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1. INTRODUCTION AND SUMMARY

1.1. General remarks. The isometric embedding problem originates
from the historical development of differential geometry: Early works
considered the relatively concrete situation of curves and surfaces in
space, and submanifolds of Euclidean spaces of higher dimension. The
more abstract notion of a Riemannian manifold arose later, follow-
ing Gauss’s Theorema Egregium stating that the Gauss curvature of a
surface depends only on the induced metric, and Riemann’s work ex-
tending this to higher dimensions and developing the intrinsic geometry
associated with a metric tensor prescribed in local coordinates.

Schlafli [44] discussed in 1873 the (local) question of whether a
metric given in local coordinates always comes from an embedding into
some Euclidean space, and conjectured that it should be possible to do
so into R™Z . This dimension seems plausible, since the number of
irzdep)endent components of the metric tensor at each point is equal to
n(n+1

i The local question (at least for real-analytic metrics) was solved for
the 2-dimensional case in 1926 by Janet [25] , and Cartan [4] extended
this to all n in 1927 as an application of his work on exterior differen-
tial systems. I should point out that the corresponding problem for C*
metrics is quite different — there is a counterexample due to Pogorelov
[43], giving a C™! metric on the plane which cannot be locally isometri-
cally embedded into R3. If the metric has positive or negative curvature
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at a point, then local isometric embedding is possible, and C. S. Lin
has proved that it is still possible if the curvature near the point is non-
negative [29] or if the curvature is zero but the derivative is non-zero
[30]. A very recent preprint of Nadirashvilli gives an example of a C*
metric which cannot be locally isometrically embedded into R?, which
seems to close the question.

The question of globally embedding a manifold is a natural exten-
sion of the local question, but could not have been formulated precisely
until after Weyl’s precise definition of differentiable manifolds [48] in
1912, brought into common use after the work of Whitney in the 1930s.
Whitney ([50]-[52]) proved that any compact manifold of dimension n
can be embedded (without requiring isometry) into R*", and immersed
into R?"~ 1.

The general result was finally proved by John Nash [37] in 1954
using methods that seem to be entirely without precedent. He showed
that any compact manifold with a metric of class C*, k > 3, can be
isometrically embedded in RV where N = w The dimension
requirement has been gradually reduced over the years, particularly
through work of Gromov [9], who proved one can take N = n?+10n+3
for k>2,or N=(n+2)(n+3)/2if k> 4.

The hard analytic part of Nash’s proof was taken up by others
and fashioned into a more general theorem (or method) now called
the Nash-Moser implicit function theorem. This was done by several
authors including J. Schwartz ([45],[46]), J. Moser ([33]-[34]), L. Niren-
berg [40], L. Hérmander [21]-[23], H. Jacobowitz [24], E. Zehnder [54]-
[55], and R. Hamilton [16]. The results apply to a range of problems,
including the solution of a wide variety of nonlinear elliptic and para-
bolic equations, and most famously to the proof of the KAM theorem
on existence of invariant tori in Hamiltonian systems obtained by per-
turbations of integrable systems.

There is an interesting postscript to this story: Matthias Giinther
[12]-[14] discovered in around 1987 that one can circumvent the difficul-
ties which Nash encountered, so that the remarkable Nash-Moser itera-
tion method is not required. Using this observation he achieves isomet-
ric embeddings into Euclidean space of dimension N = max{@ +
57 n(n+5) }

2
Note that in the case n = 2, Nash gives an isometric embedding of

a compact surface into R'”, Gromov (and Giinther) into R!°. Gromov
used different methods particular to the two-dimensional case to show
that every compact surface isometrically embeds in R®. This cannot be
improved in general, since the standard metric on the real projective
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plane cannot be embedded isometrically in R*. Conceivably it might
be possible to reduce this to R* for oriented surfaces, but again no
better since compact surfaces with non-positive curvature cannot be
embedded in R®. Spheres with non-negative curvature can always be
embedded in R3 as ovaloids (boundaries of convex bodies), thanks to
the Weyl embedding problem proved by Weyl [49], Lewy [28], Aleksan-
drov [1], Pogorelov [42], Nirenberg[39], E. Heinz [17]-[18], P.-F. Guan
and Y.-Y. Li [15].

The plan is to start by outlining Nash’s proof of the isometric
embedding problem, which includes a number of good ideas beyond
the perturbation result: Important aspects of this are setting up a
framework so that the local perturbation result can be applied, and
proving existence of approximate isometric embeddings. Then we will
return to the proof of the perturbation result, by two different methods:
First using a method of Hormander which essentially provides a model
for the Nash-Moser method, and a second, more special to the isometric
embedding problem, due to Giinther.

1.2. The isometric embedding problem. Let (M, g) be a (com-
pact) Riemannian manifold of dimension n. Given any map F =
(F1,...,FN) : M — RY there is an induced metric tensor on M
given in any local coordinates by

OF OF L OF" §F"

99)5 = 0 Bui = 22 008 o

This is a Riemannian metric provided F'is an immersion. The isometric
embedding problem, simply stated, is to find a one-to-one function F
such that gr = g.

1.3. Perturbation of embeddings. Nash’s strategy, which is also
the strategy of later authors, is to consider the problem of perturbing
a given isometric immersion (or embedding) to achieve some desired
(suitably small) change in the metric.

Suppose h is the desired change in the metric (i.e. a symmetric
tensor on M). Then we can try to choose a map V : M — R such
that gryv = gr + h, which means

NOFT OV N OVTOFT N OVT VT
e oxt Oxd — oxt Oxd — oxt Oxi

This gives a first order system of partial differential equations which
must be satisfied by the variation V. Nash simplified this to some
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extent by considering variations that are normal to the embedding F',
which means imposing the extra equations

N OFT

r=1

for 5 = 1,...,n. The simplification results from differentiating this
equation with respect to z?, to give
2oV oFT ZN:VT O2F
oxt Oxd Oxidxd

r=1
Substituting this into the perturbation equation gives the rather sim-
pler result

2 1r T T
8x’8x1 — oxt OxJ
Note that the last term on the left is quadratic in V', soif V is small then
this should be insignificant. The key observation is that the remaining
terms form an (algebraic, not differential) linear system of equations for
the components of V. In particular, if we write down the corresponding
infinitesimal problem coming from considering the above perturbation
problem for th;; as t — 0, then the infinitesimal variation W = %—‘t/|t:0
satisfies the equations
N 2
oxt0z’ 2

r=1

and
N

>owr OF _y

e~ O’

We therefore have at each point of M a system of n(n + 3)/2 linear
equations in the N unknowns W7 (n of these come from the normal
variation condition, and the remaining n(n + 1)/2 from the equation
for each component of the symmetric tensor h;;). Clearly the system

cannot be solved in general if N < @, while if N > @ then

any solution will be non-unique. If N > w then a solution exists
provided the n(n + 3)/2 vectors

or 1
—, i=1,....n
oxt
and
I*F .
I<i<j<n

0xi0xi’
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are linearly independent.

1.4. Freeness of embeddings and immersions. A map satisfying
this condition everywhere is called a free immersion. Recall the defini-
tion of the second fundamental form,
2
A F L
(337’8:[3 K J agj]

where v,, @« = 1,... N — n are a basis for the normal space of the
map F', and Fijk are the connection coefficients. From this we see that
the condition that F' is free is equivalent to saying that the second
fundamental form is an injective map from the bundle of symmetric 2-
tensors on M to the normal bundle of M at each point. In particular,
freeness is independent of the choice of local coordinates.

If F is free, then there exists a solution W of the infinitesimal
perturbation problem. If N > @ then this solution is not unique,
but we can pick out a preferred solution by asking that W have the
shortest length possible at each point. The solution W at each point is
unique up to an element of the orthogonal complement of T'M @spanll,
so the shortest length is achieved precisely when W is in spanf. Then

we can write

W == ()" by Ly va.

N —

Here
Gijr = Eijaﬂklﬁya Vg,

and by assumption Gjjg is a positive definite bilinear form on the
space of symmetric (0, 2)-tensors, and so has an inverse G~! which is a
positive definite bilinear form on the space of symmetric (2, 0)-tensors.
Note that G~! is a rational function of the coefficients of G, which is
itself quadratic in the components of the second fundamental form. It
follows that W is as regular as h and I are.

1.5. Nash’s perturbation result. I will now state Nash’s perturba-
tion result, but defer the proof until later (this is the part of the proof
which contains the hard analysis).

Theorem 1.1. Let M be a compact manifold with a free real-analytic
embedding F into RN. If h is a C* symmetric (2,0)-tensor field on M
with k > 3, which is sufficiently small in C3, then there exists a C*
map V : M — RY such that gp.v = gr + h.

Thus we can perturb about real-analytic free embeddings. In fact
real-analyticity is not at all necessary, we can take F' to be C'*°, or
less regular if the metric we are trying to attain is less regular (see the
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precise statements in Lectures 5-6). Also, the closeness condition can
be weakened to C?< instead of C3.

The regularity of V' given in the Theorem seems at first sight to
be worse than could be expected — roughly speaking, the metric g is
constructed from first derivatives of the embedding F', so if the metric
is C* then we might expect the embedding to be C**!. However this
is not true in general, and the regularity cannot be improved without
further assumptions.

To see this, consider the expressions for the intrinsic curvature
tensor of the induced metric. This can be computed from the metric
tensor itself, as follows: By daeﬁnition, the covariant derivatives of the

coordinate vector field 9; = 37 are given by

Vo, 0r = Lix"0p,
where the Christoffel symbol I';,P is given by

1 0 0 0
J . ] 0 — .
sz — 29 (angkq + axkgzq axquk> .

The curvature tensor is then given by

Rijii = 9 (Vo,Va,0x — Vo, Vo, 04, 0,)

Oz ox’
This involves second derivatives of the metric tensor, so can be expected
to be C*~2 if the metric is C*.

Alternatively, we can compute the intrinsic curvature from the ex-
trinsic curvature via the Gauss equation:

0 0
N < Pip? — == + Ti’Ty7" — ijpripq) Jat

Rijkl = <Ezakﬂgﬂl - ;lkﬂfl) Vo * V3.

The second fundamental form is defined in terms of second derivatives
of the embedding, and so is no worse than C*~! if the embedding is
C**1. Therefore to show the embedding cannot be C**1, we simply
need to find a metric for which the intrinsic curvature is indeed no more
regular than C*~2 (it is possible that one could get miraculous cancel-
lations in the first expression so that the result was in fact C*~! for a
C* metric). In two dimensions, take the metric g = e?/(® (da? + dy?),
where f is C*. Then we find the scalar curvature is given by

R = _efof//

which is no better than C*~2. In higher dimensions take the product
of this with a flat metric.
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1.6. Loss of differentiability. I will try to indicate where the dif-
ficulties lie in proving the perturbation result. We have set up the
equations for the perturbation problem, and showed (at least if the
immersion we are perturbing about is free) that there exists a solution
of the infinitesimal problem. Usually in such circumstances we would
hope to apply an implicit function theorem to show that there is in
fact a solution.

