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1. Introduction

Many problems of mathematical statistics consist in that one has to extract
from certain observations the information which is needed. In other words, one
has to separate the relevant information from the irrelevant. For instance, it is a
generally accepted view that if for a parameter there exists a sufficient statistie,
its sufficiency means that it contains all the information which is present in the
sample and is relevant for determining the parameter. Although this is generally
admitted, it is not usual to go a step further and ask: how much information is
contained in a statistic (sufficient or not) concerning a parameter? (According to the
author’s knowledge, the first to consider this question was D. V. Lindley [1].)
In view of the success of information theory in other fields (especially in the
theory of information-transmission), which success was achieved by attributing
a numerical measure to amounts of information, this question is a very natural
one. It seems to the author that the reason why this question is usually not asked
in current statistical practice is that a meaningful answer to this question can
be given only if one accepts the Bayesian point of view; that is, if one considers
the unknown parameter as a random variable and attributes to it a prior distri-
bution. As a matter of fact, the amount of information in a random variable
concerning another random variable is a well-defined concept of information
theory, whereas the amount of information in a random variable concerning a
constant is always zero. The amount of information in a random variable £ con-
cerning another random variable 6 is equal to the average decrease of uncertainty
(entropy) concerning 6 which results if £ is observed. In order to measure this
decrease of uncertainty, our prior knowledge about ¢ has to be taken into account.

If we have some prior knowledge about 6, this causes no difficulty. If we have
no prior knowledge about 6, except that we know the set of its possible values,
from the point of view of information theory it seems to be natural to attribute
to 6 that prior distribution on the admissible set of values which has the largest
entropy, that is which corresponds to maximal uncertainty. Even if the param-
eter is in reality a constant, if its value is unknown to us, I do not find any
logical fault in attributing to @ a prior distribution, if this is needed to compare
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different statistics and to choose that which is the best for our purposes. Usually
the choice depends only weakly on the prior distribution.

In this paper we do not want to go into the philosophical aspects of the ques-
tion—however interesting they may be—as our aim is to deal with certain purely
mathematical problems which arise when one tries to apply the concepts of
information theory to the mentioned statistical problems.

The problem which will be discussed in what follows is: how can one decide
whether or not a certain sequence of observations contains all the information which
15 needed (for example, to find the true value of the parameter)? In general, if a
statistician is confronted with a concrete problem, his first task is to decide
whether or not the required information is fully present. If the answer is positive,
then the second step consists in trying to find an appropriate decision procedure,
for instance one which is optimal in some respect. However, if the answer to the
first question is negative, then it is futile to take the second step, as even the
“best” decision procedure will not yield the required information. In this case
the statistician has to look for some other source of information, that is, make
some other observations.

In the present paper we shall discuss from this point of view the following
problem. Let us be given an infinite sequence {£.}, (n = 1,2, ---) of observa-
tions. We suppose that the distributions of the random variables &£,
(n=1,2,---) depend on a parameter 8, whose set of possible values is finite.
We suppose further that for each fixed value of # the random variables &,,
(n=1,2, ---) are independent, but in general do not have the same distribu-
tion. We shall be especially interested in the case where the amount of informa-
tion on 8 contained in the observation &, decreases when n increases. Such prob-
lems are often encountered. Let us imagine for instance that an event & happened
at time ¢ = 0, and £, is the value of some quantity connected with the aftereffects
of this event measured by some instrument at time ¢ = zn. Usually as time passes,
the aftereffects of the event & become weaker and weaker, and thus as n increases,
&, gives gradually less and less information on the event &.

In section 2 we shall consider the amount of information on 6 which is still
missing after having observed the values &, &, - - - , £, and compare it with the
error of the ‘“standard” decision, consisting in deciding always in favor of the
hypothesis which has the largest posterior probability.

In section 3 we give an upper bound for the amount of missing information
(theorem 2) and give a necessary and sufficient condition for the convergence to 0
of this quantity for n tending to .

In section 4 we shall discuss some special cases, some of which have been dis-
cussed in previous papers of the author (see [2], [3], [4]), and also others which
are presented here for the first time. In section 5 we compare some of our results
with a theorem of S. Kakutani [5].

For the sake of brevity we deal in detail only with the case where § may have
only two values. The generalization to the case when the set of possible values of
6 is an arbitrary finite set is quite straightforward and presents no difficulty. It
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should be added, however, that our results cannot be generalized immediately
to the case when the set of possible values of 8 is infinite. This case presents
some peculiar difficulties. We hope to return to this question in another paper.

