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ON NORMS ON ALGEBRAS

H.G. Dales

1. INTRODUCTION

In order to be quite explicit, let me collect in this section some fundamental
definitions.

Throughout, an algebra is a linear, associative algebra over a field [, which is
always either R or €. An algebra is unital if it has an identity; the identity is usually
denoted by e.If A is an algebra without identity, then NG is the algebra formed
by adjoining an identity to A ;if A is unital, then A# =A.

1.1. DEFINITION. Let A be an algebra. An algebre seminorm on A is a map
I.1I:A = R such that:

i) lall 20 (a€A);

(i) lla+Dll < llall + bl (a,b € A);

(iii)  floall = el llall (a€l,a€A);

(iv)  llabll < llall IIbll (a,b € A) .

The map ||.]| is an algebra norm if, further:

(v) llall >0 (a€ A\ {0}).

An algebra A with a norm |.|| is a normed algebra; the normed algebra is a
Banach algebra if the norm is complete. An algebra A is normable if there is an
algebra norm on A .

The spectrum  o(a) of an element a of an algebra A is

o(a) = {z € C: ze - a is not invertible in A#} ,

and the spectral radius of a is
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a) =sup{|z|:z € ola)},

where v(a) =0 if o(a)=0.
An element a is quasi-nilpotent if v(a) =0, and we write Q(A) for the set of
quasi-nilpotent elements of A .
Let A be an algebra, and let a,b € A. Then the quasi-product of a and b

is a o b, where

aob=a+b-ab.
An element a is quasi-invertible if there exists b€ A with aob=boa=0; we
write q-InvA for the set of quasi-invertible elements of A .
The radical of an algebra A, radA, is the intersection of the maximal
modular left ideals of A, so that rad A is a (two-sided) ideal in A . By definition,
A is semisimple if rad A = {0} .

We have the following standard characterization of rad A .

1.2. PROPOSITION. Let A be an algebra. Then
radA ={a€eA: Aacq-InvA}.

The most fundamental results about general Banach algebras are the following.

1.3. THEOREM. Let A be a Banach algebra, and let a € A .
(i) If v(a)< 1, then a€q-InvA.
(ii)  o(a) is a non-empty, compact subset of C .

(i) #a) = 1im fa®| /™ .

2. UNIQUENESS OF COMPLETE NORM

The first topic that I would like to explore in these lectures is the 'uniqueness

of norm problem' for Banach algebras.
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2.1. DEFINITION. Let (A,|l.ll) be a Banach algebra. Then A has a unique
complete norm if, for each algebra norm ||.|| on A such that (A,[|.[]) is a Banach

algebra, .|| is equivalent to ||| .

The uniqueness of norm problem is to characterize in some way the class of
Banach algebras which have a unique complete norm.
The first result in this area is the classic theorem of Gelfand of 1941. Let me
recall a proof that does not use Gelfand theory. First recall ([5]) that, if A is a
commutative Banach algebra, if 8y € A, and if € > 0, then there is an algebra
norm ||.]| on A, equivalent to the given norm, such that
IIajH < I/(aj) +e¢ (j=1,..n). (1)
It follows that, if A is a Banach algebra and a,b € A with ab = ba , then
va+Db) < v(a) + v(b). (2)

2.2. THEOREM. (Gelfand) Fach commutative, semisimple Banach algebra has a

unique complete norm.

Proof. Let (A,|l.]l) be a commutative, semisimple Banach algebra, and let [|.|| be a
complete algebra norm on A . Take (an) C A such that a —0 in (A,ll.]) and

a —a in (A|]). Foreach beA,

v(ba) < v(ban) + V(b(a—a,n)) by (2)
< IIbIf fla I + (bl fla-a I

— 0 as n-ow.

Thus bae g(A),Aacq-InvA ,and acrad A .
But A is semisimple, so that a = 0. By the closed graph theorem, it follows

that [|-]| is equivalent to ||-]| .
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The extension of Gelfand's theorem to general (not necessarily commutative)
semisimple Banach algebras was an open question for a long time. The question was
brought into prominence by Rickart, who obtained some partial results, and discussed
it in Chapter II, §3.5, of his classic treatise ([25]). Eventually the problem was
resolved by Johnson ([20]); you will know of the great influence of the ideas of this
paper on automatic continuity theory. Ihad always assumed that Johnson's proof was
definitive until the advent of Aupetit's paper ([2]), which contains a different proof.
The key fact that Aupetit proved is equation (3), below.

Let E and F be Banach spaces, and let T:E -+ F be a linear map. Then the
separating space, S(T) , of T is defined to be

S(T) = {y € F: there exists (xn) CE suchthat x —0 and Tx — v} -
Of course, T is continuous if and only if &(T) = {0} .

2.3. THEOREM. (Aupetit) Let A and B be Banach algebras, and let T:A - B be a
linear map such that VB(Ta) < I/A(a) (a € A) . Suppose that b € S(T) . Then

VB(Ta) < I/B(Ta -b) (a€A). (3)

The proof that Aupetit gave of this theorem uses some facts about subharmonic
functions, and in particular about subharmonic regularizations, that are not quite
standard. I now wish to present a proof of the non-commutative version of Gelfand's
theorem that is related to Aupetit's proof, but which replaces the background in the
theory of subharmonic functions with the modest requirement that one knows the
maximum modulus theorem. The proof is due to T.J. Ransford ([24]), and I am
grateful to him for permission to give it in these lectures.

The starting point is Hadamard's three circles theorem, which follows

immediately from the maximum modulus theorem for analytic functions.
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2.4. LEMMA. Take Rl, R2, R3 with 0 < R1 < R2 < R, , and suppose that f is

3 bl
analytic on a neighbourhood of the annulus {z € C: R1 < |zl < R3} . Set

Mj: sup{ |f(z)|: |z| =RJ.} (j=1,2,3) .

Then
log(R,/R,) log(R,/R,) log(R,/R,)
M, 315M1 32M3 2

(4)

The algebra of polynomials in one indeterminate over an algebra A is denoted

by A[X].
2.5. LEMMA. Let A be a Banach algebra, let p € A[X], and take R > 1. Then

(Wp()))? < sup up(@). sup p(z)). (5)
|z]|=R {z|=1/R

Proof. Take qe€ A[X] and take A a continuous linear functional on A with
I =1 and A(q(1)) = lq(1)|l , and apply 2.4 with R = 1/R, R,=1, R3 =R, and
f= )Xo q. Then, by (4),

1f(1)1> < sup |f(z)]. sup |f(z)],

|z|=R lz]=1/R
and so
la(* < sup llaz)ll. sup N2l - (6)
|z]=R lz]=1/R

n

Apply (6) with q = p2 , where nelN. By 1.3(iii), Hp2n(z)|ll/2n——> vp(z))

n n
pointwise, and the sequence (||p2 (z)lll/ 2 ) is decreasing, and so (5) follows.

