A NOTE ON A, ESTIMATES VIA EXTRAPOLATION OF
CARLESON MEASURES

STEVE HOFMANN AND JOSE MARIA MARTELL

ABSTRACT. In this note we present a different approach to the A~ extrapola-
tion via Carleson measures developed in [HM] and we illustrate the use of this
technique by reproving a well known result of [FKP].

1. INTRODUCTION

The extrapolation method for Carleson measures was introduced in [LM] and
developed further in [HL], [AHLT], [AHMTT], [HM]. The method is a bootstrap-
ping technique for proving scale invariant estimates on cubes (e.g., reverse Holder
estimates, Carleson measure estimates, BMO estimates), given that (very roughly
speaking) the desired estimate holds on those cubes @ for which some controlling
Carleson measure p is sufficiently small in the associated Carleson box Rg. The
exact nature of this control (involving sawtooth subdomains in R¢) will be made
precise later.

In [LM] and [HL] “Carleson — A" extrapolation was used to obtain reverse
Holder inequalities for some measures associated to PDE which in turn imply solv-
ability of the Dirichlet problem. The Carleson measure condition appears naturally
in the quantitative description of the boundary in [LM] and in the control of the
coefficients in [HL]. In this latter reference a new proof of the well known result
of R. Fefferman, Kenig and Pipher [FKP] is given using the extrapolation method.
Roughly speaking, one wants to perturb a given real symmetric second order el-
liptic operator which is known to be solvable on some Lebesgue space. Assuming
that the disagreement between the matrices of the two operators satisfies a Car-
leson measure condition, the authors show solvability for the perturbed operator
on some Lebesgue space LP with p < oo. We call attention to the fact that the
solvability on LP is equivalent to a reverse Holder condition for the Poisson kernel
(or what is the same, that the harmonic measure is an A, weight with respect to
surface measure).

Other extrapolation results appear in [AHLT] and [AHMTT] and involve “Car-
leson — Carleson” extrapolation, in which a non-negative measure in the half space
Rﬁ“ is shown to be a Carleson measure, using properties of another controlling
Carleson measure. In [AHLT], the technique was applied to prove the restricted ver-
sion of the Kato square root conjecture, for divergence form elliptic operators that
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were small complex perturbations of real symmetric ones. An interesting feature
of the “Carleson — Carleson” extrapolation arguments in [AHLT] and [AHMTT]
is that they were purely real variable in nature —the bootstrapping procedure was
separated from the applications to PDE.

A real variable treatment of “Carleson — A.,” extrapolation appears in [HM].
The main result states that in order to show that a given non-negative Borel mea-
sure w satisfies an A, type condition, it suffices to consider cubes for which a
controlling Carleson measure is small at all the subscales on some dyadic sawtooth
domain, and to verify that the image of w under a certain projection operator (re-
lated to the sawtooth) satisfies an A, condition. This extrapolation result can be
used to reprove the main theorem in [FKP]. In doing that, a new version of the
“Main Lemma” in [DJK] adapted to discrete sawtooth domains and the projection
operators is obtained.

The goal of this note is to give an alternative version, with a different A,
type condition, of the main result in [HM]. The class A, can be defined and
characterized using different conditions. For instance, As = Up>14, = Ugs1RH,.
There are other ways that give quantitative information for the measure induced by
the weights in terms of the Lebesgue measure. For instance, if w is a non-negative
Borel regular measure, w € Ay, if and only if there exist 0 < «, § < 1 such that for
every @ C R"

E CQq, @ > = LE) > f.
Q| w(Q)
One can restrict this condition to subcubes of a given cube Qg and this defines
A (Qo), and consider only dyadic cubes with respect to Qo in which case we get
Adyadic(()g) (here one also assumes that w is dyadically doubling, see below). This
Ao type condition appears both in the hypotheses (for the projection operator)
and also in the conclusion (for the given measure) in the main result in [HM]. In
this paper we use yet a different condition for A..: w € Ay if and only if there
exist 0 < @ < 1 and 8 > 0 such that for every Q C R™

{z € Q:k(z) < Bho}| < alQ),

where k = dw/dx and kg is the average of k on . Our extrapolation result
(Theorem 2.6) is written in terms of the previous condition (restricted to dyadic
cubes of a given cube Qq, we also allow Qg to be R™) both in the hypotheses (for
the projection operator) and also in the conclusion (for w). As an application of
the extrapolation method we modify the new proof of [FKP] given in [HM], in such
a way that it can be carried out with this different A, type condition. In passing,
we also give some characterizations of the A,.-dyadic class paying special attention
to the dyadically doubling property.

The plan of the paper is as follows. In Section 2 we state our main result.
Also, we give the two A,,-dyadic conditions considered and study the different
conditions that equivalently define them. In Section 3 we present the application of
our extrapolation method to the perturbation result in [FKP]. We sketch the proof
of this application in Section 4 and in Section 5 we prove some results concerning
the A, .-dyadic classes.

2. MAIN RESULT

2.1. Notation.
o We write | — y|oo = max{|z; —y;| : 1 <i <n}.
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e We assume that all the cubes are “1/2-open”, i.e., they are Cartesian products of
intervals closed at the left-hand endpoint, and open on the right. Given a cube
@ € R” we denote its center by x¢g and its sidelength by ¢(Q). For any 7 > 0
we write 7@ for the cube with center z¢ and sidelength 74(Q). By D(Q) we
denote the collection of dyadic subcubes’ of @ and also D(Q)* = D(Q) \ {Q}.
We write D = D(R™) for the collection of (“classical”) dyadic cubes in R™. We
denote by Q(x,!1) the cube centered at z with sidelength I.

e Given a cube @ we write fg = JCQ f(z)dz = ﬁ fQ f(x)dx for any f € L'(Q).
Analogously, if w is a non-negative Borel measure we write wg = w(Q)/|Q|. Also,
we set f,, f(x)dv(z) = ﬁ Jo f(2) dv().

o Let @ be a cube. We denote the associated Carleson box by Rg := @ x (0,4(Q)).

o We write C for the set of Carleson measures in R’}rﬂ, i.e., the non-negative Borel
measures (i on ]R’_f_+1 for which the“Carleson norm”

leelle := sup [Q™" u(Re) (2.1)
QCR™

is finite; here, the supremum runs over all cubes Q C R™. Analogously, given
Qo C R™ we write C(Qo) for the set of Borel measures that satisfy the previous
condition restricted to @ € D(Qo), thus

lielleoy = sup QI u(Rq).
QED(Qo)

By slight abuse of notation?, if Qo = R™ we simply write C = C(Qo).

e Given @ and a family of pairwise disjoint dyadic subcubes F = {Q }r C D(Q) we
define the discrete sawtooth function ¢z (z) := >, £(Qk) Xg, (). Notice that
1 is a step function supported in UpQj. We write Qr = Q. for the domain
above the graph of ¢z, that is, Qr := {(z,t) € R™' : ¢ > ¢ (x)}. Notice that
QF =R\ (UkRg,). We allow F to be empty in which case ¢x(z) = 0 and
Qr = Rf{_ﬂ. See Figure 1.

e If 1 is a non-negative Borel measure on RT’l, then pir 1= p X, will denote its
restriction to the dyadic sawtooth Q.

e Given ) and F as before, we define the projection operator
PrI) = 1) Xanuon @ + 2 () S0)49) X0, @)
k k

One has that ProPr = Pr, Pr is selfadjoint and [Pz f|| e @) < || f]| 2@y for
every 1 < p < oco. Observe that if w is a non-negative Borel measure and £ C @),
then we may naturally define the measure Prw as follows:

Prw(B) i= [ Pr(xe)do = w(E\ Qi) + Y wo, [EN il
k

In particular, Prw(Q) = w(Q). If w <« dx and we write k = dw/dz for its
Radon-Nikodym derivative it follows that Prw < dz and d(Prw)/dx = Prk.

fNote that the term “dyadic” here refers to the grid induced by Q; the cubes in D(Q) are
dyadic cubes of R™ if and only if @ itself is such.