Let us formalise things a little more: We have a fixed starting
embedding F which is free and can be assumed to be quite regular
(even real analytic). Consider the map which takes a C* section V
of the normal bundle of F(M) to the C*~! symmetric tensor h =
g(r+v) — gp- This is a smooth map from the Banach space C*(NM) to
the Banach space C*~1(Sy M), where SoM is the bundle of symmetric
2-tensors on M. We have computed the derivative of this map about
the zero section. It looks like we have just shown that the derivative
is surjective, but look more closely: What we have shown is that any
infinitesimal perturbation h of the metric can be obtained by some
infinitesimal variation W in the normal bundle, but our expression
above shows that if A is C*~! then the variation W is also C*~!, not
C*. So in fact the derivative of the above map between Banach spaces
is not surjective, and we cannot apply the implicit function theorem
for Banach spaces to find a local inverse for the map. Instead we
have shown that the derivative maps onto the smaller subspace of C*
variations of the metric, but that is no good because the map does not
give us a C* variation of the metric in general.

This is the phenomenon of loss of differentiability which is the
key analytic difficulty which Nash managed to overcome, and which
is addressed in the Nash-Moser implicit function theorem, or ‘hard
implicit function theorem’ as it is also known.

2. SETTING UP THE ISOMETRIC EMBEDDING

In this section I will show how the local perturbation result can
be used to prove the global isometric embedding theorem. The results
here are largely geometric, and involve a number of nice tricks.

2.1. Difficulties in applying the perturbation result. In order to
apply the local perturbation result to obtain an isometric embedding
of a given metric, the obvious thing to try to do is find embeddings
for which the induced metric is close to the given one. But this is a
tall order: We would need the embedding to be real analytic, and the
induced metric would have to be sufficiently close in C? to the desired
one so that we could apply the perturbation result. Unfortunately,
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‘sufficiently close’ is not spelled out. If one inspects the proof of the
perturbation result, it becomes clear that ‘sufficiently close’ depends
on some estimate for the freeness of the initial embedding. But the
approximate isometric embeddings that we will construct (in the next
lecture) have very poor control on their freeness: These are obtained
by ‘twisting” a collection of maps around very tight circles, with better
approximations being produced by tighter and tighter circles. So to
get a good approximation to the metric, the embedding will typically
have very large second fundamental form.

2.2. Nash’s y and z embeddings. Nash uses the following trick to
get around the problem, at the expense of increasing the dimension of
the Euclidean space we embed into: Suppose we have two embeddings,
F, and F,, into Euclidean spaces RY and RY ". Then consider the map
(Fy, F.) : M — RV+N'_ The induced metric of this is equal to gg, +gr. .

The idea is this: First choose an embedding F,, which Nash calls
the ‘z-embedding’, which is real analytic and free, and so can be per-
turbed locally to get any nearby metric which is sufficiently close in C?
(here ‘sufficiently close’” means within some fixed distance which will
not change from now on, since we will always be perturbing about this
fixed embedding). By scaling, ensure that the induced metric gg, is
strictly less than the desired metric g (Gromov and Rokhlin call this a
‘strictly short” embedding).

Then we try to choose an embedding F; (the ‘y-embedding’) for
which the induced metric is close to ¢ = g — gr, — in fact, what we
need is that it is ‘sufficiently close’ in C® to g, in precisely the sense of
the previous paragraph.

It is clear that this would suffice to prove the existence of an iso-
metric embedding. This leaves us with two problems to tackle: Ap-
proximate isometric embeddings, and existence of free embeddings.

2.3. Existence of free embeddings. We will prove the following:

Theorem 2.1. A compact manifold M of dimension n has a C*° free

embedding into RY, where N = @

This was proved by Nash [37], but we will use different methods
following Gromov-Rokhlin [11], with an argument essentially following
the proof of Whitney’s ‘easy’ embedding theorem [50]. Let us recall
this first:

Theorem 2.2. A compact manifold M of dimension n has a C* em-
bedding into R**1 and an immersion into R?".

Whitney’s proof follows the following steps: First, show that M
can be embedded into some Euclidean space, without controlling the
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dimension. Then show that the projection of the resulting submanifold
onto some space of one dimension lower is an embedding (or immersion)
if the dimension is not too small.

The first step is easy: Take a finite cover of M by charts z; =
(z},...,2") : U — B1(0) C R™, i =1,...,7, such that the smaller
sets W; = x;'(By/3(0)) also cover M. Let f be a smooth function on
R™ which is identically 1 on Bj/3(0), identically zero outside By/3(0),

and strictly between 0 and 1 on By/3(0)\Bi/3(0). Then for each 4, fowx;
extends by zero to a smooth function on M. Define F : M — R7(*+1)
by
F=(foxy,...,fox,,x1fox,xaf 0xq,...,2.f 0ox,).

F is one-to-one, since if F(z) = F(y) then there is some i such that
x € W;, but then fox;(z) = foux;(y) =1, and therefore by definition
of f, y € W;. But also z;(z) = x;(y), so x = y since x; is one-to-one on
W;. F'is an immersion, since in W; F' has as some of its components
x; f ox; = x;, which has derivative in the chart z; equal to the identity.
Therefore F' is an embedding.

It remains to prove that if N > 2n + 1 and M" is a compact sub-
manifold of RY, then there is some v € SV~! such that the orthogonal
projection 7, onto the (N — 1)-dimensional subspace orthogonal to v,
given by

m(x) =2 — (- v)v
is an embedding on M. Similarly in N > 2n then there is some v such
that 7, is an immersion on M.

To see this, consider the map h from M x M\A, where A is the
diagonal, given by
r—Yy
|z =yl
T, is one-to-one provided h never takes the value v. Also consider the
map k from the unit sphere bundle SM = {(p,w) : p € M, w €
T,M, |w| =1} to S¥~! given by

h(z,y) —

k(p,w) = w.

Then 7, is an immersion provided k£ never takes the value v.

Note that M x M\A is a manifold of dimension 2n, while SM is
a manifold of dimension 2n — 1. We use the fact that a smooth map
from a manifold M to a manifold N has image of measure zero if N has
larger dimension than M. It follows that there exists a point v € SN=1
which is not in the image of h or k provided N —1 > max{2n,2n — 1}
(i.e. N >2n+1) and there is v € S¥~! not in the image of k provided
N > 2n.
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This completes the proof of Theorem 2.2. Note that this gives
a C" embedding for r = 1,...,00, but does not extend to the real-
analytic case. Whitney [53] proved that any C" manifold carries a
compatible real-analytic structure and has a real-analytic embedding
for that structure. The question of whether a manifold with a given
real-analytic structure has a real-analytic embedding was not resolved
until later, by Morrey in 1958 [32], after Nash’s proof of the isometric
embedding theorem. However, the case of interest to the isometric
embedding problem, that of embedding a real-analytic manifold which
carries a real-analytic Riemannian metric, was proved by Bochner [2]
in 1937 (it is a consequence of Morrey’s theorem that this is the general
case!).

To prove Theorem 2.1 we use the same steps: First find a free
embedding into some Euclidean space of large dimension, then show
that the dimension can be reduced if it is too large.

To accomplish the first step, first note that we can find a free
embedding of an open set in R" into R™5™ as follows: Take an or-

. n(n+3)
thonormal basis {e;}1<i<n U {€i;}1<i<j<n for R™ 2 | and define

n
1 ny _ i (]
F(x,...,x)—g x'e; + E z'ale;.
i=1

1<i<j<n

This is clearly an embedding since the first n components are. To see
that it is free, note that

_OF <~ ; O°F O°F

J .
= — — x
T
ox —

o 1
“ " faigw’ T uig” (EA4) e = 5
Therefore the first and second derivatives of F' span the whole space,
and hence give an isomorphism at each point.

The first step is easy, given Theorem 2.2, since we can embed M
as a submanifold of some Euclidean space, then take a free embedding
of that Euclidean space in a higher-dimensional Euclidean space. The
restriction of a free map to a submanifold is clearly free.

It remains to prove that some projection 7, is a free embedding if
the dimension is large. The embeddedness condition holds provided v
is not in the image of the maps h and k defined above.

Define the 2-jet space Jp2M “at p € M to be the set of equivalence
classes of germs of smooth functions about p, where two function germs
are equivalent if their first and second derivatives agree at p in any
chart. This is a vector space of dimension @, and has a natural
basis in any chart (z!,...,2") for M about p, given by the equivalence

classes of the functions 2% for i = 1,...n and 2'z7 for 1 < i < j < n.
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There is a corresponding dual basis for the dual space JZ?M , which we
denote ¢;, 1 <7 <nande;j, 1 <i<j<n.

Let SJ?M be the unit sphere bundle of J2M. This is a manifold
of dimension n + n(n+3) — 1. Consider the map j : SJ?M — SN-!
given by restricting the map above. Then it is clear that m, is a free
map provided v is not in the image of j, so 7, is a free embedding
provided v is not in the image of h, k or j. This can be guaranteed
for some v as long as the target has higher dimension than the source,
which means N — 1 > max{2n,2n — 1,n + "= 1} which means
N>n+ n(n+3) n(n+5)

This proves Theorem 2.1. The proof works without change to give
C" free embeddings of C" manifolds, » > 1, and also for real-analytic
manifolds as long as we assume Morrey’s embedding result.

Other methods (more closely related to those of Whitney’s first
proof) give a somewhat more powerful result: First consider the simpler
embedding and immersion problems: The condition that a map F' be
an immersion can be expressed in terms of its 1-jet J'F, which is a
section of the 1-jet bundle j*(M, RY) ~ @N T*M. The requirement is
that the one-jet avoid the submanifolds Ay consisting of 1-jets which
are rank k, for each £ = 0,...,n — 1. The largest of these is A, 1,
which has dimension nN +n — 1 — N at each point, so dimension
nN + 2n — 1 — N within the 1-jet bundle. If the dimensions of the
section j1F and A,,_; sum to less than the total dimension of the 1-jet
space, then transversality implies that they are disjoint. This is true
provided n +nN 4+ 2n — 1 — N < n + nN, which means N > 2n — 1,
or N > 2n. The transversality theorem (see [20]) then implies that the
set of C* immersions is residual in C*(M,RY), which means it is an
intersection of open dense sets, which by the Baire category theorem
is dense. Thus every C* map into R" can be approximated in C* by
immersions if N > 2n.

