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ABSTRACT. This is a survey of recent results on quantum ergodicity,
specifically on the large energy limits of matrix elements relative to
eigenfunctions of the Laplacian. It is mainly devoted to QUE (quan-
tum unique ergodicity) results, i.e. results on the possible existence of
a sparse subsequence of eigenfunctions with anomalous concentration.
We cover the lower bounds on entropies of quantum limit measures due
to Anantharaman, Nonnenmacher, and Riviéere on compact Riemannian
manifolds with Anosov flow. These lower bounds give new constraints on
the possible quantum limits. We also cover the non-QUE result of Has-
sell in the case of the Bunimovich stadium. We include some discussion
of Hecke eigenfunctions and recent results of Soundararajan complet-
ing Lindenstrauss’ QUE result, in the context of matrix elements for
Fourier integral operators. Finally, in answer to the potential question
“why study matrix elements” it presents an application by the author
to the geometry of nodal sets.
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Quantum chaos on Riemannian manifolds (M, g) is concerned with the
asymptotics of eigenvalues and orthonormal bases of eigenfunctions

(1) Apj = Nipj, () ox) = Gjn

of the Laplacian A when the geodesic flow g : SgM — SgM is ergodic or
Anosov or in some other sense chaotic. Model examples include compact
or finite volume hyperbolic surfaces Xp = I'\H, where H is the hyperbolic
plane and I' C PSL(2,R) is a discrete subgroup. Of special interest are
the arithmetic quotients when I' is a discrete arithmetic subgroup. Other
model example include Euclidean domains with ergodic billiards such as the
Bunimovich stadium. The general question is, how does the dynamics of
the geodesic (or billiard) flow make itself felt in the eigenvalues and eigen-
functions (or more general solutions of the wave equation), which by the
correspondence principle of quantum mechanics must reproduce the classi-
cal limit as the eigenvalue tends to infinity?

To avoid confusion, we emphasize that we denote eigenvalues of the
Laplacian by /\?. They are usually viewed as energies E; = /\?. Their
square roots \; are called the frequencies.

The most basic quantities testing the asymptotics of eigenfunctions are
the matrix elements (Apj, ;) of pseudo-differential operators relative to
the orthonormal basis of eigenfunctions. As explained below, these matrix
elements measure the expected value of the observable A in the energy state
@j. Much of the work in quantum ergodicity since the pioneering work of
A. L. Schnirelman [?] is devoted to the study of the limits of (Ayj, ¢;) as
Aj — oo. Although difficult to determine, these limits are still the most
accessible aspects of eigenfunctions. A sequence of eigenfunctions is called
ergodic or diffuse if the limit tends to f Ve Adpy, where o4 is the prinicipal

symbol of A and duy, is the Liouville measure.

The first priority of this survey is to cover the important new results
on the so-called scarring or QUE (quantum unique ergodicity) problem.
Roughly speaking, the problem is whether every orthonormal basis becomes
equidistributed in phase space with respect to Liouville measure as the eigen-
value tends to infinity, i.e.

(Apj, i) — / oadur,
S:M
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or whether there exists a sparse exceptional sequence which has a singular
concentration. One series of positive results due to N. Anantharaman [?], N.
Anantharaman-S. Nonnenmacher [?] (see also [?]), and G. Riviere [?] flows
from the study of entropies of quantum limit measures and are based on a
difficult and complex microlocal PDE analysis of the long time behavior of
the wave group on manifolds with Anosov geodesic flow. These results give
lower bounds on entropies of quantum limit measures which imply that the
limit measures must be to some extent diffuse. Another series of results due
R. Soundararajan [?] use L-function methods to complete the QUE result
of E. Lindenstrauss [?] for Hecke eigenfunctions in the arithmetic case. In
the negative direction, A. Hassell [?] uses microlocal methods to proved the
long-standing conjecture that generic stadia are not QUE but rather have
exceptional sequences of bouncing ball type modes which concentrate or scar
along a Lagrangian submanifold.

QUE is not the only interesting problem in quantum chaos. Another
series of results in the arithmetic case are the remarkably sharp Luo-Sarnak
asymptotics [?, ?] of the variances

> KAgj, 05 —/ oadpr|?
SxM

j:)\jSA g

for holomorphic Hecke eigenforms and their recent generalization to smooth
Maass forms by Zhao [?]. Physicists (see e.g. [?]) have speculated that the
variance is related to the classical auto-correlation function of the geodesic
flow. The Luo-Sarnak-Zhao results partially confirm this conjecture in the
special case of arithmetic surfaces and Hecke eigenfunctions, but correct it
with an extra arithmetic factor.

A final direction we survey is the applications of quantum ergodicity to
problems in nodal geometry. Given the large amount of work on matrix ele-
ments (Apj, p;), it is natural for geometric or PDE analysts to ask how one
can use such matrix elements to study classical problems on eigenfunctions
such as growth and distributions of zeros and critical points. One of our
themes is that for real analytic (M, g), logarithms log |¢§(C)|2 of analytic
continuations of ergodic eigenfunctions are asymptotically “maximal pluri-
subharmonic functions” in Grauert tubes and as a result their zero sets have
a special limit distribution [?]. Thus, ergodicity causes maximal oscillation
in the real and complex domain and gives rise to special distributions of
zeros and (conjecturally) to critical points.

In preparing this survey, we were only too aware of the large number of
surveys and expository articles that already exist on the QUE and entropy
problems, particularly [?, ?, 7, ?, ?] (and for earlier work [?, ?, 7, ?]). To
a large degree we closely follow the original sources, emphasizing intuition
over the finer technical details. Although we go over much of the same
material in what are now standard ways, we also go over some topics that
do not seem as well known, and possibly could be improved, and we fill in
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some gaps in the literature. In particular, most expositions emphasize the
quantum entropic uncertainty principle of [?] due to its structural nature.
So instead we emphasize the ideas of [?], which are less structural but in
some ways more geometric.

One of the novelties is the study in §77 of matrix elements (Fy;, ¢;) of
Fourier integral operators F' relative to the eigenfunctions. Hecke operators
are examples of such F' but restrictions to hypersurfaces provide a different
kind of F' which have recently come up in quantum ergodic restriction theory
[?]. We give a rather simple result on quantum limits for Fourier integral
operators which answers the question, “what invariance property do quan-
tum limit measures of Hecke eigenfunctions possess?”. Hecke analysts have
worked with a partial quasi-invariance principle due to Rudnick-Sarnak, and
although the exact invariance principle may not simplify the known proofs
of QUE it is of interest to know that one exists. We plan to put complete
proofs in a future article.

Another aspect of eigenfunctions is their possible concentration of eigen-
functions around closed hyperbolic geodesic. Mass concentration within
thin or shrinking tubes around such geodesics has been studied by S. Nonn-
enmacher-A.Voros [?], Y. Colin de Verdiere-B. Parisse [?], J. Toth and the
author [?] and outside of such tubes by N. Burg-M. Zworski [?] and H.
Christianson [?]. Very striking and surprising studies of analogous behavior
in the “quantum cat map” setting are in [?, ?].

A few words on the limitations of this survey. Due to the author’s lack
of knowledge, the L-function or arithmetic methods in QUE will not be
discussed in more than a cursory way. Rather we concentrate on the PDE
or microlocal aspects of quantum ergodicity. By necessity, microlocal ana-
lytical proofs must make direct connections between spectrum and geodesic
flow, and cannot by-pass this obstacle by taking a special arithmetic route.
Moreover, we restrict the setting to Laplacians on Riemannian manifolds
for simplicity of exposition, but it is just a special case of the semi-classical
asymptotics (as the Planck constant tends to zero) of spectra of Schrédinger
operators h? A+V. Schrodinger eigenfunctions are equally relevant to physi-
cists and mathematics. Another important setting is that of quantum “cat
maps” on tori and other Kéahler manifolds. In this context, the quantum dy-
namics is defined by quantizations of symplectic maps of Kéhler manifolds
acting on spaces of holomorphic sections of powers of a positive line bundle.
The mathematics is quite similar to the Riemannian setting, and results in
the cat map setting often suggest analogues in the Riemannian setting. In
particular, the scarring results of Faure-Nonnemacher- de Bievre [?] and the
variance results of Kurlberg-Rudnick [?] and Schubert [?] are very relevant
to the scarring and variance results we present in the Riemannian setting.

Although we do not discuss it here, a good portion of the literature
of quantum chaos is devoted to numerics and physicists’ heuristics. Some
classics are [?, 7, ?]. The article of A. Barnett [?] (and in the cat map case
[?, 7] ) is a relatively recent discussion of the numerical results in quantum
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ergodicity. There is a wealth of phenomenology standing behind the rigorous
results and heuristic proofs in this field. Much of it still lies far beyond the
scope of the current mathematical techniques.

Finally, we thank N. Anantharaman, A. Hassell, and S. Nonnenmacher
for explanations of important points in their work. We have incorporated
many of their clarifications in the survey. We also thank K. Burns, H. Hezari,
J. Franks, E. Lindenstrauss, P. Sarnak, J. A. Toth, A. Wilkinson and J.
Wunsch for further clarifications and corrections. Of course, responsibility
for any errors that remain is the author’s.

1. Wave equation and geodesic flow

Classical mechanics is the study of Hamiltonians (real valued functions)
on phase space (a symplectic manifold) and their Hamiltonian flows. Quan-
tum mechanics is the study of Hermitian operators on Hilbert spaces and
the unitary groups they generate. The model quantum Hamiltonians we
will discuss are Laplacians A on compact Riemannian manifolds (M, g)
(with or without boundary). Throughout we denote the dimension of M
by d = dim M.

1.1. Geodesic flow and classical mechanics. The classical phase
space in this setting is the cotangent bundle T*M of M, equipped with its
canonical symplectic form ), dz; A d;. The metric defines the Hamiltonian
H(z,§) = [¢ly = \/Z?jzl g(x)&i€&; on T*M, where gij = g(50, 5-) [9”]
is the inverse matrix to [g;;]. We denote the volume density of (M, g) by
dVol and the corresponding inner product on L?(M) by (f,g). The unit
(co-) ball bundle is denoted B*M = {(z, &) : || < 1}.

The classical evolution (dynamics) is given by the geodesic flow of (M, g),
i.e. the Hamiltonian flow g* of H on T*M. Let Xy denote the Hamilton-
ian vector field of H. By definition, g'(x,&) = (x4, &), where (x4, &) is the
terminal tangent vector at time ¢ of the unit speed geodesic starting at x in
the direction €. Here and below, we often identify T* M with the tangent
bundle T'M using the metric to simplify the geometric description. The ge-
odesic flow preserves the energy surfaces {H = E} which are the co-sphere
bundles S%, M. Due to the homogeneity of H, the flow on any energy surface
{H = E} is equivalent to that on the co-sphere bundle S*M = {H = 1}.

We define the Liouville measure pr, on S*M to be the surface measure
duyp, = d;gg induced by the Hamiltonian H = |{|, and by the symplectic
volume measure dxdé on T*M. The geodesic flow (like any Hamiltonian
flow) preserves dxd€. It also preserves Liouville measue on S*M.

1.2. Ergodic and Anosov geodesic flows. The geodesic flow is called
ergodic if the unitary operator

(2) Vta(p) = a(g'(p))
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on L2(S*M,duy) has no invariant L? functions besides constant functions.
Equivalently, any invariant set £ C S*M has either zero measure or full
measure.

A geodesic flow ¢! is called Anosov on on Sy M if the tangent bundle
T'S;M splits into ¢! invariant sub-bundles E“(p) ® E*(p) ® R Xy (p) where
E" is the unstable subspace and E*® the stable subspace. They are defined by

|ldg*l| < Ce=[|vll, Vv € E*t >0,

ldgvl| < CeM[lv]l, Vv e B t<0.

The sub-bundles are integrable and give stable, resp. unstable foliations
Ws, W, The leaves through = are denoted by W#(x), W*(x). Thus, the
geodesic flow contracts everything exponentially fast along the stable leaves
and expands everything exponentially fast along the unstable leaves. Anosov
geodesic flows are ergodic. We refer to [?] for background.

The unstable Jacobian J%(p) at p is defined by

(3) J"(p) = det (dggju(glp)).
Define
A =— sup logl||J"(p)||
peES*M
@ inf log J%(p)d 0
= “ > 0.
nf /S lox " ()dp(p)

If (M, g) is of dimension d and constant curvature —1 then A = d — 1. Here,
M is the set of invariant probability measures for g°.
The maximal expansion rate of the geodesic flow is defined by

1
(5) Amax = lim —log sup ||dg}|.
t—oo t pES* M

The derivative dg' may be expressed in terms of Jacobi fields (see [?],
Lemma 3.1.17). In the hyperbolic (Anosov case), the stable/unstable sub-
bundles are spanned by unstable Jacobi fields Y*,..., Y} | whose norms
grow exponentially as ¢ — +oo and decay exponentially as t — —oo, resp.
stable Jacobi fields Y%, ..., Y7 | whose norms behave in the opposite fashion.
The unstable Jacobian is the norm [[Y* A--- A Y} ||

1.3. Eigenfunctions and eigenvalues of A. The quantization of the
Hamiltonian H is the square root v'A of the positive Laplacian,

1l «— 9 .. 0

of (M, g). Here, g = det[g;j]. The eigenvalue problem on a compact Rie-
mannian manifold

Apj = Npj, (@5, 08 =k
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is dual under the Fourier transform to the wave equation. Here, {p;} is
a choice of orthonormal basis of eigenfunctions, which is not unique if the
eigenvalues have multiplicities >1. The individual eigenfunctions are difficult
to study directly, and so one generally forms the spectral projections kernel,

(6) E\zy) =Y ¢i(@)p;{)

JiA <A

Semi-classical asymptotics is the study of the A — oo limit of the spectral
data {¢;, \j} or of E(X, z,y).

1.4. Eigenvalues and Planck’s constant. Although it is only a no-
tational issue in this setting, it is conceptually useful to identify inverse
frequencies with Planck’s constant, i.e. to define

(7) hj=A7"
The eigenvalue problem then takes the form of a Schrodinger equation
1 Ap; = ¢;.

Thus the high frequency limit is a special case of the semi-classical limit
h — 0.

1.5. Eigenvalue Multiplicities. The multiplicity of an eigenvalue /\5
is the dimension

(8) m(A;) = dimker(A — /\5)

of the eigenspace. As will be discussed in §?7, the general Weyl law gives
the bound m(\;) < C’/\;l_1 in dimension d. In the case of negatively curved
manifolds, the bound has been improved by a (log /\j)_1 factor. Thus
it is possible for sequences of eigenvalues to have the huge multiplicities
/\?_l(log /\j)_l. When such multiplicities occur, it is possible to build up su-
perpositions of eigenfunctions which have special concentration properties
(see §77). Hassell’s scarring theorem is based on the non-existence of such
multiplicities for certain sequences of eigenvalues (§77).

In fact such multiplicities do occur in the quantum cap map setting for
sparse sequences of eigenvalues and are responsible for the very strange be-
havior of eigenstates in that case [?, ?]. It is unknown if such sequences exist
in the Riemannian Anosov setting. This is one of the fundamental obstacles
to understanding whether or how scarring occurs in the Riemannian case.

1.6. Quantum evolution. Quantum evolution is given by the wave

group
Ut — eit\/K

9

which in a rigorous sense is the quantization of the geodesic flow ®*. It is
generated by the pseudo-differential operator /A, as defined by the spectral
theorem (it has the same eigenfunctions as A and the eigenvalues A;). The
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(Schwartz) kernel of the wave group on a compact Riemannian manifold can
be represented in terms of the spectral data by

9) Ul(z,y) = > épi()p;(v),
j

or equivalently as the Fourier transform [ e dE(\, z,y) of the spectral
projections. Hence spectral asymptotics is often studied through the large
time behavior of the wave group.

Evolution can be studied on the level of “points” or on the level of
observables. Evolution of points in classical mechanics gives the orbits or
trajectories of the geodesic flow (i.e. the parameterized geodesics). Evolu-
tion 1y = U of wave functions gives the “Schrédinger picture” of quantum
mechanics. Eigenfunctions arise in quantum mechanics as stationary states,
i.e. states 1 for which the probability measure |¢(t, z)|?dvol is constant
where 9 (t,r) = U'y(x) is the evolving state. This follows from the fact
that

(10) Ulor = €My,

and that || = 1. By unitarity U* = U~
As an alternative one could define the quantum evolution as in [?] to be
the semi-classical Schrédinger propagator

(11) UL = e A,

This replaces the homogeneous Fourier integral operator U! by a semi-
classical Fourier integral operator. The theories are quite parallel; we mainly
keep to the homogeneous theory in this survey (See [?] and [?]) for back-
ground on these notions).

1.7. Observables. In the classical setting, observables are (real-valued)
functions on T*M which we usually take to be homogeneous of degree zero
(or as zeroth order symbols). In the quantum setting, observables are ¥ DO’s
(pseudodifferential operators) of all orders; we often restrict to the subal-
gebra WY of ¥ DO’s of order zero. We denote by W™ (M) the subspace of
pseudodifferential operators of order m. The algebra is defined by construct-
ing a quantization Op from an algebra of symbols a € S™(T*M) of order
m (polyhomogeneous functions on 7*M\0) to ¥™. A function on T*M\0
is called polyhomogeneous or a classical symbol of order m, a € ;’}L - if it
admits an asymptotic expansion,

(I(IL', E) ~ Zam—j(‘rv E)v where ak(lﬂ, 7—5) = Tkak(‘rv E)v (|£| > 1)
§=0
for some m (called its order). The asympotics hold in the sense that

R
a— Zam_j e gm—hE-1
Jj=0
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where o € S* if sup(1 + |§|)j_k|Dg‘D§0($, €)| < +oo for all compact set and
for all a, 3, j. There is a semi-classical analogue in the A setting where the
complete symbol ax(z, &) depends on £ in a similar poly-homogeneous way,

R
ap ~ ™ Z hjam_j.
§=0
We refer to [?, ?, ?, ?] for background on microlocal analysis (or semi-
classical analysis), i.e. for the theory of pseudo-differential and Fourier in-
tegral operators.
The main idea is that such observables have good classical limits. The
high frequency limit is mirrored in the behavior of the symbol as |{]| — oo.
An useful type of observable is a smooth cutoff xy(z,&) to some open
set U C S*M (it is homogeneous so it cuts off to the cone through U in
T*M). That is, a function which is one in a large ball in U and zero outside
U. Then Op(xu) is called a microlocal cutoff to U. Its expectation values
in the states ¢y, give the phase space mass of the state in U or equivalently
the probability amplitude that the particle is in U. (The modulus square of
the amplitude is the probability).
There are several standard notations for quantizations of symbols a to
operators A that we use in this survey. We use the notation Op(a) or a
interchangeably.

1.8. Heisenberg uncertainty principle. The Heisenberg uncertainty
principle is the heuristic principle that one cannot measure things in regions
of phase space where the product of the widths in configuration and mo-
mentum directions is <#h.

It is useful to microlocalize to sets which shrink as 7 — 0 using A (or
\)-dependent cutoffs such as x¢7 (X (z, £)). The Heisenberg uncertainty prin-
ciple is manifested in pseudo-differential calculus in the difficulty (or im-
possibility) of defining pseudo-differential cut-off operators Op(xy (A\°(x, £))
when § > % That is, such small-scale cutoffs do not obey the usual rules of
semi-classical analysis (behavior of symbols under composition). The uncer-
tainty principle allows one to study eigenfunctions by microlocal methods in
configuration space balls B(x, /\j_l) of radius 7 (since there is no constraint
on the height) or in a phase space ball of radius /\j_l/ 2,

1.9. Matrix elements and Wigner distributions. These lectures
are mainly concerned with the matrix elements (Op(a)y;, @) of an observ-
able relative to the eigenfunctions. The diagonal matrix elements

(12) pj(Op(a)) := (Op(a)p;, ;)

are interpreted in quantum mechanics as the expected value of the observ-
able Op(a) in the energy state ;. The off-diagonal matrix elements are
interpreted as transition amplitudes. Here, and below, an amplitude is a
complex number whose modulus square is a probability.
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If we fix the quantization a — Op(a), then the matrix elements can
be represented by Wigner distributions. In the diagonal case, we define
Wy € D'(S*M) by

(13) /S*Made = (Op(a)pr, Pr)-

1.10. Evolution of Observables. Evolution of observables is partic-
ularly relevant in quantum chaos and is known in physics as the “Heisenberg
picture”.

The evolution of observables in the Heisenberg picture is defined by

(14) a(A) :=U'AU™, A e U™(M).

and since Dirac’s Principles of Quantum Mechanics, it was known to corre-
spond to the classical evolution

(15) Via):=aog

of observables a € C*°(S*M). Egorov’s theorem is the rigorous version of
this correspondence: it says that a; defines an order-preserving automor-
phism of U*(M), i.e. ay(A) € V™(M) if A € ¥"(M), and that

(16) OU AU (:Ev E) = O'A(gt(:E, E)) = Vt(UA)v (:Ev E) € T*M\O

This formula is almost universally taken to be the definition of quantization
of a flow or map in the physics literature.

1.11. Hadamard parametrix. The link between spectral theory and
geometry, and the source of Egorov’s theorem for the wave group, is the
construction of a parametrix (or WKB formula) for the wave kernel. For
small times ¢, the simplest is the Hadamard parametrix,

17) Ula,y) ~ / @D YN (e, y)0 T RdE (¢ < inj(M, g))
0 k=0

where r(x, y) is the distance between points, Uy(z,y) = 03 (z,y) is the vol-
ume 1/2-density, inj(M,g) is the injectivity radius, and the higher
Hadamard coefficients are obtained by solving transport equations along
geodesics. The parametrix is asymptotic to the wave kernel in the sense of
smoothness, i.e. the difference of the two sides of (??) is smooth. The rela-
tion (??) may be iterated using (U?)™ = U*™ to obtain a parametrix for long
times. For manifolds without conjugate points, the Hadamard parametrix
is globally well defined on the universal cover and can then be summed over
the deck transformation group to obtain a parametrix on the quotient.

Egorov’s theorem (?7?) may be proved by explicitly writing out the in-
tegral representation for Ut AU using (??) and by applying the stationary
phase method to simplify the integral.
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1.12. Ehrenfest time. The aim in quantum chaos is to obtain infor-
mation about the high energy asymptotics as A\; — oo of eigenvalues and
eigenfunctions by connecting information about U? and g*. The connection
comes from comparing (??) and (??), or by using Egorov’s theorem (?7).
But to use the hypothesis that g’ is ergodic or chaotic, one needs to exploit
the connection as A — 0 and ¢ — oo. The difficulty in quantum chaos is
that the approximation of U? by ¢’ is only a good one for ¢ less than the
Eherenfest time
(18) 7o — 22,

Amax
where Apax is defined in (77).

Roughly speaking, the idea is that the evolution of a well constructed
“coherent” quantum state or particle is a moving lump that “tracks along”
the trajectory of a classical particle up to time Ty and then slowly falls
apart and stops acting like a classical particle. Numerical studies of long
time dynamics of wave packets are given in works of E. J. Heller [?, ?]
and rigorous treatments are in Bouzouina-Robert [?], Combescure-Robert
[?] and Schurbert [?].

The basic result expressed in semi-classical notation is that there exists
I" > 0 such that

(19) U, Op(a)Uf — Oplao g")|| < Che'.

Such an estimate has long been known if I' is not specified in terms of the
geodesics. It is implicit in [?] and used explicitly in [?], based on long time
wave equation estimates of Volovoy. The best constant should be I' = A\ ax.

