STRICT PROPERTY (M) IN BANACH SPACES
YUNAN CUI*

Abstract. A new property, namely strict property (M), that implies the Opial property is
introduced. We discuss relations between this property and some other well known properties. We
also prove that Cesaro sequence spaces have strict property (M).
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1. Introduction. Let (X, [|-]|) be a real Banach space, and X* be the dual space
of X.Let B(X), S(X) be the closed unit ball and the unit sphere of X, respectively.

DEFINITION 1.1. A Banach space X has property (M) if whenever z,, — 0 then
(g, (@) := limsup ||z, — || is a function of ||z|| only.
n—o0

Property (M) was introduced by Kalton ( see [9]). It is an essential ingredient
in his characterization of those separable Banach spaces X for which the compact
operators K(X) form an M-ideal in the algebra of all bounded linear operators,
L(X). That is

L(X)* = (K(X)* @ V)1, for some closed subspace V.

It was immediately recognized as a prime candidate for a sufficiency condition
for the weak fixed point property but it was not until 1997 that Garcia-Falset and
Sims (see [6]) proved that a Banach space with property (M) has the weak fixed point
property, i.e., every nonexpansive mapping T from a weakly compact and closed set
A C X into itself has a fixed point in A.

Since in a Banach space X, property (M) implies that for every weakly null
sequence {z,} C X and z € X we have 9(,,)(tx) is an increasing function of ¢ on
[0,00), (see [6]), it is clear that property (M) is equivalent to z, — 0 and ||u|| < ||v||
implying that limsup ||z, + u|| < limsup ||z, + v|].

n—00 n—0o0

Suppose that X has property (M), z, — 0 and |Ju|| < ||[v||. Choose A > 1 such
that ||Au|| = ||v|| then

lim sup ||z, + v|| = limsup ||z, — v||
n—roo n—o0

= limsup ||z, + Au|| > limsup ||z, — u]|.
n—»00 n—co
We now introduce strict property (M).

DEFINITION 1.2. A Banach space X has strict property (M) if X has property
(M) and lim sup ||z, + u|| < limsup ||z, + v|| whenever z, = 0 and ||u|| < ||v]|-
n—>00 n—oco

Similar conditions on weak* null sequences in X* are called property (M*).
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DEeFINITION 1.3. A Banach space X is said to have the Opial property if every
weakly null sequence {z,} C X satisfies

liminf ||z,| < liminf ||z, + ||
n—r00 n—o0
for every z € X (z # 0), (see [15]).

It is clear that a Banach space with strict property (M) has the Opial property.
Hence a Banach space with strict property (M) has weak normal structure. It is well
known that ¢y fails to have weak normal structure but it has property (M). This
means that strict property (M) is essentially stronger than property (M).

DEFINITION 1.4. A Banach space X has property (M,), (1 <p < o0), if

lim sup ||z, + z||* = limsup ||z, " + ||z||®

for all z € X, whenever z,, = 0. Property (M) is the requirement that

lim sup ||z, + z|| = max{lim sup ||z,||, ||z]|}
n— 00 Nn—00
for all z € X, whenever z,, = 0.

It is clear that a Banach space with property (M,) (1 < p < 00) has strict
property (M).

To obtain the weak fixed point property in certain Banach spaces, Garcia-Falset
introduced in [4] the following coefficient.

R(X) = sup {%igf llZn + 2| : {zn} C B(X),2n % 0,z € B(X)} .

He proved that a Banach space X with B(X) < 2 has the weak fixed point property
(see [4] and [5]). A Banach space X is nearly uniformly smooth (NUS) if for every
£ > 0 there is 7 > 0 such that if ¢t € (0,17) and (z,) is a basic sequence in B(X), then
there exists k > 1 such that ||z; + tzg|| < 1+te (see [17]). A natural generalization of
this notion is WNUS whenever it satisfies the above condition with for some € € (0,1)
in place of for every € > 0 ( see [3]).

