SIMILARITIES OF W-ACCRETIVE OPERATORS
CHRISTIAN LE MERDY

ABSTRACT. Given a number 0 < w < 7, an w-accretive operator

is a sectorial operator A on Hilbert space whose numerical range
lies in the closed sector of all z € C such that |[Arg(z)| < w. It is
easy to check that any such operator admits bounded imaginary
powers, with ||A%|| < e*l*l for any ¢ € R. We show that conversely,
A is similar to an w-accretive operator if ||A¥| < et for any
teR.

1. INTRODUCTION.

Let H be a Hilbert space and let A be a closed operator on H with
dense domain D(A). Given any w € (0,7), we let ¥, be the open
sector of all complex numbers z € C* such that |Arg(z)| < w, and we
say that A is sectorial of type w if its spectrum o(A) is included in the
closure of ¥, and if for every 6 € (w,7), the set {z(z—A)™" : 2z ¢ 5y }
is bounded.

Assume that w < 7. We say that A is w-accretive if it is sectorial of
type w and if

(1.1) (Ag.€) eX,, €€ D(A).

It is well-known that if the resolvent set p(A) contains —1, say, then
(1.1) implies that A is sectorial of type w. Thus A is w-accretive if and
only if —1 € p(A) and (1.1) holds true. Note that with this terminology,
Z-accretivity coincides with maximal accretivity. The aim of this note
is to give a characterization of injective w-accretive operators up to

similarity in terms of their imaginary powers.

If A is an injective maximal accretive operator on H, then we can
define its imaginary powers and we have ||A®|| < ezl for any real
number ¢t € R. Indeed this estimate is a consequence of von Neumann’s
inequality, see e.g. [1, Theorem G]. More generally, assume that A is an
injective w-accretive operator. Then e/ 2“4 and e 2~ A are both
maximal accretive hence for any ¢ € R, we have ||(e!(G%) A)|| < ez

and [|(e7"G)A) || < e2lfl We easily deduce that

(1.2) |A®| < el teR.
84
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Our main result asserts that conversely, if A is an injective sectorial
operator satisfying (1.2), then A is similar to an w-accretive operator,
that is, there exists a bounded and invertible operator S: H — H such
that STt AS is w-accretive. We thus have the following characterization.

Theorem 1.1. Let w € (0,5] be a number and let A be an injective
sectorial operator on H. Then A is similar to an w-accretive operator
if and only if there exists a bounded and invertible operator S: H — H
such that ||STA"S|| < eIl for any t € R.

We wish to make three comments concerning this theorem. First,
it complements a previous result of ours ([7]) saying that if A is an
injective sectorial operator of type < 7, then A is similar to a maximal
accretive operator if and only if it admits bounded imaginary powers.
Second, Simard’s recent work ([12]) shows that our result is essentially
optimal. Indeed on the one hand, [12, Theorem 1] implies that for
any w < 7, one can find A not similar to an w-accretive operator
whose imaginary powers satisfy an estimate ||A%|| < Ke“l!l for some
K > 1. On the other hand, [12, Theorem 4] shows that one can find A
satisfying ||A%|| < e2!l for any ¢ € R without being maximal accretive.
The third comment is that our proof heavily relies on some recent
work of Crouzeix and Delyon ([5]) who established some remarkable
estimates for the analytic functional calculus associated to an operator

whose numerical range lies in a band of the complex plane.

We now give a consequence of Theorem 1.1 concerning fractional
powers of w-accretive operators. Let 0 < w < 7 and a € (0, 1] be two
numbers. It is well-known that if A is an w-accretive operator, then
A% is aw-accretive. Although the converse does not hold true (see e.g.

the discussion at the end of [12]), Theorem 1.1 implies the following.