Thus, one only expects good joint asymptotics as h — 0,7 — oo for
t < Tg. As a result, one can only exploit the approximation of U! by g¢* for
the relatively short time Tg.

1.13. Modes, quasi-modes and coherent states. This survey is
mainly concerned with eigenfunctions. But one of the main tools for studying
eigenfunctions is the construction of quasi-modes or approximate eigenfunc-
tions. Lagrangian and coherent states are closely related to quasi-modes.
We refer to [?, 7, 7, 7, ?] for background.

A quasi-mode {1/} } of order zero is a sequence of L?-normalized functions
satisfying

(20) (A = ) ¥rll 2 = O(1),

for a sequence of quasi-eigenvalues . By the spectral theorem, there must
exist true eigenvalues in the interval [uy —9, . +9] for some 6 > 0. Moreover,
if Fj, 5 denotes the spectral projection for the Laplacian corresponding to this
interval, then

|| Ero¥r — Y|l 2 = O(k™H).
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A more general definition is that a quasi-mode of order s is a sequence
satisfying

(21) (A = p) ¥kl L2 = O, ®).
Then
|| Brstok — Vkl|2 = O(k™71).

This definition allows for very weak versions of quasi-modes, e.g. quasi-
modes of order —1. They carry no information about eigenvalues since
there always exist eigenvalues in intervals of width one. However, they do
carry some information on eigenfunctions.

In references such as [?], quasi-modes are constructed in the form of
oscillatory integrals or Lagrangian states,

(o) = [ PNl e
Rk
The phase generates the Lagrangian submanifold
As = {(x,d.S) : deS(x,§) =0} C T M.

If A C S*M is a closed Lagrangian submanifold invariant under the geodesic
flow then ¢ is a quasi-mode of order —1. In favorable circumstances, one
can further determine the amplitude so that |[(—A — A2),|| = O(A~%) and
construct a high order quasi-mode. Such a quasi-mode is the “quantization”
of A and the associated sequence concentrates on A.

A coherent state is a special kind of Lagrangian state, or more precisely
isotropic state, which quantizes a “point” in phase space rather than a La-

grangian submanifold. The simplest examples are the states 9020’&) (z) =

. 2
h/ 2(3%<9E’§0>6_‘1;Z‘L on R", which are localized to the smallest possible
volume in phase space, namely a unit cube of volume 7 around (xg,&).
They are Lagrangian states with complex phases associated to positive La-
grangian submanifolds of complexified phase space.

1.14. Riemannian random waves. Eigenfunctions in the chaotic case
are never similar to such quasi-modes or Lagrangian states. Rather, they
are conjectured to resemble random waves. This heuristic was first proposed
by M. V. Berry [?], who had in mind random Euclidean plane waves. The
specific model discussed here was used by the author to show that eigenfunc-
tions in the ergodic case behave to some degree like random orthonormal
bases of spherical harmonics. We use the term Riemannian random waves
for this model.

We decompose the spectrum of a compact Riemannian manifold (M, g)
into intervals Iy = [N, N+1] and define the finite dimensional Hilbert spaces
Hp, as the space of linear combinations of eigenfunctions with frequencies in
an interval Iy := [N, N + 1]. The precise decomposition of R into intervals
is not canonical and any choice of intervals of finite width would work as
long as the set of closed geodesics of (M, g) has measure zero. We will not
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discuss the other case since it has no bearing on quantum ergodicity. We
denote by {gon};lgl an orthonormal basis of Hy, where dy = dimH;,. We

endow the real vector space Hj, with the Gaussian probability measure vy
defined by

dn dn /2 ) dn
(22) ’YN(S) = <7> e_dN|C| dC, ¢ = ch‘;DNja dy = dijIN'
j=1

Here, dc is dy-dimensional real Lebesgue measure. The normalization is
chosen so that E., (¢, 1) =1, where E. is the expected value with respect
toyn. Equivalently, the dy real variables ¢; (j =1, ...,dy) are independent
identically distributed (i.i.d.) random variables with mean 0 and variance

1.
Say 1€

1
EA/NCj = 0, EA/NCjCk = Eéjk .

We note that the Gaussian ensemble is equivalent to picking ¥ € Hy, at
random from the unit sphere in Hy, with respect to the L? inner product.

Numerical results confirming some features of the random wave model
are given in [?].

1.15. Hyperbolic plane. It is useful to have one concrete example in
mind, and we will use the hyperbolic plane H or disc D as a running model.
In the disc model D = {z € C, |z| < 1}, the hyperbolic metric has the form

ds® = 7(14_“'[22";)2. Its isometry group is G = PSU(1,1); the stabilizer of 0 is

K ~ SO(2) and thus D ~ G/K. Without comment we will also identify

D with the upper half plane and G with PSL(2,R). In hyperbolic polar

coordinates centered at the origin 0, the (positive) Laplacian is the operator
0? 0 1 02

The distance on D induced by the Riemannian metric will be denoted dp.

We denote the volume form by d(z).

The unit tangent bundle SD of the hyperbolic disc D may be identifed
with the unit cosphere bundle S*D by means of the metric. We further
identify SD = PSU(1,1), since PSU(1,1) acts freely and transitively on
SD. We identify a unit tangent vector (z,v) with a group element g if
g- (07 (17 0)) = (Z,’U).

We denote by B = {z € C, |z| = 1} the boundary at infinity of D. Then
we can also identify SD = D x B. Here, we identify (z,b) € D x B with
the unit tangent vector (z,v), where v € S,D is the vector tangent to the
unique geodesic through z ending at b.

The geodesic flow g* on SD is defined by g'(z,v) = (v,(t),7,(t)) where
Yo(t) is the unit speed geodesic with initial value (z,v). The space of
geodesics is the quotient of SD by the action of g*. Each geodesic has a
forward endpoint b and a backward endpoint b’ in B, hence the space of
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geodesics of D may be identified with B x B\ A, where A denotes the diag-
onalin Bx B: To (b/,b) € Bx B\ A there corresponds a unique geodesic vy
whose forward endpoint at infinity equals b and whose backward endpoint
equals b’. We then have the identification

SD=(BxB\A) xR

The choice of time parameter is defined — for instance — as follows: The point
(b',b,0) is by definition the closest point to 0 on vy and (¥, b,t) denotes
the point ¢ units from (b, ¥, 0) in signed distance towards b.

1.15.1. Dynamics and group theory of G = SL(2,R). The generators of
sl(2,R) are denoted by

O I R ()}

We denote the associated one parameter subgroups by A, A_, K. We denote
the raising/lowering operators for K-weights by

(23) Et=H+iV, E =H-—iV.

The Casimir operator is then given by 4 Q = H?+V?2 —W?2; on K-invariant
functions, the Casimir operator acts as the laplacian A. We also put

0 1 0 0
(o) = (o)

and denote the associated subgroups by N, N_. In the identification SD =
PSL(2,R) the geodesic flow is given by the right action g¢*(g) = ga; of A,
resp. the horocycle flow (h*)yer is defined by h%(g) = gn,, where

. et/? 0 (1 wu
“=\o et2)r ™70 1)

The closed orbits of the geodesic flow g' on I'\G are denoted {7} and
are in one-to-one correspondence with the conjugacy classes of hyperbolic
elements of I'. We denote by G, respectively I'y, the centralizer of v in G,
respectively I'. The group I'y is generated by an element g which is called a
primitive hyperbolic geodesic. The length of v is denoted L, > 0 and means
that v is conjugate, in G, to

el /2 0
(21) w= (0 i)

Ify= y(lf where 7y is primitive, then we call L., the primitive length of the
closed geodesic 7.
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1.15.2. Non-Euclidean Fourier analysis. Following [?], we denote by (z, b)|J}
the signed distance to 0 of the horocycle through the points z € D, b € B.
Equivalently,

where Pp(z,b) is the Poisson kernel of the unit disc. We denote Lebesgue
measure on B by |db|. We then introduce the hyperbolic plane waves

e(%ﬂ'r)(z’w, the analogues of the Euclidean plane waves e!(%:€).
The non-Euclidean Fourier transform F : C.D — C(B x Ry) is de-
fined by

Fu(r, b):/ e(%_"xz’wu(z)dVol(z).
D

The inverse Fourier transform is given by

f_lg(z):/ /e(%+ir)<z’b>g(r, b)r tanh(27r)dr|db|.
BJR

The integration measure is the Plancherel measure. F extends to an isom-
etry F: L*(D,dV) — L*(B x R, rtanh(27r)drdb).

1.15.3. Wave kernel on D and wave kernel on Xp. The wave group
Ut = etVA of the positive Laplacian on D is thus given in terms of Fourier

analysis by (distribution) integral
Ut(zaw):/ /ei(%wz)te(%”r)@’we(_%ﬂ'r)(w’wrtanh(27rr)dr|db|.
BJR

The integral over B may be eliminated by the stationary phase method to
produce an integral over R alone; it is the Hadamard parametrix (??) in
this case.

Now let I' C GG be a discrete subgroup. In applications to quantum chaos
we assume the quotient Xr is compact or of finite area.

The wave kernel on the quotient Xr is obtained by automorphizing the
wave kernel on D:

(25) Ub(z,w) = 3 Uk(z, yw).
vyer

This representation is one of the inputs into the Selberg trace formula. The
elements of I' are grouped into conjugacy classes [y] € [I']. The conju-
gacy classes correspond to closed geodesics of X, i.e. periodic orbits of g°

on S*Xr.
Let
(26) Or(T) = #{[]: L, <T}.
The prime geodesic theorem asserts that
ehtonT
(27) Or(T) ~

T 9
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where hy,,, is the topological entropy of g'. In fact, htop = 1 for the hyperbolic
case. The exponential growth of the length spectrum reflects the exponential
growth of the geodesic flow.

The Ehrenfest time (?7?) is implicit in the exponential growth rate of
Or(T).

1.15.4. Representation theory of G and spectral theory of /A. Let I' C G
be a co-compact discrete subgroup, and let us consider the automorphic
eigenvalue problem on G/K:

Ao = (1+77)e,
(28)
o(yz) = ¢(z) forall ¥ € T" and for all z.

The solutions are the eigenfunctions of the Laplacian on the compact surface
Xr =T\ G /K. A standard notation for the eigenvalues is A2 = s(1 — s)
where s = % + 7.

Figenfunctions of the Laplacian are closely connected with the represen-
tation theory of G on G/T". We briefly describe the representation theory
since the problems in quantum chaos have analogues in the discrete series
as well as the unitary prinicipal series.

In the compact case, we have the decomposition into irreducibles,

S 00 00 0
L’T\G) =P Cin, oPPr,® @ mrmDLe H  wr(m)Dy,
j=1 j=0 m=2, m even m=2,m even

where C;-; denotes the complementary series representation, respectively
Pir; denotes the unitary principal series representation, in which the Casimir
operator —Q = —(H? + V2 — W?) equals s;(1 —s;) = & + r?. In the
complementary series case, ir; € R while in the principal series case ir; €
iR™. The irreducibles are indexed by their K-invariant vectors {¢;,, }, which
is assumed to be the given orthonormal basis of A-eigenfunctions. Thus,
the multiplicity of P;;; is the same as the multiplicity of the corresponding
eigenvalue of A.

Further, D;- denotes the holomorphic (respectively anti-holomorphic)
discrete series representation with lowest (respectively highest) weight m,
and pr(m) denotes its multiplicity; it depends only on the genus of Xr.
We denote by ¥, ; (j = 1,...,ur(m)) a choice of orthonormal basis of
the lowest weight vectors of ur(m)D; and write ur(m)D;} = EB?L(lm)DL ;
accordingly.

There is a a direct integral decomposition for co-finite subgroups such
as ' = PSL(2,Z) or congruence subgroups. The non-compactness gives rise
to a continuous spectral subspace of Eisenstein series and a discrete spectral
subspace of cuspidal eigenfunctions (which is only known to be non-trivial
in the case of arithmetic I).
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1.15.5. Helgason Poisson formula. The Fourier transform of an L? func-
tion on D is an L? function on B x R . There is an extension of the Fourier
transform and the inversion formula to tempered distributions. We only
consider the case of I'-automorphic eigenfunctions where I' is co-compact.
One then has Fj., = dTi;(b) ® 6,,(r), where dTj,, is a distribution on the
ideal boundary B. The inversion formula is Helgason’s Poisson formula,

(29) ir(2) = /Beé””“’*”Tm(dw,

. L
for all z € D. The kernel e(z+n{=b) — P](32+ )(z, b) is called the generalized
Poisson kernel. The distribution

(30) Tir iy (db) = D an(r)b"|db|.
nel

is called the boundary value of ;. and is obtained from the Fourier expan-
sion
(31) ‘;Dir(z) = Z an(’r)q)r,n(z)a

nel
of y; in the disc model in terms of the generalized spherical functions,
(32) eFHNED =N g, ()b, be B,

ne’l

Equivalently, the ®, ,, are the joint eigenfunctions of A and of K.
When ¢;;.; is a I'-invariant eigenfunction, the boundary values T, (db)
have the following invariance property:

0ir;(12) = ir, (2) = e(%-l—i?“j)('\/z,“/wTirj(dzyb) — e(%—l—irsz,b)Tirj(db)
— Ty, (dyb) = e—(%+irj)<“/-07“/-b>Tirj (db)
This follows by the identities

(33)

which implies
(35) Pp(gz, gb)|d(gb)| = Pp(z,b) |db].

An interesting heuristic related to Berry’s random wave hypothesis (see
§77) is the conjecture that the Fourier coefficients a,(r) in (??) should be-
have like independent Gaussian random variables of mean zero and vari-
ance one. This conjecture was stated explicitly and tested numerically by
Aurich-Steiner in [?]. Related tests of the random wave model for hyperbolic
quotients are in Hejhal-Rackner [?].

Otal [?] and Schmid [?] have shown that Tj., (db) is the derivative of a

Holder C2 continuous function F;; on B. Since its zeroth Fourier coefficient
is non-zero, Tj; (db) is not literally the derivative of a periodic function, but
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it is the derivative of a function Fj,.; on R satisfying I, (0+27) = Fy, (0)+C;
for all # € R. Recall that for 0 < § < 1 we say that a 2m-periodic function
F:R — C is 6-Hélder if |F(#) — F(#')| < C|6 — ¢'|°. The smallest constant
is denoted || F'||s and Ay denotes the Banach space of §-Holder functions, up
to additive constants.

1.15.6. Boundary values and representation theory [?]. The distribu-
tions dT;,; have a natural interpretation in representation theory. We define
eir; € D'(T'\PSL(2,R)) such that

(36) eGHNENT, (db) = ey, (2,b) P(2, b)db.

The distribution e;, is horocyclic-invariant and I'-invariant. It may be ex-
panded in a K-Fourier series,

eiTj - E (;DiTj,’flv

nel

and it is easily seen (cf. [?]) that @i, 0 = @, and that ¢, , is obtained by
applying the nth normalized raising or lowering operator (Maass operator)
E* = H+iV to @ir;.- More precisely, one applies (E*)™ and multiplies by
the normalizing factor ﬁgi%n

_ 1
= @ir;+1£2n)-(2ir+1£2) °

2. Weyl law and local Weyl law

We now return to the general case. A basic result in semi-classical
asymptotics is Weyl’s law on counting eigenvalues. Intuitively, Weyl’s law
says that the trace of the spectral projector (??) has the asymptotics,

Vol([¢]g < M)

(37) TrEy ~ o

where d = dim M, where Vol is the symplectic volume measure relative to
the natural symplectic form Z;lzl dx; A d&; on T*M. Thus, the dimension

of the space where H = v/A is < X is asymptotically the volume where its
symbol [£|4 < A. More precisely, on a manifold M (possibly with boundary),

NQA)=#{j: A <A}
(38) = %VOZ(M, 9N + %V@(@M, AL+ RN,

where R()\) = O(\471).

Here, |By| is the Euclidean volume of the unit ball and Vol(M, g) (resp.
Vol(OM, g) is the volume of M (resp. OM) with respect to the metric g.
The growth of the remainder term depends on the long time behavior of g.
It is of order A*~! on the standard sphere or hemisphere, where all geodesics
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are periodic. By a classical theorem due to Duistermaat-Guillemin [?] (in
the boundaryless case) and to Ivrii (in the boundary case),

R(\) = o(A¥™Y), when the set of periodic geodesics

has Liouville measure zero.

The remainder is then of smaller order than the derivative of the princi-
pal term, and in the boundary case, of smaller order than the boundary
contribution. In this generic case, one has asymptotics in shorter intervals:
(39)

N(MNAH1) =#{: N € MA+1]} = n(|2ljrd)|dVol(M, AL (AT,

Then the mean spacing between the eigenvalues in this interval is
~ CgVol(M, g)~'"A=(@=1) where Cy is a constant depending on the dimen-
sion.

In the case of compact Riemannian manifolds of negative curvature with-
out boundary, a sharper estimate of the remainder is possible:

Ad_l

(40) RO =0~

).

This remainder is proved using (??) and the exponential growth rate in (?77?).
The estimate (??) was proved by Selberg in the case of compact hyperbolic
quotients and was generalized to all compact Riemannian manifolds without
conjugate points by Bérard [?]. The logarithm in the remainder is a direct
outcome of the fact that one can only use the geodesic approximation to U?
up to the Ehrenfest time Tg (77).

This estimate has not been improved in fifty years, and there are no
better results in the constant curvature case than in the general negatively
curved case. The remainder estimate does not rule out the implausible-
seeming scenario that in the interval [\, A + 1] there are only log A distinct
eigenvalues with multiplicities %. In fact, such implausibly large multi-
plicities do occur for a sparse set of “Planck constants” in the analogous
case of quantizations of hyperbolic toral automorphisms (see [?]). The issue
of possibly high multiplicity or clustering of eigenvalues is important in Has-
sell’s scarring result as well as the Anantharaman-Nonnenmacher results on
entropies.

An important generalization is the local Weyl law concerning the traces
TrAE(\) where A € U™ (M). When OM = () (which we henceforth assume
unless explicitly stating otherwise), it asserts that

1 d d—1
(41) > (A, ) = i (/BM aAd:L"d&) AT O,

A <A

There is also a pointwise local Weyl law:



134 S. ZELDITCH

(42) 3 les(a)f = Gal BN+ RO),
A <A

where R(\, z) = O(A4"1) uniformly in z. When the periodic geodesics form
a set of measure zero in S*M, the remainders are of order o(A?~1), and one
could average over the shorter interval [A, A + 1]. In the negatively curved
case,

Ad—l

log A )

Combining the Weyl and local Weyl law, we find the surface average of o4
is a limit of traces:

R\, z) = O(

1

o= A oy 2
(43) . 1
= Jlim S5 2 (A0i )

A <A

Here, dyuy, is Liouville measure on S*M (§77).

3. Invariant states defined by eigenfunctions and their
quantum limits

When speaking of “states” in quantum mechanics, one might refer to a
normalized wave function ¢ or alternatively to the matrix elements p,(A) =
(A4, 1) of an observable in the state. The latter use of “state” is a standard
notion in C* algebras, and is central in quantum ergodicity and mixing. The
states evidently have the properties: (i) py(A*A) > 0; (i1) py(1) = 1; (i14) py
is continuous in the norm topology. The classical analogue is a probability
measure, viewed as a positive normalized linear functional on C(S*M). In
particular, eigenfunctions define states on ¥? (more correctly, its closure in
the norm topology) as in (?7?), which we repeat:

(44) pr(A) = (Apk, ¢k)-

We could (and will) also consider “transition amplitudes” p;(A)
::¢4¢j7¢ky )

It is an immediate consequence of the fact that U'p; = et @; that the
diagonal states pj are invariant under the automorphism a; (?7):

(45) pr(ULAUY) = pi(A).

In general, we denote by £ the compact, convex set of states in the vec-
tor space of continuous linear functionals on the closure of ¥ in its norm
topology. We denote by

(46) Er={p€&:poay=p}
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the compact convex set of invariant states. For simplicity of notation, we
continue to denote the closure by W0, and refer to [?] for a detailed exposi-
tion.

From a mathematical point of view, such the states pi(A) are important
because they provide the simplest means of studying eigenfunctions: one
tests eigenfunctions against observables by studying the values pi(A). Many
standard inequalities in PDE (e.g. Carleman estimates) have the form of
testing eigenfunctions against well chosen observables. Of course, the high
eigenvalue asymptotics is not simple. One would like to know the behavior
as A\j — oo (or b — 0 of the diagonal matrix elements (Ap;, p;) and the
transition amplitudes (A¢g;, ¢;) between states for A € WO(M). One of the
principal problems of quantum chaos is the following:

PROBLEM 3.1. Determine the set Q of “quantum limits”, i.e. weak™
limit points of the sequence of invariant eigenfunction states {pr} or equiv-
alently of the Wigner distributions {Wj}.

As will be illustrated below in simple examples, weak limits reflect the
concentration and oscillation properties of eigenfunctions.
Off-diagonal matrix elements

(47) pik(A) = (Api, ¢;)

are also important as transition amplitudes between states. They no longer
define states since p;i(I) = 0, are no longer positive, and are no longer
invariant. Indeed, pjx(U;AU;) = M=) pi(A), so they are eigenvectors
of the automorphism oy of (?7). A sequence of such matrix elements cannot
have a weak limit unless the spectral gap A; — A\ tends to a limit 7 € R.
Problem ?7? has the following extension to off-diagonal elements:

PROBLEM 3.2. Determine the set Q, of “quantum limits”, i.e. weak™
limit points of the sequence {Wy;} of distributions on the classical phase
space S*M , defined by

/ adWi; := (Op(a) ek, ¢;)
X

where A\j — A = 7+ o(1) and where a € C*(S*M), or equivalently of the
functionals pj.

3.1. Simplest properties of quantum limits. The first is that
(K g, pr) — 0 for any compact operator K. Indeed, any orthonormal basis
such as {¢;} tends to zero weakly in L?. Hence {K ¢} tends to zero in
L? for any compact operator and in particular the diagonal matrix elements
tend to zero. It follows that for any A € W°(M), any limit of a sequence of
(Apr, k) is equally a limit of ((A + K)pk, ¢k).

Any two choices of Op, i.e. of quantizations of homogeneous symbols (of
order zero) as pseudo-differential operators, are the same to leading order.



136 S. ZELDITCH

Hence their difference is compact. Since a negative order pseudo-differential
operator is compact, Q is independent of the definition of Op.

These properties do not use the fact that ¢; are eigenfunctions. The
next property of the pi are consequences of the fact pr € Er.

PROPOSITION 3.3. Q C My, where My is the convex set of invariant
probability measures for the geodesic flow. They are also time-reversal in-
variant.

To see this, we first observe that any weak * limit of of {pg} is a positive
linear functional on symbols, which we identify with homogeneous functions
of order zero on T*M or with smooth functions on S*M. Indeed, any limit
of (Apk, pk), is bounded by infx ||A+ K|| (the infimum taken over compact
operators), and for any A € W0, ||o4||z~ = infx ||A + K||. Hence any weak
limit is bounded by a constant times ||o4||z~ and is therefore continuous
on C(S*M). It is a positive functional since each p; is and hence any limit
is a probability measure. The invariance under g' follows from p; € &g
by Egorov’s theorem: any limit of py(A) is a limit of pr(Op(ca o gt)) and
hence the limit measure is g invariant. Furthermore, the limit measures
are time-reversal invariant, i.e. invariant under (z,&) — (x, —¢) since the
eigenfunctions are real-valued.

