’s(v) TVE Tt} =T, for every se [0, .

Of main interest are the cases in which T .= A[O’t] , or T, consists of all
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continuous paths wv: [0, » A, or ones which are right-continuous at each point of
the interval [0,f) and have a left limit at each point of the interval (0,7 , etc.
Let £t >0. Given an integer k£ >1, sets B],E B and numbers tj,

j=12,....k, such that 0 < t],_1 < t]_ < t forevery j=2,3,....k, let
(A1) Y= {veTi: v(tj) € Bj, J=12,.,k}.

Whenever it is necessary to indicate the parameters on which the set Y depends we
write Y= Y(tl,...,tk;Bl,...,Bk) .
The family of sets (A.1) formed for all choices of k=1,2,..., sets Bj €85 and

numbers tj, j=1,2,....k, such that 0 < t],_ < tjft for every j=23,..,k, is

1
denoted by 7lt. It is classical and comparatively easy to show, that 7Zt is a
semialgebra of sets in the space T . (See Section 1D.)

Now we define the set function M E y -~ BL(E) determined by the evolution S
and the spectral measure P. Namely, if k¥ > 1 is an integer, Bj € B sets and tj

numbers, j=1,2,....,k, such that 0 < tj—l < tj < tfor j=23,...k, and the set Yis
given by (A.1), let

)S(t,,t, )P(B

(A.2) Mt( Y) = S(t,tk)P(B 21

). P(BQ)S(tQ,tl)P(Bl)S(tl,O) .

k k-1

PROPOSITION 7.1.  For every set Y€, , the operator Mt( Y) is defined by (A.2)

unambiguously. The resulting set function M, : 7lt - BL(E) is additive.

Proof. Let Ye z,. If Y is given by (A.1), then Y =0 if and only if Bj =0 for
some j=12,..k. So,let Y#0. If Y= Y(tl’“"tk;Bl""’Bk)’ for some integer
k>1, sets Bj € B and pair-wise different numbers tj, j=12,...,k, and also
Y= Y(sl,...,sg; 01""’06) , for some integer ¢ >1, sets C’m € B and pair-wise
different numbers 8.5 M= 1,2,...,£, then Cm = Bj whenever 5 = tj , Bj =A for
every j=1,2,...,k such that tj# s for every m=1,2,....4, and Cm = A for every
m=1,2,....¢ such that 5. # t; for every j=1,2,...,k. Therefore, property (ii) of an
evolution and the equality P(A) =17 imply that the operator M t(Y) is defined
unambiguously by (A.2).
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To prove the additivity of the set function M s Y/ = BL(E), by Proposition
1.8, it suffices to prove that this set function is 2-additive. However, the 2-additivity
follows immediately from the following general set theoretical fact: If XeZ,, YeZ,
and Ze® , are sets such that YN Z=0 and X=YUZ, then there exist an integer
k>1, sets Aj , B; and Cj, belonging to B, pair-wise different numbers tj,

j=1,2,..k, and an integer m € [1,k] such that
X= {veTt: v(tj)EA],,j: 1.k}, Y= {veTt: v(tj) € B], yi= 1,0k,
7 = {vETt:v(tj) € C’]_,j= 1,....k}
Aj=Bj= C] for every j#m, j=1,2,..k, B_n C’m=(b and AszmU Cm.

It should be noted that the set function M en for some given @€ £, is
usually of more direct interest than M ; itself. To be sure, M » is the FE-valued
function on 7 ’ whose value at any set Y€ 7 ’ is equal to M t( Y.

Let p be a gauge on some quasialgebra ¢ C7, integrating for the restriction of

Mt‘p to g.Let fe L(p,9) . By

J, roia e | (e

t Tt

(M) = (M),
will be denoted the 'integral of the function f with respect to M » ;' that is, the
value, &f), of the continuous linear functional, ¢, on £(p,d) such that
4X) = Mt(X)go, for every Xe€@. (See Section 3A.) We should note though that,
usually, p does not integrate for (the corresponding restriction of) M ;o 80 that the

symbol '(M t) p(f)‘ is meaningless as are other symbols for the 'integral of f with

respect to M ; !