2.6. THEOREM. Let A and B be Banach algebras, and let T:A - B be a linear
map such that z/B(Ta) < z/A(Ta) (a € A) . Suppose that b € &(T) . Then
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(v

B(Ta))2 < VA(a)VB(Ta -b) (a€eA). (7)

Proof. Take an——>0 in A with Tan——»b in B, and take a€ A and ¢ >0. As

before, we may suppose that the norms on A and B are such that

llall < I/A(a) +¢, |ITa-Db| < I/B(Ta, -b)+e.

Take R > 1, and apply 2.5 with p(X) = (Ta —Tan) + (Tan)X € B[X] . Then
p(1) = Ta , and so, by (5),

(v(Ta))? < |21|1£R vp(p(2)) .llei;l)/R vg(p(2)) . (8)

By hypothesis, VB(p(z)) < I/A(a -a zan) , and so z/B(p(z)) < lla-a |l + |zl lla |l -

Also VB(p(z)) < ||Ta - TanH + |z| llTanH , and so, by (8), we have
(vg(Ta))® < (lla - a_|| + Rila_I)(ITa - Ta_|| + £ Ta |I)
forall nel.Let n — o to obtain
(sz(Ta))2 < Jlall(lTa - bl + %Hbll) )
and then let R — o to obtain

v5(Ta))’ < Jlall IITa - b ,

< (VA(a) + e)(z/A(Ta -b)+e€).

But this holds for all ¢ > 0, and so the result follows.
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Remark. Formula (7) suffices for our purposes, but it is not exactly the same as (3).

To obtain (3) itself, we may proceed as follows.

Fix kelN, and apply Lemma 2.4 with R = /R, R2 =1, and R3 -RrF.

Instead of (5), we have

k
(Up(1))*" < sup, ,,(p<z)).[ sup u(p(zn} :
|z|=R lz]=1/R

and hence

But now, taking k™" roots and letting k — w , we obtain (3).
We can now prove the general form of Gelfand's theorem.

2.7. THEOREM. Let A be a Banach algebra, let B be a semisimple Banach algebra,
and let 6:A-B be an epimorphism. Then 6 is automatically continuous. In

particular, each semisimple Banach algebra has a unique complete norm.

Proof. Since aB(ﬂa) C UA(a) uU{0} (a€A), Theorem 2.6 applies.
Take b066(0) and beB, say b=#6fa and b0=0a
Since &(#) is an idealin B, bb0 € &(0) , and so, by (7),

where a,a € A.

0’ 0

whence be € 9(B) . Thus Bb0 C9B),berad B, and b=0, giving the result.

Let us explore a little further the class of Banach algebras that have a unique
complete norm. In fact, it is still the case that we have no reasonable characterization

of this class, even among commutative Banach algebras, after 50 years.
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Certainly one can have commutative Banach algebras A with dim radA =1
which do not have a unique complete norm. The following classical example is due to

Feldman (see [3]).

2.8. EXAMPLE. The sequence space 2 is a Banach algebra with respect to

coordinatewise multiplication and the norm

® 1
”a’|l2=[n§1|0’n|2}2 (a=(a)ef).
Set A=£o( , the linear space direct sum, and define multiplication on A by
setting
(0,z)(B,w) = (a8 ,0) .

Then A is a commutative algebra and radA = {0} @ C.
Clearly A is a Banach algebra with respect to the norm ||~|]1 given by

I}(cv,z)ll1 = ||cv1|2 +|z| . Now let A be any linear functional on 2 such that /\|Z1 is

Q00
the functional (e ) ) a , and set
n n=1 n

I(@2)ll, = max {llefl,, 1A(a) -z} ((az) € A).

Then ll-ll2 is a complete norm on A . For a,ﬂe[2, we have a,(i’e(l, and

(e
[A(af)] < ngllanﬂnl < Hcv||2]|ﬁ]|2 . It follows that I|-|I2 is an algebra normon A .

Clearly the norms |]~|l1 and |- ||2 are not equivalent.

For a discussion of the uniqueness of norm problem in Banach algebras with
finite-dimensional radical, see [23].

Nevertheless, the class of commutative Banach algebras with a unique complete
norm is much wider than the class of semisimple algebras. For example, it contains

the following standard examples (see [8]):



69

(i) the convolution algebras Ll(IR+,w) , where w is a weight function on
R*;
(ii)  the radical convolution algebras Li[O,l] and Cy[0,1];

(iii)  each Banach algebra of power series.

To prove these results, one argues as follows. Let A and B be commutative
Banach algebras, and let #:A - B be an epimorphism. Set & = &(6) . Then for each
sequence (bn) C B, the sequence

(bl...bnG)

of closed ideals in B is eventually constant. If B is one of the above examples, this
can only happen in the case where & = {0}, and so such a § is then automatically
continuous.

A reasonable guess is that every commutative Banach algebra which is an
integral domain has a unique complete norm. In this direction, the following has been

shown by Cusack ([7]).

2.9. THEOREM. Assume that there is an integral domain which is o Banach algebra
with respect to each of two norms, which are not equivalent to each other. Then there

15 a commutative, topologically simple Banach algebra.

(A Banach algebra A is topologically simple if dimA > 1 and if the only
closed ideals in A are {0} and A . No commutative, topologically simple Banach
algebra is known. )

If the existence of topologically simple Banach algebras cannot be ruled out,
maybe we should approach the uniqueness of norm problem by attacking these

mythical beasts directly. Let me propose the following problem.

2.10. QUESTION. Let A be a commutative algebra which is a topologically simple

algebra with respect to each of two norms. Are the norms necessarily equivalent?
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3. MINIMUM TOPOLOGIES

I next explore a concept that is related to uniqueness of norm for Banach

algebras.

3.1. DEFINITION. Let (A,||-]]) be a Banach algebra. Then A has a minimum
topology if, for each algebra norm ||-|| on A, there is a constant K such that

llall < K|la]] (a€A).

Clearly, if A has a minimum topology, then A has a unique complete norm.

The fundamental result about these algebras is, of course, Kaplansky's theorem
of 1949 ([21]). The uniform norm on a space € is denoted by |- I and CO(Q,C)
is the uniform algebra of all complex-valued, continuous functions on a locally

compact space {2 which vanish at infinity.

3.2. THEOREM. Let Q2 be a locally compact space, and let ||-|| be an algebra norm
on CO(Q,C) . Then
o < Il (feCy(R,0) .

Thus CO(Q,C) has a minimum norm topology.