Problem ?? is thus to identify which invariant measures in M show up
as weak limits of the functionals pj or equivalently of the Wigner distribu-
tions dW}. The problem is that M can be a very large set. Examples of
invariant probability measures for the geodesic flow include:

(1) Normalized Liouville measure dpy,. In fact, the functional w of (?7?)
is also a state on WO for the reason explained above. A subsequence
{¢j,} of eigenfunctions is considered diffuse if p;, — w.

(2) A periodic orbit measure p., defined by p,(A) = L% fﬁ/ oads where
L, is the length of 7. A sequence of eigenfunctions for which
pk; — i, obviously concentrates (or strongly “scars”) on the closed
geodesic.

(3) A finite convex combination Z;‘il cjdp; of periodic orbit mea-
sures.

(4) A mixed measure such as $duz + 3 Z;Vil cjdpiy;

(5) A delta-function along an invariant Lagrangian manifold A C S*M.
The associated eigenfunctions are viewed as localizing along A.

(6) There are many additional kinds of singular measures in the Anosov
case.

Thus, the constraint in the Proposition is far from enough to deter-
mine Q.

To pin down Q, it is necessary to find more constraints on the states pi and
their weak™® limits. We must use the quantum mechanics of px to pin down
the possible classical limits.
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What possible additional constraints are there on the p;? To date, only
two are known.

e Further symmetries of the ;. In general there are none. But
in special cases they exist. The most significant case is that of
Hecke eigenfunctions, which carry an infinite number of further
symmetries. See §77 and [?7, ?].

e Entropies of limit measures. Lower bounds were obtained by
N. Anantharaman and S. Nonnemacher [?, ?] in the case of (M, g)
with Anosov geodesic flow (see also [?, ?].)

These constraints are of a very different nature. The Hecke symmetries
are special to arithmetic hyperbolic quotients, where one supplement the
geodesic flow—wave group connection with the Hecke symmetries and con-
nections to number theory. The entropy bounds are very general and only
use the geodesic flow—wave group connection.

3.2. Ergodic sequences of eigenfunctions. A subsequence {¢;j, } of
eigenfunctions is called ergodic if the only weak * limit of the sequence of pj,
is dpy, or equivalently the Liouville state w. If dWj, — w then in particular,

we have
/ | or, (x)|*dV ol — Voi(E)

Vol Vol(M)

for any measurable set E whose boundary has measure zero. In the inter-
pretation of |pg; (x)|2dVol as the probability density of finding a particle of
energy /\i at x, this says that the sequence of probabilities tends to uniform
measure.

However, Wy, — w is much stronger since it says that the eigenfunctions
become diffuse on the energy surface S*M and not just on the configuration
space M. One can quantize characteristic functions 1z of open sets in S*M
whose boundaries have measure zero. Then

(Op(1E)pj, ¢;) = the amplitude that the particle in energy state
/\? lies in E.
For an ergodic sequence of eigenfunctions,

<Op(1E)‘:0jkv ‘pjk> - %7

so that the particle becomes diffuse, i.e. uniformly distributed on S*M
This is the quantum analogue of the property of uniform distribution of
typical geodesics of ergodic geodesic flows (Birkhoff’s ergodic theorem).

3.3. QUE. The Laplacian A or (M, g) is said to be QUE (quantum
uniquely ergodic) if @ = {ur}, i.e. the only quantum limit measure for any
orthonormal basis of eigenfunctions is Liouville measure.
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CONJECTURE 3.4. (Rudnick-Sarnak, [?]) Let (M, g) be a negatively curvedji]
manifold. Then A is QUE.

In [?], the case of arithmetic manifolds is investigated and the role of the
Hecke operators is clarified and exploited. In particular the arithmetic QUE
Conjecture refers to the limits of Hecke eigen-states, i.e. eigenfunctions of
the arithmetic symmetries called Hecke operators. As reviewed in §77, in
this case the conjecture in all its forms is more or less completely solved. E.
Lindenstrauss [?] (together with the recent final step in the noncompact case
by Soundararajan [?]) proves this arithmetic QUE for arithmetic surfaces.
If the multiplicity of the eigenvalues are uniformly bounded then one can
deduce full QUE from arithmetic QUE, i.e. QUE for any orthonormal basis
of eigenfunctions (see §?7). Such uniform bounds on multiplicities are how-
ever far out of the range of current technology . The analogue of arithmetic
QUE for Hecek holomorphic forms on noncompact arithmetic surfaces has
recently been settled by Holowinsky and Soundararajan [?, ?]. In this case,
the Hecke condition cannot be dropped due to the high multiplicity of such
forms. Their methods are entirely arithmetical and we won’t discuss them
further here.

Although we are not discussing quantum cat maps in detail, it should
be emphasized that quantizations of hyperbolic (Anosov) symplectic maps
of the torus) are not QUE. For a sparse sequence of Planck constants fi,
there exist eigenfunctions of the quantum cat map which partly scar on a
hyperbolic fixed point (see Faure-Nonnenmacher-de Bievre [?]). The mul-
tiplicities of the corresponding eigenvalues are of order h,;l /|logh|. Tt is
unknown if anything analogous can occur in the Riemannian setting, but as
yet there is nothing to rule it out.

As pointed out in [?], QUE would follow if one could prove that quantum
limits were invariant under a uniquely ergodic flow such as the horocycle flow
of a compact hyperbolic quotient. A problem in trying to use this approach is
that the horocycle flow is not Hamiltonian with respect to the standard sym-
plectic form on T*Xr, i.e. it cannot be quantized. It is however Hamiltonian
with respect to a modified symplectic structure. The modified symplectic
structure corresponds to letting the weight of automorphic forms vary with
the A eigenvalue. As a result, one does get large sequences of automorphic
forms which are Liouville distributed. But QUE in the standard sense refers
to sequences with fixed weight. It turns out that the weight has to grow
so quickly for the QUE sequence that one cannot seem to relate the QUE
result to quantum limits of forms with fixed weight [?].

3.4. Simplest example: S'. The only computable example of ergodic
eigenfunctions is the sequence of normalized eigenfunctions 2 sin kwx, 2 cosk
x on S'. Note that they are real valued; the exponentials e*** are not
quantum ergodic.
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The energy surface of T*S! = S x R¢ is the pair of circles |¢] = £1.
The geodesic flow has two invariant sets of positive measure (the two com-
ponents), but the flow is time-reversal invariant under (z,&) — (x — £) and
the quotient flow is ergodic. The real eigenfunctions are invariant under
complex conjugation and therefore the quotient quantum system is ergodic.

Quantum ergodicity in this case amounts to

1 27 1 27
—/ V(z)(sinkz)*dr — —/ Vdz.
T Jo 2 Jq

This is obvious by writing sinkx in terms of exponentials and using the
Riemann-Lebesgue Lemma.

This simple example illustrates an important aspect of quantum limits:
They are weak limits which owe to the fast oscillation of the eigenfunction
squares. In the limit the oscillating functions tend to their mean values in
the weak sense.

In particular, it illustrates why we only consider squares and not other
powers of eigenfunctions: weak limits are not preserved under non-linear
functionals such as powers. The study of LP norms of chaotic eigenfunctions
is very difficult (there are Iwaniec-Sarnak for Hecke eigenfunctions).

3.5. Example of quantum limits: the flat torus. The only ex-
amples where one can compute quantum limits directly are the completely
integrable ones such as the standard sphere, torus or symmetric spaces.
These examples of course lie at the opposite extreme from chaotic or er-
godic dynamics. We use the simplest one, the flat torus R"/Z", to illustrate
the definition of weak™ limits.

An orthonormal basis of eigenfunctions is furnished by the standard ex-
ponentials e2™*:%) with k € Z". Obviously, [e2™*:%)|2 = 1, so the eigenfunc-
tions are diffuse in configuration space. But they are far from diffuse in phase
space. For any pseudodifferential operator, Ae2Ti(k:z) — a(z, k)62”i<k’z>
where a(z, k) is the complete symbol. Thus,

<Ae27ri(k,m>’ ezm'(k,m)> — / a(z, k)dz ~ / oAz, —)dx.
RN /Zn Rn /70 |k|

2mi(k;,x)

Thus, the Wigner distribution is d¢_;. A subsequence e of eigenfunc-

tions has a weak limit if and only if % tends to a limit vector & in the unit

sphere in R™. In this case, the associated weak™® limit is fRn/Zn oalz, &)dz,
i.e. the delta-function on the invariant torus Tt C S*M defined by the con-
stant momentum condition £ = £y. The eigenfunctions are said to localize
under this invariant torus for g.

The invariant torus is a Lagrangian submanifold of T*R"/Z", i.e. a
submanifold of dimension n on which the standard symplectic form dx A d€
restricts to zero. The exponentials are special cases of WKB or Lagrangian

states apen® , where ap, is a semi-classical symbol aj ~ ajh’. The associated
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Lagrangian submanifold is the graph (z,dS(z)) of S. Thus, (k, x) generates
the Lagrangian submanifold £ = ﬁ

In general, one says that a sequence {¢;, } of eigenfunctions concentrates
microlocally on a Lagrangian submanifold A C S*M if

(48) <A(10kagojk> _)/AO-Adyv

for some probability measure v on A. Necessarily, A is invariant under g.

3.6. Hyperbolic case. Using the Helgason Poisson integral formula,
the Wigner distributions can be expressed in terms of the dTj,, and Cir; as
follows. As in [?], we define the hyperbolic calculus of pseudo-differential
operators Op(a) on D by

Op(a)e(%+ir)<2,b> = a(z, b, ,r.)e(%—l—ir)(z,b)'

We assume that the complete symbol a is a polyhomogeneous function of r
in the classical sense that

a(z,b,r) ~ Z a;(z, byr—Itm
=0

for some m (called its order). By asymptotics is meant that

R
a(z,b,r)— Z aj(z,b)yr—tm ¢ gm—H-1
=0

where o € S* if sup(1 + r)j_k|D§‘DgD¥0(z, b, )| < 400 for all compact set
and for all o, 3, .

The non-Euclidean Fourier inversion formula then extends the definition
of Op(a) to CX(D):

Op(a)u(z) :/ /a(z,b, r)e(%+")<z’b>.7-"u(r, b)rtanh(2xr)dr|db|.
B JR

A key property of Op is that Op(a) commutes with the action of an
element v € G (Tyu(z) = u(vyz)) if and only if a(yz,vb,7) = a(z,b,r).
I'-equivariant pseudodifferential operators then define operators on the quo-
tient Xr.

By the Helgason-Poisson formula one has a relative explicit formula for
the Wigner distributions Wy, € D'(S*Xr)) defined by
(49)

(@ W)= [ ale)Wir (dg) = (Op(@)gin, @ur)10xs): @ € C(5"K).
r

Equivalently we have

(50) WiTj = (101'7‘]‘61'7‘]"
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Thus, the Wigner distributions are far more diffuse in phase space than in
the case of the flat torus. But this does not rule out that their weak™ limits
could have a singular concentration.

3.6.1. Patterson-Sullivan distributions. Egorov’s theorem implies that
Wigner distributions tend to invariant measures for the geodesic flow. The
question arises whether there exist g'-invariant distributions constructed
from eigenfunctions which are asymptotic to the Wigner distributions. In
[?] such distributions were constructed on hyperbolic surfaces and termed
“Patterson-Sullivan distributions” by analogy with their construction of
boundary measures associated to ground states on infinite volume hyper-
bolic manifolds.

DEFINITION: The Patterson-Sullivan distribution associated to a real
eigenfunction ;. is the distribution on B x B\ A defined by
Tir; (db) Ty, (db')
|b _ b/|1+2irj

pSir; (db', db) :=

If @i, is T-automorphic, then ps;;., (dV/, db) is T-invariant and time re-
versal invariant.

To obtain a g'-invariant distribution on S*Xr, we tensor psir; with dt.
We then normalize by dividing by the integral against 1. The result is an
invariant distribution PASZ-Tj for ¢g' constructed as a quadratic expression in
the eigenfunctions. In [?] Theorem 1.1, it is proved (theorem that

/ (IPASZ'” = / aWirj + O(’r’j_l)
S*Xp S*Xrp

Hence the quantum limits problem is equally one of determining the weak*
limits of the Patterson-Sullivan distributions. It is shown in [?] that they
are residues of dynamical L-functions and hence have a purely classical def-
inition.

In fact, there is an explicit intertwining operator L,; mapping PS;,, —
Wiz, and we have

(51) (a, Wir,) = (a, PSir,) + 5 Y(La(a), PSr,) +O(r?).
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4. Quantum ergodicity and mixing of eigenfunctions

In this section, we review a basic result on quantum ergodicity. We
assume that the geodesic flow of (M, g) is ergodic. Ergodicity of g' means
that Liouville measure dyuy, is an ergodic measure for g* on S*M, i.e. an ex-
treme point of M. That is, there any g'-invariant set has Liouville measure
zero or one. Ergodicity is a spectral property of the operator V! of (??) on
L?(S*M,dur), namely that V! has 1 as an eigenvalue of multiplicity one.
That is, the only invariant L? functions (with respect to Liouville measure)
are the constant functions.

In this case, there is a general result which originated in the work of A.
I. Schnirelman and was developed into the following theorem by S. Zelditch,
Y. Colin de Verdiere on manifolds without boundary and by P. Gérard-E.
Leichtnam and S. Zelditch-M. Zworski on manifolds with boundary.

THEOREM 4.1. Let (M, g) be a compact Riemannian manifold (possibly
with boundary), and let {\;,p;} be the spectral data of its Laplacian A.
Then the geodesic flow Gt is ergodic on (S*M,dur) if and only if, for every
A € U°(M), we have:

o (i) limy—oo 53y 2on, < [(As 95) —w(A) 2 = 0.

o (ii) (Ve)(30) imsup, oo wixy sk eox [(Awy, n)]? < e
IXj=Apl<s

The diagonal result may be interpreted as a variance result for the local
Weyl law. Since all the terms are positive, the asymptotic is equivalent to the
existence of a s subsequence {g;, } of eigenfunctions whose indices j; have
counting density one for which (Ap;, , ;) — w(A) for any A € ¥O(M). As
above, such a sequence of eigenfunctions is called ergodic. One can sharpen
the results by averaging over eigenvalues in the shorter interval [A, A + 1]
rather than in [0, A].

The off-diagonal statement was proved in [?] and the fact that its proof
can be reversed to prove the converse direction was observed by Sunada in
[?]. A generalization to finite area hyperbolic surfaces is in [?].

The first statement (i) is essentially a convexity result. It remains true
if one replaces the square by any convex function F' on the spectrum of A,

(52) ﬁ A;E F((Agp. or) — w(A)) — 0.

4.1. Quantum ergodicity in terms of operator time and space
averages. The diagonal variance asymptotics may be interpreted as a re-
lation between operator time and space averages.

DEFINITION: Let A € WY be an observable and define its time average to
be:

(A) := lim (A)p,

T—o00
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where

1 T t t
= —— A dt
(A =g | U'AUd

and its space average to be scalar operator
w(A) -1
Then Theorem ?? (1) is (almost) equivalent to,

(53) (A) =w(A)I + K, where AILIEOWA(K*K) — 0,

where wy(A) = ﬁTrE(/\)A. Thus, the time average equals the space
average plus a term K which is semi-classically small in the sense that its
Hilbert-Schmidt norm square ||EyK||3,4 in the span of the eigenfunctions
of eigenvalue < X is o(N(X)).

This is not exactly equivalent to Theorem ?7? (1) since it is independent
of the choice of orthonormal basis, while the previous result depends on the
choice of basis. However, when all eigenvalues have multiplicity one, then
the two are equivalent. To see the equivalence, note that (A) commutes with
VA and hence is diagonal in the basis {¢;} of joint eigenfunctions of (A)
and of U;. Hence K is the diagonal matrix with entries (Apg, pr) — w(A).
The condition is therefore equivalent to

1
lim —— [(Apr, o) —w(A)]? = 0.

4.2. Heuristic proof of Theorem ?? (i). There is a simple picture
of eigenfunction states which makes Theorem ?7 seem obvious. Justifying
the picture is more difficult than the formal proof below but the reader may
find it illuminating and convincing.

First, one should re-formulate the ergodicity of ¢’ as a property of the
Liouville measure dur: ergodicity is equivalent to the statement duy is an
extreme point of the compact convex set M. Moreover, it implies that the
Liouville state w on WO(M) is an extreme point of the compact convex set &g
of invariant states for ay of (?7); see [?] for background. But the local Weyl
law says that w is also the limit of the convex combination ﬁ > <B Pi-
An extreme point cannot be written as a convex combination of other states
unless all the states in the combination are equal to it. In our case, w is
only a limit of convex combinations so it need not (and does not) equal each
term. However, almost all terms in the sequence must tend to w, and that
is equivalent to (1).

One could make this argument rigorous by considering whether Liou-
ville measure is an exposed point of £y and M. Namely, is there a linear
functional A which is equal to zero at w and is < 0 everywhere else on
Er? 1If so, the fact that ﬁZAjSE A(p;j) — 0 implies that A(p;) — 0
for a subsequence of density one. For one gets an obvious contradiction if
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A(pj,) < —e < 0 for some € > 0 and a subsequence of positive density. But
then p;, — w since w is the unique state with A(p) = 0.

In [?] it is proved that Liouville measure (or any ergodic measure) is
exposed in M. It is stated in the following form: For any ergodic invariant
probability measure pu, there exists a continuous function f on S*M so that
1 is the unique f-maximizing measure in the sense that

/fd,u:sup{/fdm:me/\/l[}.

To complete the proof, one would need to show that the extreme point w is
exposed in & for the C* algebra defined by the norm-closure of W().

4.3. Sketch of proof of Theorem 7?7 (i). We now sketch the proof
of (?7?). By time averaging, we have
(54) Y F({Apron) —w(A) = Y F({{A)7 — w(A)pr, on)).
A\ <E A<E

We then apply the Peierls—Bogoliubov inequality

Y F((Bgj, ¢;)) < Tr F(B)

j=1
with B = IIg[(A)r — w(A)]Ilg to get:
(55) Y F{{A)r —w(A)pr, o) < Tr F(Hp[(A)r — w(A)]TE).

\<E
Here, 11 is the spectral projection for H corresponding to the interval
[0, E]. By the Berezin inequality (if F'(0) = 0):

wim T F(Mp[(A)r —w(A)le) < 5imTIeF([(A)r - w(4))s

= we(e((A)r —w(A))).

As long as F' is smooth, F'((A)r —w(A)) is a pseudodifferential operator of
order zero with principal symbol F({c4)7 —w(A)). By the assumption that
wp — w we get

. 1
i gy 3 Fldvn o —uld) < [, Flloalr — A

As T — oo the right side approaches ¢(0) by the dominated convergence
theorem and by Birkhoff’s ergodic theorem. Since the left hand side is
independent of 7', this implies that

1
2% N(E) A]ZS:E F((Apn, pr) —w(4)) =0

for any smooth convex F' on Spec(A) with F'(0) = 0. O



RECENT DEVELOPMENTS IN MATHEMATICAL QUANTUM CHAOS 145

This proof can only be used directly for scalar Laplacians on manifolds
without boundary, but it still works as a template in more involved situa-
tions. For instance, on manifolds with boundary, conjugation by the wave
group is not a true automorphism of the observable algebra. In quantum
ergodic restriction theorems (see §77), the appropriate conjugation is an
endomorphism but not an automorphism. Or when A has continuous spec-
trum (as in finite area hyperbolic surfaces), one must adapt the proof to
states which are not L%normalized [?].

4.4. QUE in terms of time and space averages. The quantum
unique ergodicity problem (the term is due to Rudnick-Sarnak [?]) is the
following;:

PROBLEM 4.2. Suppose the geodesic flow gt of (M, g) is ergodic on S* M.
Is the operator K in

(A) =w(A)+ K

a compact operator? Equivalently is Q = {dur}? In this case, VA is said
to be QUE (quantum uniquely ergodic)

Compactness of K implies that (K¢, pr) — 0, hence (Apg, pr) — w(A)
along the entire sequence.

Rudnick-Sarnak conjectured that A of negatively curved manifolds are
QUE, i.e. that for any orthonormal basis of eigenfunctions, the Liouville
measure is the only quantum limit [?].

4.5. Converse QE. So far we have not mentioned Theorem 77?7 (2).
An interesting open problem is the extent to which (2) is actually necessary
for the equivalence to classical ergodicity.

PROBLEM 4.3. Suppose that VA is quantum ergodic in the sense that
(1) holds in Theorem 7?. What are the properties of the geodesic flow gt. Is
it ergodic (in the generic case)?

In the larger class of Schrodinger operators, there is a simple example of
a Hamiltonian system which is quantum ergodic but not classically ergodic:
namely, a Schrodinger operator with a symmetric double well potential W.
That is, W is a W shaped potential with two wells and a Zs symmetry
exchanging the wells. The low energy levels consist of two connected com-
ponents interchanged by the symmetry, and hence the classical Hamiltonian
flow is not ergodic. However, all eigenfunctions of the Schrédinger operator
—% + W are either even or odd and thus have the same mass in both wells.
It is easy to see that the quantum Hamiltonian is quantum ergodic.

Recently, B. Gutkin [?] has given a two dimensional example of a domain
with boundary which is quantum ergodic but not classically ergodic and
which is a two dimensional analogue of a double well potential. The domain
is a so-called hippodrome (race-track) stadium. Similarly to the double well
potential, there are two invariant sets interchanged by a Zo symmetry. They
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correspond to the two orientations with which the race could occur. Hence
the classical billiard flow on the domain is not ergodic. After dividing by
the Z? symmetry the hippodrome has ergodic billiards, hence by Theorem
7?7, the quotient domain is quantum ergodic. But the The eigenfunctions
are again either even or odd. Hence the hippodrome is quantum ergodic but
not classically ergodic.

Little is known about converse quantum ergodicity in the abscence of
symmetry. It is known that if there exists an open set in S*M filled by
periodic orbits, then the Laplacian cannot be quantum ergodic (see [?] for
recent results and references). But it is not even known at this time whether
KAM systems, which have Cantor-like invariant sets of positive measure, are
not quantum ergodic. It is known that there exist a positive proportion of
approximate eigenfunctions (quasi-modes) which localize on the invariant
tori, but it has not been proved that a positive proportion of actual eigen-
functions have this localization property.

4.6. Quantum weak mixing. There are parallel results on quanti-
zations of weak-mixing geodesic flows. We recall that the geodesic flow of
(M, g) is weak mixing if the operator V! has purely continuous spectrum on
the orthogonal complement of the constant functions in L?(S*M, dpuy).

THEOREM 4.4. [?] The geodesic flow gt of (M, g) is weak mixing if and
only if the conditions (1)-(2) of Theorem 7?7 hold and additionally, for any
AeV°(M),

. 1
(Ve)(39) lim supm Z [(Apj, or)]> < e (Vr €R)
A—00 JEEA] A <A
[Xj=Ap—TI<8

The restriction j # k is of course redundant unless 7 = 0, in which case
the statement coincides with quantum ergodicity. This result follows from
the general asymptotic formula, valid for any compact Riemannian manifold
(M, g), that

SinT(/\i — /\j —7’) 2

~ Api, )2
N Z { IR TN — \i —
(56) NP v (i =2 =7)
o, o SinT'T , 9
e [ et - A2,
||2T/_T€ Viloa)lfz = =5 —"w(4)

In the case of weak-mixing geodesic flows, the right hand side — 0 as T — oc.
As with diagonal sums, the sharper result is true where one averages over
the short intervals [A, A + 1].