Recall that a sequence {z,} is said to be an e-separate sequence for some € > 0 if

sep({zn}) = inf{||lzn, — zm| :n #m} >e.

An important property that implies weak normal structure is the following property.
A Banach space X is said to have the uniform Kadec-Klee property if for every € > 0
there exists § > 0 such that if x is a weak limit of a norm one e-separate sequence
then ||z]| < 1-34.

It is well known that a Banach space X is WNUS if and only if it is reflexive and
R(X) < 2 ( see [4]) and a Banach space X is NUS if and only if it is reflexive and its
dual space has the uniform Kadec-Kleeproperty, (see [8]).

Let [% denote the set of all real sequences and N the set of natural numbers.
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DEFINITION 1.5. A Kithe sequence space is a subspace X of I[° containing an
element z = {z(i)} € X with z(¢) > 0 and such that for every z € [° and y € X with
|z(7)] < |y(2)] for all i € N we have z € X and ||z|| < ||y]|-

DEFINITION 1.6. Let X be a Kothe sequence space. We say that the norm is
absolutely continuous at x = {z(i)} if lim, ., [|(0,---,0,z(n),z(n + 1),---)|| = 0.
Let X, denote the subspace consisting of those elements z at which the norm is
continuous. We say that X has absolutely continuous norm if X, = X.

DeriNITION 1.7. A Ko&the sequence space X is said to have the Fatou property
if for every sequence {z,} C X and y € X satisfying |z,(2)| T |y(?)| for all i € N we
have [|zn|| = lyll-

A Cesaro sequence space was introduced by J. S. Shue in 1970, (see [8]). It is,
for example, useful for the theory of matrix operators. For 1 < p < oo , the Cesaro
sequence space ( cesp, for short ) is defined by

1

cesp =Rz €l’:||z|]| = (Z {% Z [m(z)l] )

n=1

We will subsequently consider some geometric properties of cesp.

2. Results.
Theorem 2.1. If a Banach space X has property (M) (1 < p < o0), then

R(X) = 27.
Proof. For every weakly null sequence {z,} C S(X) and z € S(X), we get
limsup ||z, — z||” = limsup ||z, |[" + ||z||” = 2.
Nn—»CO n—oo
So,
liminf ||z, — || < limsup||z, — z|| = 25.
n—oo n—0o
It is clear that there exists a subsequence {z,,} C {z,} such that

lim sup [|zn, — 2|| = limsup ||z, — z||” = 27,
1—+00 n—00

so R(X)=2%. O

We recall that a separable Banach space X is ( weakly ) stable ( see [12] ) if for
any pair of ( weakly null sequences ) bounded sequence {u,}, {v,} in X,

lim lim |jum +vpll= lim lim ||up + v,
n—00 M—+00 m—00 N—00

whenever either side exists.
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Theorem 2.2. Let X be a separable stable Banach space with property (M) and
suppose that X contains no copy of l;.Then X has WNUS.

Proof. Since a stable Banach space is weakly sequentially complete (see [12]) and
X contains no copy of I;, we conclude that X is reflexive. By Theorem 3.10 in [9],
there exists p € (1, 00) such that X has property (Mp). Using Theorem 2.1, we obtain
that R(X) < 2. Hence X has WNUS. O

Corollary 2.1. Let X be a separable stable Banach space with property (M) and
enmy05e that X contains no copy of 1. Then X has the fized point property.

Theorem 2.3. If X is o weakly stable Banach space with strict property (M)
and contains no copy of ly. then X has the uniform Kadec—Klee property.

Proof. Suppose that X fails to have the uniform Kadec—Klee property. Then
there exists an €9 > 0 such that for any 0 < § < 1— (1 — eg)% there exists a sequence
{z,} C S(X) with sep({zn}) > €0 and = € X such that z, = = and ||z|| > 1 - 4.