Similarly, the one-to-one condition amounts to the map from M x
M\A to RN given by (z,y) — F(z) — F(y) avoiding zero, which is
generically true if its dimension is less than N, so N > 2n or N >
2n + 1. Thus any C* map from M into RY with N > 2n + 1 can be
approximated in C* by embeddings.

Now turn to the case of free maps: In this case we require that
the 2-jet of F' avoid certain submanifolds in the 2-jet bundle, so this
holds generically provided the submanifold has codimension greater
than n. This submanifold consist of 2-jets which have rank k, for

k=0,.. M — 1. The largest of these has dimension ”(”+3) — 1+

N "("2+3) N at each point, so our requirement becomes 2n + ”(n+3)
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1+ N"(n;s) N <n+ Nn("+3) or N> = ";5 So for N in this range,
any C* map from M to RN (w1th k > 2) can be approximated in C*
by free embeddings.

It is interesting to note that Whitney improved the result of The-
orem 2.2 much later, in 1944, to give [51] an embedding into R?*" and
[52] an immersion into R**~! (for n > 1). These results are much more
difficult than the earlier ones (they are known as the ‘hard’ Whitney
embedding theorems). It seems plausible that methods similar to this
later work of Whitney (particularly that on immersions) might give a
free embedding into a lower dimension than the proof above produced.
However, in general no such improvement is possible: Eliashberg [5]

showed that if n = 2¥! with £ > 1, then RP?" x RP? cannot be
n(n+5)71

freely mapped into R~z

Some improvement in embedding dimension for particular man-
ifold dimensions may be possible by the following approach: There
are topological characterisations of when a manifold M™ can be im-
mersed in R"™ for k < n, due to Hirsch [19], and sometimes called the
Smale-Hirsch Theorem. Consider GL(n) acting on the space V,, ;44 of
n-frames in R"** in the obvious way. Associated to this action there
is a bundle B with fibre given by Vj, 41, defined by B = (F(M) x
Van+k)/GL(n), where F'(M) is the frame bundle of M and GL(n) acts
separately on each factor. The theorem states that M"™ can be im-
mersed into R*** (with & > 1) if and only if B has a non-vanishing
section. Note that this condition is equivalent to the existence of some
k-dimensional vector bundle B’ over M such that TM @& B’ is triv-
ial. Hirsch shows in particular that every compact 3-manifold can be
immersed in R* (since 3-manifolds are parallelizable), and that every
compact 5-manifold can be immersed in R®. Eliashberg and Gromov

6] prove that a manifold M"™ can be freely mapped into R+ (with
k > 1) if and only if there is a bundle P over M of dimension k such
that TM @ SoM @ P is trivial, where Sy M is the bundle of symmetric
2-tensors on M.

3. APPROXIMATE ISOMETRIC EMBEDDINGS

In this section we continue the process of setting up the isometric
embedding problem by constructing embeddings which are approxi-
mately isometric. The argument we give yields an isometric embedding
into a high-dimensional Euclidean space, modulo the local perturba-
tion result. At this stage the dimension required depends on the metric
g and not only on the dimension n of the manifold, but this will be
corrected in the next section.
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3.1. The Nash Twist. Here is another one of Nash’s good ideas,
which makes the construction of approximate embeddings fairly easy.
The idea is the following: Suppose we can express the desired C" metric
g in the form

Ny k20 O
(3.1) g = »_(a") 5t Dl

where a® € C"(M) is positive and f; is C* (or analytic) for k =

1,...,m. Then define a map y : M — R?*™ as follows:
g d

yA:Tsm(/\fk), k=1,...,m;
m+k ak

Yy :Tcos()\fk), k=1,...,m.

Roughly speaking, the map y, takes each component of the map f =
(fi,--., fm) and winds it around a circle with radius A~!, then scales
the result by the weight aj. If X is large, then a” is close to constant
on each traverse of the circle, so the speed of motion is approximately
a® times the rate of change of f; along any curve in M. Computing
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more precisely, the induced metric gy = g,, given by

i dys Oy, Oyt oyt
oxt OxJ oxt oxt

(g/\)ij

k=1

O Ok
kN2 2
((a ) eos" (M) 5555
N a®sin(Afy) cos(Afy) [ 0a® D fy N dak o fy,
A Oxt OxJ ~ OxJ Ozt
st(/\fk) 8f’“ @fk
A2 Oxd Oxt
. Ak Ofk
k\2 o 2
+ (CL ) S ()\fk)axz%
B a®sin(Afy) cos(Afy) [ Oa* dfy N dak O fy
A Oxt 0xd ~ Oxd Oxt
cos?(\ fr) Oak 8@’“)

NE

B
Il

1

A2 Oxd Oxt
afk 8fk 1 6@’“ 8ak
k2 2
((a ) 0zt OxJ * A2 0z Oxt
P o L
— TN L

m
k=

1

If we take \ large, this is a good approximation for ¢ in C" 1.

3.2. Applying the Nash Twist. To make use of this observation, we
need to express g in the given form. Nash’s approach is the following:
Construct a collection of functions fi, K = 1,...,m such that the
symmetric bilinear forms

0% Ok
oxt  Oxd
for k = 1,...,m span the space of symmetric bilinear forms at each

point. Nash showed that this can be done with m = @ Then
any metric can be expressed as a linear combination of these (with
C" coefficients if we insist that the sum of the squared norm of the
coefficients is as small as possible), and any metric which is sufficiently
close (in C?) to the metric

N0 Ok
=2 Gt

i=1

has coefficients which are positive in this decomposition.
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This shifts some of the problem back to the construction of the
free z-embedding, which must be chosen in such a way that g — g, is
close to v in C° to allow it to be approximated by the metric of the
y-embedding.

3.3. Existence of Full maps. Let us now construct a collection of
functions f = (f1,..., fm) satisfying the requirements of the previous
section, so that the metric elements df; - df;, j = 1,...,m span the
space of symmetric 2-tensors at each point of M (let us agree that such
a map be called full). This is easy if we don’t care about the dimension:
Let F be an immersion of M into RY (we can take N = 2n by the easy
Whitney theorem) and take the collection of functions fi; = F; + F},
1 <i<j < N. At any point of M, some n of the functions F;
(say i = 1,...,n) are suitable as local Coordlnates for M, and then the

collection of ”H ) functions fij for 1 <14 < j < n have metric elements

Ofij Ofi
(gij)kl - ax'i axlj

= (Gir + ) (0 + 650).

These span the space of symmetric bilinear forms, since

1
Z (gii)kl = 0,01

and . .

(gi)k — Z(Qu‘)kz - Z(gjj)kl = 0ir0j1 + 004
Therefore a general symmetric bilinear form with coefficients ay; at a
point of W, can be expressed as

n Zazzgu + Z az] (glj lgzz - igjj) .

1<i<j<n

This gives a full map into R*(27+1).

A better result can be obtained using a transversality argument:
The condition of fullness of a map F into RY says that at each point
the 1-jet of F' (i.e. the derivative, locally an n x N matrix at each
point of M) avoids a certain union of submanifolds in the space of 1-
jets, namely the submanifolds for which the span of the metric elements

have rank k, for each k < = "2“), in the space of symmetric bilinear

forms. The largest of these (with & = @ — 1) is defined by N

equations in Nn + "("H) — 1 variables, and has dimension N(n — 1) +

”(";1) 1. The 1—J€t of F is a section of the 1-jet bundle, hence of
dimension n, and we want this to avoid the submanifold of dimension
N(n—1)+ @ — 1+ n, so we ask that the sum of these dimensions
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be less than the dimension of the 1-jet space, which is n + Nn, so that
transversality implies disjointness. This gives the requirement

1
N(n—1)+@+2n—1 <n+ Nn,
which means N > w The transversality theorem therefore implies

that any C* map from M to R*5™ can be approximated in C* by full
maps (provided k > 1).

3.4. Isometric embedding in high dimensions. I will avoid using
Nash’s approach for now, and instead take a different approach which
requires a larger dimension.

Lemma 3.1. Let M™ be a compact C* manifold, and g a C* metric
onM,k>1. Let F: M — R"Y be a C* immersion. Then there exists
a finite collection of unit vectors ey, ..., e, in RN and C* non-negative
functions aq, ... ,a, on M such that

r

9, 0
p— 2_ . . — . .
Gkl = E G5 (F - e;) B (F -e;).

i=1

Proof. For each z € M, g is a positive definite symmetric bilinear form,

so (since all such are similar) we can choose vectors e1(z),...,e,(z) €
D.F(T.M) such that
0 0
()= Y (P () + e(2)) pr(F - (ei(2) + 65(2))
1<i<j<n

Since the bilinear forms % (F - (e;(z)+€;(2))) 22 (F- (e;(z) +¢;(2))) are
a basis for the space of bilinear forms, and g is continuous, it remains
true for y in a neighbourhood U, of z that

)= Y B (F () +es() A (P (el2) +25(2))

1<i<j<n
where f3;;(z,y) is positive for each 1 <7 < j < n and each y € U,.
Cover M by a finite number of such regions (given by some choice of

21, .., 2m) and choose a collection of smooth non-negative functions
fa,a=1,....,m with suppf, C U, and > f? = 1 everywhere. Then

d= Y R o (P(euu) ey () g (Foeza) bes ()

a;1<i<j<n

O
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We can now apply the Nash twist to get an embedding with metric
approximating the desired metric g in C*~'. This completes the proof
of the isometric embedding theorem, at least if we don’t care what
dimension the embedding space should be, and modulo the proof of
the local perturbation result.

3.5. Nash’s argument. A few words on Nash’s argument, which will
explain where his embedding dimension comes from: First, construct

a full map into Rw, and scale to make it short for g (that is, so
that the induced metric + is strictly smaller than g in every direction).
Nash then wants to construct the z-embedding, which should be a free
(real-analytic) embedding with metric close in C° to g — . This is
done as follows: Start with any embedding (say, into R?" as given by
Whitney’s theorem) which is short for g —~. Nash proves (in an earlier
paper [36]) that this can be perturbed an arbitrarily small amount in

C° to give a O! isometric embedding of the metric ¢ — 7. Now, at
n(n+5)

the expense of moving to the higher-dimensional space R~ 2 we can
approximate the resulting embedding in C! by analytic free embeddings
(first approximate in C! by a C* map, k > 2, then approximate that by
a C* free embedding using the genericity result, then approximate the
result in C* by a real-analytic map — since the freeness, immersion and
one-to-one conditions are open in C?, the resulting map will be a free
embedding if the last approximation is close enough). Sufficiently close
C! approximation ensures that the metric g, is close in C° to g — 7, so
that g — g, is close to v and the coefficients of g — g, are positive with
respect to the full map we started with. Then the Nash twist can be
used to construct the y-embedding into R™"*+3) with arbitrarily close
C* approximation to g — g.. If this approximation is good enough in
C3, then we can perturb the z embedding to give g, = g — g, which
completes the proof. The resulting embedding, given by combining the

y and z embeddings, is into a Euclidean space of dimension n(n + 3) +
n(n+5) _ n@Bn+ll)
2 2

All we are missing to carry out this approach is the C''-isometric
embedding result. Since the idea of this is closely related to the Nash
twist we have just seen, I will make a few remarks on this result and
its proof.