Theorem ?7 is based on expressing the spectral measures of the geodesic
flow in terms of matrix elements. The main limit formula is:

T+e 1

60 [ duey=Jim g Y (A eI
T—€ —0 (/\) .

1,5: Aj<A, |>\i_>\j_7—|<5
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where dus, is the spectral measure for the geodesic flow corresponding to
the principal symbol of A, 04 € C*°(S*M,dur). Recall that the spectral
measure of V! corresponding to f € L? is the measure du ¢ defined by

(VU ) 2gsem :/eimdﬂf@')'
R

4.7. Evolution of Lagrangian states. In this section, we briefly re-
view results on evolution of Lagrangian states and coherent states. We follow
in particular the article of R. Schubert [?]. .

A simple Lagrangian or WKB state has the form ¢y(z) = a(h, $)e%5(m)
where a(h, r) is a semi-classical symbol a ~ 722, Waj(z). The phase S
generates the Lagrangian submanifold (z,dS(z)) C T*M.

It is proved in Theorem 1 of [?] that if g* is Anosov and if A is transversal
to the stable foliation W* (except on a set of codimension one), then there
exists C,7 > 0 so that for every smooth density on A and every smooth
function a € C°°(S*M), the Lagrangian state 1) with symbol o, satisfies,

< Chel'ltl 1 ce—t7,

¢ ty 2
) [wwave)- [ oudus [ o

In order that the right side tends to zero as A — 0,f — oo it is necessary
and sufficient that

1—
t < T6|logh|.

5. Concentration of eigenfunctions around hyperbolic
closed geodesics

As mentioned above, the quantum ergodicity Theorem 77 leaves open
the possible existence of a sparse (zero density) subsequence of eigenfunc-
tions which “weakly scar” on a hyperbolic orbit v in the sense that its quan-
tum limit 1y contains a non-trivial multiple of the periodic orbit measure
¢ty as a non-zero ergodic component. The Anantharaman entropy bound
shows that when (M, g) is Anosov, there cannot exist such a sequence of
eigenfunctions (or even quasi-modes) which tend to j itself, but a quantum
limit could have the form ¢y, +capy, for certain cq, cp satisfying c¢; +cp = 1.
The question we address in this section is the possible mass profile of such
a scarring eigenfunction in a neighborhood of «v. More precisely, how much
mass does oy have in a shrinking hY/2~¢ tube around a hyperbolic closed
geodesic? This question will surface again in §77.

We first note that the existence of a quantum limit of the form ¢y, +
copr, for (M, g) with Anosov geodesic flow is not so implausible. Analogous
eigenfunction sequences do exist for the so-called quantum cat map [?, 7].
And exceptional sequences “scarring” on a certain l-parameter family of
periodic orbits exists for the Bunimovich stadium [?]. At this time, there
are no known examples of sequences of eigenfunctions or quasi-modes for
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(M, g) with ergodic geodesic flow that “weakly scar” along a hyperbolic
closed orbit v and no results prohibiting them.

For simplicity, assume that (M, g) is a Riemannian manifold of dimen-
sion 2 with a closed geodesic v of length L. We assume + is an embedded
(non self-intersecting) curve. If ¢; is a Laplace eigenfunction, we define the
mass profile of ¢; near v to be the function

M) = [ lesfas,
d(z,y)=r
where dS A dr = dV.

Before considering possible mass profiles of eigenfunctions scarring on
hyperbolic closed geodesics, let us recall the opposite and much better known
case of scarring of Gaussian beams along elliptic closed geodesics on surfaces
[?, 7, ?]. When + is an elliptic closed geodesic, then there always exists a
sequence of quasi-modes (Gaussian beams) which concentrates on . As the
name suggests, Gaussian beams 1/, oscillate like e** along v and resemble
Gaussians v e MAGYY) (for some positive symmetric matrix A(s)) in the
transverse direction with height A'/* and concentrated in a % tube around
~. Thus, the mass profile is a Gaussian probability measure with mean
zero and variance A~Y/2. The local model for such quasi-modes is that of a
harmonic oscillator in the fibers of IV,. One can construct the quasi-mode
so that it is of infinite order. Of course, stable elliptic orbits do not exist
when (M, g) has ergodic geodesic flow (by the KAM theorem).

Now consider hyperbolic closed orbits. It was pointed out by Duister-
maat [?] (Section 1.5) that one cannot construct analogous quasi-modes
associated to hyperbolic closed geodesics as Lagrangian states. The stable/
unstable manifolds AL of 7, containing the geodesics which spiral in towards
v, are invariant Lagrangian submanifolds, but the only invariant half-density
on the Lagrangians is the “delta”-density on the closed geodesic.

Further, there are apriori limitations on the degree to which eigenfunc-
tions sequences can concentrate around hyperbolic closed geodesic on any

(M, g).

THEOREM b5.1. [?, 7, ?] Let (M, g) be a compact Riemannian manifold,
and let v be a hyperbolic closed geodesic. Let U be any tubular neighbor-
hood of v in M. Then for any eigenfunction py, there exists a constant C
depending only on U such that

C

2 2
ox7dVy > ——||ep .
/\ | >\| 9—10 AH >\||L2

More generally, let A € WO(M) be a pseudo-differential orbit whose
symbol equals one in a neighborhood of v in SgM and equals zero outside

another neighborhood. Then for any eigenfunction oy ||(I — A)pa||rz >
c

\/@H@)\HL?'
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This allows scarring sequences along a hyperbolic orbit to occur, it just
limits the rate at which the mass concentrates near ~. It implies that the
mass profile of a sequence of eigenfunctions concentrating on a hyperbolic
close geodesic has “long tails”, i.e. there is a fairly large amount of mass far
away from the geodesic, although sequences with the quantum limit p, must
tend to zero outside of any tube around the closed geodesic. Note that this
result makes no dynamical hypotheses. It applies equally to (M, g) with
integrable geodesic flow and to those with Anosov geodesic flow. To the
author’s knowledge, there do not exist more precise results in the Anosov
case.

An obvious question at this point is whether there are any examples of
(M, g), with any type of geodesic flow, possessing a sequence of eigenfunc-
tions scarring on a closed hyperbolic orbit. The answer to this question is
“yes”. It is simple to see that such eigenfunctions exist in the opposite ex-
treme of completely integrable systems, for instances surfaces of revolution
like peanuts with hyperbolic waists. Examples include joint eigenfunctions
of the square root of the Laplacian and rotation on surfaces of revolution
with a hyperbolic waist. A truncated hyperbolic cylinder is another exam-
ple studied in [?]. In this case, the joint spectrum fills out the image of the
moment map (pg, [£]) : T*M — R2, where pg(z, &) = <£,%> is the angu-
lar momentum. At critical distances to the axis of rotation, the lattitude
circles are closed geodesics and the level set of the moment map becomes
singular. If the surface is shaped like a peanut, the waist is a hyperbolic
closed geodesic. Joint eigenfunctions whose joint eigenvalues are asymptotic
to the singular levels of the moment always exist. The modes concentrate
on the level sets of the moment map, and in fact they concentrate on the
hyperbolic closed geodesic.

5.1. Mass concentration of special eigenfunctions on hyperbolic
orbits in the quantum integrable case. The mass profile of scarring
eigenfunctions near a hyperbolic in the completely integrable case is studied
in [?] on tubes of fixed radius and in [?, ?] on tubes of shrinking radius. Let
v C S*M be a closed hyperbolic geodesic of an (M, g) with completely inte-
grable geodesic flow and for which Ay is quantum integrable (i.e. commutes
with a maximal set of pseudo-differential operators; see [?] for background).
We then consider joint eigenfunctions A, and of these operators. It is known
(see e.g. [?], Lemma 6) that there exists a special sequence of eigenfunctions
concentrating on the momentum level set of v. We will call them (in these
notes) the y-sequence.

Assume for simplicity that the moment level set of v just consists of the
orbit together with its stable/unstable manifolds. Then it is proved in [?]
that the mass of ¢, in the shrinking tube of radius h? around « with § < %
is ~ (1 — 20) (see also [?] for a closely related result in two dimensions).
Thus, the mass profile of such scarring integrable eigenfunctions only differs
by the numerical factor (1 — 2§) from the mass profile of Gaussian beams.
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The difference is that the “tails” in the hyperbolic case are longer. Also the
peak is logarithmically smaller than in the elliptic case (a somewhat weaker
statement is proved in [?]).

Let us state the result precisely and briefly sketch the argument. It
makes an interesting comparison to the situation discussed later on of pos-
sible scarring in the Anosov case.

We denote by 7 : S*M — M the standard projection and let 7(y) be the
image of v in M. We denote by TE(TF(A)) the tube of radius € around 7 (A).
For 0 < § < 1/2, we introduce a cutoff x(z;h) € C§°(M) with 0 < x§ <1,
satisfying

o (i) supp x] C Ty (m(7))
o (i) 3] = 1 on Ty ups(n(1).
THEOREM 5.2. Let «y be a hyperbolic closed orbit in (M, g) with quantum

integrable Ay, and let {p,} be an L? normalized y-sequence of joint eigen-
functions Then for any 0 < & < 1/2, limp—o(Opr(x3) e, ) > (1 — 26).

5.1.1. Outline of proof. For simplicity we assume dim M = 2. Let
X5(x,& 1) € C°(T*M;[0,1]) be a second cutoff supported in a radius h°
tube, Q(h), around v with Q(%) C suppx] and such that x§ = 1 on suppxs.
Thus, X‘ls(:n, &) > Xg(:n, €), for any (x,£) € T*M. By the Garding inequality,
there exists a constant C; > 0 such that:

(59) (Opr(X)Pus 1)) = (OPR(X) s Pu) — CLI 2.

We now conjugate the right side to the model setting of S' x R!, i.e.
the normal bundle IV, to 7. The conjugation is done by A Fourier integral
operators and is known as conjugation to quantum Birkhoff normal form. In
the model space, the conjugate of A, is a function of D, = Z%s along S' and

the dilation operator 1" := h(Dyy +yD,) along R. By Egorov’s theorem

(60) (OPr(X3) s 1) = [e(P)*(Opa(x3 © #)up, w,) — Cah'—?

where u,(y, s; h) is the model joint eigenfunction of Dy, I", and ¢(h) is a
normalizing constant. This reduces our problem to estimating the explicit
matrix elements (Opn(x3 o /{)u“,u“) of the special eigenfunctions in the
model setting. The operator I has a continuous spectrum with generalized
eigenfunctions y~1/2+A/" The eigenfunctions on the “singular” level y cor-
respond to A ~ Eh. A caluclation shows that the mass in the model setting

is given by
! o 5 2 de
(61) M) = Toa (/0 x(h&/n°) ?> -

Analysis of (??7) shows that the right side tends to 1—26 as h — 0 if A ~ Eh
(see §77? for a detailed discussion).

/0 e—im$—1/2+i)\/hx($/héé)d$
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5.2. Comparison to Anosov case. This large mass profile may be
a special feature of integrable systems, reflecting the fact that the stable
and unstable manifolds of the hyperbolic closed orbit coincide. A heuris-
tic picture of the mass concentration in this case is as follows: Since the
eigenfunction is a stationary state, its mass must be asymptotically invari-
ant under the geodesic flow. Since the flow compresses things exponentially
in the stable direction and expands things in the unstable direction, the
mass can only concentrate on the fixed closed geodesic and on the unstable
manifold W*. But W* returns to 7 as the stable manifold W* (like a figure
8). Hence, the only invariant measure is the one supported on the closed
geodesic and the the mass can only concentrate there. Although it does not
seem to have been proved in detail yet, it is very plausible that the mass
concentration in the integrable case provides an upper bound for any (M, g),
i.e. it has “extremal” mass concentration.

In the Anosov case, the stable and unstable manifolds of v are trans-
verse, so the dynamical picture is completely different. First, there is no
obvious mechanism as in the integrable case forcing mass of any sequence
of eigenfunctions to concentrate on the Lagrangian manifold formed by ~
and W* in the Anosov case. If mass did concentrate around =, it would
still be forced to concentrate on v and on W*, but W" becomes dense in
S*M. Hence some of the mass must spread out uniformly over S*M and is
lost from a neighborhood of «. This makes it plausible that one does not
get mass concentration for eigenfunctions around hyperbolic closed orbits of
Anosov systems.

Yet, in the “cat map” analogue, there do exist scarring eigenfunctions
[?, 7] for a special sparse sequence of Planck constants. The multiplici-
ties of the eigenvalues of the cat map for this sequence saturate the bound
h~1/|logh|, and therefore one can build up eigenfunctions with very unex-
pected properties. There is a surprising quantum mechanism forcing concen-
tration of special modes at hyperbolic fixed points which was discovered by
Faure-Nonnenmacher-de Bievre. The eigenfunction amplitude spreads out
along h~/2 segments of W*. These segments are i'/2 dense and so there is
interference between the amplitudes on close pieces of W*. The interference
is constructive along W* and the mass builds up there and then as in the
integrable case gets recycled back to the hyperbolic orbit.

It is not known whether this phenomenon occurs in the Riemannian
setting. It is presumably related to the existence of sparse subsequences of
eigenvalues with the same large multiplicities.

5.3. Details on Mj. The proof that (??) tends to 1 — 26 as h — 0 if
A ~ Eh is rather sketchy in [?]. In dimension one, the proof in a model case
was given in [?] (we thank S. Nonnenmacher for a clarifying discussion on
this point). We supply the details in the general case here as an addendum
to [?], to which we refer for further background.
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To estimate M), we assume A\ ~ Eh and let x € C§°(R; ][0, 1]) with
x(z) = 1 for || < 1 and x(z) = 0 for |x| > 2. Note that we divide by
|logh| in the model distribution uy(z) = ———az~'/2TE/"y (z), so that

v/ log A
lOpr(x)un|| L2 ~ 1. To estimate the mass on shrinking tubes of size 1° we
write

2

_ o0 _ o0 » _ . dé-

-1 1 1-6 ix, —1/24i\/h é “s

(62) Mj = |logh) /0 A1) /0 ey (o/e)ds|
-1 -1 1-6 —iz,,—1/24+i\/h 4 “s

| log /0 A1) /0 iy e &

2

h671
—logh* [ F
0 §

+O(|logh|™!) (+)

The last step follows since

I S —1/2+i)/R 5
| log A —= e r X(x/h°E)dx
-t & |Jo

/ e—im$—1/2+i>\/hx($/h5£)d$
0

2

2h0—1 e | > _ ' 2
= |logh|™* /h51 03 /1 e g V2HN (2 /ROE)d + O(1)
— O(|logh| ™).

The last estimate follows by integration by parts, since when & > ho—1
we have A% > h2°~1 and we assume that 26 — 1 < 0 so D,(x(z/h%))

O(h=%¢~1) — 0. Also, [T(1/2 +iN/R)|> = [T(1/2+iE)|? = wnm = O().

To simplify (%) we first make a change of variables £ — h°¢ and get

R20—1 d 0o
n / B_im$_1/2+i>\/h)(($/77)d$

Mh=|1ogh|—1/ &
0 n 1Jo

Next, we get rid of the interval 0 < n < 1 by observing that when
n€[0,1],

2
+O(|log | ") (+x)

2n
S / :E—I/le,:(o(,r}l/Q)
0

/0 B_im$_1/2+i>\/hx($/7’})d$

and so,
ld77 0 ) ) 2 1
ogh =t [F S [T im0 s < ogt ™ [ o nan
< |logh|™L.
Thus,
(63)

R26—1 2

+ O(|log i ™1).

d
T
1 n

/0 e—im$—1/2+i)\/hx($/n)d$
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Next, one gets rid of the cutoff x(z/n) by integrating by parts. When
n=1,

/ ey YNy (/) dar = / Dy (e ™)a 2Ny (/) d
n n
=0(n~"?).

So the [n, oo]-range of integration in z gives a contribution to M}, that is
bounded by

R20—1

d
Cllog h|_1/ ?7777_1 < |logh| ™"
1

The end result is the formula

2
—I—(9(|logh|_1).

h2571
d no ,
(64) MhZIlogh|‘1/ an / o1 /2N B g,
1 n 1Jo

By contour deformation, for n > 1,

noo , 2
/ e—zm$—1/2+z)\/hdl, _
0

P(1/2+iA/m) + O ) (s 5)

Substitution into (??) gives

h2571
(65) My =|logh|™1|T(1/2 —i—z'/\/h)|2/ % + O(]logh|™h).
1

This last step follows since the O(n~1/2)-terms in (x % %) give a contribution
26—1
to My, that is < |logh| ™! flh %7717—1/2 = O(]logh|™1).
The final formula follows immediately from (??). With A\ ~ Eh, one
gets

(66) My, ~ |T(1/2 4+ iE)[*(1 — 26)

Since |[(1/2 +iE)|* = —{—, which is bounded away from zero, it follows
that (??) tends to 1 — 25 as h — 0 O

6. Boundary quantum ergodicity and quantum
ergodic restriction

In this section, we briefly discuss quantum ergodic restriction theorems.
The general question is whether restrictions of quantum ergodic eigenfunc-
tions to hypersurfaces (or microlocally, to cross-sections of the geodesic flow)
are quantum ergodic on the hypersurfaces. We only consider here the case
where the hypersurface is the boundary of a domain with boundary, which
was studied in [?, ?, ?]. More general quantum ergodic restriction theorems
are given in [?]. The boundary results play an important role in the recent
scarring results of A. Hassell for eigenfunctions on the stadium.
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We thus consider the boundary values ug’» of interior eigenfunctions

Auj =N u; inQ, (uj,uk)r20) = djk,

B’LLj|y:0, Y =0Q

of the Euclidean Laplacian A on a compact piecewise smooth domain €2 C
R™ and with classically ergodic billiard map 8 : B*Y — B*Y, where Y =
0f). Here Ay, is a zeroth order semiclassical pseudodifferential operator on
Y. The relevant notion of boundary values (i.e. Cauchy data) ug’» depends
on the boundary condition. We only consider the boundary conditions

uly, Dirichlet
(67) Bu =
OyulY, Neumann

Let Ap denote the positive Laplacian on €2 with boundary conditions Bu =
0. Then Ap has discrete spectrum 0 < Ay < A9 < --+ — 00, where we
repeat each eigenvalue according to its multiplicity, and for each \; we may
choose an L? normalized eigenfunction uj.

The algebra of observables in the boundary setting is the algebra U9 (Y")
of zeroth order semiclassical pseudodifferential operators on Y, depending
on the parameter h € [0, hg]. We denote the symbol of A = Aj, € ¥)(Y) by
a = a(y,n,h). Thus a(y,n) = a(y,n,0) is a smooth function on T*Y".

To each boundary condition B corresponds

e A specific notion of boundary value u;’» of the eigenfunctions u;. We
denote the L?-normalized boundary values by ﬁ;’» = ug’» /| |u§’||
e A specific measure dup on B*(Y).
e A specific state wp on the space ¥)(Y) of semiclassical pseuodif-
ferential operators of order zero defined by

(68) (4) = e [, s

Here is a table of the relevant boundary value notions. In the table,
do is the natural symplectic volume measure on B*Y. We also define the
function v(g) on B*Y by

(69) (@)= V1= q=(y,n)-

Boundary Values
B Bu ub dup
Dirichlet | uly [ A Ouly | v(q)do
Neumann | d,uly uly V(q)~'do

The limit states are determined by dictated by the local Weyl law for
the boundary condition B.
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LEMMA 6.1. Let Ay, be either the identity operator on'Y or a zeroth order
semiclassical operator on'Y with kernel supported away from the singular set.
Then for any of the above boundary conditions B, we have:

lim —— Z <Ah] i b> =wp(A), B = Neumann,
1
lim —— " (Apuf,u}) = wp(A), B = Dirichlet.

The boundary quantum ergodic theorem is:

THEOREM 6.2. [?, 7, ?] Let Q@ C R"™ be a bounded piecewise smooth
manifold with ergodic billiard map. Let {ug’} be the boundary values of the
eigenfunctions {u;} of Ap on L*(Q) in the sense of the table above. Let Ay,
be a semiclassical operator of order zero on Y. Then there is a subset S of
the positive integers, of density one, such that

- lim <Ah] 5 >—wB(A), B = Neumann,
j—00,5€8

~ lim <Ah] b ul) =wp(A), B = Dirichlet,
j—o00,jES

(71)

where h; = )\j_l and wpg is as in (77).
In the case A = I and for the Neumann boundary condition, we have

2vol(Y)

lim ||ub||L2(Y Tol(Q)

j—o0,j€S
while for the Dirichlet boundary condition,

2vol(Y)

lim ul]|72y) = nvol(Q)

j—00,JES

6.1. Sketch of proof. The fact that the quantum limit state wp and

the corresponding measure dup are not the natural symplectic volume mea-

sure do on B*Y is due to the fact that the quantum dynamics is defined by

an endomorphism rather than an automorphism of the observable algebra.

In the Neumann case, the dynamics are generated by the operator Fj on Y
with kernel

0 _
Fi(y,y) = 28700(y,y’, WY, y#y €Y, where
Yy

i
Goly,y: ) = 72" 2(2m\ ]z = 2/|) "2 Hall), |

(72)
(Alz = 2')

is the free outgoing Green function on R%. These are (almost) semi-classical
Fourier integral operators whose phase functions, the boundary distance
function dy(y,y’) = |y — v (y,3' € Y) generates the billiard map. It is well



156 S. ZELDITCH

known that this operator leaves the boundary values of Neumann eigenfunc-

tions ug’» invariant:

(73) Foul=ub, j=12..
It follows that the states
(74) pi(A) = (An,uj, uf)

are invariant for Fj,,. The family {F}} defines a semiclassical Fourier in-
tegral operator associated to the billiard map [ (for convex 2), plus some
negligible terms. The quantum dynamics on ¥9(Y) is thus generated by the
conjugation

(75) Qp; (Ahj) = F;;j Ahj th

This is analogous to the interior dynamics generated by the wave group Uk
with the boundary conditions, but unlike Uk, F}, is not unitary or even
normal. Indeed, the zeroth order part of Fy Fj, is a semiclassical pseudodif-
ferential operator with a non-constant symbol.

The Egorov type result for the operator Fj, is as follows: Let § denote
the billiard map on B*Y? and let A, = Op(ay) be a zeroth order operator
whose symbol a(y,n,0). Let v be given by (??). Then

EfApFy, = Ap, + Sh,

where Ay, is a zeroth order pseudodifferential operator and [|Sp||z2—z2 < Ch.
The symbol of Ay is

(76) . {v(q)v(ﬁ(q))‘la(ﬁ(q)% g€ BY
0, q ¢ BY.

This is a rigorous version of the statement that Fj, quantizes the billiard ball
map. This Egorov theorem is relevant to the Neumann boundary problem.
In the Dirichlet case, the relevant operator is Fj .

The unusual transformation law of the symbol reflects the fact that (?7?)
is not an automorphism. In the spectral theory of dynamical systems, one
studies the dynamics of the billiard map 8 on B*Y through the associated
“Koopman” operator

U: L*(B*Y,do) — L*(B*Y,do), Uf(C) = f(B(Q)).

Here, do denotes the usual S-invariant symplectic volume measure on B*Y'.
From the symplectic invariance it follows that I/ is a unitary operator. When
3 is ergodic, the unique invariant L?-normalized eigenfunction is a con-
stant c.