EXAMPLE 7.2. Let o€ F. Let 9C7? ’ be a quasialgebra. Let p be a gauge on &
integrating for the set function My  restricted to 2. Let 0<i <tf<..<
t_g<t, st and W, W,, ..., W _ be Baire functions en A such that the function

[, defined by



for every veT ,» 18 p-integrable. Then

VP(W 1) o P WQ)S(tTtl)P( Wl)S(t 0)p.

n n’ n-1 n— 1’

J Jd (M) = Sttt )POW )S(1 ¢
T, P n

EXAMPLE 7.3. Let pe EF. Let gcC 7Et be a quasialgebra. Let p be a gauge on g
integrating for the set function My:¢-FE. Let 0<s< . Let g = {Zc T :
PTQTS(Z) €@} and p(2)= P(pr;fs(Z)) , forevery Ze g . Assume that the gauge p_
integrates for the set function on M p:d - E. Let g bea p_-integrable function on

Ts, W a Baire function on A and

flv) = Wlw(s))g(pr, (v))

for every ve T . If the function [ is p-integrable, then

J, fa 00 = st Pm [ ga, (100

s
8

B. We maintain the notation of Section A.

Assume that an evolution, 5, in the space F and a spectral measure, P, on
B=B(A) aregiven. Let ¢ be an element of the space F.

Let t > 0. Let : be the Lebesgue measure on the interval [0,f] and £(:) the

family of all (individual) Lebesgue integrable functions on [0,{] . We write, of course,

for every fe L(s).

Let & be a semialgebra of sets in the space T ; such that @ C7% ’ and let p be
a gauge integrating for the restriction of the set function M p o to g. For every
se0,q], let Qs ={Zc T, pr;fs(Z) €g} and let /)s(Z) = p(pr?}S(Z)) , for every
Z€ Qs .
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Let W be a function on [0, x A such that the function 7+ W(ru(r)),
re€ [0,4], is i-integrable for p-almost every ve€ T,. Forevery se [0, , let e be a

function on Ts , to be called the Feynman-Kac functional, such that
K]

(B.1) es(v) = exp{ J 44 r,v(r))dr} ,
0

for every ve T, for which the integral at the right exists.

If e happens to be ps—integrable, let
(B.2) u(s)=JT e (VM(d V).

In particular,

In order to present concisely an intuitive interpretation of w(t), let us extend
the definition of W onto the whole of [00)xA by letting Wi(s,z) = W(t,z), for
every s>t and every z€ A. Assume that, for every ¢ and {¢" such that

0< ¢ <t

"

t

(B.3) T(t",t") = P[epr W(s,-)ds}

v
is a well-defined operator belonging to BL(E) and the resulting map T': {(¢",t"):
0 <t <t"}-BL(E) is an evolution in the space E .

Then u(¢) can be thought of as the element of the space E into which ¢
evolves under simultaneous action of § and T during the time-interval [0,f. In
fact, if the numbers 0 = to <t <..<i < i =1{ represent a partition, 4, of the

n—1
interval [0,] , let us denote

()= T( b )S( b VT b NS b ) e Tl E ) Syt ) TS )6

Z

Furthermore, let
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: .
szexp[J’ W(r,«)dr] ,
¢
-1

50 that T(tj—l’tj) = P( Wj) , forevery j=1,2,...,n, and

h(o)= T Walt)),

for every vel ;- Then, by Example 7.2,

Now, if the partition , is sufficiently fine, then we may expect that u (¢) will be

approximately the outcome of the simultaneous action of the evolutions ; and T on
¢ during the time-interval [0,/ . On the other hand, we may also expect that the
integral of h% 'with respect to M tcp' will approximate the integral of e -

Turning these heuristics into a solid argument would of course require an appeal
to a Trotter-Kato type theorem. However, we shall proceed differently. Namely,
assuming that the function e is ps—integrable, for every se€[0,{] , we are going to
present a sufficient condition for the function se u(s), s€][0,], to satisfy a
Duhamel type integral equation which expresses formally the idea of the superposition
of the two evolutions. The condition is stated in terms of (4®p)-integrability. (See

Section 5C.)

So, let

fls,v) = W(s,v)exp{ J: Wir,u( r)»)dr)] ,

for every s€[0,f] and veT, for which the integral at the right exists.