3.6. C' isometric embeddings. The main result of the paper [36] is
as follows:

Theorem 3.2. Let (M™,g) be a complete Riemannian manifold (g
continuous), and F : M — R"* Lk > 2 a strictly short immersion
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(embedding). Then for any € > 0 there exists a C* immersion (embed-
ding) F" with |F — F'|co < € and gp = g.

Kuiper [26]-[27] later improved this to allow & > 1 — thus any
compact Riemannian 2-manifold can be C'-isometrically immersed in
R3. C! isometric embeddings are therefore very different animals to
smoother ones — the main point being that curvature does not make
sense for such immersions, so all of the usual obstructions to isometric
immersion are gone.

The method of proof is as follows: We carry out a sequence of
‘stages’ in each of which we improve the aproximation to isometry,
roughly decreasing the error in the metric by half while keeping the
immersion strictly short.

In each stage we begin by writing the difference g — gr in the form
(3.1), where each of the coefficents ay, is compactly supported in some
coordinate chart (this is provided by our construction above). Then
for each term in the expansion we try to do some analogue of the Nash
twist to remove most of the error from that term. Instead of ‘twisting’
in 2m dimensions as we did above, we twist in n + 2 dimensions by
choosing (on the support of a;) a pair of smooth orthonormal vectors
normal to M, say e; and es, and taking

ok
F)\ =F+ \/5)\ (sm()\fk)el + COS()\fk>€2) .

One can check that (if F' is smooth), the induced metric of F) is a good
approximation to gp + %aidf,f (in C°). Now repeat this for each term,
and we have completed our first stage. The factor % keeps the map
strictly short, but we can be sure of removing roughly half the error.
Now repeat the process indefinitely — at each stage we are left with
a smooth immersion (embedding), but the smoothness deteriorates as
the stages progress. However, since the metric is converging, we have
control on the map in C*.

Kuiper’s modification works by constructing ‘corrugations’ or ‘rip-
ples’ instead of twisting around in two dimensions, which is why he
needs only £ > 1.

4. SMOOTHING OPERATORS ON MANIFOLDS

This section is required to prepare for the proof of the perturbation
result. Roughly speaking, the idea of the proof is to adapt Newton’s
method by introducing some smoothing at each iteration step. To do
this we need to devise smoothing operators which give the best possible
estimates.
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4.1. The required estimates. In the following we will fix a real-
analytic embedding F of M into some Euclidean space, and let g be the
induced metric. This will be used to define all notions of smoothness,
including norms on C” spaces, and so on.

We need to construct smoothing operators T for some parameter
N on our manifold, with sufficiently good properties. Here large N cor-
responds to less smoothing and better approximation, while small N
means more smoothing and consequently a worse approximation. The
two properties we will need are the following: First, a smoothed func-
tion Tyu should have derivatives of all orders, with bounds depending
on lower derivatives of u:

|TNU|CT S CNT_S|U,

Cs, r>s.

Secondly, the approximation of the smoothed function Txu to the orig-
inal one should be good in C* if u is more regular than C*:

|Tnu — u|os < CNT"|uler, r>s.

Constructing such an operator takes some care, as we will see.

4.2. Mollifications. The standard way of choosing a smoothing op-
erator is to take mollifications in coordinate charts, patched together
with a partition of unity. This gives good smoothing properties, but
the approximation is not as good as we require. In fact mollification
does not give the properties we need, even on R: Consider the function
u(z) = %, and compute its mollifications for N large:

Tyu(0) = / o PO/ Ny = ON

for N large. Therefore |Tyu — u|co > CN~2. However u is bounded
in C?, so we should expect |Tyu — ulco < CN73 for N large. It can
be seen fairly easily that smoothing by mollification gives the desired
approximation estimate only for r — s < 2.

4.3. Reduction to the Euclidean case. First we reduce the problem
to finding suitable operators on RY.

The embedding F has a tubular neighbourhood V, on which there
is a smooth nearest-point projection m onto M, with positive radius a
(say half of the smallest radius of curvature of the embedding). Take
a C'* function n which is non-negative, identically equal to 1 on V, s,
and zero outside V.

Let P be the operator which extends a function f on M to a com-
pactly supported function on R? by taking Pf(y) = n(y)f(my) for
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each point y in V,, and Pf(y) = 0 outside V, This clearly satisfies the
inequalities
[P flormay < Clflor)

Also let ¢« be the operator which takes a function on R? to a function
on M by restricting to F'(M). Then we again have

lLfleeary < C|f|ormay-

Now suppose we have smoothing operators Ty on R? which satisfy
the desired inequalities. Then we have

|LTNPU|CT(M) S C|TNPU|CT(Rd) S CNT_8|PU,

Cs(R9) S C’NT_5|u

Cs(M)>
so the smoothing estimates hold for Ty = LTNP, and
o5 (M) = |L(TN — I)Pu|csan

< O|(Tw — I)Pulcs(ra

< ON*"|Pulcrgay

< ON*"uler .-

|Tyu —u

4.4. Nash’s smoothing operators. Nash’s idea is to use convolu-
tion, but not with a compactly supported bump function as is normally
used in mollifications. Instead we define a radially symmetric function
K by taking its Fourier transform K to be a compactly supported ra-
dially symmetric C*° bump function, equal to a positive constant in
the ball of radius 1/2, and vanishing outside the ball of radius 1. This
guarantees that K is smooth and decreases rapidly at infinity, since

|IDP2°K |2 = ||€° DK || 2 < o0

for any multiindices & and 3. Note also that K is real since K is even.
By scaling we can ensure that [, K(y)dy? = 1. The crucial point
about this choice is that the resulting function has no moments, i.e.
for any multiindex o with || > 0,

K(y)y“dy” = 0.
]Rd

Next we define
Tyu(z) = ) K(y)u(x + y/N)dy* = /d Kn(y — z)u(y)dy”
R R
where Ky (y) = N?K(Ny). Note that the Fourier transform of Ky is
given by Ky (&) = K(§/N).
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4.5. Smoothing estimates. It is easy to see that this gives the de-
sired smoothing properties, since we can write

D*Tyu(r) = | K@D u(w+y/N)dy"

= (=1)VPINPI [ DK (y) D7u(x + y/N)dy",
Rd

whenever 3 + v = «, and hence

| Tnvu|cr < CN™*|u

CS
for integers r > s. We also have

DTyu(xs) — DTyu(y)

= £ N d DPK (y) (Du(zs + y/N) — DVu(xy +y/N)) dy?

so that for o € [0, 1]
’TNu|CT',O' S CNTis’u‘Cs,a.

The most general estimate now follows by interpolation: We know that
for any function f € C? and any u € (0,1 + 0),

[flew < CLfgba "1 1ens
so we can estimate for r +pu > s+ o

[ Tnvulorn < ClTnvulgts ™ | Tvult .
S O(Nr—s)l—i—a—u(Nr—‘rl—s)u—a|u
< ONr+u—s—U|u

Cs,a‘

Cs,o'

This extends the regularity estimates to arbitrary real exponents.
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A plot of K in the one-dimensional case.

4.6. Approximation estimates. The approximation property is more
difficult to prove. First note that since K has integral equal to 1, the

limit of Tyu as N — 00 is u, so it is enough to control how Tyu changes
as N varies.
We can write
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where Ly(z) = N 1L(Nx) and L(z) = dK (z) +2'D; K (z). Note that
the Fourier transform L of L is equal to —fisz( , which is radially sym-
metric, and is non-zero only on the annular region A = B;(0)\B/2(0).
The set A can be covered by the n open sets A; = {$d~1/? < || < 1}.
Take a smooth partition of unity with respect to this cover, say {p, }?:1,
with suppp; € A; for each j, and each p; even. Then we can write
L = Zj L;, where each of the functions L; is a smooth, rapidly de-

creasing function with Fourier transform flj = pji. The beauty of this
construction is the following: For each j and each positive integer r
define H;, to be the real, smooth, rapidly decreasing function with
Fourier transform H;, = (i€;)”" L;. This works because the support of
ﬁj is away from the §; axis. But then applying the Fourier transform
to this definition, we have

OHyr _
(L
and therefore for any positive integer r,

) = N [ Lt /W

=N~ Z/ u(z + y/N)dy
=N~ Z/d 8yﬂ u(r +y/N)dy

= (-U)'N"T Y | Hj(y)Dju(x +y/N)dy
Taking the C* norm for any s > 0, we obtain
< CN"ulgers -

Cs
Integrating from N to oo gives

d -
'd—NTNU,

S C/ N—T’—l dN |’LL|CT+S S CN_T |u|Cr+s 9
Cs N

which is the required approximation estimate in the case of integer
exponents. In the general case we proceed as before, first by noting
that the argument above gives

d
—TNU

dN S CNS_T_l |U|C’T7#

O
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and then interpolating the C*? norm of diNTNu between the C** and
C**L# norms (depending whether o is greater than or less than u) to

obtain

< ON*H=T 1y .

d -~
—TNU
R
Integrating from N to oo then gives the desired approximation estimate

Tyu— u‘ < ON77H | g

Cs
provided s + o0 < r + p.

4.7. Approximating tensors. So far everything has been done for
approximating functions. We also need to be able to approximate met-
rics, and this is done as follows: Given our embedding F, the tangent
space for M at each point can be identified with a subspace of the
embedding space R?. The metric can be extended to a bilinear form
on R? at each point by taking the action on any normal vector to be
ZEro.

The metric is then represented by a d X d matrix at each point,
and we think of this as a collection of @ real functions on M. We
approximate each of these as before, then restrict back to the tangent
plane to obtain our approximations. This gives the same kinds of
estimates as for the approximations of functions.

Similar remarks apply for approximating arbitrary tensors on a
manifold.