However, Egorov’s theorem (?7?) in the boundary reduction involves the
positive function v € C*°(B*Y’), and the relevant Koopman operator is
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Then T is not unitary on L?(B*Y,do). Instead one has:
e (i) The unique positive T-invariant L' function is given by .
e (ii) T is unitary relative to the inner product ((,)) on B*Y defined
by the measure dv = v~ 2do.
e (iii) When S is ergodic, the orthogonal projection P onto the in-
variant L2-eigenvectors has the form

W) ] 1]~ e
P(f) = el VOI(B*Y)[ . [y do]y Neu(f)

where c is as in (?77?).
The proof of Theorem 77 then runs along similar lines to that of Theorem
7?7 but adjusted to the fact that that 7" is not unitary.

7. Hassell’s scarring result for stadia

This section is an exposition of Hassell’s scarring result for the Buni-
movich stadium. We follow [?] and [?].

A stadium is a domain X = RUW C R? which is formed by a rectangle
R = [—a,a]; x [, ]y and where W = W_g U Wj are half-discs of radius
[ attached at either end. We fix the height § = 7/2 and let o = t with

€ [1,2]. The resulting stadium is denoted Xj.

It has long been suspected that there exist exceptional sequences of
eigenfunctions of X which have a singular concentration on the set of “bounc-
ing ball” orbits of R. These are the vertical orbits in the central rectangle
that repeatedly bounce orthogonally against the flat part of the boundary.
The unit tangent vectors to the orbits define an invariant Lagrangian sub-
manifold with boundary A C S*X. It is easy to construct approximate
eigenfunctions which concentrate microlocally on this Lagrangian submani-
fold. Namely, let x(z) be a smooth cutoff supported in the central rectangle
and form v, = x(z)sinny. Then for any pseudo-differential operator A
properly supported in X,

<A’Um’L)n>—>/UAXdI/
A

where dv is the unique normalized invariant measure on A.

Numerical studies suggested that there also existed genuine eigenfunc-
tions with the same limit. Recently, A. Hassell has proved this to be correct
for almost all stadia.

THEOREM 7.1. The Laplacian on Xy is not QUE for almost every t €
[1,2].

We now sketch the proof and develop related ideas on quantum unique
ergodicty. The main idea is that the existence of the scarring bouncing ball
quasi-modes implies that either

e There exist actual modes with a similar scarring property, or
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e The spectrum has exceptional clustering around the bouncing ball

quasi-eigenvalues n?.

Hassell then proves that the second alternative cannot occur for most
stadia. We now explain the ideas in more detail.

We first recall that a quasi-mode {1} is a sequence of L2-normalized
functions which solve

(A = u2)vwll2 = O(1),

for a sequence of quasi-eigenvalues ,ui. By the spectral theorem it follows
that there must exist true eigenvalues in the interval [u? — K, pi + K| for
some K > 0. Moreover, if EN'h i denotes the spectral projection for A corre-
sponding to this interval, then

| Bx kb — il 2 = O(K ™).
To maintain consistency with (??), i.e. with our use of frequencies py rather
than energies p7, we re-phrase this in terms of the projection Ej i for VA
in the interval [\/,uz - K, \/,ui + K]. For fixed K, this latter interval has
width %
Given a quasimode {#}, the question arises of how many true eigen-
functions it takes to build the quasi-mode up to a small error.

DEFINITION: We say that a quasimode {t} of order 0 with ||¢g||72 = 1
has n(k) essential frequencies if

(77) Uk =D ki ks lmll2 = o(1).
j=1

To be a quasi-mode of order zero, the frequencies A; of the ¢; must come

from an interval [ — %, HE + %] Hence the number of essential frequen-
cies is bounded above by the number n(k) < N(k,£) of eigenvalues in the
interval. Weyl’s law for v/A allows considerable clustering and only gives
N(k, %) = o(k) in the case where periodic orbits have measure zero. For
instance, the quasi-eigenvalue might be a true eigenvalue with multiplicity
saturating the Weyl bound. But a typical interval has a uniformly bounded
number of A-eigenvalues in dimension 2 or equivalently a frequency interval
of with O(u%) has a uniformly bounded number of frequencies. The di-
chotomy above reflects the dichotomy as to whether exceptional clustering
of eigenvalues occurs around the quasi-eigenvalues n? of A or whether there
is a uniform bound on N(k,d).

PROPOSITION 7.2. If there exists a quasi-mode {1} of order O for A
with the properties:

o (i)n(k)<C, Vk;
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o (i1) (Ar, V) — [gupy oAdp where dp # dpg,.
Then A is not QUE.

The proof is based on the following lemma pertaining to near off-diagonal
Wigner distributions. It gives an “everywhere” version of the off-diagonal
part of Theorem ?? (2).

LEMMA 7.3. Suppose that g* is ergodic and A is QUE. Suppose that
{(Nivs Aj), i # Jr} is a sequence of pairs of eigenvalues of VA such that
Xip — A4, — 0 asr — oco. Then dWj, ;. — 0.

PROOF. Let {\;, \;} be any sequence of pairs with the gap A; —A; — 0.
Then by Egorov’s theorem, any weak™ limit dv of the sequence {dW; ;} is a
measure invariant under the geodesic flow. The weak limit is defined by the
property that

(78) (A" Ag;, j) — / |0A|2d1/.
S*M

If the eigenfunctions are real, then dv is a real (signed) measure.
We now observe that any such weak™ limit must be a constant multiple
of Liouville measure duy. Indeed, we first have:

(79) [(A* Api, 03)] < [(A* Apy, i) |V2 [(A* Ay, 002,

Taking the limit along the sequence of pairs, we obtain

(80) y/’ |oAPdu|st/’ oAl
S* M S*M

It follows that dv << dug (absolutely continuous). But duy is an ergodic
measure, so if dv = fdyy, is an invariant measure with f € L'(duz), then f
is constant. Thus,

(81) dv = Cduy, for some constant C.

We now observe that C' = 0 if ¢; Ly; (i.e. if ¢ # j). This follows if we
substitute A = I in (?7), use orthogonality and (?7?).

We now complete the proof of the Proposition by arguing by contradic-
tion. The frequencies must come from a shrinking frequency interval, so the

hypothesis of the Proposition is satisfied. If A were QUE, we would have
(in the notation of (?77?):

(i, r) = S0 erjeri{Agi, 05) + o(1)
n(k n(k
= Y00 &2 (Aps o) + L enjeni(Api, o5) + (1)
= fS*M O'Ad/LL + 0(1)7

by Proposition ??. This contradicts (ii). In the last line we used Z;Likl) ek
=1+ o0(1), since ||¢g||r2 = 1.
QED
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7.1. Proof of Hassell’s scarring result. We apply and develop this
reasoning in the case of the stadium. The quasi-eigenvalues of the Buni-
movich stadium corresponding to bouncing ball quasi-modes are n? inde-
pendently of the diameter ¢ of the inner rectangle.

By the above, it suffices to show that that there exists a sequence n; —
oo and a constant M (independent of j) so that there exist < M eigenvalues
of A in [n? - K, n? + K. An somewhat different argument is given in [?]
in this case: For each n; there exists a normalized eigenfunction uy; so that

(Ug;, vg;) 2> 4/ 3 M. Tt suffices to choose the eigenfunction with eigenvalue in

the interval with the largest component in the direction of vg;. There exists
one since

||E[n2—K,n2+KUn|| > 1

The sequence {uy, } cannot be Liouville distributed. Indeed, for any ¢ > 0,
let A be a self-adjoint semi-classical pseudo-differential operator properly
supported in the rectangle so that 04 < 1 and so that |[(Id — A)v,]|| < € for
large enough n. Then

2
<A2ukjvukj> = ||Auk]||2 > |<Aukj7vkj>|
2
3
= |<ukj,Avkj>|2 > (g, vi;)| —6)2 > ( ZM—E) .

Choose a sequence of operators A such that ||(Id — A)v,|| — 0 and so that
the support of o4 shrinks to the set of bouncing ball covectors. Then the
mass of any quantum limit of {u,, } must have mass > 3M on A.

Thus, the main point is to eliminate the possibility of exceptional clus-
tering of eigenvalues around the quasi-eigenvalues. In fact, no reason is
known why no exceptional clustering should occur. Hassell’s idea is that
it can however only occur for a measure zero set of diameters of the inner
rectangle. The proof is based on Hadamard’s variational formula for the
variation of Dirichlet or Neumann eigenvalues under a variation of a do-
main. In the case at hand, the stadium is varied by horizontally (but not
vertically) expanding the inner rectangle. In the simplest case of Dirichlet
boundary conditions, the eigenvalues are forced to decrease as the rectangle
is expanded. The QUE hypothesis forces them to decrease at a uniform rate.
But then they can only rarely cluster at the fixed quasi-eigenvalues n?. If
this ever happened, the cluster would move left of n? and there would not
be time for a new cluster to arrive.

Here is a more detailed sketch. Under the variation of X; with infinites-
imal variation vector field p;, Hadamard’s variational formula gives,

d%(’f) _ /a . pe() (B (£) () 2ds.
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Then
d
—1 _ b2
op thj(t) = _/8Xt pi(s)uj(s) ds.

Let A(t) be the area of S;. By Weyl’s law, Ej;(t) ~ ¢4 Since the area

of X; grows linearly, we have on average E'j ~ —C % Theorem ?7? gives

the asymptotics individually for almost all eigenvalues. Let
B = [ ps)ldeso)Pds,
0X¢

Then E'j = —FE;f;. Then Theorem ?7 implies that |u§’»|2 — ﬁ weakly on
the boundary along a subsequence of density one. QUE is the hypothesis
that this occurs for the entire sequence, i.e.

k

fi(t) — a0 >0, k:= /as pi(s)ds.
Hence,
% = —kA(t)(1 4+ o(1)), j — oo.

Hence there is a lower bound to the velocity with which eigenvalues decrease
as A(t) increases. Eigenvalues can therefore not concentrate in the fixed
quasi-mode intervals [n? — K,n? + K] for all t. But then there are only a
bounded number of eigenvalues in this interval; so Proposition 77 implies
QUE for the other X;. A more detailed analysis shows that QUE holds for
almost all t.

8. Matrix elements of Fourier integral operators

Our main focus in this survey goal is on the limits of diagonal matrix
elements (?77) of pseudodifferential operators A or order zero relative to an
orthonormal basis {¢;} of eigenfunctions. Difficult as it is, the limiting
behavior of such matrix elements is one of the more accessible properties of
eigenfunctions. To obtain more information, it would be useful to expand
the class of operators A for which one can study matrix elements. In §77, we
were essentially expanding the class from classical polyhomogeneous pseudo-
differential operators to those in the “small-scale” calculus, i.e. supported
in A tubes around closed geodesics. Another way to expand the class of A
is to consider matrix elements of Fourier integral operators. Motivation to
consider matrix elements of Fourier integral operators comes partly from the
fact that Hecke operators are Fourier integral operators, and this section is
a preparation for the next section on Hecke operators §77. Other examples
arise in quantum ergodic restriction theorems (see [?]). Details on the claims
to follow will be given in a forthcoming paper.
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By an FIO (Fourier integral operator) we mean an operator whose
Schwartz kernel of F' may be locally represented as a finite sum of oscil-
latory integrals,

Kelay)~ [ e#emaa,y, 00
RN
for some homogeneous phase ¢ and amplitude a. The only example we
have seen so far in this survey is the wave group U? and of course pseudo-
differential operators.
The phase is said to generate the canonical relation

C ={(z, ¢y, —¢,) : pe(x,y,0) =0} C T*M x T*M.

The oscillatory integral also determines the principal o of F, a 1/2 density
along C. The data (C,op) determines F' up to a compact operator. In the
case of the wave group, C is the graph of ¢* and the symbol is the canonical
volume half-density on the graph. In the case of ¢¥yDQ’s, the canonical
relation is the diagonal (i.e. the graph of the identity map) and the symbol
is the one defined above. We denote by I°(M, x M, C) the class of Fourier
integral operators of order zero and canonical relation C.

Hecke operators are also FIO’s of a simple kind. As discussed in the
next section, in that case C is a local canonical graph, i.e. the projections

mx:C—TM, 7wy :C—TM

are branched covering maps. Equivalently, C' is the graph of a finitely many
to one correspondence x : T*M — T* M. Simpler examples of the same type
include (i) F =T, is translation by an isometry of a Riemannian manifold
(M, g) possessing an isometry, or (ii) 7' f(x) = Z§=1 f(gjx) —I—f(gj_lzn) on S™
corresponding to a finite set {g1, ..., gr} of isometries. The latter has been
studied by Lubotzky-Phillips-Sarnak.

8.1. Matrix elements as linear functionals. The matrix elements

(82) pi(F) = (Fpj, ;)
define continuous linear functionals
(83) p;: I°(M x M,C) — C

with respect to the operator norm. It is simple to see that any limit p. of
the sequence of functionals p; are functionals only of the principal symbol
data (C,op) which is bounded by the supremum of op. Thus, as in the

1/2 .
C/ of continuous

pseudo-differential case, po, is a measure on the space €2
half-densities on C'.

The limiting behavior of p;(F) depends greatly on whether [F, VA] = 0
(or is of negative order) or whether it has the same order as F'. In effect, this
is the issue of whether the canonical relation C underlying F' is invariant

under the geodesic flow or not. For instance, if C' is the graph of a canonical
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transformation y and if y moves the energy surface Sy M = {(z,§) : ||, = 1}
to a new surface x(S;M) disjoint from S;M then (Fyj, ¢;) — 0. On the
other hand, <Aeit\/z<pj, ©j) = e (Apj, ;) so one gets the same quantum
limits for F' = Ae*V2 as for A but must pick sparser subsequences to get
the limit.

Hecke operators have the property that [F, A] = 0. This implies that
the canonical relation C is invariant under g’. In general this is the only
condition we need to study weak limits. The eigenfunction linear functionals
pr are invariant in the the sense that pg(U'FUY) = pi(F).

PROPOSITION 8.1. Let C C T*M x T*M be a local canonical graph,
equipped with the pull-back of the symplectic volume measure on T*M. As-
sume C' is invariant under g'. Let F € I°(M x M, C) and identify its symbol
with a scalar function relative to the graph half-density. Let poo be a weak*
limit of the functionals p; on I%(M x N,C). Then there exists a complex
measure v on SC =CNS*M x S*M of mass < 1 such that

poo(F) :/ Udev
scC

which satisfies gtdv = dv.

The proof is similar to that in the ¥yDO case.

We note that I°(M x M, C) is aright and left module over W°(M). Given
F € I°(M x M, C) we consider the operators AF, FA € I°(M x M, C') where
A € ¥O(X). We obtain a useful improvement on Proposition ??.

PROPOSITION 8.2. With the same hypotheses as in Proposition 77. As-
sume further that F is self-adjoint and that pj(AF) ~ p;j(FA). Then we
have:

Poo(Txa0) = poo(Ty-ac).

This holds since

poo(Txac) ~ pi(AF) = (AFp;, ;) = (F*A*@;, ;) = (FA*pj, pj) ~ Tyao

since o4+ ~ 04 and since o = op.

Let us consider some simple examples. First, suppose that F' =T, +Tj
where g is an isometry. Then C' is the union of the graph of the lift of g
to T*M (by its derivative) and the inverse graph. The above Proposition
then says that g, = v. This is obvious by Egorov’s theorem, and we can
regard the Proposition as a generalization of Egorov’s theorem to symplectic
correspondences. As a second example, let F' = U'. Then (AFpj, ;) =
ei“‘f(Agoj, ©;), so we see that sequences with unique quantum limits are
sparser than in the pseudo-differential case.
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9. QUE of Hecke eigenfunctions

Our next topic is Hecke eigenfunctions. A detailed treatment would have
to involve adelic dynamics, higher rank measure rigidity in the presence of
positive entropy [?, ?] and L-functions [?, ?]. Both areas are outside the
scope of this survey. Fortunately, Lindenstrauss has written an expository
article on adelic dynamics and higher rank rigidity for an earlier Current De-
velopments in Mathematics [?], and Soundararajan has recently lectured on
his L-function results in a 2009 Clay lecture. Sarnak has recently written ex-
position of the new results of Soundararajan and Holowinsky-Soundararajan
results is [?].

So we continue in the same vein of explaining the microlocal (phase
space) features of the Hecke eigenvalue problem. The distinguishing fea-
ture of Hecke eigenfunctions is that they have a special type of symmetry.
As a result, their quantum limit measures have a special type of symmetry
additional to geodesic flow invariance. The analysis of these additional sym-
metries is a key input into Lindenstrauss’ QUE result. The main purpose
of this section is to derive the exact symmetry. In fact, it appears that
the exact symmetry was not previously determined; only a quasi-invariance
condition of [?] has been employed.

We begin by recalling the definition of a Hecke operator. Let I' be a
co-compact or cofinite discrete subgroup of G = PSL(2,R) and let Xr be
the corresponding compact (or finite area) hyperbolic surface. An element
g € G,g ¢ 7T is said to be in the commensurator Comm(T") if

I'(g9):=LNg Ty
is of finite index in I' and g~'T'g. More precisely,

d
r'={JT(9)y (disjoint),
j=1

or equivalently
d

T'gl' = U Faj, where o = gv;.
j=1

It is also possible to choose «; so that I'gl" = U;lzl a;I". We then have a
diagram of finite (non-Galois) covers:

I'(g)\H
(84) T/ N P

'H = g 'T'g\H.

Here,
m("(g)2) =Tz, p(I"(9)z) = gT'g " (gv2) = gT'z,
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where in the definition of p any of the 7, could be used. The horizontal map
is z— g1z

A Hecke operator

d

(85) Tyf(x) = flgye) : L*(Xr) — L*(Xr)
j=1

is the Radon transform p,7* of the diagram. We note as a result that

Tyru(z) = u(g™'2)

takes I-invariant functions to g~ !I'g-invariant functions. The Hecke opera-
tor is thus an averaging operator over orbits of the Hecke correspondence,
which is the multi-valued holomorphic map

Cy(2) ={a1z,...,aqz}.

Its graph
Iy ={(z,a52) : z € Xp)}

is an algebraic curve in Xr x g1 Xg.

The Hecke operators 7, form a commutative ring as g varies over
Comm(T). By a Hecke eigenfunction is meant a joint eigenfunction of A
and the ring of Hecke operators:

Touj = p;(9)uj, Auj= —/\?uj.

9.1. Quantum limits on I"(g)\H. We now considered symmetries of
quantum limits of Hecke eigenfunctions. We assume u; is a Hecke eigen-
function. It is convenient to modify the definitions of the functionals py as
follows:

(pxAT* U4, uj)

9

/ _ <A7T*’U4j,p*’u]‘> —
pJ(A) — (mrug,ptug)y <7T*’Lbj,p*’LLj>

(AT*u;, T u;)
(T*uj, p*uj)
() = AT )
(p*uj, p*uj)

j
on A € UO(T’(g)\H). Thus, if 49 € ¥°(Xr) we have,

(86) oi(A) =

9

(Aopsm*uj, uj)

(87) Tporuy, )

= <A0’LLj, ’LLj>.

Since Hecke operators are FIO’s, limit measures of (ATju;,u;) and
(TgAuj, uj) live on the canonical relation underlying T,, which is the lift
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of the graph of the Hecke correspondence to T*Xr. It is convenient to
restate the result by forming a second diagram

I, C Xpr x g 'T'g\H

(88) ™/ \ 1

MH = g 'Tg\H.

Here, 71, p1 are the natural projections. In the case of arithmetic groups such
as SL(2,Z), Comm(T) is dense in G, i.e. there are many Hecke operators.
The map
c:T(g)\H— Ty
defined by
u(z) = (7(2), p(2)),
is a local diffeomorphic parametrization, and m¢ = 7, p1t = p.
The general Proposition 7?7 then specializes to:

PROPOSITION 9.1. If ' is a weak™* limit of p};, and if w is the weak*
limit on X then mw' = puw’ = w.

We may reformulate the proposition as follows: if we lift measures and
functions to the universal cover H, then the data of the Hecke limit measures
are a finite set of real signed measures {dv} on the different copies of S*H.
The latter must project to the former under both projections, so we get the
exact invariance property,

d d
(89) v= Zl/aj = Z Qjslar; s
j=1 j=1

for some complex measures v; on the j sheet of the cover. The sum of
the masses of the v; must add up to one. This is simpler to see for Hecke
operators on S2. There we also have some number r of copies of S? and r
isometries g; and define the Hecke operator (of Lubotzky-Phillips-Sarnak)
as in (??). Then a quantum limit measure vy on S*S? is the projection of r
limit measures on the copies of S*S? under both projections.

Previously, only a quasi-invariance property of quantum limit measures
of Hecke eigenfunctions was proved by Rudnick-Sarnak [?], and used in [?, ?]
and elsewhere. In the notation above, it may be stated as

(90) V(E) <4 v, (B)].
J

As a simple application of (??) (which was also clear from the quasi-
invariance condition), we sketch a proof that a quantum limit measure v
of a sequence of Hecke eigenfunctions for I' = SL(2, Z) cannot be a periodic
orbit measure p,. If it were, it would have to be ) v; as above. Each v;
is an invariant signed measure so by ergodic decomposition, each must have
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the form c;pu, + 7; where ) c¢; = 1, where 7; are singular with respect to
py and 3, 7; = 0. But also the images of v; under the a; must have the
same property. This is only possible if a;(y) = v up to a translation by
B € I' whenever v; # 0. At least one of the ¢; # 0. At this point, one
must actually consider the elements «; in the Hecke operator. In the case of
PSL(2,Z) they are parabolic elements plus one elliptic element. But only
a hyperbolic element can fix a geodesic (its axis).

It would be interesting to see if one can determine how the v, ; are related
to each other. Lindenstrauss’s QUE result (in the next section) implies that
that (Ty)«v = v, which appears to say that the v,, are all the same. An
apriori proof of this would simplify the proof of QUE.

9.2. QUE results of Lindenstrauss, Soundararajan (and
Holowinsky-Soundararajan). We now briefly recall the QUE results on
Hecke eigenfunctions.

THEOREM 9.2. (E. Lindenstrauss [?]) Let Xp be a compact arithmetic
hyperbolic surface. Then QUE holds for Hecke eigenfunctions, i.e. the entire
sequence of Wigner distributions of Hecke eigenfunctions tends to Liouville
measure.

In the non-compact finite area case of I' = PSL(2,7Z), Lindenstrauss
proved:

THEOREM 9.3. (E. Lindenstrauss [?]) Let Xp be the arithmetic hyper-
bolic surface defined by a congruence subgroup. Then any weak™ limit of
the sequence of Wigner distributions of Hecke eigenfunctions is a constant
multiple of Liouville measure (the constant may depend on the sequence).

Note that the quantum ergodicity theorem does not apply in this finite
area case. In the arithmetic case there is a discrete spectrum correspond-
ing to cuspidal eigenfunctions and a continuous spectrum corresponding to
Eisenstein series. The following was proved in [?]:

THEOREM 9.4. Let Xr be the arithmetic hyperbolic surface defined by
a congruence subgroup, and let {¢;} be any orthonormal basis of cuspidal
etgenfunctions. Then for any pseudo-differential operator of order zero and
with compactly supported symbol,

1
Agj, ) — w(A)> — 0,
Nc(A)jéAK J J> ( )|

where No(\) ~ |Xp|\2 is the number of cuspidal eigenvalues < .

Recent work of Soundararajan that the constant equals one, i.e. there
is no mass leakage at infinity. Hence the theorem is improved to

THEOREM 9.5. (E. Lindenstrauss [?], Soundarajan [?]) Let X be the
arithmetic hyperbolic surface defined by a congruence subgroup. Then any



168 S. ZELDITCH

weak™ limit of the sequence of Wigner distributions of Hecke eigenfunctions
1s 18 mormalized Liouville measure.