*Indeed, the abuse is very slight, since one may cover an arbitrary cube @ by a purely dimen-
sional number of dyadic cubes of comparable size, to show that (2.1) is controlled by the analogous
supremum taken only over dyadic cubes.
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FIGURE 1. Discrete sawtooth Qr

e Given @ and F as before, we introduce a new family F’ consisting of all the
dyadic “children” of the cubes in F. Notice that F’ is a family of pairwise
disjoint cubes in D(Q), therefore we define P’ := Pz, which is the projection
operator associated with the family F’, and it satisfies the previous proper-
ties. We observe that if w is a non-negative Borel measure and E C @, then
Prw(E) < 2" Prw(E). The converse inequality does not hold in general, how-
ever if one assumes that w is dyadically doubling in @ (see the definition below)
then Prw(E) ~ Prw(E); thus it seems more natural to use Pz in place of P’.

2.2. Adyadic weights. We introduce two different A%Y2di¢ conditions and give char-
acterizations of them. Under doubling the results that we present here are classical
(see [CF], [GR]). For the sake of completeness and since we want to pay special
attention to the non-doubling case we include the proofs (that follow the classi-
cal ideas as well) in Section 5. In what follows all the measures are assumed to
be non-negative, regular and Borel. For such a measure w, we also assume that

0 < w(Q) < oo for all Q € D(Qp) with Qo being either a fixed cube or R”™.

Definition 2.1. Let Q¢ be either R™ or a fixed cube and let w, v be two non-
negative regular Borel measures on (Jp. Assume that v is “dyadically doubling”,
that is, v(Q) < C, (Q’), for every Q € D(Qq), and for every dyadic “child” Q" of
Q.
e We say that w =< v if there exist 0 < a, 8 < 1 such that for every @ € D(Qo)
we have

vE) w(B)
EcCaQ, V(Q)< = w(Q)<ﬂ' (2.2)

e We say that w € AY2dicx(Qq, v) if w < v.

e We say that w € AYadic(Qq,v) if w is dyadically doubling and w < v.

When v = dz (which is dyadically doubling for any dyadic grid), we simply write
Adyie(Qq) or AR (Qy)

Proposition 2.2. Let Qg be either R™ or a fized cube, and let w, v be a non-
negative reqular Borel measures on Qqu. Assume that v is dyadically doubling. The
following statements are equivalent:

(a) we AYadicx(Qq, v), that is, w < v.
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(b) There exist 0 < 6 < 0o and 1 < Cy < 0o such that for every Q € D(Qo) and
for all Borel sets E C Q we have

<o (4e)

(¢) w < v and if we write k, = dw/dv for its Radon-Nikodym derivative, we
have that there exist 0 < a < 1 and 0 < 3 < oo such that for all Q € D(Qo)

v{z € Q: ku(z) < Bf,kudv} < av(Q).

(d) w < v and if we write k, = dw/dv for its Radon-Nikodym derivative, there
exist 0 < 3,C1 < 0o such that for all Q € D(Qo) and all X > JCQ k., dv

w{z e :ky(z) > A} <CiAv{z e Q: ky(z) > A}

(e) w < v and if we write k,, = dw/dv for its Radon-Nikodym derivative, there
exists 0 < 0 < oo such that k € RHfﬁdlC(Qo, v), that is, there is 1 < Cy < o0
such that for all Q € D(Qo)

1

(]é ko ()10 dl/(a?)) e < Cg]é ko (z) dv(z).

Remark 2.3. Let us observe that the fact that w < v is only assumed in (¢), (d)
and (e): one needs this property to state the corresponding conditions. Notice that
(b) easily implies that w < v. In the proof, we see that (a) (that is, w =< v) also
yields the absolute continuity.

Proposition 2.4. Let Qg be either R™ or a fixed cube. Let w and v be a non-
negative reqular Borel measures.

(i) If both w and v are dyadically doubling, then w € AYC(Qy,v), if and only
if, v € AYadic(Qq, w).

(ii) Aadic(Qq,-) defines an equivalence relationship on the set of dyadically
doubling measures.

Remark 2.5. Notice that the set of A%Y2dic:*(Qy 1) measures that are dyadically
doubling coincides with AY2di€(Qq, 1), and therefore statements (b)—(e) character-
ize Adyadic(Qq 1) (in the presence of a dyadic doubling hypothesis). Also, by (i)
it follows that if both measures w and v are dyadically doubling then in any of
the properties (a)—(e) in Proposition 2.2 one can switch w and v. In particular, if
w € AYadic(Qq 1) there exist 0 < 0,6’ < oo and 1 < Cy < oo such that for every
Q € D(Qo) and for all Borel sets £ C @ we have

o (4a) <25 <o (@)

2.3. A estimates via extrapolation of Carleson measures.
Theorem 2.6. Let Qg be either R™ or a fized cube. Given My > 0, let € C(Qo)
with

leellecqoy < Mo

and let w be a non-negative Borel measure in Q. Assume that w < dx and write
k = dw/dz for its Radon-Nikodym derivative. Suppose that there exists 6 > 0 such
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that for every Q@ € D(Qo) and every family of pairwise disjoint dyadic subcubes
F ={Qk}r C D(Q) verifying
n(Ro N Q)
lurlley = sup =2 <, (2.3)
Q'eD(Q) Q'
we have that Prw satisfies the following property: for all 0 < o < 1 there exists
8 > 0 such that

{z € Q:Prk(z) < B(Prw)o}| = |{z € Q: Prk(z) < Buwo}| < alQ]. (2.4)
Then, there exist 0 < ag < 1 and By > 0 such that for every cube Q € D(Qo)
{z€Q: k(@) < Bwol| < a0 Q. (2.5)
Consequently w € Adyadic:x(Q)q).

Remark 2.7. This result should be compare with the main theorem in [HM] where
it is not assumed that w < dr and the A% type conditions (2.4) and (2.5) are
given in terms of (2.2) —indeed, the equivalent conditions with “>” in place of
“<77.

Remark 2.8. The key hypothesis of the theorem, and the main point that must be
verified in applications, is that (2.3) implies (2.4), for sufficiently small 4.

Remark 2.9. We note that the implication (2.3) = (2.4) is equivalent to the
apparently stronger statement that (2.3) = Prw € AYdic*(Q). Indeed, for
every @' € D(Q), we have that ||ur|cq) < [[uFlle@) < d, whence the implication
(2.3) = (2.4) holds also for all such @' in place of Q. In turn, the fact that (2.4)
holds for all Q' € D(Q) says precisely that Prw € ALadic*(Q). We also notice
that if w is dyadically doubling in Q, then Prw ~ Prw and therefore it suffices
to work with the “simpler” projection operator Pr. In such a case the conclusion
is w € Adyadic(Qy).

Remark 2.10. One can give an analog of Theorem 2.6 adapted to tents in place of
boxes, that is, in (2.3) one can replace Rg: N Qz by To N fvl}- where Ty is the
Carleson tent associated to @’ and Q is the domain above the (regular) sawtooth
region which is formed by the union of the cones with a fixed aperture and vertices
in Rﬁ“ \ UgQp. The proof is almost identical, we only need to apply the original
[AHLT, Lemma 3.4] in place of our alternative version contained in Lemma 2.13.