5. PERTURBATION RESULT AFTER HORMANDER

[ will now turn to an argument based on one of Hérmander [22],
which is somewhat easier to motivate and understand than Nash’s orig-
inal argument, and avoids some technicalities such as the short-time
existence of Nash’s continuous deformation process. This is simplest
in the case where the desired metric change is in a non-integer Holder
space. The integer case is not treated by Hormander, but I include a
proof here using a slight extension of his argument. I also provide a
proof that more regular metrics are in fact attained by more regular
embeddings.

5.1. Decomposition into frequency bands. The key idea in Hor-
mander’s proof is to break up the total desired metric change into pieces
corresponding to various ‘frequency bands’, and then feed these pieces
in one at a time with a level of smoothing suited to each piece.
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In order to get a good decomposition into pieces, we define for each
positive integer j an operator R; as follows:

(5.1) Rif =Tunf—T.f.

For j =0 we take Ryf =T1f.
The operators R; have good estimates: First, for 7 > 0 we have

i+l
IRif e < |
el

it

<G, / NN

J

dr

Sfll an
an ||,

NT—s e+l
S Cr,s ) ”f‘ Cs
r— Slel
Crs e —1) r—s
< Qey( )||f| o
r—S
(5.2) = Cr s fllos.

This estimates holds (with constants depending on r and s) for any
values of r and s.
We can write formally

f=> R,
=0

since the partial sum to k£ terms is just 7... This converges to f as
k — oo, at least in the O sense for § < aif f is C®. In fact if f is C¥
then the sum converges in C*, but the same result is not true for C*,
o > 0 (Exercise: A function f on a compact manifold M is continuous
if and only if Ty f approaches f uniformly as N — o0).

Recalling our definition of the smoothing operators, we can give
the operator R; an interpretation: Ty truncates the Fourier transform
of (the extension of) f to the ball of radius N (give or take a bit of
smoothing), so R; is more or less the operator which takes that part of
f which has Fourier transform in the shell between radii ¢/ and /1.

5.2. A characterisation of C*° functions. There is a kind of con-
verse to the observation of the previous section, which will be very
helpful in the proof we outline below: Suppose we have a sequence of
functions u;, 7 = 0,1,... satisfying the following estimates for some
constant M:

(5.3) ujller < Medr=
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for every r in some range [r1,73], where 1y < s < ro. Then the sum
Z;io u; converges in C” for r < s (the sum is absolutely convergent
for such r). Let the limit be u. Below we assume that s = k + o where
0 <o <1 — we will consider integer cases later.

Theorem 5.1. Assume s is not an integer. Ifu =73, u;, and ||lu |, <
Mel™=9) for all j and all v € [ry,73), then u is in C*, and |jullcs <
CM for some constant C' depending on r1 and ry and the smoothing

constants.

In fact we will get a little more: If we consider the infinum of M
over all such decompositions of u into pieces satisfying the estimate
(5.3), this is comparable to ||u||cs.

Note first that the sum converges absolutely in C*, so in particular
the limit is C* and the C* norm can be estimated by

- M
Julor < ZM g

We need to obtain a C’Oj" estimate for any kth derivative of u. To get
this, we write S;u = Y7, u;, choose p = min{ry — k, 1} > o and leave
7 to be chosen, and obtain

|D*u(x) — D*u(y)| < [D*u(z) — D*Sju(z)|
+[D"Sju(x) — D*Sjuly)| + |D*Sjuly) — D*u(y)l

00 j—1
<23 il D wl| y—al
i= o o

=0

e’} 7j—1
<2M Z e+ MZ e =)y — z|#
i=j =0

2 e_jU ej(iu'_o') "

< 2M M —

- 1—e° * er—o —1 i
2(ly—a) " | (fly—a))"”

< My — x| .

< Mly = < 1—e @ * er—o —1

Now we choose j to be the integer closest to —log |y — z|, so that

1 .
—§€]|y—l’|§\/g,

Ve

so that the bracket in the last line becomes a constant depending only
on o and p — o. This proves the Theorem.
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5.3. The approximation process. Hormander’s method is to de-
compose the desired metric change h = g — gp, into frequency bands as
above, then feed these in one at a time to Newton’s method, each time
smoothing at a length-scale suited to the frequency band. Precisely,
we start at the embedding Fp, and take a sequence of adjustments Fj,

7 =0,1,...,. The embedding F + Z?;& Fj is denoted by F}, and for
convenience we denote by uy the total correction Fj, — Fy = Z;:é FJ
Then the corrections are defined by

(54) Fk = LF0+’Ukhk7

where hy = Ryh is the kth frequency band of the desired metric change,
and vy is a smoothing of wuy:

(55) Vi — Tekuk.

Here also L is the operator we derived in section 4 of Lecture 2 as an
inverse for the linearised problem:

1 ij,
(5.6) Lph = B (GFY) 7 hiITj,,

where I'" is the second fundamental form of the embedding F, and G
is the metric induced on the bundle of symmetric 2-tensors by this, i.e.

(GF)ij,kl = JIZ ) ][51-

After having completed this for all k, we will have achieved a new
embedding which is much closer to having the desired metric change
— it will turn out that if the desired metric change is C* with suffi-
ciently small norm §, then the error after this sequence of corrections
is bounded in C?, with norm at most C§2.

5.4. Estimating compositions and products. In analyzing the be-
haviour of the iteration we have just defined, it is useful to observe two
facts. First, we have a result that simplifies the estimation of products
of functions:

Lemma 5.2. Suppose ¢ and i are C" functions. Then
[l < C(lllloll¢llr + Nl ll10)

where C' may depend on r.

The starting point in the proof is the following interpolation esti-
mate (see [21])

1—s/r s/r
(5.7) lull, < Cllully™" Jully

for any 0 < s <.
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If we compute a derivative of ¢ in the direction of a multi-index
a, we get terms like this:

D(ov) = Y DD
B+y=a

If r =k + o, with k£ an integer and o € [0, 1), then
lowll = > ID*(@¥)lls

|| <k
< Y (Ullpsolltlly + l1lplellgro)
p+q<k
q
<C > H<b\|”+””!I¢H5I?,1‘;|W|!”+‘”“szH;iIZi‘;
p+q<k
p
+C Y ||¢||”*‘”"||¢|!£i‘éi%|!w\|”‘””H¢||£iqqi°;
p+q<k
<> (Iglloll9llj+o + @]+ lI¥ o)
i<k

< C(1lloll 1l + Nl lleo) -

Here we used the interpolation estimate (5.7) to obtain the third line,
then Young’s inequality to get the second-last line.

The other fact we need is the following, which simplifies the esti-
mation of compositions of the type appearing in our iteration:

Lemma 5.3. Suppose ¢ is a smooth map on an open bounded set U,
and f maps into U. Then for any r > 0,

[0 fllr <C @ +]f]r)-

Here the constant C' depends on bounds for derivatives of 1 up to order
r, and on the bound for U.

This holds quite generally, but we will be applying it in estimating
terms in the operator L, which we think of as a smooth function of
f = D*F on a suitable region U where G is bounded from below.
This gives the following;:

Corollary 5.4. Given a free embedding Fy, there exists 6 > 0 and
C < oo such that for any F € C™% with |[F — Fyll2 < 4,
ILehllr < C (Il + [1Allo]| Flr+2)

This follows from the form (5.6) of the operator L, and uses both
Lemma 5.2 and 5.3. The crucial point in the above result is that the
derivatives of " appear only in a linear way in the estimate, even though
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high derivatives of Lgh will typically result in products of many terms
involving derivatives of F.

Now I will prove Lemma 5.3. If we compute a kth derivative of a
composition, we get something of the following form:

k
DEo f)= Dx Y Diifs--xDif,
i=1 Jitetji=k

where A x B represents a linear combination of terms obtained by con-
tracting tensor A with tensor B. The interpolation estimate can be
applied to each term involving derivatives of f, yielding for o € [0,1)
(with k +0 <)

|D7 fo - % D" f|,

<CY D fllo-- D follD fllo | D fllo - 1D £l
=1

7 .
- ke 1o 1 11
<Y AT A T A e
=1 m##l
tiito

j_ditotiito Jj1t+
=Clfllo WA T
< I N Al

The Lemma follows (using Lemma 5.2), since D% is bounded in C?
and | f|o is bounded by assumption.

5.5. Controlling the embeddings. We will first show that the em-
beddings can be controlled quite strongly throughout the sequence of
corrections (5.4)—(5.5), and converge to a C* embedding. In fact the
following estimates hold for each j:

(5.8) 1Ejller < Cre?"|h|cs
for r1 < r < rg;
(5.9) [ujllos < Col[hlles,

where Cy can be assumed to be small enough that any map with ||F —
Fylls < Oy is a free embedding with G bounded away from zero; and
furthermore

(5.10) [vjller < C3e?"=2)|h]
for s < r < ry+ 2; finally
(5.11) [u; — v;llor < Cue?2) |||

Cs

C's
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for all » < ry. Here C,...,Cy are constants independent of j and h.
In proving these we will assume that ||h||; is sufficiently small, say less
than a constant o < 1.

For j = 0 we have the last three inequalities trivially, since ug =
vg = 0. We will proceed by induction: Suppose we have the last three
inequalities for 0 < j < k and the first one for 0 < 7 < k — 1. We will
prove the first inequality for 7 = k and the last three for j = k£ + 1.

To prove the first we use Corollary 5.4)(writing A = || Fy||,,+2 and
using Corollary 5.4)

1Bl = 1Ly P
(5.12) < C(1Fo + vellrr2llfnllo + 1 Fo + vll2f| ]

< C ((A+ Cae 2294 [ e[|, + e )| Al)
< C«ek‘(r—s)HhHS (1 +Ae—k’r + Cgéek((r+2—s)+—r))

If s > 2, the exponentials in the bracket are all bounded by 1. Choose
Cy; > C(1 + A), and choose ¢ sufficiently small to ensure C; > C(1 +
A + (C36) — this can be done whatever the value of C3 may be. This
proves the first estimate for j = k.

To prove the second for j = k + 1, we note that uz, 1 = Zf:o Ej.
The estimate we have just proved shows that this sum satisfies the
assumptions of Theorem 5.1, so ug,; has C* norm bounded by CCf,
so we must choose C5 larger than this.

The third estimate follows from the estimates for the smoothing
operator, giving

k+1)(r—s) ‘ o

[vk41ller < Cr e |Up11]

for any r > s, and we can take the constant C, ; uniform on bounded
intervals of r, in particular for s < r < ry + 2. This gives the third
estimate provided C3 > C'Cs.