Holowinsky [?] and Holowinsky-Soundararajan [?] have proven
QUE results for holomorphic forms (i.e. for the discrete series; see §77).
However, the methods are entirely different; they are based on the theory of
L-functions and Poincaré series. The Hecke property is exploited through
multiplicativity of Fourier coefficients.

9.3. Hecke QUE and multiplicities. A natural question (raised at
the Clay talk of Soundararajan) is whether QUE holds for any orthonormal
basis of eigenfunctions of an arithmetic quotient if it holds for the Hecke
eigenbasis and if the discrete spectrum of A has bounded multiplicities.
The proof that this is true is a simple modification of Proposition 7?7 and
we pause to sketch it now.

PROPOSITION 9.6. Suppose that one orthonormal basis of A is QUE,
and that the eigenvalues have uniformly bounded multiplicities. Then all
orthonormal bases are QUE.

PROOF. As in Proposition ?7, consider sequences {(\;,, A;,), ir # jr} of
pairs of eigenvalues of VA with \; = Aj,.. We then have that dW;_; — 0.

This has implications for all orthonormal basis as long as eigenvalue
multiplicities are uniformly bounded. We run the argument regarding modes
and quasi-modes but use the QUE orthonormal basis in the role of modes
and any other orthonormal basis {¢x} in the role of quasi-modes.

LEMMA 9.7. If the eigenvalue multiplicities are uniformly bounded and
there exists a sequence of eigenfunctions {1y}

o (i)n(k) <C, VEk;
o (i1) (Ar, V) — [gupy 0Adp where dp # dpg,.
Then no orthonormal basis of eigenfunctions of A is QUE.

PRrOOF. We argue by contradiction. If {¢;} were QUE, we would have
(in the notation of (?7?):

(A, i) = S0V cijeni(Ai, )+ o(1)
= 31 G (Apj, ) + S enjeri{Agi 05) + o(1)
J J #J

= fS*M O-AdiuL + 0(1)7

by Proposition ??. This contradicts (ii). In the last line we used Z;ﬁ? |ewj|?
=1+ o0(1), since ||¢g||r2 = 1. O
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10. Variance estimates: Rate of quantum ergodicity and mixing

A quantitative refinement of quantum ergodicity is to ask at what rate
the sums in Theorem ?7(1) tend to zero, i.e. to establish a rate of quantum
ergodicity. More generally, we consider “variances” of matrix elements. For
diagonal matrix elements, we define:

(91) VA = iy 2 [0 e —w(A)L
JBVESY

In the off-diagonal case one may view |(Ay;, ¢;)|? as analogous to |(Ap;, ¢;)
— w(A)|?. However, the sums in (??) are double sums while those of (??)
are single. One may also average over the shorter intervals [\, A 4 1].

10.1. Quantum chaos conjectures. It is implicitly conjectured by
Feingold-Peres in [?] (11) that

E;—E;
. Ca(B5E)

(92 (A 03) P o =5 s,

where Cy (1) = [%_e ™ (V'o4,04)dt. In our notation, A\; = A1 E; (with
h=A7" and E; = A2) and p(E)dE ~ dN()).

On the basis of the analogy between [{Ag;, p;)|* and |(Ap;, ¢;) —w(A4)/?,
it is conjectured in [?] that

Ca—w(a)1(0)

Va(h) ~ Anr—Lyol ()

The idea is that 1 = %((piﬂ:@j) have the same matrix element asymptotics
as eigenfunctions when \; — \; is sufficiently small. But then 2(Ap,¢_) =
(Api, pi) — (Apj, p;) when A* = A. Since we are taking a difference, we
may replace each matrix element by (Ag;, ;) by (Ap;, ;) —w(A) (and also
for ¢;). The conjecture then assumes that (Ay;, p;) — w(A) has the same
order of magnitude as (Ay;, v;) — (Ap;, ;).

10.2. Rigorous results for Hecke eigenfunctions. Let Xr be the
arithmetic modular surface, with I' = SL(2,Z), and let T,,, n > 1 denote the
family of Hecke operators. In addition to the Laplace eigenvalue problem
(?7), the Maass-Hecke eigenforms are eigenfunctions of the Hecke operators,

Trp = Ap(n)e.

In the cusp, they have Fourier series expansions

o(z) = \/372 po(n) K (2m|n|y)e(nx)
n#0
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where K, is the K-Bessel function and py(n) = A (n)p,(1). A special case
of the variance sums (??) is the configuration space variance sum,

= Y1 [ wtave

A <A

Following the notation of [?] and [?],we put du, = ¢2 dV.
Let ¥ € C§%(S*Xr) and consider the distribution of

T
% /0 Og! (. €))dt

Ratner’s central limit theorem for geodesic flows implies that this random
variable tends to a Gaussian with mean 0 and the variance given by the
non-negative Hermitian form on C§%(Y):

Vc(wb)—/_oo /F\SL(2,R)SD (9( 0 o )) P(g)dgdt.

Restrict Vo to C5%(X). Different irreducible representations are orthogonal
under the quadratic form. Maass cusp forms ¢ are eigenvectors of V. If
the Laplace eigenvalue is % + 12, then the Vi eigenvalue is

VIS

IT(z ——)I4

Vi =1 2/

In [?, 7], Luo and Sarnak studied the quantum variance for holomorhic
Hecke eigenforms, i.e. holomorphic cusp forms in Si(I') of even integral
weight k£ for I'. In this setting, the weight of the cusp form plays the role of
the Laplace eigenvalue. They proved that for ¢, ¢ € Cg (X), as the weight

K — OO’
SN L(L Sym? f) s (@) () ~ Bly, ) K

k<K feH,

where B(yp, ) is a non-negative Hermitian form on C§%(X). B is diagonal-
ized by the orthonormal basis of Maass-Hecke cusp forms and the eigenvalues
of B at v is ZL(3,1;). For the notation L(1, Sym*) we refer to [?, ?].

In [?], P. Zhao generalized the result in [?, ?] to Maass cusp forms. Let
j(z) be the j-th Maass-Hecke eigenform, with the Laplacian eigenvalues
+ 75

M»—‘ﬁ

THEOREM 10.1. [?] Fiz any € > 0. Then we have

rz‘fT rz‘+T 2

S F 4 e G L(1, syl (0)T)

tj

— TV (p,9)) + O(T* ),
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V' is diagonalized by the orthonormal basis {¢;} of Maass-Hecke cusp forms
and the eigenvalue of V' at a Maass-Hecke cusp form ¢ is

L(%v @)VC((:Dv 90)

It would be desirable to remove the weights. The unweighted version
should be (P. Zhao, personal communication; to appear)

(93) > ()7 (1) ~ AV (0,1)).

A <A

10.3. General case. The only rigorous result to date which is valid on
general Riemannian manifolds with hyperbolic geodesic flow is the logarith-
mic decay:

THEOREM 10.2. [?] For any (M, g) with hyperbolic geodesic flow,

b 1
2 (pi) — (I = Ol ).

1
NV

It is again based on Ratner’s central limit theorem for the geodesic flow.
The logarithm reflects the exponential blow up in time of remainder esti-
mates for traces involving the wave group associated to hyperbolic flows and
thus the necessity of keeping the time less than the Ehrenfest time (?77). It
would be surprising if the logarithmic decay is sharp for Laplacians. How-
ever, R. Schubert shows in [?, ?] that the estimate is sharp in the case of
two-dimensional hyperbolic quantum cat maps. Hence the estimate cannot
be improved by semi-classical arguments that hold in both settings.

10.4. Variance and Patterson-Sullivan distributions. When
Jqex.. adur, = 0, the Luo-Sarnak variance results for Hecke eigenfunctions
S*Xr
have the form,

1 1
(94) m j:|§|:<>\ ’<a, dWirj> ’2 ~ XV((L, a).

Even if one knew that asymptotics of this kind should occur, it does not seem
apriori obvious that the bilinear form on the right side should be invariant
under g¢ because V (a,a) occurs in the % term in the variance asymptotics
and only only knows that the Wigner distributions are invariant modulo
terms of order /\1—] A possible way to see that the bilinear form should

be g'-invariant is via the Patterson-Sullivan distributions. From (?7?), we
apparently have

L a - 2:L a.dPS.. V|2 -2y
(95) N(A)j%jgw AWir,)| N%Er;“ (AP )|+ O(A2)
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Indeed, the difference is of the form ﬁzjzlmlﬁk %Re (a, dPASZ-Tj>-

(Loa, dPASZ-Tj> + O(A72). The sum in the last expression also seems to be
of order O(A™?) (e.g. one can go back and express each factor of P.S with
one of Wy, and apply the Luo-Sarnak asymptotics again). Since PASZ-Tj is
g'-invariant, it follows that V(a,a) must be g’ invariant. This argument is
equally valid on any compact hyperbolic surface, but of course there is no
proof of such asymptotics except in the arithmetic Hecke case. It would be
interesting to draw further relations between V'(a, a) and PSj,.

11. Entropy of quantum limits on manifolds with Anosov
geodesic flow

So far, the results on quantum limits have basically used the symmetry
(or invariance) properties of the limits. But generic chaotic systems have no
symmetries. What is there to constrain the huge number of possible limits?

The recent results of Anantharaman [?], Anantharaman-Nonnenmacher
[?] and Riviere [?], give a very interesting answer to this question (see also
[?]) for (M, g) with Anosov geodesic flow. They use the quantum mechanics
to prove lower bounds on entropies of quantum limit measures. The lower
bounds eliminate many of the possible limits, e.g. they disqualify finite sums
of periodic orbit measures.

The purpose of this section is to present the results of [?] and [?] in
some detail. Both articles are based on a hyperbolic dispersive estimate
(called the main estimate in [?]) which, roughly speaking, measures the
norm of quantized cylinder set operators in terms of & and the length of the
cylinder. But they use the estimate in quite different ways. In [?], it is used
in combination with an analysis of certain special covers of S*M by cylinder
sets that are adapted to the eigenfunctions. One of the important results
is an estimate on the topological entropy htop(supp(1p)) of the support of
any quantum limit measure. In [?] the key tool is the “entropic uncertainty
principle”. It leads to a lower bound for the Kolomogorv-Sinai entropy
his(vg) of the quantum limit.

There now exist several excellent and authoritative expositions of the KS
entropy bounds and the entropic uncertainty principle [?, 7, 7, ?] in addition
to the well written initial articles [?, ?] (which take considerable care to give
intuitive explanations of technical steps). For this reason, we emphasize
the approach in [?]. We closely follow the original references in discussing
heuristic reasons for the lower bounds and outlining rigorous proofs. We
also discuss earlier entropy lower bounds of Bourgain-Lindenstrauss [?] and
Wolpert [?] in the case of Hecke eigenfunctions.

Before stating the results, we review the various notions of entropy.

11.1. KS entropy. We first recall the definition of the KS entropy of
an invariant probability measure p for the geodesic flow. Roughly speak-
ing, the entropy measures the average complexity of u-typical orbits. In the
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Kolmogorov-Sinai entropy, one starts with a partition P = (Ey,..., Ef)
of SgM and defines the Shannon entropy of the partition by hp(p) =

Z§=1 w(E;)logu(E;). Under iterates of the time one map g of the geo-
desic flow, one refines the partition from the sets E; to the cylinder sets of
length n:

P =P’ :=EyNg 'Eo,N---Ng " E, ¢ [a0,...,0n 1] € N"}.

One defines h, (P, i) to be the Shannon entropy of this partition and then
defines hycs(p, P) = limy, .o 2hy (11, P). Then hs(p) = supp hrs(p, P).
The measure p(Eq, N g~ Eq, N---N g " LE, ) is the probability
with respect to p that an orbit successively visits E,,, Fq,, - . .. The entropy
measures the exponential decay rate of these probabilities for large times.

11.2. Symbolic coding and cylinder sets. In the (M, g) setting, we
fix a partition { My} of M and a corresponding partition 7* M}, of T*M. Let
P,, be the characteristic function of 7% M},. (Later it must to be smoothed
out). Let ¥ = {1, ..., ¢}* where ¢ is the number of elements of the partition
PO, To each tangent vector v € S*M, one can associated a unique element
I(v) = (ax) € X so that g"v € P,, for all n € Z. This gives a symbolic
coding map I : S*M — X. The time one map g' then conjugates under
the coding map to the shift o((c;)) = ((«j4+1)) on admissible sequences, i.e.
sequences in the image of the coding map. An invariant measure vg thus
corresponds to a shift invariant measure pg on X.

A cylinder set [ag, ..., an—1] C X of length n is the subset of ¥ formed
by sequences with the given initial segment. The set of such cylinder sets
of length n is denoted ¥,,. Cylinder sets for X are not the same as cylinder
sets for ¢g', which have the form Py, N g_lPa1 N---Ng"P,,.

The po measure of a X-cylinder set is by definition,

po([0, - - ., an)) = vo(Pay N g_lPa1 n---N g_"+1Pan71).

11.3. Bowen balls. Cylinder sets are closely related to Bowen balls,
i.e. balls in the Bowen metric. For any smooth map f : X — X, the Bowen
metric at time n is defined by
f — i, pi
dp(z,y) = max d(f'z, f'y).

Let BJ(z,r) be the r ball around z in this metric.

In the continuous time case of the geodesic flow g?, one defines the dr
metric
(96) dr(p, p') = max d(g'(p), g'(¢))-

te[0T]

The Bowen ball Br(p,r) at time 7" is the 7- ball in this metric.

As with cylinder sets, if p, p’ lie in Br(p, €) then their orbits are e-close
for the interval [0,7]. This is not quite the same as running through the
same elements of a partition but for large T the balls and cylinders are
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rather similar. This is because the geodesic flow g stretches everything by
a factor of e’ in the unstable direction, and contracts everything by e~* in
the stable direction; it preserves distances along the geodesic flow. In vari-
able curvature and in higher dimensions, the “cube” becomes a rectangular
parallelopiped whose axes are determined by the Lyapunov exponents.

In the case of geodesic flows of compact hyperbolic manifolds of constant
curvature —1, Bowen balls Br(p, r) are roughly of radius re~7 in the unsta-
ble direction, and r in the stable direction and geodesic flow directions. In
the hyperbolic case of G/T" with co-compact I', the tube (in the notation of
§77) is

(97) Br(p,€)) = a((=r,))n_(r,r))ni((—e~Tr,e"r).

To make the ball symmetric with respect to the stable and unstable
directions is to make it symmetric with respect to time reversal. One uses
the time interval [—7"/2,T/2] instead of [0, 7] and defines the new distance,

/ no__ 1t tr 1
(98) drlp.p) = max  d(9(p),g(p)),

We then denote the r ball by B/.(p,r). In the hyperbolic case,
(99) Br(p,e) = a((—€,))n_((—e %e,e T e))ny ((—e TPe,e7 /%)),

Thus, the Bowen ball in the symmetric case (in constant curvature) is
a ball (or cube) of radius re~? in the transverse direction to the geodesic
flow. The length along the flow is not important.

11.4. Brin-Katok local entropy. Kolmogorov-Sinai entropy of an
invariant measure is related to the local dimension of the measure on Bowen
balls. This is the approach in Bourgain-Lindenstrauss [?] and in [?], and
stems from work of Young and Ledrappier-Young.

Define the local entropy on an invariant measure p for a map f by

hu(f, x) = lim lim sup 08 /(B (2, 9)) — lim lim inf og pu(Bn (z, ))

Brin-Katok proved that both limits exist, that the local entropy h,(f, z)
is f invariant and

ha(f) = /X o (f, 2)dpu(z).

The definition and result is similar in the geodesic flow case. The local
entropy of p at p is defined by,

1
lim lim inf ~7 log u(Br(p,€))

e—0 T—oo

. 1
= lim limsup — log u(Br(p; €)) := hics (u p).

0 77—
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11.5. Ergodic decomposition. Let v be an invariant measure. It
may be expressed as a convex combination of ergodic measures, which are
extreme points of the compact convex set of invariant measures. There is a
concrete formula,

(100) v= /Vidu(:p)

for its ergodic decomposition, where ¢ is the orbital average through z €
G/T. It is a fact that v ergodic for v-a.e. . Then the local entropy is
(T (z,€)) .

(101) hapy(i5) = lim . Q.5.f

e—0 log €
The Brin-Katok theorem states that the global KS entropy is

h(v) = /h(uﬁ)du(:p).

11.6. Topological entropy of an invariant subset. Anantha-
raman’s first entropy bound refers to the topological entropy of an invariant
set F. Then, by definition,

hiop(F) <X <= V6 >0, 3C > 0: F can be covered by at most
(102) Ce™ 9 cylinders of length n, Vn.

11.7. Bourgain-Lindenstrauss entropy bound. Before discussing
the work of Anantharman-Nonnenmacher, we review a simpler entropy
bound of Bourgain-Lindenstrauss. After initial work of Wolpert [?], Bourgain-Jjjj
Lindenstrauss [?] obtained a strong lower bound on entropies of quantum
limit measures associated to Hecke eigenfunctions. It was an ingredient in
Lindenstrauss’ QUE theorem [?]. It is simple to state and illustrates the use
of the local entropy and local dimensions to measure the KS entropy.

The setting is a compact or finite area arithmetic hyperbolic quotient.
We have not reviewed local entropy in the non-compact finite area case, but
proceed by analogy with the compact case. Then

B(e, 70) = a((=70, 70))n— (€, €))ni((—¢€, €))
is a Bowen ball around the identity element and xB(e, 79) is its left translate
by = € G. Here ¢ = re~1/2.

THEOREM 11.1. [?] Let I' C SL(2,Z) be a congruence subgroup. Let
be a quantum limit. Then for any compact subset K C T\G and any z € K,

wxB(e, 19)) < /9.
In the flow-box notation above,
(103) pin(Br(p,€)) < Ce 79,

This implies that any ergodic component of any quantum limit has entropy
> 1
-9
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COROLLARY 11.2. [?] Almost every component of a quantum limit mea-
sure has entropy > 1/9. The Hausdorff dimenson of the support of the limit
measure is > 1+ 1/9.

Theorem 77 is a consequence of the following uniform upper bound for
masses in small tubes around geodesic segments in configuration space:

THEOREM 11.3. [?] Let ' C SL(2,7Z) be a congruence subgroup. Let
be a quantum limit. Then for any compact subset K C T\G and any z € K,
and for any Hecke eigenfunction ¢,

/ o, [2dV < 212,
zB(r,m0)

One may rewrite this result in terms of a Riesz-energy of the quantum
limit measures:

COROLLARY 11.4. Let p be a quantum limit of a sequence of Hecke-
Maass eigenfunctions. Then for k < 2/9,

//dMZEy“+1<OO

We briefly sketch the idea of the proof since it makes an interesting con-
trast to the Anantharaman-Nonnenmacher bound. They prove that there
exists a set W of integers of size €=2/9 so that for n € W one has (roughly)
that the translates yB(e, 79) of the small balls by y in the Hecke correspon-
dence for T,, are all pairwise disjoint. Since

loax@P< D lea@)

2€Tn(y)
one has
[ dewravse[ Y jepaw
zB(e,m9) zB(e,m9) 2€Tn (y)
Z / loa(z)[?aV.
2€Tn (x) B(e;m0)

Now sum over n € W and use the disjointness of the small balls zB(e, 79)
and the L? normalization of the eigenfunction to obtain

2 2
@ dv < / % dav
/:EB(E,TO) | A( ) |W| Z Z | A

neW zeTy(x) B(em0)

< 062/9/ |p3dV < Ce?.
X
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11.8. Anantharman and Anantharaman-Nonnenacher lower
bound. We now turn to the lower bounds on entropy in the general Anosov
case given in [?] and in [?, ?]. The mechanisms proving the lower bounds
and the results are somewhat different between the two articles. The result
of [?] gives a lower bound for the topological entropy htop(suppry) of the
support of a quantum limit while the main result of [?] gives a lower bound
on the metric or Kolmogorov Sinai entropy hy = hi g of the quantum limits.
For the definition of h¢qp(F), see (77).

THEOREM 11.5. [?] Let vy = [qu,, V5 dvo(x) be the ergodic decomposition
of vg. Then there exists k > 0 and two continuous decreasing functions
7:[0,1] = [0,1] and 9 : (0,1] — R4 with 7(0) = 1,9(0) = oo, such that

Hence

o hgy(r) > 0;
o Niop(supp 1) > %

It follows that a positive proportion of the ergodic components of v
must have KS entropy arbitrarily close to %

This is proved as a consequence of a Proposition which may have other
applications:

THEOREM 11.6. [?] (Proposition 2.0.4) With the same notation as in
Theorem 7?7 and Remark ??. Let F be a subset with hyoy(F) < 5(1 —6).
Then,

Hence supp vy cannot equal F'.

In [?] Theorem 1.1.2, there is a generalization to quasi-modes which
introduces a constant ¢. For simplicity we only consider eigenfunctions.

In the subsequent article of Anantharaman-Nonnenmacher, [?, ?] the
authors obtain a quantitative lower bound on the KS entropy:
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THEOREM 11.7. [?, ?] Let u be a semiclassical measure associated to the
etgenfunctions of the Laplacian on M. Then its metric entropy satisfies

U (d — 1)

(104) his(p) > g MlogJ (p)dp(p)| — —5—

/\max Y

where d = dim M. Apax = lim|t|_>oo%logsuppeg |dgf)| s the mazimal ez-
pansion rate of the geodesic flow on € (?7) and J* is the unstable Jacobian
determinant (77).

When M has constant sectional curvature —1, the theorem implies that
d—1
(105) his(p) > —
They state the conjecture
CONJECTURE 11.8. [?] Let (M, g) have Anosov geodesic flow. Then for
any quantum limit measure vy,

1
hg(VO) > B

/ log J“(v)dvg(v)| .
S*M

This conjecture has recently been proved by G. Riviere for surfaces of
negative curvature [?].

This conjecture does not imply QUE. In fact the counterexamples in
[?, ?] to QUE in the case of “quantum cat maps” satisfy the condition of
the conjecture. So there is some chance that the conjecture is best possible
for (M, g) with ergodic geodesic flow.

To the author’s knowledge, the corollary that quantum limits in the
Anosov case cannot be pure periodic orbit measures has not been proved
a simpler way that by applying the theorems above. In §77 we will go
over the proof in that special case and see how it ties together with mass
concentration of eigenfunctions around hyperbolic closed geodesics in §77.

11.9. Problem with semi-classical estimates and Bowen balls.
As a first attempt to estimate KS entropies of quantum limits, one might
try to study the local entropy formula as in Bourgain-Lindenstrauss. Let
Br(p, €) be the small tube around p € S*M, i.e. of length € in the flow
direction and e~7/2 in the stable/unstable directions. As in the Bourgain-
Lindenstrauss bound, one would like to understand the decay of p, (Br(p, €))
as T — oo and n — oo. In the brief expository article [?], the authors give
the heuristic estimate

d—1 (d—1)T

(106) bn(Br(p, ) <C\?2 e 2, d=dimM
on the local dimensions of the quantum measures for a sequence of eigenfunc-
tions. Unlike the uniform Bourgain-Lindenstrauss estimate, the estimate is
An-dependent and is only non-trivial for times 7" > log A,,. But then the ball
radius (in the stable/unstable directions) is e = X, 1 2 which is just below
the minimal scale allowed by the uncertainty principle (§??). To obtain a
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useful entropy bound one needs to take 7' = 2log A\, and then e=7 = A1,
well below the Heisenberg uncertainty threshold. So although it is attrac-
tive, the local entropy is difficult to use. Recall that Bourgain-Lindenstrauss
used the many elements of the Hecke correspondences to move the small ball
around so that it almost fills out the manifold, and then used the L? nor-
malization to estimate the total mass. There doesn’t seem to exist a similar
mechanism to build up a big mass from the small balls in the general Anosov
case.