THEOREM 7.4. I, for every- s€[0,f], the function e, is ps—integmble and the

function [ is (1®p)-integrable, then

(B.4) u(t) = S(£0)p+ j; S(t,5) (W5, ))als)ds
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Proof. First note that

J; f(s,v)ds = exp[ J; W(r,v(r))dr)] “l=efv)-1,

for every ve T ; such that f(-,v) € L(s) . Furthermore, by Example 7.3,

. ts0id we = St OGS, ls)
T, p

for every se€ [0, such that f(s,-) € L(p,0) . Therefore, by theorem 5.11,
) - S(0)e= | (efe)-1M{d o=
T, p

_ JT [ Jt f(s,v)ds}Mt(dpv%p:J;HT fls)M(d g ds =

t t

7.4

It should be noted that it may be possible to define u(s) by (B.2), for every

s€[0,f], and to write equation (B.4) independently of whether (B.3) defines an

evolution. Indeed, the initial-value problem
W(t) = P(W(2,-))ult), t > 0; u(0+) = ¢,

may have a solution for some ¢ € E but not for others.

Now, assuming that (B.4) holds for every t€ (O,to), where 0< { < w,

formal differentiation gives that

(B.5) () = A()u(t) + POW(E,-))ult), T € (0,8))
where

A9 = lim 7 Y(S(t+r, ) -9) |

™~ 0

for every ¢ € E such that this limit exists in the sense of convergence in the space E.

Furthermore, (B.4) also implies that #(0+) = ¢.
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So, another, perhaps more conventional, interpretation of wu(¢) is that it is the
value at ¢ of a generalized solution of the initial-value problem consisting of equation

(B.5) and the condition that w(0+) = ¢.

C. Let A be a locally compact Hausdorff space. Let ¢+ X ;0 LE R, bea
continuous group of homeomorphisms of the space A . That is, for every ¢t€R, a
homeomorphism % . A = A is given such that

(i) Eﬁtzztozs,forevery s€R and teR; and
(ii) for every z€ A, the orbit ¢r Tg, te R, of the element z is a
continuous map of R into A .

Let B be the o-algebra of Baire setsin A . Let x be a Baire measureon A .
That is to say, there is a vector lattice, £(x), of functions on Q and a positive linear
functional, s, on L(x) such that its restriction to B,‘§ =BnL(k) is o-additive and
L(k) = £(n,BH) and Bye L(k) for every set BeB and function @€ L(k). (See
Section 3B.) For the sake of simplicity, we assume also that x is o-finite, that is, A
is equal to the union of a sequence of sets belonging to B e

Let 1< p<w and E=L”(k) with the usual norm. (See Section 3C.) To
simplify the exposition, we shall use the standard licence and not distinguish between
elements of the space F and the individual functions on A determining them.

Let S(t)go:gooEt, for every t€R and ¢ € E. Assume that

(i) S(t)pe E, forevery t€R and g€ F;
(ii) for every t€eR, the so defined map FS(t) :E- E is an element of
BL(E) ; and
(iii) for every € E themap ¢+ S(t)p, te€R, is continuous.

So, S:R - BL(FE) is a (continuous) group of operators.

For any set Be B, let P(B) be the operator of point-wise multiplication by
the characteristic function of the set B. Then the map P:B-BL(E) is a
o-additive spectral measure. The integral, P(W), of a Baire function W is the
operator of pointwise multiplication by the function W . So, we may write simply

P(W)=W.
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Forany ¢t >0, let T ; be the space of all continuous maps v: [0,{] - A . For

every z€ A and re[0,f], let
v (N=1_z.
Then, by the assumptions, 7, € T . for every ze A. Foranyset YCT o let
B,={zeA:7 eY}.

If the set Ye Qt is given by (A.1) with some integer £ >1, sets B]_ €B and

numbers tj, j=1,2,...,k, such that 0 < tj_1 < tjs t for every j=2,3,....,k, let

(C.1) Mt(Y) = S(t—tk)P(B )S(t,-¢, . )P(B

E k-1 1) - P(B,)S(4-t ) P(B,)S(1)) .

k

This is of course a version of (A.2) for the case when the evolution S happens to be
time-homogeneous, that is, it is a semigroup.

Let §, bethe o-algebra of sets generated by 7%, .

