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1 Introduction

In this work we study the following boundary value problems. Let § C R" be a bounded
domain with smooth boundary. We define the tangential gradient operator on the boundary
manifold 99 by é; = D; — v;v; Dy , where v = (vy,...,v,) is the inner normal vector to 9.
We consider the problem

Lu = a"Diju + ¥ Dju + cu = f, in £, (1)

Bu = a"6:6; + B Dju+yu =g, on 09. (2)

The equation ( 1) is elliptic in the usual sense [2] and the boundary condition ( 2) is called
Venttsel if the following conditions are satisfied:

ainm; >0, ~forp € R*st.np L, : 3)

and
Biv; > 0. (1)
If the inequality in { 3) is strict the boundary condition B is called elliptic, otherwise it is
called degenerate elliptic; if the inequality in ( 4) is strict the boundary condition B is called
oblique, otherwise it is called degenerate oblique.
Without loss of generality we may assume that {a*/} has the property

aly; =0, on 99, fori=1,2,...,n.
Therefore when we locally flatten the boundary our boundary value problem becomes
a" Diju + b Diu + cu = f, in BY, (5)
a® Dyu+  Diu+yu =g, on B° . (6)

where Bt = {z € R"| |z] < 1,3, > 0},B° = {z € R"| |z| < 1,2, = 0}, and the repeated
indices s,1 indicate the summation from 1 to n — 1.

This type of boundary condition originally came from probability theory (see for example
Venttsel [10] ), and also occurs in three-dimensional water wave theory, (see Shinbrot [9] ),



163

and in the engineering problem of ”hydraulic fracturing” of oil wells, (see Cannon and Meyer
).

Our goal in this work is to study the existence and uniqueness of the solution of the
boundary value problem. The results about the linear problems are simple and stated in the
next section. When the equation and the boundary condition are nonlinear, like the model
in the three-dimensional water wave theory, the problem becomes difficult. In such a case,
some general theorems on the a priori estimates of the solutions and the existence in both
classical and general sense are stated in the remaining sections.

2 Linear Problems

In the case of linear problem ( 1) and ( 2), the existence and uniqueness results are obtained
as follows.

Assume that the boundary condition is elliptic. By considering the boundary condition
6 as an elliptic equation, we can obtain the Schauder estimate on the boundary

[ulz,a00 < C(lglan + ul1,m0)s

where, and from now on, C is a constant independent of the solutions. Then by applying
the Schauder global estimate to the Dirichlet problem of { 1) with C%* boundary data, and
using the interpolation inequality, we have

[ul2,as0 < C(lulo + |glan + | flaa)-

This estimate enables us to apply the method of continuity to get the existence theorem,
provided the norm |uly is bounded. The |u]y, bound is a consequence of the maximum
principle which is the only good property that Ventisel boundary value problem shares
with the usual boundary value problems. The uniqueness also follows from the maximum
principle. For the Schauder estimates and the interpolation inequality we refer [2].

Theorem 1 Suppose that L and B are uniformly elliptic and that ¢,y < 0. Then the
problem (1) ,( 2) has a unique solution in C**.

The work in this section is a collaboration with N.S.Trudinger. (see [6]).

3 Local estimates

It is interesting and important to study the local behavior of the solutions near the boundary,
such as supremum and oscillation. This observation leads us to establish the Aleksandrov-
Bakelman type maximum principles and weak Harnack inequalities for the solutions of
Venttsel boundary problems. These estimates are found to be crucial in the later work
on the nonlinear problems, because, as is well known, the existence theory in nonlinear case
depends strongly upon the a priori estimates of the solutions, such as Holder estimate which
can be obtained quickly from a weak Harnack inequality.

