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§5. The construction of true K

The model Kc constructed in §1 depends too heavily on the universe
within which it is constructed to serve our purposes. In this section we isolate
a certain Skolem hull K of Kc, and prove that Kv = Kv^ whenever G is
generic over V for a poset P £ VΩ . The uniqueness result underlying this fact
descends ultimately from Kunen's proof of the uniqueness of L[μ] ([Kul]),
and is based on the following lemma.

Lemma 5.1. Let M and N be weasels which have the S-hull and S-
definability properties at all β < a. Let (T,U) be a successful coiteration of
M with N, let W be the common last model ofT and U, and letι:M-+W
and j : N —> W be the iteration maps. Then i \ a = j \ a — identity.

Proof. Suppose not, and let AC = inf(crit(z), crit(j)). Without loss of general-
ity, let AC — crit(i). We claim first that AC = crit^'). For let

Δ = {7 < Ω I f(γ) = j(γ) = 7} ,

and recall that Δ is 5-thick in M and TV. Now AC ^ HW(Δ), since otherwise
AC is the range of i. On the other hand, TV has the 5-definability property at
AC since AC < α. Thus AC £ HN(A), and if AC < crit(j), then AC £ HW(Δ). So
/c = crit(j).

We can now finish the proof as in 4.5. Let A C AC and A £ M; we claim
that A £ TV and i(A) Π z/ = j(A) Π z/, where z/ = mί(i(κ)J(κ)). For by the
5-hull property of M at AC, we can find β £ Δ<ω and a Skolem term r such
that A = τM(β) Π AC. (Notice that AC C Δ.) But then i(A) = τw(β) Π i(/c),
so A = τw(β) Π AC = J(τN(β)) Π AC. Since crit(j) _= AC, this implies that
A = τN(β) Π AC, so that A £ N. Also j(A) = rw(β) Π j ( κ ) , and therefore
i(A) Π ι/ = j(A) Π z/ where z/ = inf(f(/c), j ( κ ) ) .

A symmetric proof shows that if A C AC and A £ TV, then A £ M and
i(A) Π z/ = j(A) Π z/. Let E and F be the first extenders used on the branches
M'to W and N-to-W of Ί and U respectively, and let θ = mf(v(E), ι/(F)),
so that θ < v. Then iE(A) Π θ = ί(A) Π 0 = j(Λ) Π ff = ι>(^) Π fl for A in
P(κ)M. It follows that E \ θ = F \ θ\ on the other hand, since (T,W) is a
coiteration, no extender used in Ί is compatible with any extender used in
U. This contradiction completes the proof. D

Corollary 5.2. Let M be an Ω+l iterable weasel which has the S-definability
property at all β < a; then M has the S-hull property at a.

Proof. By induction we may suppose M has the 5-hull property at all β < a.
Let A C α, let Γ be 5-thick in M, and let TV be the transitive collapse of
HM(a U Γ). We must show that A £ N. Now N is Ω + 1 iterable since it
embeds in M, and Ω is 5-thick in TV. Also, TV has the 5 hull and definability
properties at all β < a. Let (T,U) be a successful coiteration of M with TV,
with iteration maps i : M -+ W and j : TV —> W. By 5.1, i\a = j\a =
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identity. Then A = 2(A)Πα, so A G W . Since crit(j) > α, A G TV, as desired.
D

Definition 5.3. Let M be a set premouse, and let S C Ω. We say that M
is S-sound iff there is an Ω + 1 iterable weasel W such that

(1) M < W,
(2) Ω is S-thick in W, and
(3) W has the S- definability property at all β G ORΓ(M.

Condition (3) of 5.3 is equivalent to: for every 5-thick Γ, OR Π M C
HW(Γ). This is simply because if β is least such that β £ HW(Γ), then
β i Hw(β(jΓ). Also, by 5.2, condition (3) implies that W has the 5-hull
property at all β < OR Π M.

Corollary 5.4. Let M and λί be S-sound; then either M. < λί or λί < M.

Proof. Let W and R be weasels witnessing the 5-soundness of M and λί
respectively. Let i :W —>T and j : R — » T be the iteration maps coming from
a coiteration using Ω + I iteration strategies. Then if a = infiΌR^OR^),
Lemma 5.1 implies i\a = j \ a = identity. This means that M < λί or
λf<M. D

Let S C Ω be such that, for some Ω + 1 iterable weasel W, Ω is 5-thick in
W. Clearly, there are many 5-sound premice: J™ is an example, and J™
for a = ω^ is a slightly less trivial one. By 5.4 there is a proper premouse
11 such that the 5-sound mice are precisely the proper initial segments of
K. We now give an alternative construction of 7£, one which shows that it is
embeddable in W.