Corollary 1.2. Let A be an w-accretive operator for some w < T and

1 . . . .
let o > 22 be a number. Then A< is similar to an “-accretive operator.
™ (7

Proof. We may assume that A is injective and that o < 1. Then our
assumption of w-accretivity implies (1.2). Since (A= )" = A’ we thus
have ||(A=)i|| < e&ll for any ¢ € R. According to Theorem 1.1, this
implies that A% is similar to an Z-accretive operator, whence the result
by taking a-th powers. O

The proof of Theorem 1.1 is given in Section 3. It uses both H*
functional calculus techniques (as introduced by M°Intosh in [8]) and a
theorem of Paulsen ([9]) reducing our proof to the study of the complete
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boundedness of an appropriate functional calculus. In Section 2 below,
we provide some background on Paulsen’s Theorem for the convenience
of the reader.

2. BACKGROUND ON COMPLETE BOUNDEDNESS AND PAULSEN’S
THEOREM.

We only give a brief account on complete boundedness and its con-
nections with similarity problems. More information and details, as
well as important developments and applications can be found in [10].

Given a Hilbert space H, we let B(H) denote the C*-algebra of all
bounded linear operators on H. If C is a C*-algebra and n > 1 is an
integer, we let M, (C) denote the C*-algebra of all n x n matrices with
entries in C. Let us describe the resulting norm in two important special
cases. Assume first that C = B(H). Then the C*-norm on M, (B(H))
is obtained by regarding elements of M, (B(H)) as operators on the
Hilbertian direct sum H & --- @& H of n copies of H. Thus for any
[T;x] € M,(B(H)), we have

(2.1) ||[T3l]| = SUP{ (iHiTakkaQ)é & € H, kz: 1€kl < 1}.

j=1 k=1

Now consider the case when C = Cy,(2) is the space of all bounded and
continuous functions g: {2 — C on some topological space €2, equipped
with its sup norm. Then the C*-norm on M, (Cy(2)) is obtained by
identifying M, (Cy(£2)) with the space Cy(£2; M,,) of bounded and con-
tinuous functions from € into M,,. Thus for any [g;x] € M, (Cy(2)), we
have

(2.2) g8l = sup{mgjkmmm A€ Q}

Let H be a Hilbert space, let C be a C*-algebra and let £ C C be a
(not necessarily closed) subspace of C. Then the space M, (E) of n xn
matrices with entries in £ may be obviously regarded as embedded in
M, (C). By definition, a linear mapping u: £ — B(H) is completely
bounded if there exists a constant K > 0 such that

H[u(ajk)]HMn(B(H)) < KH[aﬂ'kmMn(E)

for any n > 1 and any [a;;] € M, (E). In that case, the least possible
K is denoted by ||u||s and is called the completely bounded norm of
u. If the latter is < 1, then we say that u is completely contractive.
Obviously any completely bounded mapping u is bounded, with |Ju|| <

Huch-
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Paulsen’s Theorem asserts that any completely bounded homomor-
phism on an operator algebra (= subalgebra of a C*-algebra) is similar
to a completely contractive one. More precisely, we have the following
statement (see [9]), that we will use in the situation when C = C,(Q)
for some (2.

Theorem 2.1. (Paulsen) Let H be a Hilbert space, let C be a C*-
algebra, let A C C be a subalgebra, and consider a linear homomor-
phism uw: A — B(H). If u is completely bounded, then there ezists a
bounded invertible operator S: H — H such that the linear homomor-
phism ug: A — B(H) defined by letting us(a) = S~ 'u(a)S for any
a € A is completely contractive. In particular, |S™ u(a)S|| < ||a| for
any a € A.

We finally recall for further use that for any [aj;] € M, and for any
vectors &1,...,&, and 1q,...,n, in a Hilbert space H, we have

2 ] < el (Z ||§k“2)5 (Z ||nj||2)5.

jk=1

(2.3)

3. PROOF OF THEOREM 1.1.

We first introduce some notation concerning H* functional calculus
associated to sectorial operators (in the sense of [8], [3]). For any
6 € (0,7), we recall that

Yog={z€C: |Arg(2)| < 6}

and we let I'y be the counterclockwise oriented boundary of 3. Then
we let H5°(Xy) be the space of all bounded analytic functions f: ¥y —
C for which there exist two positive numbers ¢ > 0, s > 0, such that

|2|°
V@HSCT:E@» z € Xg.