I would like to draw your attention to a very old result of Eidelheit, which may
even go back to Mazur before 1939. The formulation of the proof is taken from
Bonsall ([4]) . In the next result, ||-|| denotes the operator norm in B(E), the

algebra of all bounded operators on a Banach space E .

3.3. THEOREM. Let E be a Banach space, and let A be a subalgebra of B(E)
containing the finite-rank operators. Suppose that ||-|| is an algebra norm on A .

Then there exists a constant K such that ||T|| < K||T|| - (T e A).
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Proof. To obtain a contradiction, suppose that there is no such constant K . Then
there exists (Sn) C A with “|Sn[]| =1 (nelN) and such that HSn]I —® as 01— .
By the uniform boundedness theorem, there exists X, € E\{0} with (|| Snxollzn eN)
unbounded, and there exists a continuous linear functional A on E with

(]/\(SHXO) |:n € N) unbounded. Set z = )\(Snxo) (nel).

Define Tx = /\(x)x0 (x€E). Then T is arank-one operator, and so T € A .

Now, for x € E ,

(TSnT)(x) = (TSn)(’\(X)XO) = /\(X)TSnX0
= )\(X)/\(Snxo)x0 =z /\(x)x0
= znTx .

So TS T=zT and |z ||T]< ||[T[|[2 IS Il for nel. But [T|| >0, and so
Iz | < ITll  (n €N), a contradiction.

Thus the result holds.

3.4. COROLLARY. Let E be a Banach space, and let A be a closed subalgebra of

B(E) containing the finite-rank operators. Then A has a minimum topology.
That an arbitrary C*-algebra has a minimum topology is a result of Cleveland
from 1963 ([6]). Cleveland's proof uses the main boundedness theorem of Bade and

Curtis; I give a different proof here.

3.5. LEMMA. Let (A,||-|l) be a C*-algebra, let |-} be an algebra norm on A , and
let B be the completion of (A]-}). Then

lali® < Ja] [a¥]  (a€A) (9)

and ANg(B)=09(A).
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Proof. Take a€ A. Then aa* is self-adjoint, and so v A(aa*) = ||laa*|| . Set
= o0(aa*)\{0} . Then fwr]|f(aa*)|, CO(Q,GZ)—»[R, is an algebra norm. By 3.2,
VA(a,a*) < Jaa*] , and so
lal® = llaa*l < Jaa*] < af Ja4] ,
giving (9).
Certainly Q(A)cANng(B). Now take aeANgB). By (9), we have

||3Jn|lz/n < Ja"] 1/nl (a*)" 1/n ,and so v

A(a)2 < I/B(a)VB(a*) =0. Thus a€ g(A).

3.6. THEOREM. Let (A ,||-|l) be a C*-algebra, and let ||-|| be an algebra norm on
A . Then there ezists K > 0 such that |jall < Kfa]] (a€A).

Proof. Let B be the completion of (A,[|-||) , and let & be the separating space of
the natural embedding of A in B, so that & 1is a closed ideal in B . Let
7:B - B/G be the quotient map. Then 7 (A ,||-||) » B/& is a continuous map : take
K to be the norm of this map, and set fa] =||n(a)l] (a€ A), sothat |-} isan
algebra seminormon A and Ja] < Klla|| and Ja] < [Jaf| forall ae A.

By (3) or (7), AnNG c g(B), and so, by 3.5, ANS c 9(A) . Since ANG isan
ideal in A, AnGcradA.But A is semisimple, and so A NG = {0} . This shows
that ] -] is actually a normon A , and so, by (9), Hal|2 < lalla*] (a€eA). Thus,
for a€ A,

lali* < Kl af lla*]l = K] a llall,
and so |la]l < Kja] < K]la]| .

4. ORDERED FIELDS

Before introducing the next topic, it is necessary that I recall some standard

background from the theory of ordered fields.
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Let G be a group (always taken to be abelian and written additively, with
identity 0), and let < be a partial order on G . Then (G,<) is an ordered group if
< 1is a total order and if x+z < y+2z whenever x,y,2€ G and x<y.For xe G,
set |x| =xV(-x).

Now let K be a real field (so that K is a field with prime field R ) , and let <
be an order on K . Then (K,<) is an ordered field if (K,+,<) is an ordered group,
if oa >0 in K whenever ¢ >0 in R and a >0 in K,andif ab>0 in K
whenever a,b >0 in K. Weset K'={acK:a>0}.

The real field K has identity 1, and we identify R with Rl . Let a€ K.
Then a is an infinitesimal of K if nla] <1 (n€elN),a is finite if there exists
nelN with |a] < n, and a is infinitely large if |a] >n  (neN). We write K*
and K# for the infinitesimals and for the finite elements of K , respectively. Then
K# is a unital subalgebra of K, and K* is its unique maximal ideal.

The question that I wish to explore here is the following.
4.1. QUESTION. Under what conditions on K is the algebra K* normable?

Let us give an example of such a field K. Let Q be a compact space, and let

C(Q) denote the real-valued, continuous functions on €. For f,g € C(Q2) , set
f<g if f(x)<glx) (xeQ).

Then (C(Q),<) is a partially ordered set. For x€ Q, set M = {t:f(x) =0} and
J = {f:£=0 on a neighbourhood of x} , so that M_ is a maximal ideal of c(), J.
is an ideal, and Jx C jx = Mx . Let P be a prime ideal in C(2) . Then there exists a
unique point x € Q with JX cPc Mx; the corresponding maximal ideal is termed
M, . Now take feP and geC(f) with 0< [g| < [f|. Set h(x) = g’(x)/f(x)
when f(x)#0 and h(x)=0 when f(x)=0. Then he C(Q) and g2 =fh in C(Q).
So g2 €P,and geP because P is prime. This shows that P is as an absolutely

conver ideal in C(£2) .
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4.2. DEFINITION. Let £ be a compact space, and let P be a prime ideal in
C(Q) . Then

Ap = cQ)/p,
and Tp :C(Q) » Ap is the quotient map. Set a >0 in Ap if a= 7rP(f) , where
f>0in C(Q).

It follows from the fact that P is an absolutely convex ideal in C(Q) that <
is well-defined on AP . The key fact about this order on AP is that it is a total

order. For let ace€ Ap,say a=m f), where fe C(Q). Then f=f" +{ , where

pl
fffeC@),f" >0, <0,and f'f =0. Either f €P or f € P, and so either
as<0orax0in Ay.

The quotient field of AP will be denoted KP . It is easy to see that the order
< on Aj induces an order < on K, , extending the order on A, such that

(KP ,<) is an ordered field. Clearly KP* = MP/P and KP# =C(Q)/P, and so a

special case of the first question is the following.
4.3. QUESTION. Under what conditions on P is the algebra M, /P normable?