For r = 0 (or more generally any r < s) the fourth estimate also fol-
lows from the second by the approximation estimates for the smoothing
operator:

k+1

k1 — vrsallo < Cem D3y 5.
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For r = ry we get a similar estimate by much cruder means:

k1 — Vrrtllre < ksl + [0kt ]m
< (1 + O)lugsallry

k
> 5
j=0

<(1+40)

T2

k
<(1+O)C Y In,
5=0
< we(/ﬁl)(rz—s)nh”
= 67‘278 _ 1 S
Interpolation gives the estimate for each r € [ry, 7], with a constant
comparable to the larger of the above two. Thus we are in business pro-
vided Cy > C(Cy + Cy). This completes the induction, and establishes
the bounds for every j.
It follows (from Theorem 5.1) that as k& — oo the embeddings
Fy, = Fy + uy converge (in C" for r < s) to a limit F,, which is C*.

5.6. Controlling the errors. Now we will turn to controlling the
errors in the metric accumulated over the sequence of corrections. This
is not too hard: Let us compute the change in the metric gy = gp,,, —
gr, in each step:

(5.13) g = hx+ D(F},) ® D(F}) + D(uy, — o) @ D(F},) = gx + Ey + E}.

The second and third terms are the error terms that we need to control.
For the second term we have the estimate

|Billcr < CllEillcr 1 Fillcrn < CCRHr=E2) )2
for r € [ry,73]. For the third term we have
1Eklor < € (llur = vella| Bulless + Dl = wnllsa I El1)
< COLCueH 2 a2

provided r; < 1 and ry > s + 1.
Combining these, we have

g = el < C(CF + CLCy) 2|2
for all k, from which we deduce (by Theorem 5.1) that

1D (G = T las—s < C|AI2.
k=0
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Thus the metric of the limit F, is go+h+ E, where || E||ces—2 < C|| k]2

5.7. Continuity. A slightly more detailed look at the above argument
also gives us that the embedding F,, we end up with, and the metric
go + h + E(h), depend continuously on h in C*. If we take two C*
bilinear forms h and k (with norm less than §), then the corresponding
embeddings at each step, Fy,;, = Fy + ug,; and Fj,; = Fjy + uy,;, satisfy
the estimates

(5.14) 1 Fhi — Fally < Ce" b — k|, r <71 <1y
(5.15) ki — wnillr < Ce'=9||h — k||, s <1 <71y
(5.16) |vki — vnillr < CeT) R — K|, s<r<ry+2;
(5.17)

wrs — Vi — tn + vpille < CETI| R — K|, r<re+1.

This follows by a straightforward induction argument using the esti-
mates (5.8)—(5.11).

From this we find (by an argument very similar to that above) that
the errors E(h) and E(k) in the metrics of the two limiting embeddings
satisfy

(5.18) [E(h) = E(k)ll2s—2 < Cllh = E[ls (IAlls + lI%]ls) -

In particular, F is a continuous map into C?*~2. Similar arguments
show that E is differentiable.

5.8. Removing the errors. The metric we end up with by feeding in
a desired metric change h is given by h+ E(h), where E(h) is bounded
in C*72 hence compact in C* (since s > 2), with norm bounded
by ||h]|2. Tt follows from the Schauder fixed point theorem that this
takes on all values in a neighbourhood of the origin in C**: To find a
solution of h+ E(h) = ¢, we solve the equation —E(p+v) = v, so that
¢o+v+ E(p+v)=¢. The map F(p + .) is compact and continuous
from Bs C C® into C®, and maps the ball of radius ¢’ inside the ball
of radius C(§')? in C* for & < § if ||¢|s < &'. Choosing § sufficiently
small so that C'§? < §, we get a fixed point of F(¢p +.) in By (see
Corollary 11.2 in Gilbarg-Trudinger [7]).

Remark 5.5. In this proof the original embedding F{ must be bounded
in C*272 which means we can perturb in C* provided s > 2 and the
initial embedding is C*" with s’ > s + 3.
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5.9. Remarks on integer cases. Next let us consider what happens
in cases where s is an integer. Here we have two different interpretations
of the space C* — either C* or C*~11. We will deal with both of these
cases.

The main difficulty is that Theorem 5.1 does not apply in either of
these cases, so we have to work harder to show that the embeddings
are controlled in C* or in C*~ 11 if h is.

The first step is to observe that we can still salvage something from
the previous argument, even without Theorem 5.1: For fixed r < s <
19, we define a Banach space C*® to be the space of all functions f which
can be expressed in the form f =37 f; where

(5.19) £l < M=)

for all r € [ry, 7). For a norm [|.||s we take the infimum of M over all
such decompositions of f. The properties of the operators R; imply
that C* C C*~1 C €%, and || f||ls < C||f|ls_1.1 for f € C5 11 since we
can take the decomposition f = Zj R;f.

We also note that the space C*® is independent of the choice of 7
and ro, and can be characterised as the space of functions f for which

IR fll- < C(r)e!"

for every 7 and every r > 0. If we take a different choice of r; and 79
then the norm may change, but remains equivalent to the previous one.
To see this, suppose we have any decomposition f = ) ; [ satistying
(5.19), and consider the operators R; applied to each piece:

1B fillor < Crpre™ ™ filler < Cr M6l

provided r; < 7' < ry.

We will sum the above estimates to get an estimate for R; f: Note
that Zj fj converges to f in C" for any r: For r < s the sum is
absolutely convergent, so R;(D_ f;) converges to R;f in C". But for
each i, |Ri(> f)ller < Copy €| S fjllon where p is some large
number. Thus the partial sums are bounded in C? and convergent in
C™. By interpolation, the sum is convergent in C”" for any r < p.
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Therefore we have for any r

IR fller = 1R (D fi)ller
< Z I1R: fillcr

<CM Z =T (1) +i (' () —s)
J
= CMeilr=) Z pli=9)(s=1"(5))

J

where we can choose /() in [r1, 5] for each j. We now choose r'(j) =
for j > i, and 7'(j) = ry for j <. This gives

HleHCT S CMe’i(Tfs) (Z ef(i*j)(TQ*S) + Ze(ji)(srl)>

Jj<i Jj=i

< CMei(rfs) (Z efl(rgfs) + Zel(sr1)>
=1 =0

< éfMei(rfs)

where

~ 1 1

This shows that we can replace the original decomposition of f by
the decomposition f = " R;f, without substantially changing the
constant M on the range [r1, 73], and that the estimates extend (with
increased constants) to any larger range of r.

Remark 5.6. The same construction could be used for non-integer s,
but then the space C* is the same as C*, with equivalent norm.

Having defined the space C¢, we observe that in applying the
smoothing operators we can often replace C'* norms with C* norms
in the estimates: In particular, if f € C¢and r < s (we will assume r
is not too close to s, so we might as well take r < r1) , then we can
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estimate the approximation of T,: f to f in C" as follows:

1T f = fle = 1S (Tt — £l
7
<O D £l
J

<OMY el Wei ()=o)

J

< OMeir=9) (Z i=Dra) 1§ e(z’j)(sm>

J<i j2i

(5.20) < CMer=)

where the constant depends on 7, — s and s — ry.

Now we are ready to begin the proof that the embeddings converge
in C* or C*~b!. As a first step, we show that if A is in small in C*
then the embedding converges in Cs, and the error E (h) in the metric
satisfies

1E(h)[l2s—2 < CIR][3-

To see this, we just observe that the four estimates (5.8)—(5.11) can be
obtained, with the same proof, with ||h||s replaced by ||h|ls wherever
it appears: The only differences are that we use the definition of C*
instead of Theorem 5.1 to get the bound on ugi1, and we use (5.20)
instead of the usual approximation estimate to obtain (5.11). The
convergence of the embeddings then follows again from the definition
pf C*, and the estimates on the metric errors go through unchanged.

Remark 5.7. Thus we can prove that we can do a C* perturbation to
get any sufficiently small C* metric change. While interesting, this is
not so useful without further understanding of the space C*.

Now we consider the case where h is in C*~%!. Then in particular
it is in C*, so we know the embeddings converge in C*, and we have
the estimates (5.8)—(5.11). We will prove that u; remains bounded
in C*~Y1 from which it follows that the limiting embedding F,, has
the same bound. This will follow from the fact that the partial sums
Z?:o Rjh = Tx+1h remain bounded in C*%! (this is just the bound
for the smoothing operator).
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To use this, we have to express uy in a way that involves the partial
sums. This is analogous to an integration by parts:

k
Ug4+1 = Z Fj
§=0
k
= Z LF0+'U]' hj
§=0
k k k
(5.21) = Lp, (Z hj> + " (Lt — Lrto,) (Z hj) -
j=0 =1 J=l

We can estimate this in C*~ 11 as follows:

[uksalls < C +

k
D h
=0

k
>k
j=0

0 s

k

DN

j=I

k

>0

j=l

k
+ Z lvr — Vi1 |52

=1

+ [Jvr = vi-12
0

s

k
< Ollhlls + Y eI h]3
=1

k
+> a3
=1
< Cllh]]s.

This completes the proof for the C*~ 1! case.

Next we turn to the proof for the C® case for s an integer. If h is C*
then it is certainly C*~!, so we have convergence of the embeddings
in C*~Y1. To show that the limiting embedding is C* we will show that
the embeddings u; form a Cauchy sequence in C®. This will use the
fact that the partial sums T xh = Z;:é h converge to h in C®. From
(5.21) we have the following expression for the difference between w4
and w41 for [ < k:

k k k
(5'22) Ug4+1—U+1= LF0+U1+1 (Z h]>+ Z (LF0+U¢_LF0+U¢71) (Z h])

j=l+1 i=1+42 j=i
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For convenience we define

Zh

and note that A; — 0 as [ — oco. Estimating this as before, we find

A; = sup

m>n>l

Y

Huk+1 - Ul+1”s

k k
<O 1Fo +vellosa | Y hyll +1E0+vmalla | Y by
j=t+1 g j=t+1 I,
k k k
+C D o = vicalla2 || Dbl A+ lloi = vicallz2 || D By
=142 j=i 0 j=i 5
k k
<C 1+l Yo e hlli+C | ) hy
Jj=l+1 Jj=l+1 R
k k
+C Y | el Ze Al + A Db
i=l+2 Jj=t Jj=i s

< € (e 4 DR Bl + CA

+C Z CD A2 + e 2R sAr)
i=l+2

S 06_(3_2)(l+1)(1 + Al—i—l)Hh”s-

This can be made arbitrarily small by choosing [ sufficiently large, so
the sequence {uy} is Cauchy in C*®, and the limiting embedding F, is
Ce.

The argument using the Leray-Schauder fixed-point theorem to
remove the errors goes through unchanged.