2. An inequality between the amount of missing information and
the error of the standard decision

Let {¢.}, (m = 1,2, ---) be a sequence of random variables. Let us suppose
that the distribution of £. depends on a parameter 6, which may take on two
different values 6, and 6,. We suppose that the random variables £, are inde-
pendent under the condition § = 6y, as well as under the condition § = 6;. We
suppose further (this restriction is made only to simplify notations) that all the
distributions in question are absolutely continuous. Let f.(x) and g.(z) denote
the density functions of £, under the conditions § = 6, and § = 6,, respectively.
As regards § we suppose that it is a random variable, taking on the values 6, and
6; with the corresponding positive probabilities Wy and Wy, (W, + W, = 1).

These suppositions can be formulated as follows. Let [©?, @, P] = S be a prob-
ability space. Let us be given a partition of  into two @-measurable sets Qo and
91 =Q — 90, Wlth P(Qo) = Wo, P(QI) = W1 =1- Wu. Let So a.nd Sl denote the
probability spaces So = [Q, @, P,] and S; = [@, @, P;] where Py (4) =
(P(AQ)/P(Q)) and Pi(A) = (P(AQ)/P(@)) for A € G. Let & = £a(w), (w € D),
(n=1,2, --+) be a sequence of @-measurable real functions. Then we can con-
sider the £, as random variables on the probability space S as well as on the
probability spaces S, and S;. We suppose that the random variables £, are inde-
pendent on S, as well as on S;. Note that on the probability space S the random
variables &, are usually not independent.

Let us suppose now that we observe the values of all the variables £, and we
want to decide on this basis whether § = 6, or § = 6,. In other words, we suppose
that the sequence of values £,(w*), (n = 1,2, ---) is given for a single unknown
w* € @, and want to decide, whether w* € Q) or w* € ©;. We especially want to
find out under what conditions on the density functions f,(x) and g.(z) can a
correct decision be made for almost all w* € Q@ (with respeet to the measure P)?

Let us denote by ¢, the random n-dimensional vector with components

(&, &, -+ , £n). Let I, denote the amount of information contained in {» con-
cerning 6. Then we have
2.1) I, = H() — E(H(0|¢w)),
where
1 1
(2.2) H(6) = Wylog W 4+ W, log W

is the entropy of the random variable 6, and H(6|¢») is the conditional entropy
of 9 given {,, that is
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23)  H(0lt) = P8 = 6ilt) log P_(e?léo\_fﬁ

1
0 = 6 —
+ I (0 01]?”) lOg P(0 — 01'{1;)
and E(H(6|¢.)) denotes the expectation of the random variable H(8|¢.). Here
and in what follows log always denotes logarithm with base 2.
According to our supposition and the Bayes’ theorem, one has

— _ Wofi(&)fe(&) - - - fulkn)
(2.4) N P8 = oln) Woli &) - Jaltn) + Wagi(B) -~ gn(En)
and similarly, s )
_ _ Wigi(£1)g2(82) - - - gnl€n
@5 PO=00) = ey e + Wagne) - 908
For the sake of brevity, we introduce the notations z™ = (zy, - - - , a),

@n(x(n)) = fl(xl) e fn(xn), and ¢n(x(n)) = gl(xl) e gn(xn)
With these notations, letting x.(x™) = Wopa(z™) 4+ Wi.(z) we have

(2.6)  EH(®6|)

= () _Xn(2™) ) _X_"(x_(i] (n)
/X,. I:WOQOn(a; ) log Wopn(@™) + Wi (x™) log Wi (z™) dx

where X, is the n-dimensional Euclidean space and dx™ stands for dz,dz; « - - dzs.

The quantity E(H(6|¢.)) may be interpreted as the amount of missing informa-
tion on 0 after observing ¢..

It is easy to see that I, is nondecreasing for n = 1,2, --- and I, < H(9).
Thus lim,— 4. I, = I'* always exists. If I* = H(4), we shall say that the se-
quence of observations {£.}, (n = 1,2, - - ) gives us full information on 6, whereas
in the case I'* < H(#) we shall say that the observations {{.} do not give full
information on 6.

Clearly, the most natural decision after having observed ¢, is to accept 6 if
P(80|tn) > P(6i|¢n) and to accept 8 if P(6i¢n) > P(6ol¢s), and if P(6olin) =
P(6,|¢.) to make a random choice between 6, and 6, with probabilities Wy and
W,. We shall call this the standard decision. Let us define the random variable
A, = Aq(£,) as follows:

@7) A = {00 if the standard decision means acceptance of 6,
’ " 6, if the standard decision means acceptance of 6;.