Our interest in Question 4.3 arose because of its connection with the question

of the existence of discontinuous homomorphisms from C(9,C) . (See [9], [12]).

44. THEOREM. Let Q be a compact space. Then the following conditions are
equivalent:
(a) there is a discontinuous homomorphism from C(Q,C) inlo some Banach
algebra ;
(b)  there is an algebra nmorm on C(Q,C) which is not equivalent to the
uniform norm;
(¢) there is a non-mazimal, prime ideal - P in  C(Q)  such that

Kp* = MP/P is normable.
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However, Questions 4.1 and 4.3 also suggest the following question: for which
ordered fields K is there a compact space ) and a non-maximal, prime ideal P in
C(£2) such that K = KP (in the sense that K is isotonically isomorphic to KP)? I
think that this is an interesting question. We shall return to it later.

Let me now describe a yet more special example. For background on
ultrafilters and Stone-Cech compactifications, see [18].

Let % be an infinite cardinal, and let Z be a free ultrafilter on & . For
fge R" , set

fog it {o<k:flo)=glo)}el.
Then ~ is an equivalence relation on R, and the set of equivalence classes is
denoted by IRH/ZI : this is an wltrapower of R . The equivalence class containing f is
[f] . We define

[f] +[g] = [t + gl , off] = [of] , [f][g] = [fe] ,
and set

f] < [g] if {o<k:flo)<glo)}el

for f,ge Rﬁ/ZI and a€R. It is standard (e.g., [9]) that ([RE/ZI, <) is an ordered
field.

We recognise this ultrapower as a special case of the field KP as follows. Let
Br be the Stone-Cech compactification of the (discrete) space &. Then fk is the
collection of ultrafilters on %, and a point pe€ fx\ k corresponds to the free
ultrafilter Z ={UnN&k:U is a neighbourhood of p in Bk} . In this situation, £*(x) ,
the space of all bounded, real-valued sequences on & , is identified with C(8k) , and

the ideal J b is a prime ideal in C(Bk) . Then we have

BRI
U »U Jp )

Thus a third variant of our question is the following.
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44. QUESTION. Under what conditions on & and # is the algebra (R™/z)*

normable?

5. NECESSARY CONDITIONS AND SUFFICIENT CONDITIONS

In this section I give necessary conditions and sufficient conditions on a field K
for the algebra K* to be normable. First I recall the definition of the value group of
a field.

Let (G, <) be an ordered group, and let x,y € G . Then x 2y if there exists
n €N such that |y| < n|x|,and x~y if both x<y and y<x. Clearly ~ isan
equivalence relation on G . The quotient I' = (G\{0})/~ is the value set of G, the
elements of I are the archimedean classes of G, and the quotient map
v:(G\{0}) - T is the archimedean valuation. We note that v(x+y) > v(x) A v(y)
(x,y € G) , and v(-x)=v(x) (x€ G);for convenience we set v(0) =w .

For x,y€ G,set v(x) < v(y) if x<y.Then < is well-defined on T', and
(T',<) is a totally ordered set.

Now let (K,<) be an ordered field, with value set I'y.Forabe K\{0} , set

v(a) + v(b) = v(ab) .
Then + is well-defined on I‘K , and it is easily checked that (I‘K,s) is an ordered
group; it is the walue group of K. We have K*={aeK:v(a)>0} and
K#:{aeK: v(a) >0} .
Throughout we denote the cardinality of a set S by |S|. We shall refer to

w, the first infinite ordinal, and to w,, the first uncountable ordinal; we have

R
and |w1| = Nl . The cardinal of the continuum is ¢=2 . The Continuum

1 9

|w| = NO

Hypothesis (CH) is the assertion that c=N1, and the Generalized Continuum
’ R

Hypothesis (GCH) implies also that 2 1. N2. If we appeal to CH or GCH in a

proof, this will be specifically stated. |

The following theorem is essentially contained in [12].
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5.1. THEOREM. Let K be an ordered field, and suppose that K* is normable.
Then [FKI <ec.

Proof. Let ||.|| be an algebra norm on K*. Take a,b € K*\{0} with v(a) > v(b).
Then there exists ¢ € K*\{0} with a =bc. We have
la™l < 1B ™ (nel).
Since ce K* = radK# R chlll/n —0 as n— o, and so ||c"]] < 1 eventually. Thus
la®|] < |Ib"|| eventually.
Consider the map ¢ :aw (Jla"]), K*= R . The above paragraph shows that,
if pla) = @(b), then v(a)=v(b). Thus ¢ induces an injection from 'y into RN ,

and so II‘KI < I[R[Nl =c.

The following theorem, and other unacknowledged results in the remainder of

this report, are taken from a paper of myself and W.H. Woodin ([10]).

5.2. THEOREM. Let K be an ordered field such that II‘K[ =k, where Kk is an
infinite cardinal. Then :
(1) K does not contain any strictly increasing sequence of length K ;

(i) K| <2,

Proof. (i) Set A= K (so that A is the successor cardinal to & ).

:0 < A) is a strictly increasing

To obtain a contradiction, suppose that (a, :

sequence of length A in (K, <).

We begin with two choices. First, for each s €', , choose X >0 in K with

K’
v(xs) =3 . Second, for each « >0 in R, choose q(a) €R with q(a) € (%a, %a) 5 we
have |a- q(a)] < %q(a) .
We shall now define a map & : A~ FK x . For each o < A, consider the
sequence (v(a,-a,): 0 < 7< A). This is an increasing sequence of length A in

I‘K, and so the sequence is eventually constant because |I‘K| < X ; this constant
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value is s, , say. For each 7 such that v(a, - a;) =s, , there exists o, ; €R such
that

(a"r - a’c)/xsc € a’r,o 1+K*.

The sequence (011’0) is an increasing sequence of length A in R. Since A is a
regular cardinal (][22, 10.37]), and since A > X, , the sequence (aq,g) is eventually
constant; this constant value is «, , say. Now define

D :ow(s,a(a,), A=TpxQ.

The cardinality of I 0 is k, and so there is a cofinal subset of A such
that @ takes a constant value, say (s,8), on this subset. Thus we may successively
choose 01509505 < A such that 05 > 0, > 0y and such that

v(aGQ - aol)
(a,(72 - aJGl)/xS €agl+ K*, (%3 - aol)/xS €agl+ K*,
(%3 - a,c,2)/xs € agl+ K*, Q(%l) =q(e, )=0.
Since O, € (%/)’, %,8) , it follows that
|8, = 86, = BX,| < 3B%, (10)
and that

1
lag, - ag - Bx | < gbx . (11)

Since 8, (—gﬂ, —%ﬂ) , it follows that

1
Ia‘o-3 - aGZ_ 5XS| < §I8X3 . (12)

By (10) and (12), 8, = B, > %ﬂxs , and, by (11) 8, = 8, < %ﬂxs . This is the required
contradiction.