Remark 2.11. The extrapolation theorem is written in such a way that it contains
both a global and a local version. We note also the following observations:

e When Qg = R”, if w is concentrically doubling, then the conclusion of the
theorem improves immediately to w € A, (see the precise definition in Section
3.1).

e For the local case, if w is concentrically doubling, then the conclusion w €
Adyadiex(()q) yields also that w € ADO(%QO) (see the precise definition in
Section 3.1).

Remark 2.12. We notice that in the hypotheses of Theorem 2.6 the attention is
restricted to @ € D(Qp) and thus the conclusion (2.5) holds for all @ € D(Qy). If
in our hypotheses we consider all cubes Q C Qo then (2.5) holds for all @ C Qo.
This implies both w doubling and w € A (Qo). For the proof it suffices to change
the induction hypotheses (cf. “H(a)” below) and consider all cubes Q C Q.
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2.4. Proof of Theorem 2.6. As mentioned in the introduction, the proof is a
modification of the argument in [HM] which in turn follows the strategy introduced
in [LM], and developed further in [HL], [AHLT] and [AHMTT]. The proof uses an
induction argument with continuous parameter. The induction hypothesis is the
following: given a > 0,

There exist o, € (0,1) and B, > 0 such that for every Q €
H(a) D(Qo) satistying p(Rg) < a|Q)|, it follows that

{2 € Q: k) < fawo}] < aalQl.

The induction argument is split in two steps.

Step 1. Show that H(0) holds.

Step 2. Show that there exists b = b(n,d) such that for all 0 < a < My, H(a)
implies H(a + b).

Once these steps have been carried out, the proof follows easily: pick k£ > 1 such
that (k—1)b < My < kb (note that k only depends on b(n,d) and My). By Step
1 and Step 2, it follows that H(kb) holds. Observe that |ullcg,) < Mo < kb
implies u(Rg) < kb|Q)| for all Q@ C Qo, and by H(kb) we conclude (2.5).

Step 1. H(0) holds. If u(Rg) = 0 then we take F to be empty, so that RoNQr =
Rg, and P%w = w. Then (2.3) holds (since 0 < ¢) and therefore we can use (2.4)
with w and k in place of P%w and P% k, which is the desired property.

Step 2. H(a) implies H(a +b). We will require the following Lemma from [HM]
(and we refer the reader to that paper for the proof). An earlier variant appeared
in [AHLT, Lemma 3.4], in the case of regular sawtooth regions (see also [AHMTT]).
Let R%lort denote the “short” Carleson box @ x (0,£(Q)/2).

Lemma 2.13. Let p be a non-negative measure on RT‘I, and let a > 0, b > 0.
Fiz o cube Q such that p(Rg) < (a+0b)|Q|. Then there exists a family F = {Qy }x
of non-overlapping dyadic subcubes of Q such that
lnrlleq) == sup =i <ot 1Bl <
en@ |

where B is the union of those Q. verifying ,u(R%f”) > alQl.

a+b
a+2b

Ql, (2.6)

Taking this lemma for granted, we return to the proof of Step 2. Fix 0 < a < M)
and @ € D(Qo) such that u(Rg) < (a+b)|Q|, where we choose b so that 2" T2 b := 4.
We may now apply the previous lemma to construct the non-overlapping family of
cubes F with the stated properties. Set

A=Q\ |J @ ¢= | B= |J @
QreF QrEFgood QrEF\Fgood
where Fgood = {Qk € F: N(ngort) < G|Qk‘} Set 1 — 90 = (MO + b)/(MO + Qb)
and then |B| < (1 — 6p) |Q] by (2.6) and since a < My. Thus, [AUG| > 6y |Q)|.
Given Q) € Fgooa We have that M(stQh,frt) < a|Qk|. Moreover,

27L 2’71
Ry = J R Q. €DQx) with Qr=J QL «QL) =Qx)/2;
Jj=1 j=1
that is, the union runs over the dyadic “children” of Q. Then by pigeon-holing,
there exists at least one jo such that Q3 =: Q. satisfies

w(Rqy) < alQyl (2.7)
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(there could be more than one jo with this property, but we just pick one). We
write Fgood for the collection of those selected “children” Q;C, with Qk € Fgood, and
G= Ug! € Fyo0a @}.- Then, it follows that

JAUG| = |A| + |G| = |A]| +27"|G| > 27" |[AUG| > 276, |Q|.

By (2.6), we may deduce that (2.3) follows, so in turn, by hypothesis, for 0 <
a < 1 to be chosen, there exists 3 > 0 such that (2.4) holds. Let us define

Fi ={Qk € Faooa : wq;, < Bwq}, G1 = U, er Q-
Let 0 < By < 8 min{1,8,} (B, is given by H(a)) and set Eg, = {z € Q : k(z) <
Bowg}. By (2.7) we can use H(a) for every @}, and then

B, N(G\G1)= Y HzeQ:k() < fowell

Q;Ceﬁgood\fl
< Y HreQiik() < fawgy)
Q;Cejz-good\fl
< g Z Q1] < g JAUG].
Q) €EFgooa\F1
On the other hand, by the definition of P% it follows that
Gil= ) 1@kl
QLEF1
= > [z eQ:wg <Bwgll
QLEF
= [{z € G: Prk(z) < BPrwol.
and also that
|Eg, NA| < |{z € A: k(z) < Bwo}| = [{z € A: Prk(z) < BPrwol].
Then, (2.4) yields
[Eso N(AUG)| < |BEgy N A+ |G| + |Bg, N (G\ Gy)|
< |{x €Q:Prk(x) < 673}:(,0@}‘ + oy |AUC7|
<alQ|+a,|AUG|.
Therefore,
[Ee| < |Eg, N(AUG)| +|Q\(AUG)| < (a+1)|Q] — (1 - ) [AUG]|
S(a+1-27"0 (1 - ) Q] =t a0 |Ql.

To complete the proof it suffices to take 0 < o < 27" 6y (1 — ¢, ) and this guarantees
that 0 < ag < 1. O

Remark 2.14. As mentioned above, if w is dyadically doubling one can equivalently
work with Pz in place of P/%. Indeed, the proof just presented can be easily adapted
to that projection operator with the following modifications: The new collection
F1 consists of those Q). € fgood so that wg, < Bwg. That w is Elyadically doublirig
implies wg, < Cy, 27" wq, . Using this, one obtains that |Eg,N(G\G1)| < a, |[AUG]
provided 0 < By < BC,12" 3,. On the other hand, one easily estimates |G| and
|Eg, N A| taking into account the definitions of 71 and Pr.



A NOTE ON A, ESTIMATES VIA EXTRAPOLATION OF CARLESON MEASURES 151

3. APPLICATION TO SECOND ORDER ELLIPTIC BOUNDARY VALUE PROBLEMS

3.1. Additional Notation.

Given X € R we write X = (z, 0(X)), that is, o(X) = dist(X, OR}H) .

For any X, Y € R}, we write |[X — Yoo = max{|z — y|eo, [0o(X) — o(Y)|},
notice that this is the /*°-distance in ]Rf'l. In this way, for any X € R’_f_’“ and
0 <7 <2p(X), we write R(X,r) = {Y € RT"! 1 |Y — X|o < r/2} which is the
cube in R*" with center X and sidelength r (that is, radius r/2).

If R is a cube in Rfﬁ“, we denote its center by X g and its sidelength by ¢(R) such
that R = R(Xg, {(R)). Notice that R C R} yields £(R) < 2 0(Xg). Given 7
we denote by 7 R the 7-dilation of R, that is, the cube with center Xz and with
sidelength 7 ¢(R).