PROPOSITION 7.5. If Ye St , then BYE B.If Ye 7lt , then Mt(Y) = S(t)P(BY) .
Let e E. If u(Y) =S(t)P(BY)<p, for every Ye St, then p is an E-valued
o-additive set function on 8 ; such that wW(Y)=M t( Yo, forevery Ye .

Proof. Because B, e B for every Ye 2, and B is a o-algebra, it follows that

B, e B for every YE€S ) The equality M t( Y) = S(t)P(B,) can be checked by a

v
direct inspection for any Y€ ’llt . Then the last statement is obvious.
Let @€ E and let us keep the notation of Proposition 7.5. Because the set

function p is o-additive, Proposition 3.13 is applicable. Let |¢’ox| be the

variation of the set function ¢’op, for any ¢’ € E’ . Let

p(f)=sup{ L f1d] ¢ oul = 0" € B, 0] < 1},
t

for every f € sim(% t) . Then, byb Proposition 3.13, the seminorm p integrates for (the

linear extension of) .
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EXAMPLE 7.6. Let 0 < i < t2 <<t <<t let W17 W2"“’Wk be Baire

functions on A and let

(the multiplication is point-wise) determines an element of the space E. Moreover,

k
fdu:[cpll W oy ]oz ,

whenever the function f is in fact integrable.

PROPOSITION 7.7. Let W be a function on [0,f]xA such that the function

T W(’I‘,Erl‘) , T€[0,q, isintegrable for k-almost every z€ A . Let
, .
(C.2) Vt,W(z) = exp[ JO W(T,E_rz)dr] ,

for every ze A such that the integral on the right exists. Then the function e, is
p-integrable if and only if the function Vt WP determines an element of the space E.

If the function e, is indeed p-integrable, then
J,, edomtd, = (v, ooz,
t
Proof. When the integral in (C.2) exists in the sense of Riemann, then the statement
follows easily from Example 7.6. So, the statement is valid for all functions that are

k-almost everywhere limits of functions for which the integral in (C.2) exists in the

sense of Riemann.

The special case when A =[Rd, for some integer d>1, and X is the

fundamental solution of the dynamical system of differential equations 2= a(z),
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where a:R?-R? is a mapping with components 015005000 is of a particular
interest. For any £ er? , the function ¢+ X txo , t€R, is then the solution of this
system passing through 2 at ¢t=0. In this case, the infinitesimal generator of the
semigroup S is the differential operator
d
A= ]‘22:]. ¢, 3% .

If the function ¢ is smooth enough and
u(t,z) = Vt,W(Etx)‘p(Etz) ,
forevery ¢ >0 and z€ RY , then w is a solution of the problem

gitt =]§1 aj3%+ Wu,t>0 ,:I:E[Rd; w(0+,7) = p(z) , z€R .

The case of the Feynman-Kac formula suggested in this section admits many
variants. None-the-less the set function M , it gives rise to can be considered rather
'degenerate'. More complex cases are obtained by introducing another parameter.

For every ye[0,1], let tr Z}"t/ , teR, be a group of homeomorphisms of the
space A . Assume that the map (z,y,)» E!{z, of the space Ax[0,1]xR into A, is
continuous.

Let E=ILP(k®:), where k®: is the tensor product of a o-finite Baire
measure on A and the Lebesgue measure on [0,1] . For a function ¢ on Ax[0,1]

and t€R, let

(S(De)(zy) = (Zizy)

for every z€ A and ye€[0,1]. Assume that, for every @€ E and teR, the
function S(f)¢ determines again an element of E, that the resulting map
S(t): E» E is an operator belonging to BL(E) and, finally, the so defined map
tr S(t), t >0, is a continuous group of operators.

Let t>0 andlet T . have the same meaning as before. Let

-y
7, N=51z,

z,y



193 7D

forevery z€ A, y€[0,1] and re[0,f]. Foraset YCT,, let B%’,: {z: Yy € v}.
Let pe E. Forevery YeS§,, let (YY) be the element of the space £ such
that '

(S0 V)(zy) = By(z)e(zy) ,

for k-almost every z€ A and every ye[0,1]. It is then a matter of direct

calculation that pu(Y) = Mt( V), forevery Ye Qt .

