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This lecture is based on the article of Professor A. G. Vitushkin "Remarkable Facts 
of Complex Analysis" (translated from Russian by P. M. Gauthier), Encyclopaedia of 
Mathematical Sciences, vol. 7 (Several Complex Variables I), Springer-Verlag 1990. 

0. PRELIMINARIES 

Let D be a domain in the complex plane, i.e. an open and connected set in C. A function 
f : D --jo C is said to be holomorphic (or analytic) on D, if it is C-differentiable at any 
point zo E D, i.e. the following limit exists: 

lim f(z)- f(zo). 
:-zo Z- zo 

Then-dimensional complex space C" is the product of n copies of the complex plain C. 
It consists of n-tuples of the form z = (z1 , ... , z,.), Zj E C for all j. We denote by liz II the 
length of a vector z: llzll = Jlz1l2 + · · · + jz,.j2 • 

For a domain D lying in C" we say that a function f : D --jo C is holomorphic on D, if 
for every j and fixed z1 , ... , Zj-l, Zj+l, z,. it is holomorphic as a function of Zj (note the 
difference with real differentiability!). 

A mapping (!I, ... , f,.) between two domains inC" is a holomorphic mapping, if each 
its component /j is a holomorphic function. 

Maximum Principle. If a function f is holomorphic on a domain D C C" and 
continuous on D, then 

m~ lf(z)l =max lf(z)j. 
zED zE8D 

1. CONTINUATION PHENOMENON 

The most impressive fact from complex analysis is the phenomenon of the continuation 
of functions (Hartogs, 1906; Poincare, 1907). We elucidate its significance by an example. 
If a function f(z1 , .•. , z,.) is defined and holomorphic in a neighbourhood of the boundary 
of a ball in then-dimensional complex space C", n 2::: 2, then it turns out that j(z1, ... , z,.) 
can be continued to a function holomorphic on the whole ball. 
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Analogously, for an arbitrary bounded domain D whose complement is connected, any 
function f holomorphic in a neighbourhood u of the boundary an admits a holomorphic 
continuation F to the domain itself. 

u 

Let us emphasise that this holds only for n 2: 2. In the one-dimensional case, i.e. on the 
complex plane, this phenomenon does not occur. Indeed, for the u11jt clisk ~ = {z E e : 
jzl < 1} the function f(z) =~is holomorphic near the boundary 8~ = {z E e: lzl = 1}, 
but can not be holomorphically continued to the origin. 

This discovery marked the beginning of the systematic study of fur1ctions of several 
complex variables. Two fundamental concepts originating in connection vvith this property 
of holomorphic functions are "envelope of holomorphy" and " domain of holomorphy". Let 
D be a domain in en. The envelope of holomorphy iJ of D is the "largest" set to which 
all functions holomorphic on D extend holomorphically. The envelope of holomorphy of 
a domain in en is a domain which in general "cannot fit" into en' but rather is a multi
sheeted domain over en (Thullen, 1932). 

A domain D c en is called a domain of holomorphy if iJ = D, i.e. if there exists a 
holomorphic function on D which cannot be continued to any larger domain. 

The theorem on disks (Hartogs, 1909) gives an idea helpful in constructing the envelope 
of holomorphy of a domain: if a sequence of analytic disks lying in a domain D converges 
towards a disk whose boundary lies in D, then the entire limit disk lies in the envelope of 

122 



holomorphy An disk is a holomorphic one~to-one image of a closed disk in the 
cor.nplex plane. 

2. HOLOMORPHIC 11/lAPPINGS. CLASSIFICATION PROBLEMS 

in C any tvJ'o prop•er conr:.ected domains 

bail ar1d a 

FOr 
IIlair.1s 71 .arJ.y 

There are tvw of classification of real hypersurfaces. The fu·st 
1s the is characterised a of mvan-
ants (E. Carta.n, Tar1a:lm, 1967; Chem, 1974). In the second 
sat ion is via a special form for the equation of the hypersw..face, the "normal form" (Moser, 

Both these constructions enable one to distinguish ar1 in.finite-dimensional space of 
pairwise non-equivalent hypersurfaces. 

3. APPROXIMATION OF FUNCTIONS 

Let I< be a compact subset of C. Suppose that K has a connected complement, i.e. 
Kc := C \ I< is connected. Classical Runge's Theorem then states that any function 
holomorphic in a neighbourhood of K can be uniformly approximated on K by holomorphic 
polynomials, i.e. functions of the form P(z) = L~=O akzk, ao, ... azv E C. Conversely, if 
this approximation property holds, the complement gc is connected. Therefore, Runge's 
Theorem completely characterises compact sets on the complex plane having the above 
property. 

In en the situation is more complicated. Instead of the condition for a compact set 
to have a connected complement, one needs a different condition called "polynomial con
vexity". This means that for any point w ~ I< there exists a holomorphic polynomial 
P(z1, ... , zn) such that IP(w)l > maxzEK IP(z)l. On the complex plane polynomial con
vexity coincides with the connectedness of Kc. 

The polynomial convexity of a compact set I< is sufficient to approximate any function 
holomorphic near K by holomorphic polynomials (Weil, 1932). However, there exist sets 
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which are not polynomially convex, but still admit polynomial approximation for holo
morphic functions. For example, the "spherical shell" {z E en : 1 < llzll < 2} is not 
polynomially convex by the maximum principle, but has the approximation property by 
the continuation phenomenon. 

A much more complicated approximation problem is the one for function holomorphic 
only at the interior points of a compact set K (if there are any) and continuous on K. The 
criterion for K to have the polynomial approximation property for this class of functions 
on the plane is formulated in terms of the continuous analytic capacity: 

a(K) =sup I lim zf(z)l, 
f z-oo 

where the supremum is taken over all functions f continuous on e, bounded in modulus 
by 1 and holomorphic on Kc (Vitushkin, 1966). In en not very much is known except 
results concerning very special types of compact sets, and certainly there is no description 
of sets having the approximation property in terms of a single characteristic. 
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