Given a cube @ C R™ we set Xg = (2g,44(Q)) and Ag = (20,4(Q)).

A weight w is a non-negative locally integrable function. A weight induces a Borel
measure as follows: for any measurable set E we write w(E) := [, w(z) dz.

Given a weight w and 1 < p < oo we say that w € RH),, if there exists a constant
C)p such that for every @

(]{2 w(x)de)% <o, ]é w(z) da.

Given a cube @y, if the previous condition holds for any cube Q C Qg we write
w € RH,(Qo).

Let Ao be the set of Muckenhoupt weights in R™. That is, given w a non-
negative Borel measure on R™ we say that w € Ay, if there exist 0 < o, 5 < 1
such that for every cube @) and for every measurable set £ C () we have

|E| w(E)

Q< T L~
It is easy to see that this yields that w is doubling —one estimates w(A @ \
Q)/w(AQ) for X sufficiently close to 1 and then iterates. This condition implies
that w is absolutely continuous with respect to the Lebesgue measure and that
its Radon-Nikodym derivative k = dw/dz (which is a weight) satisfies k € RH),
see Proposition 2.2 or [GR, Chapter 4] for details. Indeed one can alternatively
define A, as the class of non-negative Borel measures absolutely continuous with
respect to the Lebesgue measure with Radon-Nikodym derivatives in UgRH,.
Also, A can be defined in terms of (2.2) or the corresponding conditions in
Proposition 2.2.

3.2. Introduction. We work with real symmetric second order elliptic operators:
Lf(X) = —div(A(X) VF(X)), X € RT™, with A(X) = (a; j(X))1<ij<n+1 being
a real, symmetric (n+ 1) x (n+ 1) matrix such that a; ; € L®(R}™) for 1 <4,j <
n + 1, and A is uniformly elliptic, that is, there exists 0 < A < 1 such that

AP < AX)E- €< ATHEP,

for all ¢ € R™! and almost every X € R’}

Some of the material below is taken from [Ken, Chapter 1], the reader might

find convenient to have this reference handy.
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The solutions of the Dirichlet problem are represented by the harmonic measure.
Namely, there exists a family of regular Borel probability measures {w3 } Xegntl 1N
+

R™ such that for every f € Co(R™), the function

uX)= | J)dr ()
is a classical solution of the Dirichlet problem

Lu=0in R}
=f

This family {wy} XeRmH is called the L-harmonic measure. Sometimes, we will

(3.1)
/g

drop the subindex L. For a fixed X € RT‘l we let w = wX° and abusing notation
w is called the harmonic measure.

If wf¥ < dx, we write the Poisson kernel as ki, that is, kX = dwy /dz is the
Radon-Nikodym derivative of wyX with respect to dz. Again for a fixed X, € Rﬁ“
we let k = kfo and k is called the Poisson kernel (notice that for every X € RT‘l,
wX and w are mutually absolutely continuous).

We recall the fundamental relationship between solvability of the Dirichlet prob-
lem with LP data, and higher integrability of the Poisson kernel, essentially as
stated in [Ken, Theorem 1.7.3].

Theorem 3.1. Given an operator L as above and 1 < p < oo, the following
statements are equivalent:

(a) If u € Co(RTHY) is a classical solution of the Dirichlet problem (3.1) with
data f € Co(R™) then

[0l o @y < C NN Lo (menys (3.2)
where u*(z) = supyer, () [W(Y)| with I'y(z) = {Y € Rz — yleo <

no(Y)}, n>0.

(b) w e RHy; by this we mean that w < dx and for each cube Q C R", we have
that the Poisson kernel satisfies k*@ € RH,(Q), uniformly in Q.* That s,
there exists a uniform constant Cy such that for oll Q C R™,

(][ ey dy)l/p < Cy ][ Ky,  VQ Q. (3.3)

(¢) w < dz, and there is a uniform constant Cy such that for every @ in R™, we
have the scale invariant LP estimate

/Qk'XQ (y)P dy < Co|Q|* . (3.4)

When (a) occurs we say that (D), is solvable for L or that L is solvable in L?".
In such case, for every f € L¥' (R™) there exists a unique u such that Lu = 0 in
R’j“, (3.2) holds and u converges non-tangentially to f a.e..

Given two operators Ly and L as above with associated matrices Ag and A, we
define their disagreement as

a(X) := |X—Y\Su£ e €Y, EY)=AY) - Ao(Y).

#In [Ken], condition (b) is stated in slightly different form, involving a global reverse Hélder
estimate for harmonic measure with one fixed pole; it is well known that the present version of
(b), as well as (c), are also equivalent to condition (a).



A NOTE ON A, ESTIMATES VIA EXTRAPOLATION OF CARLESON MEASURES 153

3.3. Main application. In this section, to illustrate the use of Theorem 2.6, we
present an alternative proof of a well known result of [FKP)].

Theorem 3.2 ([FKP]). Let Ly and L be two operators as above with a being their
disagreement, and let wy, w denote their respective harmonic measures. Assume

that
sup 1 a(X)?
Qerr |Q| Jr, o(X)

Then, we have that wy € As tmplies w € As,. More precisely, if Ly is solvable in
some LP | 1 < p’ < oo, there exists 1 < ¢’ < oo such that L is solvable in L7 .

dX < oo. (3.5)

We prove this result by using the extrapolation of Carleson measures Theorem
2.6. We take du(X) = a;())((); dX, that is, du(x,t) = a(x,t)? %dm and (3.5) gives
u € C. Therefore, to show that the harmonic measure w € A, it suffices to
fix @ and a family F such that (2.3) holds and show that Pz w satisfies the A
condition in (2.4). We will introduce some intermediate operators that allow us to
pass from Ly to L. Since the smallness in (2.3) is guaranteed above the discrete
sawtooth region, we first introduce L; such that the disagreement with Ly lives in
that region (this is done in the first step). Once we have the solvability of L, we
will be changing this operator in subsequent steps and in the end we will end up
with L.

Let us call the reader’s attention to the fact that in any given step we work with
L; and L;11 in such a way that L; is the “kmown” and L;1; is the “unknown” in
the sense that we have some nice properties for L; and we want to infer them to
L;+1. For any of these operators L; we write w; for the harmonic measure and,
where it exists, k; for the Poisson kernel.

3.4. Auxiliary results. We summarize some well known results for divergence
form elliptic equations that we will use in the sequel. The reader is referred to
[Ken, Chapter 1] and the references therein for full details (see also [HM].)

Theorem 3.3. There exists a unique function G = Gy, : R:L_H X RT‘l — RU
{+}, G > 0, such that G(X,Y) = G(Y, X) for each X,Y € R?fl, G(-Y) €
W2(RTT\R(Y, r))NWi o (RE) for eachY € R andr > 0, and LG(+,Y) = 6y
for each Y € Ri’“.

Lemma 3.4 (Caccioppoli). Let @ C R™ and let R be a cube in Ri'H such that
TR C Rg with™> 1. If Lu=0 in Rg, then

][ Vu(Y)2dY < Copr ((R)2 ][ w(Y)2dY. (3.6)
R TR

Lemma 3.5 (Doubling). There exists C = C(\,n) such that for every cube @ € R™
w¥(2Q) < Cw¥(Q).

Lemma 3.6 (Caffarelli-Fabes-Mortola-Salsa). There ezists a constant C = C), 5 <
oo such that for every cube Q, we have

Ww¥(@Q) 21/C, VX €4Q % [((Q),50(Q)]- (3.7)
Moreover, given X,Y € R such that |X — Yoo > 20(Y) we have

WX (Q(y, o(Y))
o(Y)n=t 7

where the implicit constants depend only on dimension and ellipticity.