(i) This is now an immediate consequence of the standard Erdés-Rado
theorem of infinite cbmbinatorics (e.g.[22,VIIIL, (B.1)]). To obtain a contradiction,
suppose that |K| > (2'6)+ , and let < be a well-ordering of K . Define a map ¢

from the set of pairs of elements of K into {0,1} by setting
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0 if < and < coincideon {a,b},

W({avb}) = {

1 otherwise.

Then the Erdés-Rado theorem asserts that K contains a homogeneous set S of
cardinality %" : this means that ¢ is constant when restricted to pairs of elements of
S. Thus K contains a set S with |S| = k" such that either S or -S is
well-ordered by the original ordering < , and so K contains a strictly increasing

sequence of length k" . This is a contradiction of (i).

5.3. THEOREM. Let K be an ordered field such that K* is normable. Then :
(i) 1Kl < 2%
(ii) (GCH) |K| < N2.

Proof. (i) By5.1, ITy| < c,and so, by 5.2(ii), |K]| < 2¢.

R
(ii) With GCH,c=R and 2 '=X

g
Thus we have obtained a necessary condition on K for K* to be normable.
Before turning to a sufficient condition, I wish to raise another open question.
Let (S, <) be a totally ordered set. The weight of S, w(S) , is the minimum

cardinal of an order-dense subset of S .

54. QUESTION. Let K be an ordered field such that K* is normable. Is
w(K)=¢?

It does not follow from the fact that IFKI =c¢ that w(K)=c (see [10]). If
w(K) = ¢, then certainly this implies that |K| < 2°.

The sufficient condition for the algebra K* to be normable is a consquence of
a very deep theorem of Esterle ([14, 5.3(i)]). I will make further remarks about this

theorem after 6.15 below.
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5.5. THEOREM. (Esterle) Let K be an ordered field such that |K| = Nl . Then K*

s normable.

It should be said that, as stated, the above theorem may be a little misleading:
necessarily each real field has cardinality at least ¢ , and so the hypotheses of the
above theorem are vacuous unless CH holds.

Let K Dbe an ordered field, and assume that GCH holds. Then we know
whether or not K* is normable in every case except where [K| = N2 and
II‘Kl =N1 ;if K| > N2 or if II‘K| > Nl , then K is not normable, if |K| < N2,
then K is normable, and the case where IFKI < Nl and |K| = N2 does not arise.

However, it is not entirely obvious that the case where |K]| = NZ and
II‘KI = Nl arises. In particular we ask whether or not it arises in the case where K

has the form KP for some non-maximal, prime ideal P in some C() .

6. AN EXAMPLE.

In this section I shall give a construction of a field K of formal power series

with |K| = N2 and |T (with GCH). First I require some standard notions

xl =%
about ordered sets.

6.1. DEFINITION. Let (S, <) be a totally ordered set. Then S is:
(i) an o -set if each non-empty subset of S has a countable coinitial and
cofinal subset;
(i) a ﬁl—set if S=USV, where {Sz/} is an increasing chain of
al—subsets;
(i) an 771-5€t if, for each pair {Sl,Sz} of countable subsets of S such that
8, <8, whenever s, € S1 and s, € 82, there exists s €S with

5, <8<, for all SIES1 and 32682;
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(iv) a semz'—nl—set if, for each strictly increasing sequence (sn) and each
strictly decreasing sequence (tn) in S such that s <t (nel),

there exists s € S with s, <8<t (nel).

6.2. EXAMPLE. Let S be the set of all sequences a=(a,:7< wl) of length w
such that «a, € {0,1} (7 < wl) ,and let Q be the set of elements « of S such that

{7 < w e, =1} has a largest element.

1
If o and § are distinct elements of S, then there exists a minimum ordinal
o such that oy # f;:set a<f if a,=0 and B;=1,andset a2 g if a<pf orif
a= (. Then < is a total order on S, called the lexicographic order.

The set Q was introduced by Sierpifiski. Note that, for a=(a,)€Q, a,=0
for all but countably many values of 7, and so one may think of Q as the analogue

of § "one cardinal higher". The following result is proved in [18, Chapter 13].

6.3. PROPOSITION. The set (Q, 2) is a totally ordered B,-n,-set of

cardinality ¢ .

6.4. DEFINITION. Let S be a totally ordered set. Then
S(R,S) ={f€ RS supp f is well ordered} ,
S(I)UR,S) = {f e 3(R,S) : supp f is countable} .

Here, for fe€ RS , supp f={seS: f(s) # 0} . Since supp(f-g) C supp f U supp g
(f,ge [RS) , §(R,S) and 1’5"(1)([R,S) are subgroups of IRS; indeed, they are real linear
spaces, and hence divisible groups. For fe F(R,S) with £#0,set v(f) =infsuppf,
and set £ >0 if f(v(f)) >0 in R. Then (F(R,S),<) is a totally ordered group, and
f~g in FR,S) if and only if v(f) = v(g) . Thus we can identify S as the value set of
3(R,S) and of 3( 1)([R,S) ,and v with the archimedean valuation on each of these

groups.
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6.5. DEFINITION. Let (G,<) be a totally ordered group. Then G is:
(i) an o, -group if (G,<) isan a,-set ;
(i) a ﬂ1~group if G=U GV, where {GV} is an increasing chain of
al—subgroups;

(iii) an 1,-group if (G,<) isan 1, -set.
Part (i) of the following theorem is [1, 2.2] and part (ii) is [13, 2.3b].

6.6. PROPOSITION. Let S be a totally ordered set.
(i) If S isan n,-set , then F(R,S) and {‘5”(1)([!2,8) are both 1,-groups.
(ii) If S isa ﬂl—set, then 8(1)([R,S) s a ﬁl—group.

6.7. DEFINITION. Set G =§;)(R,Q) .

6.8. PROPOSITION. The set G is a totally ordered, divisible, ﬂl—nl—group, and
|G| =c.

6.9. DEFINITION. Let G be a totally ordered group. For f,g € F(R,G), set
(f = g)(s) = L{f(t, tt b, €G Lt +t, =8} (s€G). (13)

One checks that the sum in (13) is a finite sum, and then it is easy to verify
that = is a commutative, associative product, that F(R,G) is a real algebra, and that
3(1)([R,G) is a subalgebra of F(R,G).