Remark 5.8. This works for integers s > 2. It fails for s = 2, in several
points: First, we no longer have that the error F(h) is compact in C*
— this is not so crucial, since we could work a bit harder and deduce
that the error is differentiable in C? near 0, with derivative zero, then
apply the classical implicit function theorem instead to deduce h+ E(h)
covers a neighbourhood of the origin in C?. More crucial is the fact
that we can no longer show convergence in C?, since we rely on the
exponential decay at rate e~*~2 to bound various terms. It is not
known whether C? metrics can be C?-isometrically embedded.
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5.10. Higher regularity. To complete the proof of the perturbation
result, we show that the embeddings converge in C* for non-integer
s' > s if his C* and Fy is sufficiently regular. Here we do not want
to assume that A is small in C* or to decrease § any further. Integer
cases can also be treated by methods analogous to those in the previous
section.

Given s’, we choose some r3 > s'+1, and assume that Fj is bounded
in C™72 with norm A’. The first step is to observe that the estimate
(5.10) on vy, obtained in the proof of convergence in C* extends (possi-
bly with a larger constant C} instead of Cj3) to hold with r3 replacing
r9: The bound on ||vg||, follows from the bound on ||ug||s together with
the properties of the smoothing operator.

We will prove that the estimates (5.8)—(5.11) holds (for some new
constants C, . . ., 6'4) with 7, replaced by r3 and s replaced by s’. This
follows by induction as before: In the proof of (5.8), we obtain from
(5.12)

1Eellr < C (| Fo + viclletal hllo + || Fo + vl[2]| ] l)
<c ((A’ LR 0) ek | || + ek(r—s/)HhHS,)
<O+ A 4 C40)e* =)y,

since s’ > 2. This proves the estimate if we choose Cy = C/(14+A'+C40).
Here we do not need to choose § small as we did before, because the
estimate does not involve Cy, only Cj3. The remaining estimates now
follow without change.

It follows from the new version of (5.8) and Theorem 5.1 that the
limiting embedding is C*". The error in the metric can also be bounded:
In equation (5.13) we can estimate

1Bkl < CllFllor | Fellore
< CCe =G = B |11l
< CCLCyoekr=('+5-2) [
and
1E4l < € (lur = vl Bl + e = vellesa 1551 )
< CCye" I, Cre™ = ||
< CCYCyoekr=('+5-2) [
provided r < r3 — 1. Theorem 5.1 then implies the estimate

|Ellg4s—2 < CO|lh]|s.
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As before, we can also show that the limit metric and the limit embed-
ding vary C*-continuously as a function of h, and that the error E is
continuous in C*+52.

We now want to apply the Schauder fixed point theorem to show
that if ||p]|s < ¢’ (with the same ¢’ as before) and |¢|ls < oo, then
there is some h € Cy such that h + E(h) = ¢.

Consider the closed convex set A = {h: ||h|ls <, ||h|ly < M}
for some constant M yet to be chosen. The same estimates as before
show that if ||¢||s < ¢ and h € A then ||E(p + h)||s < ¢§'. To estimate
the C*" norm we note that by interpolation, if |||y < M then

’
s’ —s s—2

1B+ W)l < CIEG+ RSBl + 17

s—2
< Co (|lpllsr + M)'~ =
< M,

provided M is sufficiently large compared to ||¢||s. Therefore the map
—FE(p+.) is compact and continuous, and maps A strictly inside itself.
Therefore we have a fixed point, which is a C*" symmetric bilinear form
v such that h+ E(h) = ¢ for h = p 4+ v.

This also gives the C* case: If ||hl|s < ¢ and h is C*°, then we
get for any s’ > s a C* embedding achieving the metric gy + h, with
bounds in C" depending only on |||, for each r € [s,s]. Taking a
limit as s’ — oo, and using a diagonal subsequence construction, we
obtain a limit which is C*.

5.11. Further remarks. It is useful to note that the result we obtain
is somewhat stronger than the one stated by Nash: To obtain a C*
embedding of a C® metric ¢ it suffices to start from a C**t3*¢ free
embedding Fj, with metric g satisfying ||go—g||s < &', where ¢’ depends
on s, ||Fy|ls+34e, and a bound on G (the latter controls the freeness
of F())

The reason why Nash did not bother to state this is probably that
the stronger result still doesn’t seem to be enough to get around the
need for Nash’s elaborate construction using the y and z embeddings:
If we approximately isometrically embed a C* metric in the C* sense,
the C*T3+¢ norms of the embedding necessarily become large if the
metric is not this regular, and so we have no control over the required
0’. In fact this can be circumvented using better methods for approxi-
mations — I’ll make some more remarks on this point after discussing
Gilinther’s argument, since it is also his work which provide the better
approximation results.
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I should also remark that the proof I have given here can easily
be adapted to other settings where there is loss of differentiability, or
to prove a general implicit function theorem of Nash-Moser type. See
the survey of Hamilton [16] for many examples and applications of this
kind of result. There are many approaches to the proof of this kind of
result, ranging from the Newton method employed by Moser [33]-[34]
and by Schwartz [45]-[46] — which yields a relatively simple proof but
one which is not optimal as regards differentiability assumptions —
to methods of Jacobowitz [24]— which use extension of real-analytic
functions to complex-analytic ones, applying complex-analytic methods
and then employing classical approximation techniques to get results
for lower differentiability classes — to the arguments of Sergeraert [47]
and Hamilton [16], which are aimed at producing results in the setting
of suitable Frechet spaces (see also [31] for further extensions), and the
argument of Nash himself [37]-[38] (see also Hormander [21] for a simi-
lar argument with a little further motivation and explanation) which is
beautiful and delicate but decidedly non-obvious ( “like lightning strik-
ing” according to Gromov). I like Hérmander’s argument because it is
significantly simpler and more transparent than Nash’s, but still gives
good results for natural graded sequences of Banach spaces (such as
C* as I had here) as well as for the Frechét space limit.

6. GUNTHER'S ARGUMENT

Next we will work through the argument of Giinther [13]-[14] which
gets around the loss of differentiability, and so allows the isometric
embedding theorem to be deduced from a Banach space fixed point
theorem.

6.1. Loss of differentiability. Recall the problem which forced us
to use the Nash-Moser argument: Given a general C* variation (let us
assume for simplicity that s is not an integer), the change in the metric
is bounded in C*7!, but not in C*, so one might expect to apply the
inverse function theorem by showing that the derivative of this map
is invertible. But the ‘inverse’ we construct, given by taking normal
variations, is only C*~! if the metric change is C*~!, so this is not
actually an inverse for the derivative as a map between C* and C*!
— that is, our inverse for the derivative is unbounded.

The source of this unboundedness is easy to identify: If we take
an actual variation in a normal direction, rather than an infinitesimal
variation, then we have an extra term which is quadratic in the deriva-
tives of the variation. This drops out for an infinitesimal variation (so
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the derivative maps C® to C?®), but ruins the regularity for an actual
variation.

One way to think about the problem is like this: If we consider a
variation F; = Fy + tV where V is normal to Fj, the rate of variation
V' is no longer normal to F; for positive times ¢. One should instead
modify the variation to keep it normal to the moving submanifold.
That is hard to do — one runs into problems in showing the existence
of such a continuous deformation — but we are left with the feeling
that there should be non-trivial variations which do not result in loss
of regularity:.

If the problem is that our variations are not normal to the deformed
submanifolds, it should be possible to correct for this by including some
suitable component of the variation which is tangential to the subman-
ifold. Giinther managed to do this, by showing that the quadratic error
term can be counteracted by a suitable tangential variation.

6.2. Constructing good variations: The torus case. For simplic-
ity let us first consider the case of the torus, so that we have a flat
metric on our manifold. This simplifies things slightly, as we can com-
mute derivatives without generating curvature terms, and we don’t
have to worry about covariant derivatives.

If we want to achieve a metric variation h
must satisfy is the following:

ij, then the equation we

As we have already observed, this looks simpler if the variations are
normal. This is encapsulated in the following reformulation of the
above equation:

We are free to choose the tangential part V - D;F' as well as the
component in the direction of the second derivatives V' - D;D; F, since
the first and second derivatives of a free embedding are independent.
The idea is to try to move the bad term, the one where the quadratic
term where the derivatives are lost, into the first brackets to allow
cancellation by the tangential part. This seems to make sense: If V' is
a C° map, then the quadratic term is C*~!, so one might hope it could
be written as the derivative of something in C*. It seems unlikely this
can be done by purely algebraic manipulations, but Giinther observed
that something nice happens if you apply the Laplacian (with respect
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to the flat metric) to the quadratic term:
A(D;V -D;V) = D;,AV -D;V + D;,AV - D,V +2DD,V - DyD;V
=D, (AV -D;V)+ D; (AV - D;V)

(6.2) +2(DyD;V - Dy D;V — AV - D;D,V).

The crucial point is that the top order terms in the Laplacian are
the ones where both derivatives fall on the same factor, none on the
other. But this allows us to write the top order term as a derivative
plus a more regular error: Observe that if V is C*, this is D;(C*?) +
D;(C*2)+ C*~2. But A —1 commutes with differentiation and has an

inverse T : C*2 — (C?, (bounded provided s is not an integer) so we
can write

=D, (T'(AV -D;V))+ D; (I'(AV - D;V))
(6.3) +T (2DyD;V - DiD;V — 2AV - D,D;V — D;V - D,;V).

This is exactly what we need: Plugging this into Equation (6.1) we
obtain

hij=D; (D;F -V +T(AV -D;V))+ D; (D;F -V +T(AV - D;V))
—2D;D;F -V + T (2DyD;V - DyD;V —2AV - D,D;V — D;V - D;V).
To solve this we require that
(6.4) V-D;F =-T(AV - D;V)
and
(6.5)
V-D,D;F = —%—i— T(DkDiV-DijV—AV-DZ-D]-V—%DiV-DjV).

Since the embedding is free, any system of the form
(6.6) V-D;F = A;
V-D,D;F = By
has a unique solution in the span of the first and second derivatives of
F, which we can denote by L(A, B). If F' is free and C**2 then L is a

bounded linear map from C* x C** to C*. We have to solve an equation
of the form

V = L(Q:(V), —%hij + Q2(V)),

where 1 and Q2 are continuous maps from C* to C* satisfying ||Q; (V)|
< C||V|s][V]|2. This can be tackled using a fixed point theorem in the
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Banach space C?®, or by observing that
V = L(Q1(V), Q2(V)

is a smooth function of V in C®, with derivative at V' = 0 equal to
the identity. Thus by the (Banach space) inverse function theorem,
it covers a neighbourhood of zero. It follows that we can solve the
perturbation problem about C**2 free embeddings for sufficiently small
C* perturbations.