G(X,Y) ~ (3.8)
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Lemma 3.7. Given Q C R", let Ly and Lo be elliptic operators such that L1 = Lo
in Rg. If the corresponding harmonic measures wy, wy are absolutely continuous
with respect to the Lebesque measure (we write kv and ko for the Poisson kernels),
then

kf(Q (y) ~ ka (y), fora.e.y e 1Q.
Lemma 3.8. Let Q C Qo and set Xo = (2g,,44(Qv)), Xqg = (xq,44(Q)) where
xQ, and xg are respectively the centers of Qo and Q. If w < dx then

Xo
EXe(y) ~ on ((CyQ))’ for a.e.y € Q. (3.9

For an elliptic operator L, given u such that Lu = 0 in R:L_H, we define the
square function
1
Syu(z) = (// Vu(z, t))2 ¢ dt>2,
()

Ly(z) = {(y,t) eRTT i [z —y| < nt}
is the cone with vertex z and aperture . We then have the following:

where

Theorem 3.9 (Dahlberg-Jerison-Kenig [DJK]*).  Suppose that for some p' €
(1,00), (D) is solvable for L. Then, if u is a solution of the Dirichlet problem
with data f € LP (R™), we have, for all n > 0,

||Snu||Lp’(Rn) S ||f||LP’(]R“)7

where the implicit constant depends on dimension, ellipticity, n, and on the con-
stants in the LP estimates for the Poisson kernel of L.

4. PROOF OF THEOREM 3.2

We want to apply Theorem 2.6 with the Carleson measure du(X) = ag(g(); dX.

Given § > 0 to be chosen, we fix (o and a family of pairwise disjoint subcubes
F ={Qx}x € D(Qo) such that

sup 1B 08r) <. (4.1)
Qep(Qo Q|
Set X = (20,4 £(Qo)) with zg being the center of Q.

As Lyg is solvable in some space LP then wf(f = wy® € RH,(Qo). This means
that w()f ° < dx and k()f ® € RHp(Qo). Without loss of generality we can assume
that 1 < p < 2 (as RHy,, C RHp, for ps < p1). As wfo is doubling, it suffices to
work with Pz in place of P/, thus our goal is to show that Pg wf” satisfies (2.4),
with uniform constants. Notice that for a Borel set E, from the definition we have

Prwy,"(E) = - Pr(Xp)(@)dw;” (z) = u(Xo),

where u is a solution of the Dirichlet problem with data Pr(xg)-

4.1. An overview of the proof. The proof that we present here runs parallel
to that in [HM]. Indeed, Steps 0, 1 and 2 remain the same and therefore we only
give the main ideas. Steps 3 and 4 need to be changed according to the Adyadic
condition that is contained in Theorem 2.6.

*In fact, the theorem in [DJK] is somewhat more general than the result stated here, but we
do not requiere the full version.
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Qo

Lo Lo

Ly

[ 1]

Qo

FIGURE 2. Definition of L,

Step 0. We first make a reduction that allows us to use qualitative properties of
the unknown harmonic measure. Indeed, we replace L by L. with v > 0, which
eventually goes to 0, so that L. coincides with L on a «y-strip along the boundary.
This allows us to use qualitative properties of the corresponding harmonic measures.
In particular, wy, < dx and also wr, € RH,. Of course in the latter the constant
will depend very badly on «y, but we will use this only in a qualitative way. Taking
this reduction into account we can assume without loss of generality that all the
harmonic measures below are absolutely continuous with respect to the Lebesgue
measure and also that the Poisson kernels satisfy (qualitatively) RH,. In our
estimates the constants will not depend on ~.

Step 1. We define a new operator L, that agrees with Ly everywhere except for
the discrete sawtooth domain on which the new operator L; becomes L. That is,
Li = Lin Qp := Rg, NQr = Rg, \ (Ug,erRq,) and L1 = Lo otherwise (see
Figure 2). This means that the disagreement between Ly and L lives in Qg and
the harmonic measure p restricted to g is small at all the scales (see (4.1)).

We recall that kg(o € RH,(Qo), and in particular we have

ko™ (y)P dy < ColQo|* 7. (4.2)
Qo

Our immediate goal in Step 1 is to show that (4.2) remains true (with a different but
uniform constant, independent of Q), when ké(" is replaced by k;f(“, the Poisson
kernel for the operator L, defined above. To do that, we proceed by duality and
fix a smooth function g > 0 supported on Qq, such that ||g||Lpr(QO) = 1. Let ug
and u; be the corresponding solutions to the Dirichlet problems for Ly and L; with
boundary data g. As the disagreement between Ly and L; gives rise to a Carleson
measure that it small at all scales by (4.1), it can be proved that u; is a small
perturbation of ug. To be more precise, we show the following;:

|1 (Xo) — uo(Xo)| < 0% 1kl 2o (00)- (4.3)
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Ly

Ly

L1 Ll

O

Qo
FIGURE 3. Definition of Lo

Since ky© satisfies (4.2), we may therefore obtain (4.2) for k;° by taking a supre-
mum over all g as above, and then hiding the error in (4.3) for ¢ small enough (here
we use the qualitative estimate ||kf(0 | Lr(Qy) < 00, see Step 0.)

In order to carry out Step 2, we need to extend (4.2) and obtain a reverse Holder
estimate on every dyadic subcube of Qy. The key fact that will allow us to do so is
that, in (4.1), the sup is taken with respect to all such cubes. The idea of the proof
is to repeat the previous argument for a fixed @ € D(Qp) to obtain the analogue
of (4.2) on @, for the Poisson kernel associated to L, which is now defined with
respect to

Qo = RoNQr = Ro \ (Ug,er Rq,)-
The definition of the operator L, will depend on @, but we will address this issue
by use of the comparison principle. Eventually we show the following:

Conclusion (Step 1). There exists 1 < r < oo such that for every Q € D(Qo),

1

(]é k3o ()" dw) T < C][Q kX () d. (4.4)

That is, wi® € AYadic(Qu). Hence we deduce that the same is true for Prw, @, by
the following lemma.

Lemma 4.1. Suppose that w € AW2ic(Qq), for some fized cube Qo, and sup-
pose that F = {Qr} C D(Qo) is a non-overlapping family. Then also Prw €
Aggadic(Qo)-

Step 2. We define the operator Lo such that the disagreement with L, lives inside
the Carleson boxes corresponding to the family F. That is, set Ly = L in Rg, \
Qr = Ug,erRo, and Ly = Ly otherwise (see Figure 3). We write wy = wﬁ“
and wy = wf; for the corresponding harmonic measures for L; and Lo in Rﬁ“
with fixed pole at Xg = (x0,44(Qo)). We also let vy = I/iXO and vy = ngo denote
the harmonic measures of Ly and Lo with pole at X, with respect to the domain
Or = Riﬂ \Ug,erRq,. We notice that Ly = Ly in Qr and therefore vy = vs.
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We apply the sawtooth lemma for projections (see Lemma 4.3 below) to both
L; and Lo and then we obtain that for all @ C D(Qp) and F C Q

(waAF))‘“ < Prii(F) _ Prwi(F)
Prwi(Q)) ~ Prui(Q) ~ Prwi(Q)
that is, Prw; € AgigadiC(Pf Ui, Qo), for i = 1,2 —here we use that Prw; and
Pr v; are dyadically doubling, see [HM]. As observed above, v; = v and therefore
(4.13) implies that Pz = Prin. Since AY2C(Q, ) defines an equivalence
relationship, and since we showed in Step 1 that Prw; € AY2dic(Qq) (with respect
to Lebesgue measure), therefore we conclude also that Prwy; € AY2dic(Qq):

i=1,2;

Conclusion (Step 2). There exist 8, 8’ > 0 such that

|F|>9<7>fw5‘°<F><(|F|>9’
(IQ ~ ProXo@) Y \IQI/) Q€eD(Qv), FcCQ.