The error ¢, of the standard decision after taking n observations is defined as the
probability of the standard decision being false. We have clearly

(2.8) e = P(An 5 0) = WoP(An = 6,]6 = 6)) + WiP(Aw = 6|6 = 6),

where P(A|B) denotes the conditional probability of the event A under con-
dition B. Obviously, A, = 8y if (@n(tn)/¥n(En)) > Wi/Wo) and A, = 6, if
(@n(En) /¥n($a)) < (W1/Wy). Thus

(2.9) & = W, fA on(z™) dz™ + W, fB Gn(z™) dz™
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where

_ [a(a®) W (@™ W,
@) A= {UCE 2} ed B= (G <)

It is easy to prove the following.
THEOREM 1. One has

(2.11) 5 S HO) — I < (e
where
1
(2.12) o) = plogz + (1 -plogr=——  O<p<D.

Proor oF THEOREM 1. One has clearly
(2.13)  EB(H(8)) = WoB(H(6l54)|0 = 60) + W.EH (6l¢0)[6 = 61);

E(4|B) denotes the conditional expectation of 5 under condition B. Now evi-
dently

(2.14)
n( G\W, W1 N (n)
W.EH 6|10 = 6) > /A ” % log (1 + #&)3) Wida(z™) dz®

and thus, as on the set defined by (¥.(x™)/p.{(z™)) > (Wo/W.) one has
(Win(x™)/on(x™®)) > 3, it follows that

2.15)  W.E(HO|G)|0 = 6) > 3 /A Wopn(z®) dz® = %’P(A = 6,06 = 6).

Similarly we obtain

2.16) WEH (G0 = 6) > 21 P(a = o = 0).
Thus it follows that
(2.17) EH () > 3+

This proves the lower inequality in (2.11).

This proof was given earlier in [2]; it is reproduced here for the convenience of
the reader. To prove the upper inequality in (2.11) we apply the following inte-
gral form of Jensen’s inequality:

fA h(a())k(z) dz < ( /Aa(:c)k(x) dx))
fA k(z) de [A k(z) dz

valid for every nonnegative function k(x) and every concave function A(z); we
apply (2.18) to the concave function h(z) defined by (2.12) and the domain 4
in X, defined by (¢.(2™)W,/¢¥.(x™)W;) > 1 and for the complementary domain

A. Thus we obtain

(2.19) E(H(6|¢n)) < ah(p) + BR(g)

(2.18)
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where
a = /;4 Xn(x(")) dx(n), B = /;_1 Xn(-’l;(n)) dx®) =1 — a,
(2.20)
w, fA Ya(z™) dz® W, fz on(z™) dz®
P = and q= .
a B
Again applying Jensen’s inequality in the form
(2.21) ah(p) + Bh(g) < h(ap + Bg),

valid for any concave function % and for « > 0,8 > 0, « + 8 = 1, since ap +
Bq = e, it follows that

(2.22) EHO|t) < hlen) = e log:—n + (1 — &) log

Thus theorem 1 is proved.

We obtain easily from theorem 1 the following corollary.

CoroLLARY. The error of the standard decision tends to zero for n — « if and
only if the amount of missing information tends to zero, that is, lim, 4w €, = 0
if and only of limy—» I, = H(6).

It should be added that by a slight modification of the usual proof of the
Neyman-Pearson fundamental lemma one ean prove (see [3]) that the error of
any decision function is at least as large as that of the standard decision. Thus if
lim, e I, < H(6), that is, if the amount of information in the first n observa-
tions does not tend to the total amount of information needed, then there cannot
exist a decision procedure whose error tends to zero, whereas if lim, . I, = H(6),
there certainly exists such a procedure, namely the standard decision.

1 — e

3. An upper bound for the amount of missing information and
a criterion for obtaining full information

We prove now the following theorem.
TrEOREM 2. Let us write

(3.1) M= [ Vi@ dz, (k=1,2 ).
Then the following tnequality holds:
(3.2) 0 < H() — I, < BV, 11

where B > 0 is an absolute constant.
Proor oF THEOREM 2. The function (A(z)/Vz) where h(z) is defined by
(2.12) is clearly continuous in the closed interval 0 < =z < 1. Let

_ h(z),
(8:3) ¢= 0<s1 Vz

Since h(x) = k(1 — z), we also have
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_ h(x)

(34 . = e 1=

It follows that
(3.5) H(6ltm) < CVP(8 = 6il¢n)
and also that
(3.6) H(0l¢n) < CVP(8 = 6|¢n).
Thus we have, in view of (2.4) and (2.5),

Je(&)

3. n) <
(37) H6ls) < € A7t T A58
and

. < \/ 01 (&),
(3:8) Hble) < € W, k= Ju(&)

From (3.8) we obtain
(3.9) WEH(Ol)16 = 6) < VW T A,
and from (3.7) we obtain
(3.10) WAEH6lt)|0 = 6,) < CVIWW, kﬁl Ae.
Adding (3.9) and (3.10) we get
(3.11) BHQO|t) < 20V W W, T1 A,

k=1

which proves theorem 2 with B = 2C.