Let us consider the problem ( 5),( 6) with flat boundary, and assume that L is uniformly
elliptic and B is Venttsel, i.e. {a®} is an (n — 1) X (n — 1) symmetric non-negative definite
matrix, and 8™ > 0. In the case when the boundary condition is uniformly elliptic we have
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Theorem 2 Suppose L and B are uniformly elliptic and u is a solution of
_ Lu > f, inR}, Bu2gy, on OR}. (M
Suppose also that u <0 in R% \ BY. Then we have |
sup ut < C(lg/A a1 + |f/D*ln) R,
R

where C is a constant depending only on n, ||b'/D*||, . D* = (det{a’})/" and A* = (det
{ast})l/n—l'_

If the boundary operator B is degenerate elliptic and the degeneracy is of type I by which
we mean

{&*}n-1)x(n-1) = {& }ixh ® {O}n-h-1)x(n-h-1), 0 < B <n —1,
we have

Theorem 3 Suppose L is uniformly elliptic , B is degenerate elliptic of type I and oblique.
Suppose also that b =0, and B* = 0. If u is a solution of

Lu > f, inR}, Bu>y, on OR}. (8)
and uw < 0 in R} \ Bf. Then we have
S;fuJ' S CUIGIA+11f/D"1n) R,
R

where C' = C(n) and

G(xlazl’)"'azh) = sup g(zlym%"',mn—l)/A’}:'
(Zh41yesTrn—1)

The idea to prove theses theorems is similar to the proof of the original version of Alek-
sandrov maximum principle, i.e. we consider the upper contact set of the solutions and the
normal mapping defined on it, then we estimate the measure of the normal image of the
contact set. The difference in our case is that we have introduced here a new notion of
boundary contact set which enables us to handle the Venttsel boundary condition.

With the help of the Aleksandrov maximum principles above we can obtain the following
weak Harnack inequalities.

Theorem 4 Suppose that L and B are uniformly elliptic. Then there ezists a constant p > 0
such that for any non-negative solution u of

Lu < f, in BE, Bu < g, onB},

we have the estimate

1/p
1 .
(—, Eni |u|*’dz') <c (f -+ Bllg/Flacr.zy, + Ruf/Au,,,B;) ,

where 2’ = (z1,Z2,. .., Tn-1)-

Theorem 5 In the above theorem, if B is degenerate elliptic of type H, then the estimate is

i/p
1 .
JE— Pdx’ < i
(w;;,g J 1 dx) <¢ (/f ut BGlluay + Rllf/AH,.,s;) :

where G is defined as before and B is the h-dimensional ball.

The work stated in this section is on the publication [7].
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4 Quasilinear Problems — Elliptic Boundary Condi-
tions

The quasilinear problem that we are concerned with is
a'(z,u, Du)Diju + b(z,u, Du) = 0, in 2, (9)
i (z.u.6u)6:6;u + Bz, u, Du) = 0, on 9. (10)
The boundary condition is of Venttsel type if
i) {7} is as before,
i) D,B-v > 0.
Under the natural structure conditions of Ladyzhenskaya and Uraltseva:
(A) A < {a(z,2,)} < AT and A < Aa(la)),
(A1) 16z 2, )] < A=D1 + IpP),
(A2) | D'}, |D.a%], 1Dya|(1 + o)) < Apn(2]),
| Db, |D.b|, | Dyb|(1 + |p]) < Apa(l2])(1 + |p|?), and the corresponding conditions on
the boundary operator:
(B) «ln|?> < a¥nin; < K|nl?, for p L v, and K < sp(|z]); DpB-v > x, x > 0is a
constant,
(B1) 18z, 2,2)] < rpa(l=)(1 + I,
(B2) |D.ai], | D2, |D,aii|(1 + [p) < rpia(l2]),
D61 1D.81 < wpua(lz1)(1 + lgl), 1D, < wpa(l2]), where w, s iy are mondecreasing
functions, the following theorem is obtained.

Theorem 6 The problem ( 9) and ( 10) has a solution u € C**(Q) provided supg |u| is
bounded.

Outline if the proof. First we establish the C* a priori estimate for the solutions u in
the following steps:

(1)By the weak Harnack inequalities obtained in the last section, we get the C* estimate
near the boundary.