It is clear that the sequence {z,, —z} is weakly null and sep({z,—z}) > £¢. By the
Bessaga—Pelczynski selection principle we may, without loss of generality, assume that
the sequence is a basic sequence. Put Xg = span({z, — z}). Then Xy is separable,
contains no copy of I; and has strict property (M). Using Proposition 3.9 in [9], there
exists p € (1,00] and a normalized weakly null sequence {z,} such that for every
u € Xp and every o € R,

lim [lu + azn|” = [lull” + |of”
n—00
when p < o0 or
lim [fu+ azl| = max{|ju], of}
when p = co.
Since Xy has strict property (M), we have 1 < p < oo.

Now let (w,) C X be any normalized weakly null sequence generating a type.
That is, ILm llu + wy|| exits for all n € N. Then we can define v(e, 8) = lim |Jau+ Bw,||,
n— 00 n—00

where u € S(Xp). Then by weak stability, if o, § € R,

Y(a, B) = lim lim |Jaz, + Bawnl|
n—00 Mm—r00

T — (1nIP PVF
~7711£n°onll>ngo|‘azn+)8nwnll = (lal +‘,3| ) .

Hence

1= llzall = ||z + za — 2l| = (2]l l2n - =)
= (2" + llza — lP)7 > (1= 8P +&P)7 > 1,
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a contradiction. |

Theorem 2.4. Let X be a separable Banach space and X* have property (M*).
Then X has strict property (M).

Proof. By Proposition 2.3 in [9], we get that X. Next, we will prove that X has

strict property (M). For any u,v € X with |Ju|| > ||v]| and every weakly null sequence
(zn) C X, we pick up z € S(X*) such that (v+ z,,5*) = ||v +z,]|| for all n € N.

By passing to a subsequence we may suppose that =, 2y g*. Take u* € S(X*) such
that < u,u* >= |[u|| > |jv|| > <1), Wgﬂ> and put w* = ||z*||u*. Then

limsup ||v + || = limsup (v + Z,,z*)
n—r 00 n—roo

= limsup ((v,2") + (&n, 2, — *))
n—00

< lim sup ((u,w*) + (zn, z;, — z*))
n—r00

. * * *
= limsup (u + &, w" + z), — z*%)
n—oo

< limsup ||u + @, || lw”* + 27, — =¥
n—00

= limsup ||u + z, || [|* + =), — ||
—rCO
since limsup ||w* + 2 — z*|| = limsup |[z* + z}, — 2*|| = 1 by property (M*). Hence
n—oo n—oco
lim sup ||v + zx|| < limsup ||u + 24| .
n— 00 n—co
O

Corollary 2.2. A reflexive Banach space X has strict property (M) if and only
if it has property (M).

Theorem 2.5. For the following conditions on the Banach space X we have
1) =(@2)=3).

(1) X has strict property (M).

(2) If z, 2 0 then for each = € X we have Y(a,)(tz) is a strictly increasing
function of t on [0, c0).

(3) X satisfies the Opial condition.

Proof. The proof is similar to the proof of proposition 2.1 in [6]. 0
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Let X be a Kothe sequence space. We define a new property, namely weak
property (M) in X as follows: if z, = 0 and w,v € X with |u(é)| < |v(i)| then

limsup ||v + 2, || < limsup ||u + z,|| .
n—00 n—od0

Theorem 2.6. Let X be a Kithe sequence space with the Fatou property. Then
X has weak property (M) if and only if X has absolutely continuous norm.

Proof. Necessity. Suppose that X does not have an absolutely continuous norm.
Then there exists 9 > 0 and zo € S(X) such that

(o]

Z To (z)ez

i=n+1

> €o

ith
for any n € N , where ¢; = (0,0,---, 1,0,---).
Take n = 0. Since X has the Fatou property, there is n; € IN such that

ni
. 3eg
Zl’o(l)ei 2 T
i=1
Notice that
m
Jim > zoli)es|| > eo,
i=ni+1
so there exists ng > np such that
n2
. 3eg
Z zo(i)e;|| > Vi
i=ni+1

In this way, we get a sequence {n;} of natural numbers such that

Tit1

3
3 woli)e| > %, i=1,2,---
j=n;+1
Nit1
Put z; = 3. =o(i)e;. Then
j=ni+1

(1) |Jzs]| > 222 for all i € N;
(2) z; 3 0 as i — oco. It is well known that for any K6the space X the dual space