D. Let d > 1 be an integer. We shall specialize the situation of Sections A
and B by taking the d-dimensional arithmetic Euclidean space, [Rd, for A and the
space of all scalar valued o-additive set functions on the o-algebra, B= B([Rd) , of all
Baire sets in R? for E. Because every element of F hag finite and o-additive
variation, we use the standard conventions about integration with respect to elements
of F mentioned in Section 3F. Namely, we note that the variation, ||, of an
element, ¢, of the space E is a gauge on B which integrates for ¢, denote
L(p) = L(]¢]) and do not show the gauge, |¢|, in symbols for integral with respect
to ¢ . The norm, ||¢||, of an element, ¢, of the space E is the total variation of
¢, that is, the number || ([Rd) .

The Lebesgue measure on R is denoted by A. Identifying the elements of
Ll(/\) with their indefinite integrals, we identify the space Ll()\) with a subspace of
E consisting of those elements which are A-absolutely continuous.

Given a set B€ B, let P(B) be the operator of restriction to the set B. That
is, (P(B)p)(X)=¢(BnX), for every set XeB and every @€ E. So, on the
subspace Ll(/\) of E, the operator P(B) acts as point-wise multiplication by the
characteristic function of the set B. For every Be€ B, the operator P(B) is an
element of BL(FE) and the map P B - BL(E) is a o-additive spectral measure.

Let D be a strictly positive real number and let

py(ta) = (47Dt) *exp(-| 31 >/4D1) ,
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for every t >0 and ze€ R . (|z| stands for the usual Euclidean norm of an element
z of R .)
Let S(0) =1 and

(500)(B) = | az de p(to-y)eldy) ,

for every t>0, BeB and. g€ E. Then the set function S(¢)¢, that is,
Bw (S(8))(B), BeB, is an element of the space E. For every ¢ >0, the
operator S(t), thatis, ¢wr S(t)p, pe FE, is an element of BL(E). Finally, the
resulting map ¢~ S(¢), t€[0], is a continuous semigroup, S: [0,0] » BL(E), of
operators.

The semigroup S can be interpreted as a mathematical description of isotropic
and homogeneous diffusion in R? with the diffusion coefficient D. It is called the
Poisson semigroup. Its infinitesimal generator is the (closure of the) operator DA,
where A is the Laplacian in RY.

Given a ¢t >0, let T, be the set of all continuous paths wv: [0, - A .
Because S is a semigroup, the formula (A.2), defining the set function M,: T,
- BL(E) , takes the form (C.1), for every set Y€ ’lt given by (A.1) with some integer
k>1, sets Bj € B and numbers tj , §7=1,2,....k, such that 0 < tj_1 < t;- <t, for
each j=23,..,k.

Let ¢ € E be a non-negative measure. Let

0 A1) = IM( V)il = (M{V)Q)RY),

for every Ye ’Ilt . Then Py is a non-negative o-additive set function on 7% y and so,
it generates a measure in the space Tt' This fact, dating back to N. Wiener, is
classical; see, for example, [11], Theorem VIIL.2.2. If ¢ is a probability measure on
R? , then Py is called the d-dimensional Wiener measﬁre of variance 2D per unit of
time with initial distribution ¢ . (See Example 4.33.)

Now, if ¢ is an arbitrary element of the space E, then p= Plol is a gauge

on 7lt which integrates for ¢ .
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Let W be a Baire function on [0, » RY. Mark Kac noted, see [26],Chapter IV,
that, if the function 7~ W(ru(r)), re [0, , is Riemann integrable in [0,¢, for

p-almost every ve T,, then the Feynman-Kac functional,

4
et(v) = exp{ J; W(r,v))dr} , VE Tt ,

is p-measurable on T . Consequently, if e , 1 also bounded then it is p-integrable.
This happens, for example, when W(r,z) = W(0,3) , for every r€[0,f] and z€ le,
and the function W(0,-) is bounded above and continuous on the complement of a set
of capacity zero in IRd, because the set of paths veT y that avoid a given set of
capacity zero has the Wiener measure equal to zero.