We recall that if A is a sectorial operator of type w € (0,7) and if
f e H§*(Xy) for some 6 € (w, ), then we may define f(A) € B(H) by
letting

) = 5 [ =),

where v € (w,0) is an intermediate angle. (The definition of f(A) does
not depend on 7 by Cauchy’s Theorem.)

We let A be an injective sectorial operator satisfying (1.2) for some

w € (0,7) and aim at proving that A is similar to an w-accretive
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operator. Recall from [11, Theorem 2] that A is necessarily sectorial
of type w. Changing A into A25, we may assume that w = 5. We fix
some 0 € (5,m) and we let Ay = H{°(Xg) that we regard (by taking
restrictions) as a subalgebra of Cj(Xz ). Then we let A C Cy(Xz ) be the
subalgebra linearly spanned by A, the function fy(z) = ﬁ, and the

constant function 1. We clearly define a homomorphism u: A — B(H)
by letting u(f) = f(A) for f € Ao, u(fo) = (1+ A~ u(l) =1, and
then extending linearly. We will prove that

(3.1) u: A— B(H) is completely bounded.

Taking this for granted, the conclusion goes as follows. By Paulsen’s

Theorem, there exists an invertible S € B(H) such that ||S™ u(f)S] <

| fllcy = q) for all f € A. Moreover the function f(z) = == belongs to
2

1r
A and u(f) = (1 — A)(1 + A)~L. Since we have

1—=z2
Hchb(g%) = sup{’ T z‘ : Re(z) > O} =1,

we conclude that
STT1-A)1+A) 'S =(1-S1AS)(1+S1AS)™!  is a contraction.

This shows that S~'AS is maximal accretive.

To prove (3.1), we will change our sectorial functional calculus into
a band sectorial functional calculus by means of the Log function. For
any v > 0, let

P,={AeC : |[Im(\)| <~}

and let A, denote its counterclockwise oriented boundary. Let ¢B be
the generator of the co-group (A™);, so that B should be thought as
being Log(A). Our assumption that ||A%|| < ezl!l for any ¢ € R means
that «B — 5 and —iB — 7 both generate contractive semigroups on H.

Hence § — B and 7 + ¢B are both maximal accretive, whence

Re <(g —iB)&€)>0 and Re <(g +iB)E,E) >0,  £e D(B).

In turn this is equivalent to say that the numerical range of B lies into
the closure of Pz, that is,

(3.2) (BE,€§) e P-,  £eD(B), [l <1
Let H$°(Py) be the space of all bounded analytic functions g: Py — C
for which there exist a constant ¢ > 0 such that |g(\)| < Tihpe for any

A € Fy. Then let v € (5,0) be an arbitrary number. Since iB —

and —iB — 7§ both generate contractive semigroups, the function A —
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(A—B) ! is well-defined and bounded on A, hence for any g € H*(Fp)
we may define g(B) € B(H) by letting

o) = 5 [ a0 =B)

o

It is easy to check (using Cauchy’s Theorem) that this definition does
not depend on the choice of 7 and that the mapping v: g — ¢(B) is a
linear homomorphism from H§°(FP) into B(H ). Moreover the sectorial
and band functional calculi are compatible in the sense that for any
[ € Hg*(X), the function A — f(e) belongs to H5®(Py) and

(3.3) g(B) = f(A) if g(\) = f(e").

We refer the reader to [2] for various relationships between sectorial and
band functional calculi, from which a proof of (3.3) can be extracted.
However we give a direct argument for the sake of completeness. Let ¢
be the function defined by ¢(z) = 2(1+2)72%, so that p(A4) = A(1+A)~2
It is well-known that ¢(A) has a dense range, so that we only need to
prove that g(B)p(A) = f(A)p(A). We fix two parameters § < 75 <
7 < 0. Let A be a complex number with Im(\) = ~;. Applying the
Laplace formula to the semigroup (A~");>¢, we have (in the strong
sense)

A=B)"' =i(iA—iB)' = —i / M AT L,
0

Hence using Fubini’s Theorem, we obtain
—1 < .
(A= B)tp(A) = — / e”‘t/ 2 o(2) (2 — A) M dz dt
21 0 F’Yz
1

=5 . (—z' /0 M it dt> o(2)(z — A) "t dz

whence

(= B)p(4) = o / A_L;szxz—m*dz.