Step 3. It remains to change the operator outside Rg,. Thus, we define L3 = Lo
in R, and L3 = L otherwise (see Figure 4). Let us observe that Ly = L in R’}

L

Ly

Ly

Lo

Qo

FIGURE 4. Definition of L3

We want to show that (2.4) holds with P in place of P/, that is, we want to

obtain
|Bs| = |{z € Qu: Prk3(x) < B(Prwi®)q,}| < alQol. (4.5)

We fix 0 < a < 1 and let 8 > 0 to be chosen. Let us observe that we can
disregard the trivial case F = {Qq} since we have Prk3 (x)/(Prws®)q, = X, (7)-
Therefore the lefthand side of (4.5) vanishes for 0 < 8 < 1 and the desired estimate
follows at once.

Once we have disregarded this trivial change we take j > 2 large enough such
that 277+1 < 1 — (1 — a/2)V/". We set Qo = (1 — 27711)Qy and observe that
Qo \ Qo = UaQ where A C D(Qo) and £(Q) = 277 £(Qy) for every Q € A. Notice
that A consists of all dyadic cubes in D(Q) with sidelength 277 £(Qo) which are
adjacent to the boundary of Qo. The choice of j yields that |Qo \ Qo| < a/2|Qo|.
On the other hand, we claim that by the comparison principle

Prky®(z) < CouPrks®(z),  ae. z € Q. (4.6)



158 STEVE HOFMANN AND JOSE MARIA MARTELL

That the harmonic measure is a probability implies (Prws®)q, = w5 "(Qo)/|Qo| <
1/|Qo|. Then we obtain

Qo \ Qo + |E5 N Qol < %|Qo| +{ze€Qo: Prky°(z) < BCa/|Qol}|

«
=: §|Q0|+|F|

| Es]

IN

Next, we use the conclusion of Step 2 and also that Prw; °(Qo) = ws°(Qo) > 1 to
obtain

|F|>9 C’MC EXo () d CC’ﬂCC ge
() = Cpatiiqy <€ JyPrrw s cac, g < quic. < (5)

provided we pick 3 so that 0 < 8 < (a/2)? (CoC,)~!. This allows to obtain the
desired estimate (4.5).
Let us summarize what we have obtained so far (we recall that L3 = L):

Conclusion (Step 3). There exists § > 0 for which the following statement holds:
given 0 < o < 1, there is 3 > 0 such that for every Qo C R™, if F = {Qr}r C D(Qo)
is a pairwise disjoint collection of dyadic subcubes of Qo satisfying ||urllc(qq) < 0,
then

[{z € Qo: Prkp°(x) < B(Prwi®)qo}| < alQol-

Step 4. In order to use the extrapolation result we need to be able to fix the pole
relative to a given cube g, and obtain the last estimate for any dyadic subcube
of Q. Fixed @ € D(Qp) and F C @ as before, we use the conclusion of Step 3
and then pass from the pole Xg to Xy by means of Lemma 3.8. Thus, we may
apply the extrapolation result Theorem 2.6 and conclude that w*X@o € Adyadic(Q))
uniformly in Qg:

Proposition 4.2. There exists § > 0 for which the following statement holds: given
0 < a < 1, there is 3 > 0 such that for every Qo C R™ and for all Q € D(Qo),
if F = {Qr}tr C D(Q) is a pairwise disjoint collection of dyadic subcubes of Q
satisfying |lurlleq) < 0, then

{2z € Q:Pri;°(z) < B(Prwr®)ol}| < alQ|.

Consequently, wX?o0 € AYYadic(Qo) uniformly in Qq. In particular, there exist 1 <
q < oo and a uniform constant Cy such that we have the following reverse Hélder
inequalities for all Qo C R™,

1
q 1
(f mewra)’ <cof Kowy=
0 Qo |Q0|
From this result, we see that (4.7) and Theorem 3.1 yield as desired that L is
solvable in L7 and then the proof of Theorem 3.2 is completed.

(4.7)

4.2. Some details of the proof. In this section we present some of the details
needed to carry out the previous scheme of the proof. As mentioned above, Steps
0, 1, 2 are taken from [HM], therefore we only sketch the argument. Steps 3 and 4
need to be adapted from [HM] since the A%Yadi¢ condition used there is not the one
in the present extrapolation result.
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FIGURE 5. Whitney decomposition of Rg,

Step 0. We define A, (z,t) = A(z,t) for t > v and A,(z,t) = Ag(z,t) for 0 <
t < v. In the following steps we work with L, in place of L. We note that the
ellipticity constants of A, are controlled by those of A and Ag, uniformly in . Also,
|[Ap(X) — Ay(X)] < |Ao(X) — A(X)]| and thus the Carleson condition is controlled
independently of v. Notice that L, = Lo in the strip {(z,t) : 0 < t < v} and
then in every step, by the comparison principle, we can use that all the harmonic
measures are in RH,, (that is, they are absolutely continuous with respect to dx
and the Poisson kernels are in RH: the constants will depend on vy but in our
arguments we will only use this qualitatively and not quantitatively). In particular
in Step 1 we have a priori that wf(o < dx and that kfo € LP(Qp) (this depends
on 7, but we only use this in a qualitatively way). Therefore, we can carry out the
whole argument and in the end we shall establish the reverse Holder inequality (4.7)
above for kr with ¢ and Cp independent of v. One may then pass to the limit as
follows: by [Ken, p. 41] for any smooth function ¢ we have <g0,wfj> — (p,wp?)
as 7 — 07. For any cube Qq, and for every smooth function ¢ in LY (Qo) with
lell o (o) = 1 we have

XO>

(s 0 L)

— 1 -1/q
| = lim, [{pwp] =

| < Sup k7011 (@) 1]l o () < Co1Qo
>

Thus, Awfo () := (p,wy®) is a functional in (L9 (Q))*. Therefore wi® < dz in Qo

and k" verifies (4.7). This in turn implies as desired that L is solvable in L? by
Theorem 3.1.

Step 1. We recall that L, is defined as Ly = L in Qy and L; = Ly otherwise
(see Figure 2). That is, L is the divergence form elliptic operator with associated
matrix A1 = A in Qg and 4; = Ay otherwise. We set £1(Y) = A1(Y) — Ap(Y) =
E(Y) Xq,(Y). In what follows we write wyo = wr,, w1 = wr,, G1 = GL,.

We perform a Whitney decomposition of Rg, with respect to the distance to
the boundary R™: R, = Ugep(q,)-Uq where D(Qo)* = D(Qo) \ {Qo}, for every
cube Q we write Ug = Q x [((Q),24(Q)) (see Figure 5) and it follows that the sets
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Qo

[
B

o

Qo

FIGURE 6. Whitney decomposition of €2

Uq are pairwise disjoint. Let us observe that Q¢ = Rg, \ (Ug,erRq,) = Uger, Ug

where 71 = D(Qo)" \ Ug, cr P(Qr)*, see Figure 6.
We show (4.3), the argument is taken from [HM] and some details are skipped.