Note that according to the Cauchy-Schwarz inequality,0 < Ay < land h =1
if and only if fi(z) = gi(x) almost everywhere. Further, A\, = 0 if and only if
the intersection of the sets on which fi(x) > 0 and gi.(z) > 0 is of Lebesgue
measure zero. In this case, of course, the observation of &, alone is sufficient with
probability 1 to decide whether § = 6, or 8 = 6.

We shall now prove the following.

THEOREM 3. One has

n €n
(3.12) ch=Il M S W.W,
where N, is defined by (3.1), and e, is the error of the standard decision.
Proor or THEOREM 3. Clearly,

(3.13) kI:Il e = fx,. \/%(x(n))%(x(n)) dx™,

Let us denote again by 4 the subset of X, on which (Woga(z™)/Wn(z®™) > 1
and put A = X, — A. Taking into account that ¢, is a density function, the
Cauchy-Schwarz inequality gives

(3.14) fA V on(E® )z ™) dzm < (fA Ya(z) dx(n))1/2
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Similarly we obtain

(3.15) [z V@ @™) det < (/z on(2™) d:v(")>1/2-

Thus using again the Cauchy inequality we obtain

n 1 1 1/2 —_ €
1 M (=) Ve = .
(3.16) s (Wo + W1> ) WoW,
This proves theorem 3.
Now we can prove the following theorem.

THEOREM 4. If M\ >0 for k= 1,2, .-, the sequence of observations &,
(n=1,2, --) contains full information on 6 if and only if the series
(3.17) A=)

s divergent.

As regards the connection of theorem 4 with a theorem of Kakutani, see
section 4.)

ProoF orF THEOREM 4. Since 1 — z < ¢, if the series > f=1 (1 — A) is
divergent, one has lim,,, IIf-1 Ax = 0, and thus by theorem 2 it follows that
(3.18) lim I, = H(9).

n—4 o
This proves the “if”’ part of the theorem. On the other hand, using the inequality
1 —22>e6t=2 (0 <z < 1), we obtain

(3.19) klZII A > exp {— f (1 ';k )"‘)}.

k=1

Now if 2 ¥-1 (1 — A) is convergent, then limy . A\ = 1, and since by assump-
tion Ay > Ofork = 1,2, -- -, it follows that the sequence A, has a positive lower
bound: A > ¢ > O0fork = 1,2, --- . It follows that the series >_r_1 (1 — A\/As)
is also convergent, and thus IT¢-: A; has a positive lower bound. By theorem 3
this implies that e, has a positive lower bound. Therefore, by theorem 1 the
sequence H(#) — I, has a positive lower bound too. This proves the ‘“‘only if”
part of theorem 4.

THEOREM 5. A sequence of statistics a, = an(&, - -+, &) converging in prob-
ability to the true value of the parameter (real-valued) can exist only if the sequence
& (n=1,2, ...) contains full information with respect to 0, that s if (3.18) holds.
Conversely if (3.18) holds, there exists a sequence of statistics o, which converges
with probability 1 to 6.

Proor or THEOREM 5. If lim,—, P(la, — 6] > €) = 0 for every ¢ > 0, then
we can construct the following decision function:

if lon — 61| < Jan — 60l accept 6;;
if |an ~ 6 < |an — 6], accept 6;
if |an — 60| = |an — 64}, choose at random between 6, and
6, with probabilities W, and W,.

(3.20)
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Let us suppose that 6, < 6;. Clearly,

321)  P(law— 60 < lan — 6|0 = 8) = P (an <b ;r B — 01),

and thus by assumption,

(3.22) lim P(lan — 6] < lan — 61| |8 = 6;) = 0.
Similarly,
(3.23) lim Pl — 6] < |aw — 60| |6 = ) = 0.