X* is isometric to X/ @ S, where S is the space of all singular functionals over X ,
i.e., functionals which vanish on the subspace X, = {z € X : the norm is absolutely

continuous at 2} and X/ = {y € I° © ¥ z(4)y(i) < oo for all € X}. This means

Z:l
that every f € X* is uniquely represented in the form

f=Ty+‘-P,
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where ¢ € S and for y € X/ the function T}, is defined by

oo
Ty(@) = Y z(@)y(i)
i=1
for all z € X.
[e]
Consider > z(4)y(i) < co. We have
i=1
oo i1
lim 3 za(y() = lim Y w(i)y(@) =0.
j=1 j=n;+1
00 (o)
Take ig € N large enough so that || > xo(i)e;| < 4—;‘1 .Putzo= Y zo(ie;
i=ip+1 i=ig+1

and z; = —2x; for all : € N. Then

(3) ||z + 20l| = ll20l| < %2 for any i large enough and ||z;| = 2 [|z;|| > Zeo. This
contradicts X having the weak property (M).

Sufficiency. Let € > 0 be given. For any u,v € X with |u(7)| < |v(%)|, there exists

o0
io € N such that || > wv(é)e;|| < e. For every weakly null sequence {z,} C X there
i=ig+1
(o)
exists ng € N such that | Y. wv(i)e;|| < e. Hence
i=ip+1
[ee]
Iz +ull = || > (@) + u(d)) e
i=1

io o0
<D ul@ei+ > zalies|| +2¢
=1 1=ig+1
20 [e%s)
< Z’u(i)ei + Z zn(i)e;|| + 2¢
i=1 i=ig+1
oo
< Z (zn(3) + v(2)) e;|| + 4e = ||zn + ul| + 4e.
i=1
By the arbitrariness of €, we get that limsup ||z, + u|| < limsup ||z, + v]|. O
n—o0 n—0o0

Corollary 2.3. Let X be a Kithe sequence space with the Fatou property. If X
has strict property (M), then X has absolutely continuous norm.
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Lemma 2.1. Let y,z € ces,. Then for any ¢ > 0 and L > 0, there exists § > 0
such that

llly + 2" = Iyl <&
whenever ||y||” < L and ||2||° < § ( see [1]).

Theorem 2.7. The Cesaro sequence spaces have property (M,) (1 < p < 00).

Proof. Let {xn} be a weak null sequence and let x € X. Given ¢ > 0. Take

T max{z ( > |wm(z)|) 3 (%é |x(i)|)p:n€/\/}. By lemma 2.1, there

1 n=1
exists ¢ € (0,¢€) such that

%Zu(i) +y(i)|)p - Z ( le )

E ( < €,
n=1 = n=1
[ ) n p o0 n p
whenever Y (% > |x(z)|) <Land Y, (% > |y(2)|) <6.
n=1 =1 n=1 =1

00 n p
Take iy € N such that 5 (% > |x(i)[> < &. Since z, = 0, there exists

n=t0+1 =1

10 n P
mo € N such that ) (% > zm (i)|) < § whenever m > myp. Hence
n=1 =1

lom + 2l =3 (% > lemli) + z(i)l)

10

=Z(i—;|wm(i)+z(i)l> + Z (%lem(i)m(z‘)I)

n=1

sZ_}l(%glm(iN) + (%lem(i)l) +2e

n=ig+1

< (% > lx(i)l) + Z (%Zl Izm(e’)i) +4e.

In same a way, we can get

lom — all” > i( Z z>|> +i<ni1wm(z ) te.

By the arbitrariness of €, we hav

hmsup||wm—wl Z( Z z)|> +hmsupz< Z|xm |> ,

i=1



ie.,

The proof is complete.

(18]

lim sup (| — all” = |[z||” + lim sup [lz.]” .
m— 00 mM—r 00
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