As in [FKP], we have

Fi(Xo) i= fus (Xo) — uo(CXo)] = | [

n+1
R+

VyG1(Xo,Y) EL(Y) Vg (Y) dY’
< / Yy G (X0, Y)| [E(Y)]|Vuo (V)| dY
Qo

< 3 swlel ([ 19veichyyray) ([ vuvray)®

QEF Ua

As X is away from Rg, we have that G1(Xy,-) is a non-negative solution of L
in Rs g, we can apply Caccioppoli’s inequality (Lemma 3.4) to this function. Also,
we use (3.8) and we conclude that

/ ¥y G (X0, V)2 dY < 0(Q)~? / G (X0, Y)2 dY
Uq

2Uq
() ral= () [ (o) s

where P20 is the dyadic averaging operator defined as follows:

PRIW = > (f 1) xu, o)

QeD(Qo)* V@

Note that in the sum there is at most one non-zero term since the sets Ug are a
disjoint partition of Rq,. Next we use that supy,, |€] < a(Y) for every Y € 1Uo,
by a routine geometric argument that we leave to the reader, and we obtain

Ao (X [ (porew) e gya)’
QeF v ave
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X ( Z (wﬁ;(f?)> _p/U |Vu0(y,s)|2sdyds)% =111

QeF

We estimate each factor in turn. For I, we define

5dyds

iy, s) = Xa, (y: 5) duly, s) = Xa, (4, 5) aly, ) —
so by the dyadic Carleson Embedding [HM, Lemma 3.12] and (4.1) we have

p B 1 2
< /R (PLkEX W) iy, ) S lillecqu) /Q B W) dy S 08 16500 5 g,
Qo

0

We now estimate 1. For a sufficiently large n > 0 we have

Xo 2-p
=" @/Q <w1|Q(|Q)> /UQ [Vuo(y, s)|* sdyds | dx

QEF:
Xo 2r 2 1-n
D3 // (M(kl XQO)(J:)) / Vuo(y, s)|2 s~ dy ds da
QEF Ua |z—y|<ns

X 2—
< 1Syuoll 1M (k3 Xo ) 1n"
Xo (12—
5 ||k1 O||Lp(pQ0)7

where we have used that 1 < p < 2 and Theorem 3.9 (and the fact that (D), is
solvable for Ly). Collecting our estimates for I and I1 we conclude as desired (4.3):

Fi(Xo) = [u1(Xo) — uo(Xo0)| S 0% ||k || Lo (-

Since kj© satisfies (4.2), we may therefore obtain (4.2) for k;° by taking a supre-
mum over all g as above, and then hiding the error in (4.3) for ¢ small enough (here
we use the qualitative estimate [|k{°||1»(q,) < oo, see Step 0.)

Self-improvement of Step 1. We fix Q € D(Qo) and set Xg = (2¢g,44(Q)) where
xq is the center of ). Let us define a new operator LlQ =LinQg=RoNQr =
R\ (Ug,erRq,) and L? = Ly otherwise in R’ and let kfg denote the Poisson

kernel for L? with pole at Xg. We claim that
| s @rds 1o, (1.9
Q 1

where the constant is independent of (). Indeed, if Q@ C Qj for some Q € F
then we obtain that Qg = @ and L? = Lo in R} In that case, (4.8) holds by
hypothesis. Otherwise, since trivially [|u]lc(q) < llillcg,) for every Q@ € D(Qo), we
have that the analogue of (4.1) obviously holds on @, for the same family F (or to
be more precise, for the family Fy defined as the family of cubes in F that meet
Q). Consequently, if @ is not contained in any @ € F, then we may simply repeat
the previous argument with respect to @, and we obtain (4.8) exactly as before.
This proves the claim.
Now by (3.7) and (4.8) we obtain

1
X v X
(][ kS ()P dg:)” < ][ k8 () da. (4.9)
Q ! Q !
Next, we want to pass from kfg to kff’ Notice that L; = L? in Rq, therefore
1

Lemma 3.7 yields that ka (y) = kff’ (y) ~ kfg (y), for a.e. y € Q. The latter
1
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fact, (4.9) and the doubling property imply that
(][ kX9 (2)P dx)% < (][ k3 ()P dx)% 5][ k8 () do S
3Q Q Q
Consequently, by Lemma 3.8 we have

(][ . kX0 ()P dx)% < ][1@ kX (x)dz,  VQ € D(Qo). (4.11)

Then [HM, Lemma B.7] yields as desired (4.4) and therefore we have obtained the
conclusion of Step 1 stated above.

kf(@ (z)dz.

H\'\

1Q
(4.10)

Proof of Lemma 4.1. That Prw is dyadically doubling follows from [HM] and the
fact that so is w. As w € AY*¢(Qy), we have k = dw/dx € RH{Y*1¢(Q,) for some
1 < g < co. Tt is trivial to see that Prw < dr and that d(Prw)/dx = Prk. We
show that Prk € RH*¢(Qo). Let Q € D(Qo). If Q C Q. for some Q. € F then

Prk(z) = wq, for every x € Q, thus we trivially obtain the desired estimate

(]é Pfk(f)qu)% = wg, = ][Q Prk(z) da

Otherwise, @ is not contained in any @ and it follows that if Q@ N Qy # @ then
Qr & Q. It is straightforward to show that Prk(z) = Pr(k Xg)(x) for every
z € Q. Then, we obtain as desired

][Pfk qdm—][”Pf (k Xo)(@)!dx < |Q\/ Pr(k Xg)(x)?dx <][Qk(x)qdac

S ]{Qk(x)dm = ]ép;ck(a:)dx

Gathering the two cases we conclude that Prk € RH{Y*4¢(Qo) and this leads to
Prk € AYadic(Qq) by Proposition 2.2. O

Step 2. To complete this step we just need to state the following sawtooth lemma
for projections:

Lemma 4.3 (Discrete sawtooth lemma for projections, [HM]). Let Qg be a fized
cube in R™, let F = {Qr}r C D(Qo) be a family of pairwise disjoint dyadic cubes
and let Px be the corresponding projection operator. Set Qx = Ri+1\(UQk€fRQk).
We write w = wX° and v = vX° for the harmonic measures of L with fized pole at
Xo = (70, 44(Qo)) with respect to the domains R and Q. Let v = 00 be the
measure defined by

(F) =v(F\(Ug,erRq,))+ Z MV(TQICHOQ?>7 F C Qo. (4.12)
gcr @@

We observe that Prv depends only on v and not on w since
Fn
Pri(F) = v(F\(UguerRo )+ S 0N w00, Fe Qo (113)
QrEF |Q |
Then, there exists 6 > 0 such that for all Q € D(Qo) and F C Q, we have

(wa(F))g < Pro(F) _ Prw(F)
Prw(Q)) ~ Pri(Q) ~ Prw(Q)

(4.14)
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Step 3. We show (4.6). Notice that Ly = L3 in Rq,, then, as in Lemma 3.7, by
the comparison principle we have that k3 °(y) ~ k3 °(y) for a.e. y € Qo where the
constants depend on j and hence on a. This implies that for a.e. x € Qg we obtain
Xo
wy *(Qr)
Prky(x) < Coky*(x) XR"\(UQkEf.Qk)(I) + Z 2|Q7| Xo, ().
QrEF k
Note that the sum can be restricted to those cubes in F that meet Qo. Therefore we
pick such a cube @) and show that wg("(Qk) < Cawgf"(Qk) which in turn implies
(4.6).
Case 1: Qi C Qo. As before~w§(° (Qr) < Cq w?)f"(Qk).
Case 2: Qr Z Qo- As QN Qg # @_, it is not difficult to show that there exists Qr
a dyadic “child” of @ such that Qx C Qo. Given this, since w§° is doubling we
have - -
wp*(Qk) < Cwy®(Qk) < Cawi*(Qr) < Cawy®(Qk)-

Step 4. We only need to give the proof of Proposition 4.2.