I’ll say more about this later. First I will consider the general case,
where essentially the same method works, though the non-flatness of
the background metric introduces some extra terms.

6.3. Constructing good variations: The general case. Now we
consider an arbitrary freely embedded submanifold M™ in RY. We
equip M with a metric g. The problem we need to solve is the same
as before, in any local coordinates: If h is some (small) C* section of
the bundle of symmetric 2-tensors on M, then we need

D;F-D;V+D;F-D;V+ D;V-D;V = hy.
This can be written as
Vj(DiF V) + Vi(DjF V) — 2V,V,F -V + D;V - D;V = hy;.

As before the main point is to split up the quadratic term in a good
way. The covariant Laplacian A = ¢*V,V, is again a self-adjoint
elliptic operator from C® to C*72, and A — 1 is invertible. There is
some difference arising from the fact that the Laplacian does not quite
commute with derivatives: We need to satisfy

0=(A-1)(V;,(D;F-V)+V(D;F-V)=2V,V,F-V+D,V-D;V — h;;)
=V, ((A=1)(D;F-V)+V; (A =1)(D;F-V))—2(A=1)(V,V,F.V)
+ REV,(DiF-V) 4+ RYNV (D F-V) + (A = 1)(D;V-D;V)
We expand the last term as follows:
(A-1)(D;V-D;V)=AV,V -D;V + AV,;V - D,V
+ 2V, V,V -V, V;V — D,V - D;V
= V,AV - D;V 4+ V;AV - D,V
+ R{D,V - D;V + R;D,V - D;V
+ 2V, V,V -V, V,V — D,V -D;V
= V,;(AV - D;V) + V;(AV - D;V)
+ R{D,V - D;V + R;D,V - D;V
+ 2V, V,V -V, V,;V = 2AV - V,V,V — D;V - D;V.
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Substituting in the previous equation, we get
0=V, ((A=1)(D;F-V)+AV-D;V)+V; (A=1)(D;F-V)+AV-D,V)
1
—2(A-1)(V,V,F-V + §hij) + BRIV, (DiF - V) + RiV,(D;F - V)
+ R;D,V - D;V + RED,V - D;V — D;V - D;V

Now we are in business: We require that the tangential part of V' be
such that the first two terms vanish, so that

where

(A—1)N; = AV - D,V,
and then we require that the components in the direction of the second
derivatives satisfy the remaining identity:

1
V- ViVF = —hi + My(V),

where

RV,N, RN
2 2
1 1 1

+ ERpoV -D;V + §R§DPV - D,V — §DiV -D,V.

(A = 1)My; = ViViV -V V;V — AV - VY,V —

If Vis C° then AV - D,V is C*72 so N; is bounded in C*, with
norm [|[N(V)||s < C||V]s[|[V][1 (for s > 2). Thus M is also C*, with
1M, < CIV V]

As before, the system can be solved for sufficiently small h in C* by
an implicit function theorem argument, or with slightly stronger results
by a fixed point or successive approximations argument. Note that we
require the embedding F' to be C*™ so that the solution L(A, B) of
the system

(determined uniquely in the span of the first and second derivatives of

F) is bounded from C*(M,T*M) x C*(M, SS)M) to C*(M,RY).
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6.4. The perturbation result. A careful successive approximations
argument yields the following result:

Theorem 6.1. Let F be a free C**2 embedding, and h € C*(M, S M)
with s > 2. There is a positive number 0 independent of F, h and s
such that if

||LHB(CZ(M,T*M)XCQ(M,S£2>M)7CQ(M7RN)||L<O’ h)||c2 S 9,
then there exists V € C*(M,RY) (small in C?) such that
D, (F+V) -Dj(F+V)=D,F-D;F+ h.

This is very nice: The smallness condition on the perturbation is
in C?, with the smallness determined essentially by the freeness of the
embedding (roughly the size of the operator G! defined in the previous
sections) together with the fourth derivatives of the embedding. In
particular, if s > 4, then this means that effectively we can perturb
about any free C* embedding F' to get nearby C* metrics: First take a
C*t2 (or C*!) embedding F’ which is close to F' (we can keep the C*
norm comparable while making the C? difference as small as desired).
Then the freeness of F is not much worse than that of £, and the C*
norms of F” are also comparable, so we can perturb about F’ to get any
metric change which is small in C%2. Any C® metric which is close to
gr in C? is close to gps in C?, so can be obtained by perturbing about
F’, and the resulting embedding will be close to F' in C%. Some care is
needed here, because we do not claim that the resulting embedding is
close to F'in C*.

Note that an argument like that just outlined also shows that any
C* metric (s > 4) which can be realized by a free C" embedding in RY
with 7 > 4, can also be realised by a free C* embedding in R": First
take a smooth approximation of the initial embedding, then perturb
about this to get a C" embedding with the same metric.

6.5. More on approximations. Gilinther observed that the pertur-
bation result can be applied to improve the results about approximate
isometric embeddings, reducing the dimension required for the isomet-
ric embedding theorem.

The basic tool is the following variant on the above perturbation
result:

Theorem 6.2. Let B C R™ be the open unit ball and By and Bs
open sets with By C By and By C B. Let F € C*™2(B,R"Y) be

n(n+2)

a free mapping, and h € C*(B,R™ =2 ) with s > 2. There exists
0 > 0 (independent of F, s and h) such that if supph C B; and
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| Ll Bcz,c) || L(0, h)||c2 < 0, then there exists V € C*(B,RN) with
suppV C By and

Thus we can do compactly supported variations of the metric with
compactly supported variations of the embedding. The proof is very
similar to that for the previous case: First choose a smooth cut-off
function p with support in By and with p = 1 in B;. As before, we
want to solve the equation

(6.7) Di(V - D;F)+ D;(V - D;F) —2V - D;D;F + D;V D,V — h;; = 0.

To ensure that V' has compact support we will insist that it has the
form V = p?W with W bounded. Substituting this into equation (6.7),
we obtain

W W
0=p*D; (— : D,F) +p*D; (— : DjF)
p p
+3pD;pW - D; F + 3pD;pW - D; I
—20°W - D;D;F + p*D;W - D;W — hy;
+20°DipW - D;W + 2p°D;pW - D;W + 4p*>DipD;p|W 2.

The strategy will be as before to absorb the highest order part of the
quadratic error term into the derivatives where they can be cancelled
by the tangential part of V', and then prescribe the component of V'
in direction D;D;F' by setting the remaining terms equal to zero. The
key term is p*D;W - D;W, which we rewrite using the following:

A (pD;W - D;W)

= pD;AW - D;WW + pD;AW - D;WW
+ ApDW - D;W + 2pDy D;W - Dy D;W
+2D3,pDy DiW - D;W + 2Dy pDy D;W - DiW

— D, (pAW - D,W) + D; (pAW - D;W)
— DipAW - D;W — DipAW - DiW — 2pAW - D,D;W
+ ApDW - D;W + 2pDy D;W - Dy D;W
+2DypDy D;W - D;W + 2Dy pDy DW - DW
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We also note that D;pW-D;W = 1D; (D;p|W|*)—1|W|*D;D;p. Equa-
tion (6.7) then becomes

W
0 = p*D; (7 -D;F + A (pAW - D;WV) + Djp|W|2>

+ p*D; (% - D;F + A7 (pAW - D;WV) + Dip|W\2>

+3pDipW - D;F + 3pDipW - D;F — 2p*W - D;D;F — h;
— p°D;D;p|W|?* + 4p° D;p D p|W |?
— PPN (DipAW - D;W + DjpAW - DiW + 2pAW - D;D;WV)
+ AT (ApDW - D;W + 2pDy D;W - Dy, D;W)
+20° A7 (DypDy D;W - D;W + DypDy.D;W - D;WV)
To simplify this we write
Aj(W) = A7 (pAW - D;W) + [W|*D;p,

and observe that if W is bounded in C*, then A;(W) is also in C*®, with
norm at most C||W/||s||[W]|;. Similarly we write

2
+ pA~  (pD.D;W - Di.D;W — pAW - D;D;WV)
+ pA™Y (DyppDyD;W - D;W + DypD.D;W - D;WV)

1
B;;(W) = <2Diij,0 - —pDiDjp) W2

1
+§pA_1 (ApD;W - D;W — DipAW - D;W — D;pAW - D;WV).

Again, || B;;(W)|ls < C||W||s||W||2. Then we can solve the perturbation
system by setting

W D;F = —pA;(W)

3 3 1
Here I used the fact that p = 1 on the support of h. This is now a very
nice system, and we can apply a fixed-point theorem to get a solution
if h is sufficiently small.

To apply this result, Giinther takes any strictly short free embed-
ding Fy of the manifold, and takes a decomposition of the difference
metric ¢ — g, as in (3.1) from Lecture 3. Each of the terms ajdf?
is defined on some coordinate patch, and one can even choose local
coordinates such that fi, = 2! on this patch, so the term has the form
a*(dz")?. Then he modifies Fy on the coordinate patch to produce
an approximately isometric embedding which satisfies the conditions
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of Theorem 6.2. This allows him to deduce that the embedding can
be perturbed to get metric exactly gg, + (a*dx')?. This can now be
repeated for each of the remaining terms to get the desired isometric
embedding. The idea is rather similar to Nash’s argument for the C*
isometric embedding, except that more care must be taken in the ap-
proximation, and the compactly supported perturbation result means
that we only have to do a finite number of steps instead of an infinite
sequence of them.

Giinther’s method to get approximate isometric embeddings re-
quires five extra dimensions, beyond the span of the first and second
derivatives of the embedding — thus to obtain an isometric embedding
we must have a free embedding and we must be in dimension at least

n("+3) + 5. In particular, we are guaranteed to have an isometric em-

beddlng into dimension max{™=%5" ”+3) + 5, "+5

this is just %, SO in some dlmenswns thls is sharp: There are exam-
ples of manifolds which cannot be freely embedded into any dimension

less than @ (see the remarks at the end of Lecture 2). For n = 2
it gives dimension 10, which is probably far from sharp.

nnt5)Y - For high dimensions

There is a free immersion of S™ into R™% given by the map

zZ
(217' e 7Z7L+1) = (Ev R TLT?;ZIZQa S 7ZnZn+1> .

This is in fact a free isometric immersion for the standard metric (or a
free isometric embedding for the standard metric on projective space).
It follows that we have a free isometric immersion of any metric on S

n n(nt3)
or RP" into R™ =2

be reduced to

2 2
<1

45 Tt is an interesting question whether this could
n(n+3)
—5.
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