The algebra F(R,G) is the formal power series algebra over G; it was
introduced by Hahn in 1907 ([19]). See [17], for example.

We write X° for the characteristic function of {s} for se G. Then
X° e F(R,G) and X°# X'=X""  (s,t € G). One can think of a typical element of
S (R,S) as having the form E{asXs : s € G}, where {a} CR ; the formula for the

product is consistent with this symbolism.
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For example, F(R,Z) is the set of Laurent series of the form ), aan , where
n=n

n, € I and (an) CR . This algebra is also denoted by R((X)) ; it is the quotient field
of R[[X]], the algebra of formal power series in one indeterminate over R .

Part (i) of the following theorem is a slight extension of a classical result of
Hahn ([17, page 137]), and part (ii) is [I, 3.2]. A real field K is real-closed if its

complexification K({-1) is algebraically closed.

6.10. PROPOSITION. Let G be a totally ordered group.
(i) FR,G) and 3(1)({R,G) are totally ordered real fields, with value

groups G .
(i) If G is a divisible group, then F(R,G) and {7;”(1)(IR,G) are real-closed
fields.

6.11. DEFINITION. Let (K,<) be an ordered field. Then K is:

(i) an al—fz'eld if (K,<) isan «,-set;

1
(ii) a ,Bl—fz'eld if K :UKV, where {Ky} is an increasing chain of

al—real—subﬁelds;

(iii) a (semi)—nl—field if (K,<) isa(semi)—nl—set.
The following result is a small variation of results in [18]. For details, see

[8,§ 3.5], which is available on request.

6.12. PROPOSITION. Let 2 be a compact space, and let P be a non-mazimal,
prime ideal in C(Q) . Then :
(i) KP is a real-closed field,
(ii) Ky isa semi—nl—field;
(iii) K, isan n- field if and only if KP+\{O} does not contain a strictly
decreasing, coinitial sequence.
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In particular, each ultrapower [Rﬁ/ll is a real-closed, ni—field. Thus, since we
hope eventually to have examples of fields K of the form KP with |K]| = Nz and

IFKI = Nl , we should restrict ourselves to real-closed, nl—ﬁelds.

6.13. THEOREM.

(i) 3(1)(R,G) is a totally ordered, real-closed, B,-n,- field of cardinality c .

R
(i)  F(R,G) is a totally ordered, real-closed, nl—fz'eld of cardinality 2 L

Proof. All of this theorem follows easily from earlier results, save perhaps for the

R N
claim that |K| =2 1 , where K = F(R,G) : we just prove that |K| > 2 L
For o< w 0, is the sequence in Q with 1 in the o position and 0

elsewhere. Then (4, :0 < wl) is a strictly decreasing sequence in Q . Now set

o= X5 ~ X5 (o< w).
1 o+1
Then S={u,:0< wl} is a strictly increasing sequence of length w, in G . Each
RN R
feRS belongs to K, andso |K| > |[RS| =(2 0) ool

We have now obtained the example requested at the end of §5.

6.14. EXAMPLE. Set K =3FR,G) = F(R, F,.,(R,Q)) . Then K is a totally ordered,
(1)

N1 NO
real-closed, 7 -field with |K| =2 * and [T }=2".

Of course, with GCH , |K]| = N2 and [I’K[ = Nl .
Let me conclude this section by discussing the field S(l)(lR,G) . A strengthened
form of Theorem 5.5 holds; this important theorem was given by Esterle in [15], and a

detailed proof is given in [8].
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6.15. THEOREM.
(i) The set of infinitesimals in the field 5(1)(1R,G) is normable.
(ii) Let K be any real-closed, totally ordered, ﬂl—field. Then there is an

isotonic isomorphism from K into S(l)([R,G) , and so K* is normable.

To deduce Theorem 5.5 from this theorem, we proceed as follows. Let K be
an ordered field with |K| = Nl . Then K has a real-closure : there is a real-closed,
ordered field L and an isotonic embedding of K into L such that each element
a €L isaroot of some pe K[X]. Thus |L|= Nl . This implies fairly eagily that L
is a ﬂl—ﬁeld. By 6.15(ii) , L* is normable. The importance of Esterle's theorem 6.15
is that it holds in the theory ZFC, whereas 5.5 is vacuous unless CH holds.

The following well-known result is rather straightforward (it is essentially [9,
1.13]).

Let pe GN\N. Then we set

Ag=CBN/I,,
and we write Kp for the quotient field of A_. Thus K _ has the form R“/Z, where

p p
U is a free ultrafilter on w.

6.16. PROPOSITION. Suppose that A is normable for some pe€ BN\N. Then there

p
is a discontinuous homomorphism from C(Q) into some Banach algebra for each

infinite, compact space Q .
Thus, combining 6.15 and 6.16, we obtain the following result.
6.17. THEOREM. Assume that there is a free ulirafilier U on w such that R¥/U is

a [31—fz'eld. Then there is a discontinuous homomorphism from C() into some

Banach algebra for each infinite, compact space Q .
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With CH, |[Rw/21| =X, for each ultrafilter # on w, and so [Rw/ZI is a

1
ﬂl—ﬁeld. Thus, with CH, there is discontinuous homomorphism from C() for each
infinite, compact space . But can we have [Rw/ZI as a ﬂl-ﬁeld without CH being
true ? In this direction, we have a result of Dow ([11]): if CH be false, then there
exists a free ultrafilter # on w such that R¥/Z is not a B,-field. Also, under the
hypothesis MA + —-CH , there is no free ultrafilter # on w such that IRw/ZI is a
ﬁl—ﬂeld ([9, Corollary 6.28]). (Here MA is Martin's Axiom : see [9, Chapter 5].)

It is certainly not the case that it is a theorem of ZFC that there is a
discontinuous homomorphism from C(Q) for each infinite compact space Q . Indeed
it is a theorem of Woodin from 1978 that there is a model of ZFC + MA (in which
CH is necessarily false) such that every homomorphism from C(Q2) into a Banach
algebra is automatically continuous for each compact space . This theorem is the
main result of the book [9]; the notion of a model of ZFC , and the interpretation of
the existence of models in terms of the independence of certain results, is fully
explained in that book. Thus we have known for 10 years that the existence of
discontinuous homomorphisms from the algebras C(2) is independent of the theory
ZFC.

Nevertheless, it has been an important open question for some time whether or
not CH is a necessary hypothesis for the existence of discontinuous homomorphisms
from the algebras C(Q). I am grateful to Hugh Wdodin for his permission to

announce the following recent theorem of his at this meeting.