Definition 5.5. Suppose Ω is S-thick in W . Then we put

x G DeJ(W, S) <* VΓ(Γ is S-thick in W => x G HW(Γ)) .

Clearly, Def(VP, 5) -< W. (More precisely, Def(W, 5) is the universe of an
elementary substructure of W. Recall here that the language of W includes a
predicate E for its extender sequence. Thus a more careful statement would
be that (Def( W, 5), G \ Def(VF, 5), Ew nDef(W, 5)) is an elementary submodel
of W.)

We now show that, up to isomorphism, Def(H^, S) is independent of W.

Lemma 5.6. Let Ω be S-thick in W, an let i : W —* Q be the iteration map
coming from an iteration tree on W; then i" Def(W^S} =

Proof. Let Δ = {7 < Ω \ 1(7) = 7}, so that Δ is 5-thick in both W and Q.
Suppose first x _G Def(W, 5)_. Let Γ be 5-thick in Q; then ΓΠ Δ is 5-thick _in
W, so x = τw(β) for some β € (ΓΓ\Δ)<ω and term r. But then i(x) - τQ(β),
so i(x) € ff^(Γ). As Γ was arbitrary, i(x) G Def(Q, 5).

Suppose next that y G Def(Q, 5). Since Δ is 5-thick in Q, we can find β G
Δ<ω so that y = τ^(β) for some term r. Then t/ = i ( x ) , where x = τw (β).
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Now let Γ be 5-thick in W. Then ΓΓ\Δ is 5-thick in Q, and so i(x) = τQ(ά)
for some term r and α £ (Γ Π A)<ω . But then x = τw(a), and since Γ was
arbitrary, we have x £ Όeί(W, 5). D

Corollary 5.7. Let P and Q be Ω + I iterable weasels such that Ω is S-thick
in each. Then Def(P,S} = De](Q,S).

Proof. Once again, we are identifying Def(P, S) with the elementary submodel
of P having universe Def(P, 5). To prove 5.7, let f : P -> W and j : Q -» W
be given by coiteration; then by 5.6 Def(P, 5) = Όef(W, S) = Def(Q, S). D

Definition 5.8. Suppose there is an Ω + 1 iterable weasel W such that Ω is
S-thick in W; then K(S) is the common transitive collapse of De}(W, S) for
all such weasels W.

If there is no Ω + 1 iterable weasel W such that Ω is 5-thick in W, then
K(S) is undefined.

Lemma 5.9. Suppose K(S) is defined; then for any set premouse M, M is
S-sound iffM <K(S).

Proof. Let M. be 5-sound, as witnessed by the weasel W. Then OR C
Ώef(W, 5), as one can see by an easy induction on β £ OR^. Thus M C
Def(W, S), and since M is transitive, M < K(S).

Conversely, let M < K(S). Let R be an Ω+ 1 iterable weasel such that Ω
is 5-thick in Λ, and let π : K(S) — » R be elementary with ran π = Def(Λ, S).
Let θ = sup π" ORM , and for each α £ θ - ran π, let

Γa = some S -thick Γ such that a £ HR(Γ) .

Then Γ\a<eΓ<* is S-ihick in W, so Def(Λ,5) C HR(f}a<θ Γα), while
Γα) Π fl = Def(Λ, 5) Π ff by construction. Thus if we set

W = transitive collapse of H R

then W is an Ω + 1 iterable weasel with Ω 5-thick in W, and M < W.
It is easy to see that W has the 5-definability property at all β £ OR^:
if not, then letting σ : W — » R invert the collapse, we have that R fails to
have the 5 definability property at σ(β). Since β £ OR^, σ(β) = ττ(/?), and
since π(β) £ Def(β, 5), this is a contradiction. Thus W witnesses that M is
5-sound. D

As far as we know, it could happen that K(S) is defined (that is, there is an
Ω + I iterable weasel W such that Ω is 5-thick in W) and yet K(S) is a set
premouse, and hence not universal. We now show that if Kc satisfies "there
are no Woodin cardinals", then K(Av), which exists by 2.12 and 3.12, is a
universal weasel.
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Theorem 5.10. Suppose that Kc \= there are no Woodin cardinals; then
K(AQ) is a weasel, and moreover (a+)κ(A°) = α+ for μΌ — a.e. a < Ω, so
that K(AQ) is universal.