11.10. Some important parameters. Two important parameters &,
9 appear here and in the statements and proofs in [?]. They represent time
scales relative to the Ehrenfest time:

e x: Semi-classical estimates only work when n < k|loghl, i.e.
k| log k| plays the role of the Ehrenfest time.

e ¥: The main estimate is only useful when h=%2¢ M2 << 1 or
n > 9| loghl.

11.11. Cylinder set operators in quantum mechanics. To get out
of the too-small Bowen ball impasse, Anantharaman [?] and Ananthraman-
Nonnenmacher study “quantum measures” of cylinder sets C rather than
small balls. The emphasis (and results) on quantum cylinder sets is one of
the key innovations in [?]. The classical cylinder sets are not directly involved
in the main estimates of [?, ?]. Rather they are quantized as cylinder set
operators. Then their “quantum measure” or quantum entropy is studied.
To distinguish notationally between classical and quantum objects, we put
a - on the quantum operator.

To define quantum cylinder set operators, one quantizes the partition
to define a smooth quantum partition of unity P, by smoothing out the
characteristic functions of My. Let a = [ag,...,an—1 € X, be a cylinder
set in sequence space Y. The corresponding quantum cylinder operator is

(107) Py=P,, ,(n—1)P,, 2(n—2)---Py,
where a = [a, . . ., 1] where
(108) P(k) = U**PU*,

Here, U = VA s the propagator at unit time (or in the semi-classical
framework, U = e"2/2 (sce [?] (1.3.4)).

The analogue of the measure of a cylinder set in quantum mechanics is
given by the matrix element of the cylinder set operator in the energy state,
transported to ¥. We use the semi-classical notation of [?], but it is easily
converted to homogeneous notation.

DEFINITION: (See [?], (1.3.4)) Let ¢ be an eigenfunction of A. Define
the associated quantum “measure” of cylinder sets C = [, ..., an—1] € X,



180 S. ZELDITCH

by
(109) pn([a0, - an]) = (Pa, (1) -+ Pag (0)¢m, ¥n).

Thus, one “quantizes” the cylinder set C = [a, . . ., a,—1] as the operator
(110) C=U""Yp, UPB, , --UP,,

For each eigenfunction, one obtains a linear functional

(111) pn([aos - -, ani]) = pi(C)

in the notation of states of §77. The “quantum measures” are shift invariant,
i.e.

pn([eos - - - an—1]) = pr(c Hag, - . ., ap1]).

This says,

(U= 2P,, U2 UPa U ' on, on)
= <U_(n_1)Pan,1 Un_l to UPa()(phv Soh>7

which is true since pp(A) = (Apn, ©r) is an invariant state.

The matrix element (P,ip, ¥p) is the probability (amplitude) that the
particle in state 15 visits the phase space regions P,,, P, .., Pa, , at
times 0,1,...,n — 1.

Thus, the states pp or alternatively the Wigner distributions of ¢y are
transported to 3 to define linear functionals pp on the span of the cylinder
functions on Y. They ezactly invariant under the shift map.

The functionals up are not positive measures since @h is not a positive
operator. However as in the proof of the quantum ergodicity Theorem 77,
one has the Schwartz inequality,

(112) |on(C)[? < pr(C*C),

reflecting the positivity of the state pp.

11.12. Main estimate for cylinder sets of X. The so-called main
estimate of [?] implies that for every cylinder set C € X,,, one has

(113) |un(C)| < Csh™¥2e™M2(1 4 O(€))",  uniformly for n < 3 |log .

Here, B can be taken arbitrarily large. This estimate is similar in spirit to
(?7?) but circumvents the uncertainty principle. It is one of the essential
quantum mechanical (or semi-classical) ingredient for getting a lower bound
on hyep(suppry) of supports of quantum limit measures (see §77).
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11.13. Quantization of cylinder sets versus quantized cylinder
operators. Let us explain how (?7?) gets around the uncertainty principle.
A fundamental feature of quantization is that it is not a homomorphism.
Thus, the quantization of the (smoothed) characteristic function of the cylin-
der set Py, N g_lPa1 N---Ng "P,, is very different from IADO[nflUIADOénf2 cee
U IADQO, the ordering which occurs in the quantum cylinder operator P, in
(??). The problematic Bowen ball estimate (?7) would arise if one quan-
tized the Bowen ball (or cylinder set) in the first sense and then took its
matrix element. Quantizing in the other order makes the main estimate
possible.

11.14. Quantized cylinder operators and covering numbers. As
motivation to study quantum measures of cylinder sets, Anantharaman ob-
serves that the main estimate suggests an obstruction to a quantum mea-
sure concentrating on a set F' with hop(F) < % For each n such a set

can be covered by Cen(3(1-9) cylinder sets of length n. By the main

estimate (?7?), each of the cylinder sets has quantum measure |ur(C)| <
Ce~4/2logh—nA/2  ypiformly for n < k |logh| for any k. As yet, the com-
bination does not disprove that suppyy = F, i.e. 19(F) = 1, since the
large factor of h=%?2 is not cancelled in the resulting estimate pp(F) <
Cen(3(1=0)=d/2logh—nA/2  An additional idea is needed to decouple the large
time parameter n into independent time parameters. Roughly speaking,
this is done by a sub-multiplicative property. In §?7, the ideas in the above
paragraph are made more precise and effective.

11.15. Upper semi-continuity, sub-multiplicativity and sub-
additivity. Before getting into the details of (the sketch of) the proof,
it is useful to consider why there should exist a non-trivial lower bound on
his(vy) for a quantum limit measure? What constrains a quantum limit
measure to have higher entropy than some given invariant measure?

First, the classical entropy of an invariant is upper semi-continuous with
respect to weak convergence. This is in the right direction for proving lower
entropy bounds for quantum limits. If one can obtain a lower bound on
the “entropies” of the quantum measures p,, then the entropy of the limit
can only jump up. Of course, the quantum measures are not g invariant
measures and so upper semi-continuity does not literally apply. One needs to
define a useful notion of entropy for the quantum measures and prove some
version of upper semi-continuity for it. The USC property of the classical
entropy suggests that there should exist some analogue on the quantum
level.

In [?], entropies are studied via special covers by cylinder sets. For these,
there is a sub-multiplicative estimate on the number of elements in the cover.

In [?], a quite different idea is used: the authors employ a notion of
quantum entropy due to Maassen-Uflink and prove a certain lower bound
for the quantum entropy called the entropy uncertainty inequality. It is the
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origin of the lower bound for the quantum entropies and the KS entropy
in Theorem ?7 (see §77). As a replacement for the USC property of the
entropy, a certain sub-additivity property for the quantum entropy is proved
(see §77).

In the next three subsections, we go over the main ingredients in the
proof. Then we give a quick sketch of the full proof.

11.16. Main estimate in more detail. The main estimate in [?]
(Theorem 1.3.3) was refined in [?, ?]. To state the results, we need some
further notation. Let ng(h) denote the Ehrenfest time

np(h) = [M]

Amax
where the brackets denote the integer part and ¢§ is a certain small number
arising in energy localization (for the definition of Apax see (?7)). The
authors also introduce a discrete “coarse-grained” unstable Jacobian

Ji(ap, 1) = sup{J“(p) : p € T*Quy NE : g'p € T* Ny, },

for ag, 1 = 1,..., K. Here, €); are small open neighborhoods of the parti-
tion sets M;. For a sequence o = (v, . . ., ap—1) of symbols of length n, one
defines

J#(OZ) = Jlu(a(]a al) o 'Jlu(an—2a an—l)-

THEOREM 11.9. (See Theorem 3.5 of [?]) Given a partition P©) and
5,8" > 0 small enough, there exists hip() 55 such that, for any b < hpo) 54,
for any positive integer n < ng(h), and any pair of sequences o, o of
length n,

(114) |P5 U™ P, Op(x™)|| < C h=d=1F0) [ Ju(a) Ju (o) .
Here, d = dim M and the constants ¢, C' only depend on (M, g).

There is a more refined version using a sharper energy cutoff in [?].

THEOREM 11.10. Given a partition PO, k > 0 and § > 0 small enough,
there exists Npo) 5, such that, for any h < hpo s, for any positive integer
n < k|logh|, and any pair of sequences o, &' of length n,

(115) |5 U By Op(x™)| | < O 1T+ e=(@=Dn(1 1 o(p%)) .
Here, d = dim M.
To prove this, one shows that any state of the form Op(X(*))\If can be

decomposed as a superposition of essentially h_% normalized Lagrangian
states, supported on Lagrangian manifolds transverse to the stable leaves
of the flow. The action of the operator P, on such Lagrangian states is
intuitively as follows: each application of U stretches the Lagrangian in the
unstable direction (the rate of elongation being described by the unstable
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Jacobian) whereas each multiplication by Paj cuts off the small piece of the
Lagrangian in the ath cell. This iteration of stretching and cutting accounts
for the exponential decay. A somewhat more detailed exposition is in §77.

This estimate can be reformulated as a statement about matrix elements
of the operators P, relative to eigenfunctions (see Theorem 3.1 of [?])

THEOREM 11.11. Let P, = 137,. For any k > 0 there exists Iy, > 0
so that, uniformly for h < h, and all n < k |logh|, and for all a =
(OZ(], ) an—l) € [17 ’{]n N Zn’

| Batin]| < 2(278) 42772 (1 + O(e))".

The cutoff operator Op(x(")) is supported near the energy surface \2,
and the eigenfunctions are supported on their energy surfaces. Here, A is
the “smallest” expansion rate (see (77)).

We recall that (Phip, 1p) is the probability (amplitude) that the par-
ticle in state 1y visits the phase space regions P, Pa,, ..., Pa, , at times
0,1,...,n— 1. The main estimates show that this probability decays expo-
nentially fast with n, at rate % However, the decay only starts near the

Eherenfest time ny = W.

11.17. Entropy uncertainty principle. The source of the lower
bound for hxg(vp) is most simply explained in [?]. It is based on the “en-
tropic uncertainty principle” of Maassen- Uffink. There are several notions
of quantum or non-commutative entropy, but for applications to eigenfunc-
tions it is important to find one with good semi-classical properties.

Let (H, (., .)) be a complex Hilbert space, and let |[|| = /{1, ¥) denote
the associated norm. The quantum notion of partition is a family = =
(Tk)k=1,.. N of operators on H such that 2211 mpmy = 1d. If ||| = 1, the
entropy of ¢ with respect to the partition 7 is define by

N
he(y) = =Y |l ||* log |||

k=1

We note that the quantum analogue of an invariant probability measure
1 is an invariant state p, and the direct analogue of the entropy of the
partition would be ) p(mp7f) log p(mpmy). If the state is p(A) = (Ay, )
then p(my7) = |[m7 1%

The dynamics is generated by a unitary operator & on H. We now state
a simple version of the entropy uncertainty inequality of Maasen-Uffink.
A more elaborate version in [?, 7, ?]| gives a lower bound for a certain
“pressure”.

THEOREM 11.12. For any € > 0, for any normalized 1 € 'H,

ha (U) + i (¥) = —2loge(U),
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where

c(U) = sup [(ex, Ue;)]
jk
is the supremum of all matriz elements in the orthonormal basis {e;}. In
particular, hy(1) > —logc(U) if 1 is an eigenfunction of U.

The intuitive idea is that if a unitary matrix has small entries, then each
of its eigenvectors must have large Shannon entropy.

This uncertainty principle is applied to the entropies of the partitions
defined above. For the propagator, we put U = TV is the wave operator

at the “Ehrenfest time” Tp = logA " Or in the semi-classical framework
Amax

(where h = %), one can use the Hamiltonian is H = h%2A and the time
; 1
evolution U = emEWIA with np(h) = 255

>\max

Applied to an eigenfunction of U, one has

(116) he(tbn) = > || Pnl*log || Pl 2,

la|l=ng

and obviously
o (U) + P () = 20 ().
On the right side,

() W)= max [Pl E0p("))|

la[=la’|=ng

where x("E) is a very sharp energy cutoff supported in a tubular neighbor-
hood £¢ := H (1 — €,1 + ¢€) of & = S*M of width 2n'~%™ for a given
6> 0.

11.18. Sub-additivity. Another key component in the proof is that
the quantum entropy is almost sub-additive for i < |logt|.

Sub-additivity of the classical KS entropy follows from the concavity of
the function —z log . It states that the sequence {h,(u, P)} is sub-additive,
ie.

However, this is false for the quantum measures.

The correct statement is as follows: There exists a function R(ng, k)
such that limp_,g R(ng, i) for all ng € Z and such that for all ng,n € N with
(1-9)|log Al

>\max

ng+n= , and for any normalized eigenfunction ), one has

(118) hpnotn (02) < Bpro (02) + hpn(oa) + R(no, ).
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11.19. Outline of proof of Theorem 7?7. We outline the proof from
[?]. Let

(119) hpw () = = Y 1Byl [Plog]| P,
la|=n

and let

(120) ho (V) = = D [Patd][*log || Pats] %,
lal=n

(1) Let K = /\lm;i. By the main estimate and the entropy uncertainty
inequality, one has
(d— 14+ 28)Amax
=

hae (Yn) + hpeo (Pn) 2 2(d —1)n + ng(h)
+0(1).
(2) Fix ng,ng(h). Write n = gng + r,7 < ng. Then by sub-additivity,

hp ($n) _ hpeo) (¥n) n hpe (n) N R(no, h)
n B 1o ng(h) ng
(3) As i — 0, this gives
hpe hn - max
1o o (1-9)

+0(1) - R(;T()(’]m + Oy (1/n).

(4) Now take the limit & — 0. The expressions ||Pypx||? and the
Shannon entropies tend to their classical values. Hence, hpng) (¥n)
tends to the KS entropy of the quantum limit. Thus, the lower
bound implies

hno (/L) > d 1 (d -1 + 25)/\max

no 2(1—9)

Since 4, 0" are arbitrary one can set them equal to zero. Then let
ng — oo to obtain the KS entropy of the quantum limit.

11.20. Sketch of proof of Theorem ?7? [?]. The proof of Theorem
7?7 is less structural than the proof of Theorem ?7. There is no magic
weapon like the entropic uncertainty principle. In its place there is the
construction of special covers by cylinder sets and counting arguments for
the number of elements in the cover. These covering arguments probably
have further applications and (although quantum) seem more geometric than
the argument based on the entropic uncertainty principle.

We mainly discuss the statement that hp(supp vg) > % We recall
(§?7) that an invariant set F' is with hpp(F) < %(1 — ) can be covered
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by at CeN (3(1-9) cylinder sets of length N. We further recall that, by
the main estimate (?7?), each of the cylinder sets has quantum measure
|un(C)| < Ce=4/2logh=NA/Z ypiformly for N < 9 |logh| for any 9. We
want to combine these estimates to show that v(F) < 1 for any quantum
limit 9. But we cannot simply multiply the measure estimate for C in the
cover times the number of cylinder sets in the cover. The main estimate
being fixed, the only things left to work with are the covers.

As will be seen below, one needs to introduce special covers adapted
to the eigenfunctions. The covering number of such covers has a sub-
multiplicative property. We motivate it by going through a heuristic proof
from [?]. We also add a new step that helps explain why special covers are
needed. See also §7?7 where the pitfalls are explored when F' =« (a closed
hyperbolic orbit).

11.20.1. Cowvers and times, 1. Let F' C 3 be a shift-invariant subset with
hiop(F') < %(1 —9). Let W,, C £,, be a cover of minimal cardinality of F' by
n cylinder-sets. Now introduce a new time N >> n and define

{N — cylinders [ag, ..., an_1] such that

(120)  Ev(Wa.7) =19 wric (0. N =) : [0+ Q1] € W}

N-—-n+1

They correspond to orbits that spend a proportion > 7 of their time in W,,.
In terms of the (ergodic) Liouville measure (transported to X), for almost
every point of S*M (or its image under I), the proportion of the total time
its orbit spends in W,, is the relative measure of (the union of the cylinder
sets in) W,,. If this measure is smaller than 7, then Xn(W,,7) is a rare
event as N — oo. Its cylinders satisfy ¢/(C) N W,, = C for a proportion
7 of 0 < j < N. If one imagines partitioning the elements of W,, into NV
cylinders, then only a (relatively) sparse subset will go into ¥ (W,,, 7). The
next Lemma gives an upper bound on that number:

LEMMA 11.13. (see Lemma 2.3.1 of [?]) For all ng there exist n > ng
and Ny so that for N > Ny and 7 € [0, 1], the cover W,, of F of minimal
cardinality satisfies,

#YNW,, 1) < 6N¥eNhtop(F)e(l—T)N(l—i-n)logé'
where ¢ is the number of elements in the partition.

If 7 is chosen sufficiently close to 1, this implies:

COROLLARY 11.14. (See (2.3.1) of [?]) If F is an invariant set with
hiop(F') < %(1 —9), then

L5 N (Wi, 7) < eN(5(170) ((1=m)N(14n)log £,
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We now re-write this estimate in terms of the semi-classical parameter
h. If 7 is sufficiently close to 1 and € > 0 is sufficiently small, there exists
¥ > 0 so that for N > J|logh|,

(122) eN(5(1-6)) J(1=T)N(1+n)logt _ (1— g)hd/2eNA/2‘

Indeed, let o = —5% +(1—=7)(14+n)log¥. For T very close to 1 it is negative.

We then choose ¥ so that h=®? < (1 —e)h%?, i.e. so that |a®d| > d/2.
By the main estimate (?7?) and (??), we obtain the following

COROLLARY 11.15. (see [?], (2.0.1))
For 7 sufficiently close to 1 and € close to zero, there exists ¥ > 0 so
that for N > 9| loghl,

(123) lun(EN(Wh, 7)) £ 1—c.
Here, pup (38 (Wh, 7)) means pun(Ueesy (w7 €)-

11.20.2. Heuristic Proof. We now present a heuristic proof of Theorem
?? from Section 2 of [?] that explains the need for some rather technical
machinery introduced below.

We recall that up is a shift (o)-invariant measure on . Let us tem-
porarily pretend that up is also a positive measure. Then we would have for
N > 9|loghl,

—n—1
pn(o ™ W)
k=0

(W) = |

1 N
N —n
N-n—1

v 3 )
< D> wm@©+7 D> m(0)

CEEN(Wnﬂ') C¢2N(Wn77—)
= ur(EN(Wa, 7)) + Tpa(EN (Wh, 7)°)
<(1-7)1-e)+r

(124)

Here we used (?77), and that the sum of the pj, measures of ¥y (W, 7) and
its complement add to one. Since W, is fixed, the weak convergence pup — o
implies,

(125) lo(Wn)l < (I-7)(1-¢))+7 <L

Since F' C W, the same estimate applies to F'. So F' cannot be the support
of pg. “QED”
In the above steps, we use that o *W,, C Sn(W,,7) for k< N —n —1
and that
(126)
1 N—-n—1 1 N—-n—1 .
N ;_% 1,-ry, <1, N —n ;_% 1k, <7 onXn(Wp,7)"
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REMARK: There are two very innovative ideas in this argument. It is
somewhat reminiscent of the averaging argument of Theorem 77, but there
is no averaging over eigenvalues and no appeal to ergodicity (since there is
no reason why a weak™® limit of up should be an ergodic measure). The
first idea is to study the special observables B,. They are not expressed
in the form Opp(a), i.e. in terms of a symbol, and it would be counter-
productive to do so. Thus, the argument of (??) takes place entirely on the
quantum level and does not make use of any properties of the weak™ limit
(which are unknown); the semi-classical limit is taken after the inequality
is proved. The key innovation is the third step, where the sets Xy (W, 7)
are introduced and the sum is broken up into one over ¥ (W, 7) and one
over its complement. As is evident from (?7?), X (W, 7)¢ arises naturally
as an approximation to the 7-sublevel set of ﬁ éV:_O"_l 1,-ry, . But
note again that the the decomposition occurs in ¥ and is used the on the
quantum level. This is very different from using symbols of the C' and their
time averages to to define the corresponding subsets in S*M!

The flaw in the argument is in the third line, where we pretended that
ur, was a positive measure. We recall that py(C) converges to po(C), which
is a positive measure. But this is for a fixed C. But it is also close to
being a probability measure for cylinder sets of length < k|logh|. But (77?)
is only valid for N > d|logh|. Since ¥ > k, one cannot use them both
simultaneously (see §77 for x, )

One can attempt to get around this problem using the positivity of the
underlying state pj. Define the function

1 N—-n—1
why .= N ;—% Lo-ky, : X — Ry

Then in the third line we rigorously have,
N 2 Ny rirNy ) 2 37N
20) (W) < o (WY OF)) " = W Opnl .

Here, Wflv is the quantization as a cylinder set operator. We further denote
by X n (W, ) the operator equal to the sum of € for C € X (W, 7). Then

—

E]\/'(W/nv 7—) + E]\/'(W/nv T)C =1.

So (with Opp(x) the energy cutoff),

WY Opr(x)enl] < [[WN SN (W, 7)Opa(x) |
(128) + WS N (W, 7)<0pi(x)¥all-
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By (77),
WY SN (W, 7)Opa(x) sl | < S8 (W, 7)Opa(x)¥ll
WY SN (W, 7)0pn(x) ]| < 7I[E8 (Wi, 7)OpR() .

To complete the proof of the final equality, need an estimate of the form,

—

(129) 12N (Wh, T)Opr(x)¥nl| < 1—6.
We also need
(130) 128 (Wh, 7)Oprtbnl| <1 — [|EN(Wh, 7)Oprtbl| + O(h).

—

The latter holds formally since X (W, 7), Xn(W,,, 7)¢ are semi-classically
complementary projections. But the time N > 9| log /| may be too large for
this semi-classical estimate.

The heuristic arguments are sufficiently convincing to motivate a difficult
technical detour in which a certain sub-multiplicativity theorem is used to
reduce the N in the argument from N > ¥|logh| (above the Ehrenfest
time) to N < k|logh| (below the Ehrenfest time). It is the analogue in [?]
of the sub-additivity step in [?], and its purpose is to allow the argument
above to use only cylinder sets of length | log k| (or balls of radius >> h'/?)
where semi-classical analysis is possible. But one has to make sure that the
covering number estimates in Lemma ?? and (??) do not break down. One
has to choose special covers so that there are not too many elements in the
cover of F. This step is another crucial innovation in [?], and in some ways
the subtlest one.

11.20.3. (h,1—6,n)-covers. The sub-multiplicativity step requires a new
concept and a new parameter 0. Fix (A, n, 0) and consider a subset W C %,,.

DEFINITION: Say that W is an (h,1— 60,n) — cover of X if

(131) 1) ChOpr(x)¢bnl| < 6.
cewe

Here, W€ is the complement of W; W is an (A, 1 — 0, n) cover of X if in this
quantum sense the measure of W€ is < 1 (it is called “small” in [?] but in
the end small means < 1; See the Remark at the end of §?7 ). In other
words, the union of the cylinder sets of W might not cover all of ¥ (think
S*M), but the mass of the eigenfunctions 1y, outside of the covered part is
rather small. In this quantum sense, it is intuitively a union of cylinder sets
whose measure is > 1 — 6. By definition, if W is an (A, 1 — 0, n)— cover, then
it is an (A, 1 — 6',n)— cover for any §' > 6.
The covering number of such a cover is defined by

(132) Np(n,0) = #{W: Wisa (h,1—60,n) — cover of ¥}.
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The sub-multiplicative property is
LEMMA 11.16. (sub-multiplicativity)
(133) Ny (kn, kO(1 + O(nh®))) < Nu(n, 0)".