6.18. THEOREM. (Woodin) There ezists a model of ZFC in which:
(i) CH s false;
(ii) [Rw/ZI is a ﬁl—field for some free ultrafilter U on w;

(iii)  there is an isotonic isomorphism from lRw/ZI into 3(1)([R,G) .

By combining Woodin's theorem 6.18 with Esterle's theorem 6.15, we obtain

the following theorem.
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6.19. THEOREM. There is a model of ZFC in which CH is false and in which
there is a discontinuous homomorphism from C(2) into a Banach algebra for each
infinite, compact space S .

Thus the question of existence of discontinuous homomorphisms from the
algebras C(£2) is also independent of the theory ZFC + -~CH . Whether or not there
is a model of ZFC + MA + -CH in which these discontinuous homomorphisms exist
is an interesting, and probably very deep, open problem; you will see that to find such

homomorphisms would require quite new methods.

7. EXPONENTIATION ON ORDERED FIELDS

Let P be a non-maximal, prime ideal in an algebra C(£2) . I said at the end of

§5 that the question of the normability of the algebra KP* = MP/P was resolved in

every case save (with GCH) where IKPI = N2 and |I‘K | = Nl . In §6, I exhibited a
P

totally ordered, real-closed, 7)1~ﬁeld K such that |K]| = N2 and [T | = Nl.
However, we do not know that this field has the form KP for some P . In this
section, I shall show that in fact the field K is not of the form Ky : to do this, of
course, we shall describe a property that all fields KP possess, but which K does not

have.

7.1. DEFINITION. Let K be an ordered field. A strong interval of K* is a subset
I of K™ such that

(i) if ael and beK with 0<b< a,then bel;

(ii) if ael,then 2a€l;

(iii) 1€I.

It follows that, if I is a strong interval in K* | then K#Jr € I, and that, if

a,bel, then a+bel.
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7.2. DEFINITION. Let K be an ordered field, and let I be a strong interval of
K* . Then an exponentiation on I is a map exp: I - K such that:

(i) exp(a + b) = (expa)(expb) (a,b €I);
(i) exp0=1,expl=el;
(iii) expa < expb whenever a, b€l with a< b;
(

iv) foreach c€ K with ¢ > 1, there exists a € I with expa=c.

It follows from (i) - (ili) that exp(al) =e®1  (a€R), that
exp(K#) C K#+\K* , and that exp(I\K#) C K#+\K# . The main effect of condition
(iv) is to ensure that exp(I\K#) = K+\K# and that I+ K#+ .

A function F on R*is locally Lipschitz if, for each k € N, there exists a >0

such that
lﬂs—l_ﬂaill ts,t€[0K], s#t
[s-1t |
is bounded.

Now let Q be a compact space, and let P be a non-maximal, prime ideal in
CQ). I fge c(Q)"  with f-geP and if F is locally Lipschitz, then
Fof - Fog € P . For take neN and MeR' with |F(s)- F(t)] < M|s-t|"/® for
s,t € f(2) U g(Q) . Then

|(Fof)(x) - (Fog)(x)|" < M|f(x) - g(x)| (x€Q),

and so |Fof - Fog|®" < M"|f-g| in C(Q). Since P is absolutely convex,
Fof - Fog € P . Thus, if F is locally Lipschitz, we can define F on APJr as follows:
for a€ APJr , take fe C(Q)" with 7rP(f) =a, and set F(a)= 7rP(Fof) . Then F(a)
is well defined.

¢ (t€R"). Then F is locally Lipschitz, and it is

For example, take F(t)=e
easily checked that the map ar F(a) = e®, AP+ -+ Ap, satisfies (i) - (iii) of Definition
7.2. We now wish to extend the domain of F so that (iv) also holds. We fix a

particular function G , namely



Then G is locally Lipschitz, and so G(a) is defined for a € AP+ . We set
Jo={aeA,":G(a)=0},
-1
Iy = {a €K, "\(0): a7 ¢ I} U {0}

= beK,\Itu{o}.

(The prime ideal P is a z-ideal if feP whenever fe C(2) and
f_l(O) = g_l(o) for some geP.If P isa z-ideal, then JG = {0} and IG = KPJr ,
and this is the case to bear in mind. However, there are prime ideals in C(£2) which
are not z-ideals.)

It is easy to check that I, is astrong interval of K'.

7.3. DEFINITION. Let G and IG be as above. Set

e® (a € AP+) ,

expa =
{G(a‘l)]“l (a e IG\A).

I claim that exp:a~ expa is an exponentiation on IG .

Let me check a special case of 7.2(i). Take a,b€ IG\A * . We must verify

P
that

Gla+b)y H=c@ham™). (14)

Take f,g e C(Q)" with 7rP(f)=a,"1 and T

P(g) =pb! ,set X = f_l(O) U g_l(O) , and

set,



Then he C(Q)". Set ¢ = o

in AP,a,ndso (a+b)c=1 and c=(a+b)—1. Since

(h) . Since (f+g)h=fg in C(Q), (a—1 + b—l)c =a !

exp [m_%] = exp {ﬂ_%] - exp [gf—iﬂ (xeQ),

Goh = (Gof)(Gog) , and so (14) follows.

Other cases of 7.2(i) , and 7.2(ii) and (iii) are trivial or are checked similarly.

We finally verify that 7.2(iv) holds. Take c€ KP with ¢>1.1If ce AP ,
then there exists a € AP with €* = ¢, and so we may suppose that c € KP+\AP . Set
b=cle KP*+\{0} : wWe require a € AP+\JG with G(a)=b. Take ge C(Q)" with
7rP(g) =b; we may suppose that lglg < 1. Let H: [0,1) - R* be such that
(GoH)(t) =t (t €[0,1)) . Then Hoge C(Q):set a= 7rP(Hog) . (We cannot say that
a=H(b) in AP because H is not a locally Liptschitz function.) Then
G(a) = TFP(GOHOg) = ﬂP(g) =b, as required.

We have obtained the following result.

74. THEOREM. Let  be a compact space, and let P be a non-mazimal, prime
ideal in C(Q) . Then there is an ezponentiation on a strong interval of KP+ JIf P ods

a zideal, there is an exponentiation on KP+ itself.

On the other hand we have the following theorem. The proof appeals to the
Continuum Hypothesis, but in fact the result holds as a theorem of ZFC ([10]).

7.5. THEOREM. It is not the case that there is an exponentiation on a strong interval

of 3R,G).
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Proof. (CH) Set K =F(R,G) . To obtain a contradiction, suppose that I is a strong
interval of K and that exp : I+ K 1is an exponentiation on I. Then there exists

# =
f, e INK™ . Set y, =-v(f

Take 7 < w, such that a? =0.

We define a map aHxa,Q—aG"L.Foreach p< w
{1 (e 7+p),

0 (r+p<o< wl).