Proof. We first show that K(AQ) is a weasel, or equivalently, that
Def(#c, AO) is unbounded in Ω. So suppose otherwise toward a contradic-
tion. It is easy then to see that there are A0-thick classes Γξ, for ξ < Ω, such
that

ξ < δ =» Γδ C Γξ ,

and letting

6^ = least ordinal ι/ £ (Hκ°(Γξ) - Όef(Kc, AQ)) ,

we have that

(Def(tf c, AO) U Ω) C 60 and ξ < δ => δξ < bδ .

By Lemma 4.8, we can fix v such that 0 < v < Ω, v — sup{6ξ | ξ < ί/}, and
Kc has the Ao-definability property at v. Let c £ v<ω and d £ /V+i and r a
term be such that

v = τκc(c,d\.

Fix ξ < v such that c € t" 1 , so that

This is an assertion about bξ,d, and &„+!, all of which belong to Hκc(Γξ).
Thus we can find c* £ (6e Π Hκ°(Γξ))<ω such that

But 6e Π Hκc(Γξ) = Def(Xc, AO) Π ί2, so c* £ Def(/ίc, A0). This implies
rκc[c*,d] £ Hκe(Γ,,+ι), and since Def(/ίc, A0) C 60, and 60 < rκc[c\d\ <
fr^+i, this contradicts the definition of δ^+i.

Thus Όef(Kc, AQ) is unbounded in Ω. We claim that, in fact,
Def(ffc, AQ)Γ\Ω has ^ίo- measure one. For this it is enough to show that if v <
Ω is regular, Def(JCc, AQ) is unbounded in z/, and Kc has the AQ- definability
property at ι/, then v £ Def(/iΓc,Λo). So suppose v is a counterexample to
the last sentence.

For each η £ (z/ + 1) — Def(/£c, AQ), pick an Ao-thick class Γ^ such that
η i Hκ\Γη), and let Γ = f)^. Let 6 be the least ordinal in HK°(Γ)
which is strictly greater than v. Fix ξ £ Def(ίΓc, AQ) Π v and d £ Γ<ω such
that for some c £ ζ<ω and term r, z/ = τκ°[c,d\. Then, as in the proof
that Όef(Kc,Ao) is unbounded, for each η £ Def(/£c, AO) Π ̂  we can find
Cη £ £<ω Π Def(/fc, AQ) such that 77 < τκ°[cη, d\ < b. As v is regular, we can
fix c* so that Cη == c* for arbitrarily large η < v. But then v < τκ°[c* , cf) < 6.
Since c* £ Def(/^c, AO) C HK°(Γ), this contradicts the definition of 6.
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Finally, we show that for μo-a.e. z/, Def(Kc

1Ao) is unbounded in z/+ '.
This clearly implies that (V+}K(AQ) = ι/+ for μo-a.e. v, and so completes
the proof of 5.10. So suppose not; then we can fix v £ Def(ίfc, AO) such
that (v+)κ° = ι/+, A'c has the A0-hull property at z/, and Def(tfc, A0) Π z/+
is bounded in z/+ . We have then an ^o-thick class Γ1 such that HK°(Γ) is
bounded in z/+, say by <5 < ι/+ .

By the hull property we have a term τ and d £ Γ<ω such that for some

But now, set

V,<fl I c* £ (ι/+ 1)<W Λ

Then <5 < 77 < ι/+, and 17 £ HK°(Γ) since i/, d £ HK°(Γ). This contradicts
the choice of 5. D

It is very easy to show that, modulo the absoluteness of Ω + 1 iterability,
K(S) is absolute under "set" forcing.

Theorem 5.11. Suppose K(S) is defined, as witnessed by the Ω+ l-ιterable
weasel W such thai Ω is S-thick in W . Let G be V -generic over P, where
P £ VΩ, and suppose that V[G] \= W is Ω + l-iterable. Then V[G] |= "K(S)

exists, as witnessed by w" , and K(S)VW = K(S)V .