Now, if e , is indeed p-integrable, for every ¢ > 0, the element

(D.1) ) =] e(o(d e
T p
t
of the space FE belongs to Ll(/\) , for every ¢ € E. Let us abuse the notation and
denote by zv u(t,z), z€ R? , the density of w(#). In terms of densities, the integral

equation (B.4) can be re-written in the form

1
(D.2)  u(to) :J 4 Pplte-y)e(dy) +j J 2 Pplt=5,3-y) Wis,y)ul(s,y)dyds
R 0“R
for z€R? and ¢ > 0. This equation represents the initial-value problem

u(t,z) = DAu(t,z) + W(t,z)u(i,z) , ¢ >0, z€ RY
(D.3)

lim J uw(t,z)dz= o(B), BeB.
»0+“B

If d>2, itis easy to produce functions W such that u(¢) is well-defined by
(D.1) for every ¢ >0, but, for many € E, the integral equation (D.2) does not
have a solution. Then the problem (D.3) does not have a solution either. For
example, W(i,z) = ~Izl_d, t>0, ze A, £#0, issuch a function. Stﬂl, u(?) has

a perfectly good physical interpretation. (See Section OC.)
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E. Let d >1 be an integer. We take, again, A = RY. Let E=IL%()),
where A is the Lebesgue measure in RY. Elements of the space E and functions on
R? representing them will not be distinguished. The norm of an element, ¢, of E
will be denoted by [|¢]| .

For any Be B= B(IRd) , let P(B) be the operator of point-wise multiplication
by the characteristic function of the set B. That is, P(B)y= By, for every p€ E.
Then P:B- BL(FE) is a o-additive spectral measure.

Let m be a strictly positive number. Let S(0) =1 and, for every teR,

t+0, let S(¢) € BL(E) be the operator such that

(S(t)plz) = [Tﬂsfi]%dfmd w(y)exp[—g‘—it Ix-,yIQ]dy,

for every z¢€ R? and every e 'n L2()\) . The root is determined from the branch
that assigns positive real values to positive real numbers. It is well-known, and can
easily be shown using the Plancherel theorem, say, that such an operator S(¢) exists,
for every t€R, is unique and the resulting map ¢~ S(¢), t€R, is a unitary group
of operators. It is called the Schrodinger group. The infinitesimal generator of the

Schrodinger group, S:R - BL(E), is (the closure of) the operator

A=5=A,

i
2m
where A is the Laplacian on RY.

Let #20. Let T, be the set of all continuous paths v: [0,t] - RY. Let the
set function M ) Y ) BL(E) be defined by the formula

Mt( Y) = S(t—tk)P(Bk)S(t -1, JP(B

- ) ... P(B,)S(t,t,)P(B))S(,) ,

for every set

Y={veT:ut) € B, j=12..4},

where k>1 is an integer, the sets B}, belong to- B and the numbers t]_,

j=1,2,...,k, satisfy the conditions 0 < tj_ < t,-f t for every j=2,3,....,k. Let ¢ be

1
an element of the space E.
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Our aim is to produce a gauge on 2, which integrates for the set function
M,p . Actually, a suggestion for producing such a gauge is presented in Example 4.33,
because the construction exhibited there for d=1 can be easily adapted for arbitrary
d . However, we present now another construction.

By a special partition of Tt we shall understand any %t—partition, ?,
obtained in the following manner. (See Section 1D.) Assume that k>1 is an
integer, /z] are B-partitions of R? and t,- are numbers, j=0,1,...,k, such that
=0, tj~1
of all sets of the form

< tj, for every j=1,2,...,k, and h=1. The partition 7 then consists

Y= Y(to,tl,...,tk;BO,Bl,...,Bk) ={ve T,: v(tj) € Bj,j =0,1,...,k},

with arbitrary sets B}, belonging to the partition /4] , for every j=0,1,....k. We say
that the partition 7 is determined by the numbers tj and partitions %] ,
7=0,1,....,k . The set of all special partitions of T y will be denoted by T .

Our construction uses the fact, proved in the following proposition, that the set
function M » has finite 2-variation with respect to the set of partitions I'. (See

Section 4A.)

PROPOSITION 7.8. For every special partition, P, we have 1)2(M t<p,7’;T t) = H(,ollQ.

Consequently, 112(Mt<p,I‘;Tt) = ||<p||2 .