) and 010=v(y),sothat y. € G"\{0} and aOEQ.
0 0

17 6 is the sequence with

epl0) =

Then, for each p < W, € € Q and o< €, and {ep 1p < wl} is a well-ordered
subset of Q .

For a=(a,) € Q, define X" Q-R by setting‘

xa(ep) =a,for p< w xa(ﬂ) =0 otherwise.

Then supp X is a countable, well ordered subset of Q , and so X € G’ . The map
arx , (Q,3) = (G,<) , is isotonic. Since y >0 in G and v(xa) b o = v(yo) , we
have X, <Y, in G foreach a€ Q.

Now define +: awr X =Y Q-G. Then  1is an isotonic map with
Q) c G\{0} . We identify Q with «(Q), and then we can regard F(R,Q) as a
subgroup of K . For each fe€ 3(R,Q)+\{0} , we have v(f) > v(fO) ,and so f< fo in
K. By the definition of a strong interval, felI, and so S(IR,Q)+ cI and
3®,Q) nK¥ = {0} .

Finally we define a map

¥:fe-viexpf) , FR,Q) ™ G.

I claim that % is an injection. For take f,g € F(R,Q)" with f<g,say g=f+h,
where h € I\K# . Since expg = (expf)(exph), we have %(g) = %(f) + ¥(h) . Since
exph € exp(I\K#) C K+\K# ,v(exph) < 0 and ¢(h) >0 in G. Thus %(f) < ¥(g),
and so % is an injection.

However @ contains a well-ordered subset of cardinality Nl , and so
R N
I3R,Q)| >2 1, whereas |G| =2 0 by 6.8. With CH (but not as a theorem of

N R
ZFCl) , 2 1590 , and so we have reached a contradiction.
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Thus, from 7.4 and 7.5, we obtain the following result, proved in ZFC + CH ,

but true as a theorem of ZFC .

7.6. THEOREM. The real-closed, nl—fz'eld 3(R,G) is not of the form K, for any

prime ideal P in an algebra C(Q) .

8. A SECOND EXAMPLE

So far we have not found a field K of the form KP such that K| = N2 and
IFKI = Nl . In this final section, I shall give an example of such a field which is an
ultrapower, and so, in particular, is a field of the form KP‘ First we have a result

which enables us to calculate some cardinalities.

8.1. THEOREM. Let &k be a cardinal, let U be a free ultrafilter on x, and set
K =R"/2 . Then

Tyl = w(K) = Q%] .

Proof. Certainly w(K) > IPKI .

We show that w(K) < [Q®/#| by showing that QH/ZI is order-dense in K .
Take [f], [g]€e K with [f] < [g], and set S={o< k:1f(0) < g(o)}. Then SeZ.
For each ¢ €8S, choose h(s) € Qn (f{o),g(o)). Then he QH/ZI and [f] < [h] < [g]
in K. Thus Q®/U is order-densein K .

Finally we show that IQﬁ/le < |T| by giving an injection 9 01y — Iy
Let ¢:@~-N be a fixed injection, and let fo be a fixed infinitely large element of K .

For feRF , set

of : UHfO(U)L(f(U)) , k—R,
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and set  Y([f]) = v, ([6f]) , where v, is the archimedean valuation on K. Then
¥([f]) is well-defined on I, . Take [f], [g]e K with [f] #[g], and set
S={o< k:uf(0)) < glo))} and T={o< k:f/o)) >¢(glo))}.Then SUT e

because + is an injection, and so either Se# or T e ,say Se€l .Foreach oc€S,

(Of)(o) =1

()18l 0g)(0) > 1 (0)(0g)(0)

because «(f(o) - g(o)) =1, and so [Of] > n[Og] for each n eN. Thus ¥(f) < ¢(g),

and ¢ is an injection, as required.

8.2. DEFINITION. Let x be a cardinal, and let Z be an ultrafilter on K . Then #

is uniform if |S| =k foreach Se .

Thus, if # is a uniform ultrafilter on W, the complement of every countable

subset of w, isin U . The following proposition is a special case of a standard result.

w
8.3. PROPOSITION. Let U be a uniform ultrafilter on w, Then |R 1/ZI | > NQ.

Proof. To obtain a contradiction, suppose that {[f 5] 1§ < w} is an enumeration of

w
R 1/ZI. For each ¢ < w {fn(g) :n< €} is a countable subset of R, and so there
exists f(&) e R with f(&) # fn(ﬁ) foreach n< £.

For each 7 < w, , we have

17
{6<wse<mci{e<w MO+,

and the set on the left has a countable complement. Hence the set on the right

belongs to 4, and so [f] # [fﬂ] . Thus [f] ¢ {[fn] :n< w}, the required contradiction.
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w
8.4. THEOREM. (GCH) Let U be a uniform ultrafilter on w, , and set K =R 1/Zl.
Then

Wy
K| =8y, and [Tyl =10 /2.

w I\§
Proof. This follows from 8.1 and 8.3, noting that |K| < |R 1| =2 Lo . with

2 7
GCH.

Thus we would achieve an ultrapower of the form we are considering if we

could show that there is a uniform ultrafilter # on w; such that Ile JU| = Nl .

It has been proved by Hugh Woodin that such an ultrafilter exists (using deep
results that appear in the paper [16], and which in turn are based on earlier results of
Woodin) but only under a certain "large cardinal" axiom. A large cardinal axiom is a
statement that a cardinal with certain properties exists; for example, analysts are
familiar with the axiom that measurable cardinals exist (see [18, Chapter 12]). The
large cardinal required for Woodin's theorem is a "huge" cardinal, although he allowed
himself the remark that "a super-compact cardinal would probably suffice". These
large cardinal axioms are known to be independent of the theory ZFC + GCH. Thus
we finally obtain the following result. The theorem is in fact a "relative consistency"

result, as before (see [9]).

8.5. THEOREM. Assume that the theory "ZFC + GCH + 'there is a huge cardinal'"
is consistent. Then the theory "ZFC + GCH + 'there is a uniform ultrafilter U on

w; such that

| K| =N2 and [I‘I | =N

K 1’
@y
where K =R “/U'" is also consistent.
On the other hand, we also know that we cannot prove in ZFC + GCH that

there is a uniform ultrafilter # on w; with the properties stated in the theorem: the



95

consistency of such a theory implies the consistency of a theory with some large
cardinal axiom.

Also, in this talk I have not given a construction in ZFC+ GCH of a
non-maximal, prime ideal P in an algebra C(Q) such that IKPI = N2, and

II‘K | = Nl . At the time of writing I do not have such a construction, but one will
P

probably emerge soon.
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