Proof. V and V[G] have the same cardinals and cofinalities > |P|; moreover,
if C £ V[G] and C is club in some regular i/ > |P|, then 3D £ V (D C C and
D is club in z/). It follows that for any class Γ C Ω in V[G]

V[G] [= Γ is S thick in WΪS3ΔC Γ(V \= Δ is S -thick in W) .

This implies that Ω is S-thick in W in V[G\, and that Def(W,
Όeΐ(W,S)v. Since W is β + 1 iterable in V[G] by hypothesis, we get that
K(S)VW exists and K(S)VW = K(S)V . Π

We doubt that one can show that Ω + 1-iterability of W is absolute for "set"
forcing in the abstract, although we have no counterexample here. It seems
likely that one must appeal to the existence of a definable Ω + 1 iteration
strategy for W. This will come from a simplicity restriction on the iteration
trees on W, which in turn will come from a smallness condition on W. At
the one Woodin cardinal level, we can use the following lemma, whose proof
is a slight extension of that of 2.4(a).

Lemma 5.12. Let W be an Ω + l-iterable (respectively, (ω,β+ l)-iterable)
proper premouse such that W \= there are no Woodin cardinals, and let G
be V -generic over P, where P £ VΩ Then V[G] (= W is Ω + I iterable
(respectively, (ω, Ω + l)-iterable).
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Proof. We give the proof for Ω + 1-iterability. Using the weak compactness of
Ω in V[G], it is enough to show that V[G] satisfies: whenever T is a putative
normal, ω-maximal iteration tree on J^f ', for some VF-cardinal α < ί?, and
Ih T < Ω, then either T has a last, wellfounded model, or T has a cofinal
wellfounded branch. So suppose T is a tree on J™ which is a counterexample
to this assertion, and let T,J™ G Vη[G\, where η < Ω is an inaccessible
cardinal, and IP G Vη. By the Lόwenheim-Skolem theorem, we have in V a
countable transitive M and elementary π : M -» Vη such that J™ ^ P G ran π.
Let TΓ^W^P}) = (J<^,P}; then_M thinks that P has a condition forcing the
existence of a "bad"_tree on W. Since M_is countable, we can find in V
on M-generic filter G on P such that M[G\ \= T is a "bad" tree on W.
Notice that since W satisfies "There are no Woodin cardinals" , T is simple;
moreover, since π : W — »• J^f is elementary, T is "good" in V. Thus T
cannot have a last, illfounded model, and T has a unique cofinal wellfounded
branch 6 in V. It is enough for a contradiction to show that 6 G M[G],
and for this it is_enough to_show 6 G M[Gj[7/J, where H is M[G\ generic
for Col(u>, _max(|T|, |WΊ)M^). But now in M[0\[H] there is a real x which
codes (T, W). Also, x* G M [Gf\[H], since M is closed under the sharp function
on arbitrary sets because it embeds elementarily in Vη . It is a Σ\ assertion
about x that T has a cofinal wellfounded branch, this assertion is true in V,
and x^ G M[G\[H],so this assertion is true in M[G][/Γ]. As b is unique, this
means that 6 G M[G\[H]. D

Putting together 5.11 and 5.12, we get

Theorem 5.13. Suppose K(S) is defined, as witnessed by a weasel W such
that W |= there are no Woodin cardinals. Let G be V- generic for HP, where P G

VΩ. Then V[G] \= Ί<(S) is defined, as witnessed by W* , and K(S)VW =

K(S)V.

Corollary 5.14. Suppose Kc \= there are no Woodin cardinals, and let G
be V -generic over IP G VΩ. Then V[G] \= "K(Ao) is defined, as witnessed by

(Kc)v\ moreover (a^}κ(A^ = a+ for μ0- a.e. a < Ω" .

Let us observe in passing that if there is an Ω + 1 iterable weasel W such
that Ω is 5-thick in W, for some 5, and W \= there are no Woodin cardinals,
then in fact Kc |= there are no Woodin cardinals. [Sketch: If Kc \= there is
a Woodin cardinal, then its coherent sequence is of size < Ω. Let (T,£/) be
a terminal coiteration of Kc with W, using an iteration strategy on the W
side and picking unique cofinal branches on the Kc side. (T,U) cannot be
successful, since otherwise the Kc side would have iterated past W ', contrary
to (a+)w = α+ for stationary many a. Thus it must be that T has no cofinal
wellfounded branch. The existence of generic branches for trees on Kc then
implies δ(T), the sup of the lengths of the extenders used in T, is Woodin
in an iterate of W, a contradiction.] Thus we can add to the conclusion of
5.14: (Kc)ylG1 \= there are no Woodin cardinals. We are not sure whether
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Ω is (j4o)F-thick in (KC)V^G^ however. We now show that, if there is an
(ω, Ω+ l)-iterable weasel, then there is at most one weasel of the form K(S}.
First, let us note:

Lemma 5.15. If there is an (ω,β + Inalterable universal weasel, then every
Ω + l-iterable proper premouse is (ω, Ω + l)-iterable.