(ii) A maximum principle argument then yields the tangential gradient estimate.

(iit) The C* estimate near the boundary for the tangential gradient is proved in a similar
way as in step (i).

(iv) Finally the global C** estimates follows from a result of Lieberman [4].

Since the maximum principles are valid in the case of Venttsel boundary value problems ,
the estimate for supg |u| can be obtained by assuming that D,b, D, < —¢, for some positive
constant ¢g. The uniqueness of the solution also follows from a comparison principle under
some extra assumptions.

For more detail about the theorem and the proof see the publication [8].

5 Quasilinear Problems—Degenerate Elliptic Bound-
ary Conditions

Here we consider the equation ( 9) with the boundary condition ( 10). When we flatten the
boundary locally the problem becomes

a(z,u, Du)Diju + b(z, u, Du) = 0, in Bt (11)
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o*(z.u.D'v)Dyu + B(z,u,Du) =0, on B° (12)

and we assume that the boundary condition has only the following two types of degenerate
points:
Type A: z is a degenerate point of Type A if {a®} has arank h,0 < h <n —1, and

A A
sty _ 1 A
{a}—_(Azl Azz)’
where A;; is a positive definite minor with the smallest eigen-value & > 0 and
1
Agg - g;AglAu _>_ 0, for some § € (0, 1)
Type B: z is a degenerate point of Type B if

0 < {e™(y)} < n)1,

where 7(y) < C|z — y| in a neighborhood of z.

To obtain the existence of classical solutions, our strategy is to make use of elliptic
regularization, i.e. to add an € times of Laplacian to the boundary condition and solve the
approximate problem first, then by letting € — 0 to get the solution. For this purpose we
need to set up an ¢ independent C*° estimate to ensure that the approximate sequence
coverges in a proper function space. To get the estimate, besides the natural structure
conditions we have to make some additional assumptions:

(AA) In a neighborhood of degenerate points the following equations hold

Bza"j : 6aij ..
Vv =0, Vi, and — v vk = 0;
Opi0pi ’ Opk
(BB) In the same neighborhood as in (AA)
B
vy =
dprOpi

Theorem 7 Under the assumptions stated above and that the functions o'l are independent
of the arguments z and p,the problem ( 9), ( 10) has a C** solution.

The main technique used in obtaining the C** estimates is the maximum principle ar-
gument, which is an analogue of that of Lieberman and Trudinger [6].

An application of this existence theorem is to the water wave problem. A similar result
is obtained under some weaker assumptions than that of Korman [3].

The assumptions (AA) and (BB) and seem to be artificial, (although (AA) is satisfied by
the mean curvature operator, and (BB) is satisfied by any § which is linear in the normal
derivative D,u). Also the restriction that the functions o'/ are independent of z and p is too
strong. To avoid these assumptions, let us consider the general solutions in viscosity sense.

Definition 1 4 function u € C(Q) is said to be a viscosity subsolution (supersolution) of
(9), (10) if ¢ € C*(9) is an arbitrary function and u—~ ¢ attains its mazimum (minimum)
at zg € S, then

a¥ (o, u(20), D$(20)) Dij $(%0) + b(zo, u(wo), D(20)) 2 ()0,
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when zo € §1, and
o (20)6:6§ (o) + B(zo0, u(wo), D(20)) = (£)0,

when zo € O8. _ ;
A function u € C(§2) is said to be a viscosily solution if it is both a viscosity subsolution
and a viscosity supersolution.

Theorem 8 Suppose the structure conditions (A), (A1), (A2), (B),(BI) and (B2) are sat-
isfied. Suppose all the degenerate points are either type A or type B. Suppose also that there
is a positive constant cy such that D,b, D, < —cqg. Then there exzists a viscosity solution.

The proof of this theorem is also based on the procedure of elliptic regularization. How-
ever this time we need only the convergence in C(£) so that the estimate is simple.
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