The latter idendity can be proved as well if Im(\) = —v; hence holds
true for any A € A,,. Using Fubini’s Theorem again and Cauchy’s
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Theorem, we therefore deduce that

mmam:—fé (N — B) Lp(A) dA

271

_ (%)2 /A g0 /F A_L;OW) o(2)(z — A dz dn

_ (%)2 /F (/A gmm dA) o(2)(z — A) dz

= L[ gLog(2)e(2)(z — Ayt da

271 r.,
= f(A)p(A),
which concludes the proof of (3.3).

We let B be equal to Hg®(Fp) regarded as a subalgebra of Cy(Pz).
To prove (3.1), it will suffice to show that

(3.4) v: B— B(H) is completely bounded.

Indeed since the exponential function is a holomorphic bijection from
Px onto =, it follows from (3.3) and the definition of the matrix norms
on A and B (see (2.2)) that if v is completely bounded, then u, 4 is
completely bounded as well, with ||u| Alles < [lvller. However Ag has
codimension 2 in A hence the complete boundednes of U A, implies
that of u on A.

We now come to the heart of the proof, which consists in showing
that for an operator B whose spectrum is included in P_g, the condition
(3.2) implies (3.4). That (3.2) implies the boundedness of v is a re-
cent result of Crouzeix and Delyon ([5]) and our proof of the complete
boundedness of v will essentially be a repetition of their arguments,
up to some adequate matrix norm manipulations. Before embarking
into computations, we notice that (3.2) is equivalent to the following
real /imaginary parts decomposition for B:

(3.5) B=C+iD, with C=C* D=D" |D| gg.

In this decomposition, C' is a possibly unbounded self-adjoint operator
with D(C') = D(B). Let (E(s))s be the resolution of the identity for
C and for any integer m > 1, let

Cp = / sdE(s) and B, =C,, +1iD.
(=m,m)
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Then (), is a bounded self-adjoint operator hence B,, is a bounded
operator whose numerical range lies in Pz. Moreover for any A ¢ Ps,
we have

(3.6) (A= B,)' — (A= B)™! strongly.

Indeed, (A — B,,) ' = (A=B)™' = (A= B,,) 1 (C,, —C)(A\ = B)™!, we
have C,§ — C¢ for any £ € D(B) = D(C), and since the operators
5 T 1B, are maximal accretive, we have a uniform estimate

(3.7) (A = By) 7t < d(X, Px), m > 1.

Next, by Lebesgue’s Theorem, it follows from (3.6) and (3.7) that
g(Bm) — g(B) strongly for any g € B. Thus for any n > 1 and
any [g;r] € M,(B), we have

lg;x(B)]]| < lim sup | lgx(Ba)]||

To prove the complete boundedness of v, it therefore suffices to prove
that the mappings g — ¢(B,,) are uniformly completely bounded. To
achieve this goal we shall now assume that B is bounded and shall
prove that

2
— + 2.

(38) ||v”cb < \/g

Let v € (3,0) be an arbitrary intermediate angle. Then according
to [5, (5)] (and its proof), we may write

v(g) = 9(B) = v{(g) +v3(9)
for any g € B = H§°(Fp), with

U’ly(g) = QL’/TZ/_ Oog(flf)((l‘ + 2’)/2 — B*)_l _ ($ _ 2,}/2 . B*)—l) dl‘;
3 = 50 [ a8 =R B) )i

Moreover it is easy to check that for any x € R, one has
(x+2yi— B*) ' — (v —2vi— B*)"!
= —4vyi(z +2vi — B*) ' (z — 2yi — B*)™*
— —dyi (M(z) —iN(z)) ",
where M (z) and N(x) are self-adjoint operators defined by
M(z)=(x—-C0)*~D*+4y* and N(z)=CD+ DC —2zD.
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(The boundedness of C' allows this real/imaginary parts decomposi-
tion.) It follows from (3.5) that

(3.9) M(z) > (x — C)2 + 3(%)2.