Proof. Let the partition 7 be determined by the numbers tj and the B-partitions
/27‘ , J=0,1,....;k. Because the operators S(t—tj) and S(tftj—l) are unitary and /] is
a B-partition of [Rd, we have
. 2 _ . 2
(7RG ICARTNS N - 017 R N 17/ O (CNRNURNUIY: N - I D)

Be
7

for any sets B,€ #, £=01,.,5-1, and any j=1,2,..,k. Moreover, because S(t)

is a unitary operator and is a B-partition of RY ,
0

lll® = 104X ) = LI Y(i5B,))ell” .
0
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Therefore,

2 2
o= T IVl = 0, (M P1T)

Now, let px be a non-negative real-valued o-additive set function on B such
that w(B) =0 if and only if M(B) =0 and /.L(le) =1. Let ¢ be the d-dimensional
Wiener measure of variance one, say, per unit of time with initial distribution #. (See
Section D.)

Given a partition Pe ', let

for every X ¢ Z,, putting, by convention, {XnY)/(Y) =0, whenever ¢(Y)=0. By
Proposition 2.13, the set function op is an integrating gauge on Z,, forevery Pel.
So, if P is a non-empty subset of T', by Proposition 2.14, the set function o,

defined by
o(X) =sup{o5(X) : P€ P},

for every Xe? ,» 18 an integrating gauge on %, .

By Proposition 7.8, however we choose P, the equality o(T t) = ”(p”2 holds.
Moreover, the gauge ¢ is monotonic. (See Section 2G.) We can choose P so that
the inequality ||M t(X)<p|l2 < o(X) holds for every Xe 7% - To do that it suffices to
take P =T . However, much more economical choices of the set P are possible. In
fact, there are countable subsets of ' which can be chosen for such a P .

Having made such a choice of P, let p(X) = (a(X))‘2L , for every Xe€ 7Zt.
Then, by Proposition 2.26, the gauge p integrates for the set function M -

It may be interesting to note that there does not necessarily exist a
non-negative o-additive set function, o, on % , such that the gauge ot integrates
for the set function M - In fact, we have the following -proposition, in which d=1,

due to Brian Jefferies, which implies that 1)2(M t(p,l'[(’k t);T t) =w, forsome g€ E.
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PROPOSITION 7.9. Let @ be the semialgebra in the space RxR consisting of all sets
of the form AxB with A€B and BeB. Let ¢(z)= exp(—%(1+i)x2) , for every
zeR. Let v(AxB)=P(B)S(1)P(A)y, for every A€eB and BeB. Then
B THOR=R) =

Proof. For any A€ B and Be B, we have

1 L
ax Bt =gz | | jA oz, )exp(~4i(a,-1,)Vexp(4i(z,-2,)2)olz,da dz, da

L I ex (i(la?—xx)) dzl dz, = & I exp(-iz —iz2)dx‘2d
Pz I B D e e T 1527 Apyz y-

The Cauchy-Schwarz inequality implies that

2 2
I J J exp(—ixy—éa?)d:vdy \ < /\(B)J ‘ J exp(-izy- %:I:Z)dz) dy.
BYA B A
Now, for every n =0,1,2,..., let a, =2mn+ 7/3 and
C = {(z,y) :zeR,yeR, |zy-2mn| < 7/3, y = an} .

Then 0< z<1 and cos{zy) >4, forevery (z,y) € Cn, S0
] ] et 1iiaaty | 2 s epl-naaB),

whenever A€ B, BeB, AxBCcC Cn , n=0,1,2,... Consequently,

7—5” J exp(-izy- 422 dxdy' > 1 exp(-1)(A(4))2\(B)
and, hence,

(E.1) A= B)I* > =L (\(4))°A(B),

for any sets A€ B and Be B suchthat AxBCcC Cn , n=0,1,2,...
If B is sufficiently small interval centered around a point y > a, then there
exists an interval, A, of length arbitrarily close to 27/3y such that AxBcC C ,

n=0,1,2,.... Moreover, for every n=0,1,2,..., the set C’n contains a pair-wise
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disjoint family, Jn , of such sets, AxB, which can be chosen so that

AxBEJn(/\(A))2/\(B) >J‘: [%]zdy_'z_n.

n

Because the sets C., n=0,1,2,.., are pair-wise disjoint, by (E.1), the 2-variation,

112(1/,H(Q);IR xR) , of the set function » is not less than

ex87(r—1 720 {E [g_?yr]?dy_ Q'n} =,

n