Proof. Let W be universal and Σ an (ω, Ω + l)-iteration strategy for W. Let
M be an Ω-\-l iterable premouse. By coiteration, we obtain a normal iteration
tree T on W which is a play of round 1 of G*(Wy (ω, Ω + 1)) according to Σ,
with last model P, and an elementary π : M -+P. But then P is (w, β + 1)-
iterable, and so by 2.9, so is Λi. D

The next lemma says that, except possibly for its ordinal height, K(S) is
independent of S.

Lemma 5.16. Suppose there is an (ω,Ω + l)-iterable universal weasel, and
that S and T are stationary sets such that K(S) and K(T) exist. Then
K(S) < K(T) orK(T) < K(S). In particular, i f K ( S ) and K(T) are weasels,
then K(S) = K(T).

Proof. Let M be S-sound, as witnessed by W, and let λί be T-sound, as
witnessed by R. We assume without loss of generality that OR/"1 < OR .
W and R are (ω, Ω + l)-iterable by Lemma 5.15.

By Theorem 3.7 (1), for all but non-stationary many α G SUT, (α+)Λ =
(a+)w = α+. Now let W* be the (linear) iterate of W obtained by taking
an ultrapower by the order zero total measure on α from W, for each a G T
-ORM such that W \= a is measurable. Similarly, let R* be obtained from R
by taking an ultrapower by the order zero measure on a at each a G S— OR^
such that R |= a is measurable. Then W* and R* still witness the S and T
soundness of M and λf, respectively. Moreover, Ω is 5 U T thick in each of
W* and#*.

Let i : W* — > Q and j : R* —> Q come from coiteration. Let AC =
min(crit(z),crit(a;)). It is enough to show that OR^ < AC, for then M < λf
as desired, so assume that /c < OR^.

Suppose that K = crit(i) < crit(.;). Since Ω is T-thick in Λ* and W*,
and AC G Def(Λ*, T), we can find a term r and common fixed points c*ι ak
of i and j so that AC = τR*[δί\. But then AC = j ( κ ) = r^[ά] = t(rw*[a]), so
AC G ran(i), a contradiction. Similarly, we get crit(i) < crit(j), so crit(j) =
crit(i) = AC.

A similar argument with the hull property gives the usual contradiction.
let A C AC and A G W* . We have a term r and common fixed points ά of i and
j such that A = r^* [ά] Π AC, using here that W* has the 5-hull property as AC
and Ω is 5-thick in R*. Then i(A) = r^[ά]nί(/c), so r^[α]ΠAC = rΛ*[ά]ΠAc =
A, and j(A) = τQ[ά}Πj(κ). Thus i(A) and j(yl) agree below mm(i(κ)J(κ)).
This implies that the extenders used first on the branches of the two trees
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in our coiteration which produced i and j are compatible with one another.
This is a contradiction. D

Definition 5.17. Suppose there is an (ω, β+1) iterable universal weasel, and
that K(S) exists for some S] then we say that K exists, and define K to be
the unique proper premouse M such that \/P, S (P is S-sound Ό> P < M).

We do know whether it is consistent with the definitions we have given
that K exists, but is only a set premouse or a non-universal weasel. If we
assume that Kc \= there are no Woodin cardinals, then K exists by 2.12,
3.6, and 3.12; moreover K is universal by 5.10. We summarize what we have
proved about K under this "no Woodin cardinals" assumption:

Theorem 5.18. Suppose K° \= there are no Woodin cardinals] then
(1) K exists, and is (ω, Ω + 1) iterable,
(2) (a+)κ = α+ for μo- Λ.C. a < Ω, and
(3) if G is V-generic/\P, for some P G VΩ, then V[G] \= "K exists, is

(ω,β+l) iterable, and (a+)κ = α+' for μ0- a.e. α < β"; moreover
Kv.