Proof of Proposition 4.2. Take an arbitrary o € (0,1) and let 3, § > 0 be given by
the conclusion of Step 3. We fix Qo C R™ and Q € D(Qo). Let F = {Qi}r C D(Q)
be such that [|ur|lcqy < d. Then, we use Lemma 3.8 and for a.e. 2 € Q we obtain

XQo

k,® (x) W P (Qy)
Prky @ (2) & “2—"" Yoo\ (0o, cron (@) + — L X, ()
o (@) T\ PanerQn) kae:f\czuwi‘%(cz) ¢
_ Prky ()
Prwp ™ (@Q)

where we have used that waf% Q) = wf% (). This and (3.7) imply

X X X
Prk; 90 Prky? Prk; ¢
]:LiXQ(x) > C'P]:ka ()|Q| > C Xj; Lo (@) —c, E LXQ(-%”) .
(Prwr™")q wr, % (Q)/1Q) (Prwr)q
We apply this estimate and the conclusion of Step 3 with @ in place of Qg to
conclude that

{2 € Q: Prk; % (x) < Cy B(Prwy )0}
<z e Q:Prk;?(z) < B(Prw;?)gl| < @|Q)-

Next, by the extrapolation of Carleson measures Theorem 2.6, there exist 0 < ag <
1 and By > 0 such that for every Q € D(Qyo),

X X
[z € Q k% (2) < Bo (Prw,*)o}| < ao Q|-
This fact plus Proposition 2.2 imply the existence of ¢ = gy, and a uniform constant
(4 such that for all @ € D(Qo),

X % X
(f e wray) < f w5 way.
Q Q

If we specify this estimate to Q = Qo we obtain as desired (4.7). We notice that the
previous estimate and the fact that wa" is doubling imply kaO € RH,(Qp). O

5. PROOF OF PROPOSITIONS 2.2 AND 2.4

The proofs that we present here follow the classical ideas in [CF] (see also [GR],
[Gra], [Per]).
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5.1. Proof of Proposition 2.2. We show that (b)) = (a) = (¢) = (d) =
(e) = (b).

(b) = (a) | We pick 0 < a < 1 such that Cpa? < 1, and Cya? < 3 < 1. Then (b)
easily implies w < v.

(a) = (c) | We first show that w < v. We remind the reader at this point that our
dyadic cubes are “1/2-open”, i.e., they are Cartesian products of intervals closed at
the left-hand endpoint, and open on the right. We note that any open set G C R"
may be realized as the disjoint union of a countable collection of such cubes.

Let a, 8 be the constants in the condition w < v. Suppose that w is not absolutely
continuous with respect to v, that is, there exists £ C Qg such that v(E) = 0 and
w(E) > 0. If Qo € R™ we extend the measure w to R™ so that is identically zero
outside @ (abusing notation, we call the new measure w). Since w is a regular
measure there exists an open set G D E such that w(G) < 37 'w(E). As noted
above, we can cover G by a pairwise disjoint collection of cubes {@; };, belonging to
the dyadic grid induced by Q. If Qo C @, for some jy then 0 = v(E) < av(Qo)
implies, by w < v,

w(E) < Bw(Qo) < Bw(Qjy) < Bw(G),
and we obtain a contradiction. Thus, (o is not contained in any of the cubes @);.
Therefore, if ENQ; # O then Q; C Qo and thus Q; € D(Qp). Using w < v, we
have that 0 = v(ENQ,) < av(Q,) yields w(ENQ;) < fw(Q;). We sum on j and
conclude that

wE)= Y wENQ)<BY w@)=PFuw(@),

5:Q;NE#D J

which leads us again to a contradiction. Therefore, we have shown that w < v.
Next, we take F = {x € Q : k,(x) < (1 - ) JCQ k. dv}. Then,

wlF) = [ bufe)iv(@) < (1= 9) (]{2 ko dv) U(F) < (1 - H)w(Q).

which implies that w(Q \ F)/w(Q) > 3. We apply (a) to E = @ \ F and then
v(E)/v(Q) > a. Passing to the complement we readily obtain v(F) < (1—a) v(Q).

(¢) = (d)| Given Q € D(Qp) and X > JCQ k. dv we use the Calderén-Zygmund

decomposition with respect to the dyadic doubling measure v to obtain that there
exists a family of maximal, therefore disjoint, cubes {Q;}; C D(Q) such that

{zeQ: M oko(z) >} =@, >\<][ ko(x)dv(z) < O, A,
- Qj
J
here Ml‘,{Q is the dyadic maximal operator with respect to the measure v and in
the sup the cubes are in D(Q). We apply (c) to each Q; to conclude that
v{z € Qjhu(z) > BA} 2 {z € Q; : ku(x) > B, kudv} = (1-a)r(Q;).

Then the desired estimate follows easily:

w{ze ky(z) >N <w{ze@: Mika(aj) >\ = Zw(Qj) <C, A Zy(Qj)

J
Cy
11—«

<
- 11—«

)\ZV{J?GQj:kw(x) >0} < Cv Av{z € Q: k,(x) > A}
J
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(d) = (e)| We take N > ¢q = JCQ k. dv and write k, y = min{k,, N}. We
observe that

][kw,N(gc)lJ“S dv(z) < 1
Q

(@)

V((;)/O A%{xe@;kw(xpx}%

) °Q s N
= e — . =T+ 1711
v(@>/o e, -

/ kQ,’N(:v)‘S dw(z)
Q

The estimate for [ is trivial:

] @ sdx

1< W Q / )\5 1+6.
@Y Sy NN

For IT we first observe that in (d) we can assume that 0 < 8 < 1 (otherwise we

make the right hand side bigger replacing 5 by 1). Then, using (d) we obtain

§Co [N 51 , dA
IISI/(Q) /CQ)\+ V{xGQ.kjw(x)>ﬂ/\}7
0 Cy

N d\
SW/O )\6+1V{x€ka(l’)>>\}7
500

= 55+1][ ko N (z ) du(x )-

We next pick § > 1 small enough so that the constant in front of the integral is
smaller than 1/2. Then, we have

][ ko n(2)10 du(z) < c};é + ;][ ko n (2)10 du(x)
Q Q

and we can hide the last term into the left hand side (this term is finite since k., y <
N). Thus the desired estimate follows at once by the monotonous convergence
theorem.

(e) = (b) | Using Holder’s inequality we obtain

et )™ (free)" 20.(:5) ™ 5

and the desired estimate follows at once.

5.2. Proof of Proposition 2.4. For (i) it suffices to show that w < v implies
v X w. Let o, B € (0,1) be the constants in the condition w < v. Let &/ =1—
andl—a<f <1.ITECQeDQ) withw(E)/w(Q) < o then w(Q\E)/w(Q) >
1—a = 4. By w < v it follows that v(Q \ E)/v(Q) > a which in turn implies
v(E)/v(Q) <1—a </, and this shows v < w.

To prove (it) we first observe that = is clearly reflexive (i.e., v < v) and we have
just proved that it is also symmetric (i.e., w < v implies ¥ < w). To show the
transitivity we use (b) in Proposition 2.2. If w, v, u are non-negative regular Borel
measures dyadically doubling such that w < v and v < u, we have

5 (5) s (45)”

where in the first (resp. second) inequality we have used (b) in Proposition 2.2
applied to w < v (resp. v =< p) —notice that v and p are dyadically doubling.
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Then, using again Proposition 2.2 it follows as desired that w < p (here we use that
u is dyadically doubling).
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