We will not attempt to explain this inequality but rather will point out
its consequences. One is a lower bound on growth of counting numbers of
minimal (h, 1 — 6, N)-covers as N grows (Lemma 2.2.6 of [?]):

LEMMA 11.17. Given § > 0, there exists ¥ so that:
o (i) For N = 9|logh|, Nu(N,0) > (1— 0)eN20-16);
e (i) For N = k|loghl|, k <9, Np(N,%5 0) > (1 - 9)%61\’%(1—%);

Estimate (ii) follows from (i) and sub-multiplicativity. The time in (ii)
is now below the Ehrenfest time. The sub-multiplicative property then has
the following consequence:

LEMMA 11.18. (See [?], (2.3.2); compare (??)) Let k,V have the mean-
ings in §77. Let W,, C X, be a cover of F' by n-cylinders of minimal cardi-
nality; and let N = k|logh|. Then for any 6 < 1,

4 K
Y. CrOpr()nl| = 59
CGEN(WTL,T)C

PROOF. (Sketch) The inequality goes in the opposite direction from that
in the definition of (&, 1 — 6, N)-covers in (??). Hence the Lemma is equiv-
alent to saying that Xy (W, 7) is not a (h, 1 — 56, N)-cover. This follows by
comparing the upper bound in Lemma ?7?7 with the lower bound in ?77. If
SN (W, 7) were such a cover, one would have %|log(1 — )| > N2, which
can only occur for finitely many N if § < 1. The cardinality of Xy (W, 7) is
too small to be (h,1— 60, N)-cover when N = k|logh|. O

The lower bound is a key step in the proof of Theorem ??. Intuitively,
it gives a lower bound on eigenfunction mass outside the set of orbits which
spend a proportion 7 of their time in W,,. The lower bound on the mass
outside X n (W, 7) eventually prohibits the concentration of the quantum
limit measure on F'.

Using that C’hOph(X) are roughly orthogonal projectors with orthogonal
images for distinct cylinders C, this leads to:

LEMMA 11.19. (see [?], (2.4.5)) Continue with the notation of Lemma
??. For N = k|logh|, we have

dcesy H(C) =1+ o(n?),
Y cesnwame 1€ = (560)% + O(h),

= D _cesny(Wa,r) l1(C)] < 1= (%9)2 +0O(h").
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The second inequality of Lemma ?? again goes in the opposite direction
to the defining inequality (?7) of a (h,1 — 6, n) cover.

11.20.4. Completion of Proof. We now sketch the proof of the Theorem
(see [?], (2.5.1)—(2.5.5)). It is similar to (??) but circumvents the positivity
problem by decreasing N to below the Ehrenfest time.

PROOF. (Outline, quoted almost verbatim from [?])

As above, the quantum measure py, is shift invariant (see [?], Proposition
1.3.1 (ii).)

We now fix n and let N = k|logh|. The crucial point is that this is
less than Ehrenfest time, unlike the choice of N in the first attempt. As
above, W,, C ¥, denotes an (%, 1 — 0, n)- cover of minimal cardinality of F’
by n-cylinders. In the following, we use the notation

(134)  pa(Wa) == D pa(C),  pa(ENWa, 7)) = Y un(C).
CEWn CEXN(Wh,T)

We then run through the steps of (??) again;

1 N—-n—1
lun(Wa)| = | DR G 1]
k=0

N—n

1 N—-n—1
Mh(N—TL Z lakWn>‘
k=0
(135) < > m@l+r Y (@)

Cexn(Whn,T) C¢En (Wh,T)

< D) O]+ T+0(05)
CEEN(WTL,T)

<(-n(1- (%9)2) + 7+ O(h").

Above, Lemma 77 is used to circumvent the positivity problem in (?7).
We also used (again) (?7) and the main estimate (??) to bound the N-
cylinder sets in X (W, 7) with N = k|logA|, but with the time n fixed.

Now let A — 0. Since W, is fixed, the weak convergence up — o
implies,

(136) po(W) < (1—7)(1—(560)%) + .

Since F' C W, the same estimate applies to F. Since it holds for all 8 < 1,
it follows that

(137) po(F) < (1-7) (1= (5)?) +7=1- (51 -7) <1.

This completes the proof that supp vy # F. QED
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To obtain the measure statement of Theorem 77, let
A
(138) Is ={x € S"M: hy(uy) < 5(1 —0)}.

It follows from the Shannon-McMillan theorem that for all a > 0, there ex-
A

ists I C Is5 with po(I5\I§') < « such that I§ can be covered by ez (1=0+a)

n-cylinders for sufficiently large n. It follows from (??) that

139 (i) < 0= r6-a) (1- (Gt ) 76— o)
Let @ — 0 and one has,
(140) v (S*M\Iy) > (1 — 7(5))(%)2.

O

11.21. F = . To help digest the proof, let us run through the proof in
the simplest case where F' is a single closed hyperbolic geodesic v and M is
a compact hyperbolic manifold of constant curvature —1. We would like to
show that vy # (i, or equivalently that v5(y) < 1. What we need to show is
that, if vg(F') = 1, then it requires a lot of cylinder sets to cover F. Hence
we try to get a contradiction from the fact that only a few cylinder sets are
needed to cover 7. In fact, for each n, v may be covered by one n-cylinder

VVS(WO = {lao, ..., a0,..., ]},

namely the one specified by the indices of the cells P, that v passes through
starting from some fixed xg € . To obtain a tube around the orbit, we take
the union W,,(vy) := U;L:_& g W02(~). We could use the two-sided symbols,
going symmetrically forward and backward in time to obtain a transverse
ball of radius e™/2.

First, let us try a naive heuristic argument. The main estimate (77 )
gives
(141)

(W (7)) < Ch=%2e74/2(1 4 O(e))™,  uniformly for n < K |loghl,

for any K > 0. It is now tempting to put n = (1 + €)|logh| with € > 0
to obtain |un(Wype))| < h?. But we cannot take the semi-classical limit of
this estimate. If we did so formally (not rigorously), it would seem to imply
that v9(y) = 0, which is stronger than the rigorous result 1y(y) < 1 and
possibly false in some examples (if weak scarring in fact occurs).

The problem is that the classical set W, (;¢) is a kind of h-dependent

Bowen ball or tube around ~ of radius e~ 30 — j1/249 The uncertainty

principle prohibits microlocalization to tubes of radius < h? and (as dis-
cussed in §77), it is difficult even to work with neighborhoods smaller than
h3=9 or at best h%| logh|. In particular, we do not have control over the
weak limits of |us(Wi,(ne))|, and there is no obvious reason why it should
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have semi-classical asymptotics. It is not a positive measure on this length
scale, so we do not know if it implies v5(y) = 0. On the other hand, if
we decrease n below the Ehrenfest time, so that the matrix element has a
classical limit, then the bound is trivial.

The strategy of [?] is to use the sub-multiplicative estimate for (A, 1 —
0, N)-covers of v of minimal cardinality to decrease the length N below the
Ehrenfest time (see Lemma ?7). We first consider the cover W, := W, (),
which is a minimal cover of v by cylinders of length n. We then form
Yn(Why, 7). At least intuitively, W), corresponds to a Bowen ball of radius
e ™2 ie. a transverse cube of this radius in the stable and unstable direc-
tions. The cylinders of ¥y (W, 7) satisfy ¢/(C) N W,, = C for a proportion
7 of 0 < j < N. This carves out a very porous set in the stable/unstable
cross section, suggesting why the lower bound in Lemma 77 should be true.

It would be interesting to connect the argument of Theorem 7?7 in this
case to the problem in §?7 (see §77) of estimating the eigenfunction mass
inside a shrinking tubular neighborhood of ~, i.e. to give an upper bound
for the mass (Opn(x3)pu, ¢,)) in the shrinking tube around v or (better)
the mass (Oph(xg)gou, @) in a shrinking phase space tube. However, the
methods of [?] apply equally to the cat map setting and in that case, there
are eigenfunctions whose mass in shrinking tubes around a hyperbolic fixed
point have the same order of magnitude as in the integrable case up to a
factor of 1/2 [?]. So unless one can use a property of A-eigenfunctions which
is not shared by quantum cat map eigenfunctions, one cannot expect to prove
a sharper upper bound for eigenfunction mass in shrinking tubes around
hyperbolic orbits in the Anosov case than one has in the integrable case.

11.22. Some ideas on the main estimate. The main estimate is
independently useful. For instance, it has been used to obtain bounds on
decay rates on quantum scattering [?]. In this section, we sketch some ideas
of the proof. We do not go so far as to explain a key point, that the estimate
is valid for times t < k|log | for any k.

The goal is to estimate the norm of the operators P, U" P, Op(X(")) in
terms of & and n. Since U(n) is unitary it suffices to estimate the norm of
the cylinder set operators

Kn = PanUpan—l o UPQOOp(X)

Let K,,(z, w) be the Schwartz kernel of this operator. By the Schur inequal-
ity, the operator norm is bounded above by

sup /M | K (2, w)|dV (w).

The inequality only applies when K,(z,w) € L'(M), but by harmless
smoothing approximation we may assume this.

We may get an intuitive idea of the exponential decay of the norm of
the cylinder set operators as follows. The wave group (or the semi-classical
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Schrodinger propagator) U! on a manifold without conjugate points can
be lifted to the universal cover (see (?77?)) where it has a global Hadamard
parametrix (?7). This parametrix shows that the wave kernel on the uni-
versal cover is closely related to the spherical means operator L;f(x) =
fs;M f(g'(x, w)dp.(w), where dpu, is the Euclidean surface measure on S} M
induced by the metric. Both operators have the same wave front relation,
and indeed the wave front set of U(t, -, y) is precisely the set of (co-)normal
directions to the distance sphere S¢(y) centered at y. The operator relating
Ut and L; is a dth order (pseudo-differential) operator in (¢, ), and in the
Fourier transformed picture in [?] it gives rise to the factor h~%2. As time
evolves, the surface volume of the distance sphere in the universal cover
grows exponentially. Since U! is unitary, its amplitude must decay expo-
nentially. In fact this is evident from (?7) since O(x,y) grows exponentially
in the distance from z to y, so ©1/2 (z,y) decays exponentially.

The cylinder set operators Cp, = Py, (1) - - - Pa, (1) Py, (0) are given by a
sequence of alternating applications of the propagator U and the cutting
off operators P, (which are multiplications). At least heuristically, in esti-
mating the Schur integral for K, (x,y), one is first cutting off to a piece of
the distance of the distance sphere Si(y) of radius one centered at y. Then
one applies U and this piece expands to S3(y). Then one cuts it off with
P,,. As this picture evolves, one ends up after n iterates with a piece of the
distance sphere S, (y) of radius n centered at y which is has the same size
as the initial piece. But the spherical means and wave group are normal-
ized by dividing by the volume, so the contribution to the Schur integral is

exponentially decaying at the rate e™".

11.23. Clarifications to [?].

(1) The 6 on p. 447 is a new parameter < 1 which is implicitly defined
above (2.0.1).

(2) The 0 in (2.3.2) is also implicitly defined by this inequality. W, is
not assumed to be a 6 cover.

(3) In (2.5.1)-(2.5.5), the ¥ in 0~*%(W,,,) should be removed.

(4) As mentioned above, the notation uy(Xn(W;, 7)) is not quite de-

fined but means yun(Uces (w, r)) C)-

12. Applications to nodal hypersurfaces of eigenfunctions

This survey has been devoted to the asymptotics of matrix elements
(Apj, ;). In the final section, we address the question, “what applications
does the study of these matrix elements have?”

In automorphic forms, the matrix elements are related to L-functions,
Rankin-Selberg zeta functions, etc. So there is ample motivation for their
study in the arithmetic case. Such applications lie outside the scope of
this survey, so we refer the reader to Sarnak’s expository articles [?, ?] for
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background on and references to the large literature in arithmetic quantum
chaos.

Here we are concerned with applications to the classical and geometric
analysis of eigenfunctions on general Riemannian manifolds. We present
an application of quantum ergodicity to the study of nodal (zero) sets of
eigenfunctions on real analytic (M, g) with ergodic geodesic flow. It is not
implausible that one could use related methods to count critical points of
eigenfunctions in the ergodic case.

The nodal hypersurface of ¢; is the zero set Nj = {x € M : ¢;(x) = 0}.
We are interested in its distribution as A\; — co. We study the distribution

through the integrals
/ fds
/\/’,

J
of f over the nodal line with respect to the natural surface measure. If
f = 1y is the characteristic (indicator) function of an open set U C M, then

(142) / lyds = H" YU NN;)

Nj
is (n — 1) dimensional Hausdorff measure of the part of A; which intersects
U. When U = M the integral (??) gives the total surface volume of the
nodal set. The principal result on volumes is due to Donnelly-Fefferman [?],
proving a conjecture of S. T. Yau [?]:

THEOREM 12.1. [?] (see also [?]) Let (M, g) be a compact real analytic
Riemannian manifold, with or without boundary. Then there exist cq,Cy
depending only on (M, g) such that

(143) ai < Hm_l(Zm) < CoA, (Apy = /\2<p>\; c1,Co > 0).

The question is whether one can obtain asymptotics results by imposing
a global dynamical condition on the geodesic flow.

The hypothesis of real analyticity is crucial: The analysis is based on
the analytic continuation of eigenfunctions to the complexification Mc¢ of
M. The articles [?, ?] also used analytic continuation to study volumes of
nodal hypersurfaces. It is the role of ergodicity in the complex setting that
gives strong equidistribution results.

12.1. Complexification of (M, g) and Grauert tubes. By a theo-
rem of Bruhat and Whitney, a real analytic manifold M always possesses a
unique complexification M¢, an open complex manifold in which M embeds
t : M — Mc as a totally real submanifold. Examples are real algebraic
subvarieties of R™ which complexify to complex algebraic subvarieties of C".
Other simple examples include the complexification of a quotient such as
M = R™/Z™ to Mc = C™/Z™. The complexification of hyperbolic space
can be defined using the hyperboloid model H" = {z} + .22 — 22, =

—1, @, > 0}. Then, HE = {(21,...,2p41) € C" T 27422 —22 | = -1}
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The Riemannian metric determines a special kind of plurisubharmonic
exhaustion function on Mc [?, 7, ?], namely the Grauert tube radius \/p =
\/ﬁg on Mg, defined as the unique solution of the Monge-Ampere equation

(80\/p)™ = Ortg.av,, +*(i09p) = g.
Here, dpg av, is the delta-function on the real M with respect to the volume
form dVy, i.e. f — [y, fdVy. It is shown in [?] that /p(¢) = i\/r2((,€)
where 72(x,y) is the squared distance function in a neighborhood of the

diagonal in M x M.
The Grauert tubes M. is defined by

M, ={Ce Mc:p() <7}

The maximal value of 7¢ for which ,/p is well defined is known as the Grauert
tube radius. For 7 < 79, M, is a strictly pseudo-convex domain in Mc.
Using the complexified exponential map (z,£) — exp,i one may identify
M, with the co-ball bundle BfM to M,. Under this identification, \/p
corresponds to |¢[4. The one-complex dimensional null foliation of 90,/p,
known as the “Monge-Ampere” or Riemann foliation, are the complex curves
t + i1 — 74(t), where v is a geodesic. The geometric Grauert tube radius
is the maximal radius for which the exponential map has a holomorphic
extension and defines a diffeomorphism.

12.2. Analytic Continuation of eigenfunctions. The eigenfunc-
tions are real analytic and therefore possess analytic continuations to some
Grauert tube M, independent of the eigenvalue. To study analytic contin-
uation of eigenfunctions, it is useful to relate them to analytic continuation
of the wave group at imaginary time, U (iT, z,y) = e_”/z(:n, y). This is the
Poisson operator of (M, g). We denote its analytic continuation in the z
variable to M, by Uc(it,(,y). In terms of the eigenfunction expansion, one
has

(144)  U(ir,¢,y) = Ze Y%(C)ei(y), (¢ y) € Me x M.

To the author’s knowledge, the largest ¢ has not been determined at this
time. In particular, it is not known if the radius of analytic continuation of
the wave kernel and of the eigenfunctions is the same as the geometrically
defined Grauert tube radius.

Since

(145) Uc(it)px = e 75,

the analytic continuability of the Poisson operator to M, implies that every
eigenfunction analytically continues to the same Grauert tube. It follows
that the analytic continuation operator to M. is given by

(146) Ac(7) = Uc(it) o VA,
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Thus, a function f € C*°(M) has a holomorphic extension to the closed tube
VP(¢) < 7ifandonly if f € Dom(e™V2), where ™2 is the backwards “heat

operator” generated by vA (rather than A).
Let us consider examples of holomorphic continuations of eigenfunctions:

e On the flat torus R"/Z™, the real eigenfunctions are cos(k,x),
sin(k, z) with k € 2nZ™. The complexified torus is C™/Z™ and the
complexified eigenfunctions are cos(k, ¢}, sin(k, () with ¢ = = + €.

e On the unit sphere S™, eigenfunctions are restrictions of homoge-
neous harmonic functions on R”*!. The latter extend holomorphi-
cally to holomorphic harmonic polynomials on C™*! and restrict
to holomorphic function on S¢'.

e On H™, one may use the hyperbolic plane waves e T1(0)  where
(z,b) is the (signed) hyperbolic distance of the horocycle passing
through z and b to 0. They may be holomorphically extended to
the maximal tube of radius /4. See e.g. [?].

e On compact hyperbolic quotients H™ /T, eigenfunctions can be
then represented by Helgason’s generalized Poisson integral for-
mula,

@A(z):/ e(iA+1)<z’b>dT)\(b).
B

To analytically continue @) it suffices to analytically continue (z, b).
Writing the latter as ((, b), we have:

(147) S50 = / DD T, (3).
B

e In the case of 1D Schrodinger operators, several authors have stud-
ied analytic continuations of eigenfunctions and their complex ze-
ros, see e.g. [?7, 7].

12.3. Maximal plurisubharmonic functions and growth of cp(f.
In the case of domains 2 C C™, the maximal PSH (pluri-subharmonic)
function (or pluri-complex Green’s function) relative to a subset £ C Q is
defined by

Ve(C) = sup{u(z) : uw € PSH(Q),u|p < 0,ulpn < 1}.

An alternative definition due to Siciak takes the supremum only with re-
spect to polynomials p. We denote by PV the space of all complex analytic
polynomials of degree N and put P¥ = {p € PV : [|pllx < 1, [|plla < e}
Then define

1 .
log 3 (¢) = sup{ - log|pn (¢)| - p € PR}, log ®pp = limsuplog @

N—oo

Here, ||f||x = sup,c | f(2)]. Siciak proved that log ®p = V.
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On a real analytic Riemannian manifold, the natural analogue of P is
the space

A
H' = {p = Z aj(p)\ja at, .. 'aaN()\) € R}
JiA <A
spanned by eigenfunctions with frequencies < A. Rather than using the sup
norm, it is convenient to work with L? based norms than sup norms, and so
we define
N(X)
A 2
Hy ={p= Z ajoxr;, pllozan = Z |aj|* = 1}.
FiA<A j=1
We define the A-Siciak approximate extremal function by

Py (2) = sup{[p ()" v € Ha; [[0llar < 1},

and the extremal function by
®r(2) = sup Dy (2).
A

It is not hard to show that
.1 =
(148) Pp(2) = lim —logjpA(C,C) = v/p-
A—oo A
12.4. Nodal hypersurfaces in the case of ergodic geodesic flow.
The complex nodal hypersurface of an eigenfunction is defined by

(149) Z,c ={C € B, M : ¢5(¢) = 0}

There exists a natural current of integration over the nodal hypersurface in
any ball bundle B M with € < ¢p , given by
(150)

i

(2], ) = = / 0910g| G512 A = / o, e DML (BEAL),
3 21 JBrm Z ¢

‘X
In the second equality we used the Poincaré-Lelong formula. The notation
Dm=1m=1)(B* M) stands for smooth test (m — 1, m — 1)-forms with support
in B*M.
The nodal hypersurface Zgog also carries a natural volume form |Z§0§| as
a complex hypersurface in a Kéhler manifold. By Wirtinger’s formula, it

wm

-1

equals the restriction of m to Zgog.

THEOREM 12.2. [Z5] Let (M, g) be real analytic, and let {p;, } denote a

quantum ergodic sequence of eigenfunctions of its Laplacian A.  Let

(B, M, J) be the maximal Grauert tube around M with complex structure
Jg adapted to g. Let € < eg. Then:

1

(Zyc = ~00/p weakly in D' (BIM),
Aji T

Sojk
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in the sense that, for any continuous test form v € D(m_lvm_l)(B;kM), we

have
1 ' _
— »— 2 NYNEN
Ajw Jz ¢ T JB:M
Ik

Equivalently, for any ¢ € C(Bf M),

1 m—1 m—1

o Wy 7 / 00 5\/5/\ Wy

_ 9 = 9

NpJz o Tm=1 7 gy (m—1)!
*ij

COROLLARY 12.3. Let (M,g) be a real analytic with ergodic geodesic

flow. Let {pj, } denote a full density ergodic sequence. Then for all € < €,

1 i .= /
- — ), (171) *
N, [Zeogc»k] — Waa\/ﬁ, weakly in D (BXM).

~REMARK: The limit form is singular with respect to the Kahler form
100p on M adapted to the metric. Its highest exterior power is the delta
function on the zero section (i.e. the real domain M).

In outline the steps in the proof are;
(1) By the Poincaré-Lelong formula, [Zgog] = 00 1og |¢5|. This reduces

the theorem to determining the limit of $ log |¢|.

(2) 95|, when properly L? normalized on each M, is a quantum
ergodic sequence on OM,.

(3) The ergodic property of complexified eigenfunctions implies that
the L? norm of |<,0(§|2 on M, is asymtotically /p. Thus, normalized
log moduli of ergodic eigenfunctions are asympotically maximal
PSH functions. They are A-Siciak extremal functions.

(4) §log||¢w§+ﬂ2 — 0 for an ergodic sequence of eigenfunctions.

C
Al |L2 (dMr
Hence,

(5) +00log || — i00./p,

concluding the proof.

REMARK: We expect a similar result for nodal lines of Dirichlet or
Neumann eigenfunctions of a piecewise smooth domain 2 C R? with ergodic
billiards. We also expect similar results for nodal lines of such domains which
touch the boundary (like the angular “spokes” of eigenfunctions of the disc).
In [?], we proved that the number of such nodal lines is bounded above by
CaqA. This is rather like the Donnelly-Fefferman upper bound. However the
example of the disc shows that there is no lower bound above zero. That
is, there are sequences of eigenfunctions (with low angular momentum) with
a uniformly bounded number of nodal lines touching the boundary. We
believe that ergodicity is a mechanism producing lower bounds on numbers
of zeros and critical points. It causes eigenfunctions to oscillate uniformly
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in all directions and hence to produce a lot of zeros and critical points. We
expect this to be one of the future roles for ergodicity of eigenfunctions.

REMARK: Precursors to Theorem 77 giving limit distributions of zero
sets for holomorphic eigen-sections of Kahler quantizations of ergodic sym-
plectic maps on Kéhler manifolds can be found in [?, ?]. In that setting,
the zeros become uniformly distributed with respect to the Kahler form. In
the Riemannian setting, they become uniformly distributed with respect to
a singular (1,1) current relative to the Kéhler form dp on Mc.
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