1

In particular, M (x) is invertible and with Q(z) = M (x) 2N (z)M (z)~
we may write

=

’

(z+2yi—B*) ' —(2—2vyi—B*) ™' = —4~i M(:E)_% (1—2’@(%))71]\4(36)_%.

Let n > 1 be an integer and let [g;x] be an element of M, (B) with
norm < 1. According to (2.2), this simply means that

(3.10) g M]][,, <1, A€ Px.
We let &,...,&,, n1,...,n, be arbitrary elements of H. Then

Z (07 (g58)Er> 1)

jk=1

n o +o0o 1 -1 1
=3 () [ ol (M) (1 QM) M(a) Hen) o
jk=1 -

- (=) /: Z g(@){ (1~ iQ(e)) " M(x) ™3¢, M(x)Sn) da

Applying (2.3) and (3.10), we obtain that

n

Z (0] (g51)&k: ;)

jk=1

<7 j(ZH(l - i) " arete) (6t ) e

Since Q(z) is self-adjoint, the operator (1 — iQ(m))_l is a contraction
for any x € R hence applying Cauchy-Schwarz, we finally obtain that

n

> (0] (gim)6rsms)

jk=1

<25 [ Tiprerteltar) (5 [ el ar)
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Now observe that for any & € H, we have

[ [ e g

o0

< [((e-oresGr) e

—00

by (3.9). Moreover using the spectral representation of C' we see that
the latter integral is equal to

oo g 2 2
S e = 2112,
/_oo 22 +3(%)° ! \/§”£H

Combining with the previous estimate, this yields

g;%ﬂgwmﬂ%gﬂmﬂ?

n

> ] (k) i)

Jk=1

In view of the definition of matrix norms on B(H) (see (2.1)), we deduce

4y

(3.11) MW@mHSM@

We now turn to an estimate for vy. We rewrite the definition of the
latter mapping as

@@IAQWHMWL

y

where T'(A) is equal to 55~ ((A— B)™' — (A= B*)7!) if Im(\) = —v and
is equal to its opposite if Im(A\) = . The key point is that T'(\) is a
nonnegative operator for any A € A,. Indeed assume for example that

Im(A\) = —v. Then

(=B - (B
1

21

= (- B+ D) B

(A= B) ' (2ivy+ B - B*)(\— B*)!



94 CHRISTIAN LE MERDY

which is nonnegative by (3.5). Then arguing as above, we obtain that
for any vectors &1,...,&,, and ny,...,n, € H, we have

;1<v2(g]k>§kan]> < Sup{Hg]k M| (Z/ |7 (A ka |d/\|)
X (Z/AVHT()\)W”QICZ)\\)Q.

Now observe that since B is bounded the function X — (A—=B)~"— (A—
B*)~!is integrable on A, and that ;- fA (A=B)'—(A\=B*)"td\x =2

by Cauchy’s Theorem. Hence for any ¢ € H, we have
2 1 _ — N
J AT an = o [ ((0-B) =G-8 e, 6) an =2l
A’Y T A"/
Combining with the above estimate, we obtain that

13 ol < 2 sup { g5 (NI -

Jim (f”g{“gyk H}) - sup{ngk NI} <1

we finally deduce that

otol| < it {167 (o)) + 03 (030)]]|} <

Since

+ 2,

Sl

which concludes our proof of (3.8).

Remark 3.1. Two results analogous to the one in [5] appear in [6]
and [4]. On the one hand, it is shown in [6] that if Q@ C C is bounded
and convex and if B is a bounded operator on H whose numerical
range lies in §2, then the analytic functional calculus associated to B
is bounded with respect to the norm induced by Cy(2). On the other
hand, it is shown in [4] that if A is an w-accretive operator on H, then
its analytic functional calculus is bounded with respect to the norm
induced by Cy(3,). In the two cases, it it actually possible to show
that these bounded functional calculi are completely bounded. If we
apply Paulsen’s Theorem to the functional calculus considered in [4]
(sectorial case), we recover Corollary 1.2.
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