Thus the error of the decision in question tends to zero for n — «. A fortiori,
the error of the standard decision tends to zero which implies by theorem 1 that
(3.18) holds. This proves the ‘“only if”’ part of theorem 5. Conversely, if (3.18)
holds and 6, and 6, are different real numbers, let us choose a sequence 7, such
that the series 3.7-1 e, is convergent. Then by the Borel-Cantelli lemma the
standard decisions A, tend with probability 1 to §. More exactly, A, = 6 for all
but a finite number of values of r. Now if we put a, = A,, for n, < n < %4,
then the sequence of statistics a, = a, (&, - -+ , &) tends with probability 1 to 6.

If the variables &, have a discrete distribution, all our results remain valid;
only the quantity A; has to be defined accordingly. If £, can take the values

ay, -+, a -+ and if

(3.24) P& = aif6 = 6) = iy,
whereas

(3.25) PlE = aif6 = 61) = quy,
write

(3.26) e = l; VDrags i

All our results remain valid for this case.

4, Some examples

ExampLE 1. Let us suppose that fi(x) = f(z) and gi(z) = g(x), (k =1, 2,
-+ +); that is, the random variables &, are identically distributed under condition
6 = 6;, i = 1, 2). Suppose further that

4.1) 1>\ = f_*: Vi@)g(@) dz > 0.
Then it follows from theorem 2 that

4.2) H(6) — I, < BYW W~

and thus the missing information tends exponentially to zero for n — «. This
question was treated in [2] and [3]. In [4] we have been concerned with the
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special case where the random variables £, take only the values 0 and 1, and
where one has
4.3) PE,=10=6)=p;, Pt =00=06)=¢g=1—p;
for j = 1, 2. We have shown that the smallest value of A for which (4.2) holds is
A = 2—d@up) where
4.4)

dps, pr) = plog 2 + (1 — ) log 72 = plog = + (1 — p) log

’ Y41 1—m P2
with
log (¢1/¢2)

4.5 = o \{4l/4% |
*.5) P~ Tog (pq1/Pr22)
In the special case where p; = g2 = p, 1 = p2 = ¢ = 1 — p, one has simply
A =2V Pq. '

ExampLE 2. Let £, be normally distributed with variance S3 and with mean

m = moor m = my ¥ moaccording to whether § = 6, or § = 6,. We want to find
the true value of m. Clearly

1—0p
l—pz

_ (mo — mi)?

(4.6) M = exp( _8_,5%__)

It follows that we have full information on m if and only if the series Y 5-1 (1/S%)
is divergent. Note that the statistic

YR (B/SD)
“n " (/S
being the unbiased linear estimate of m with the least variance, is normally dis-
tributed with mean m and variance (C7F-: (1/8})L If =1 (1/8%) = +,
then 7, converges in probability to m and a suitably chosen subsequence 7y,
such that Y71 k-1 (1/8%))~! < =, converges with probability 1 to m.

ExampLE 3. Let an urn contain a + b balls (a > 0, b > 0, a # b) of which
either a are red and b white, or conversely, b are red and a white. Suppose that
both cases have the prior probability . We draw a ball from the urn, notice its
color and put it back, and add, independently of the color of the ball drawn,
¢1 2> 1 red balls. After mixing the balls we draw again a ball, notice its color and
put it back, adding ¢, > 1 red balls.

Let us continue this process indefinitely so that after the n-th step ¢, > 1 new
red balls are added. Can we determine with probability 1 the original composition
of the urn?

Let us put &, = 1 if the ball drawn at the n-th step is white and £, = 0 if it
is red. Let 6 denote the number of white balls contained originally in the urn;
thus 6, = b and 6, = a. In this case

b

4.8) pea = Plt = 16 = ) = ——>———
a + b + _Zl C;
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and

4.9) gra = P& = 1]0 = 6,) = g

k=1
a+ b+ Zl C;
Putting Ny = a + b + > ¥=! c;, one has

(4.10) e = @ n \/< ) ( ]%)

and thus
2 L Vab 1

Therefore, > -1 (1 — A) is divergent or convergent according to whether
> k=1 (1/Ny)is divergent or convergent. Thus 3 5-; (1/Ni) = 4=, for example

ifen =1forn=1,2 ---, onecan find out the original composition of the urn
with probability 1, whereas if 3"5-1 (1/Ni) < « (for instance if (c, = n) this is
impossible.

ExampLE 4. Suppose that £, has under the condition that 8 = 6, a Poisson
distribution with mean value a,, (z = 1, 2) where a; > 0, oz > 0, &y a3 and
8, > 0, lim,—,, 6, = 0. In this case
(4.12) M = exp (- (%"‘2 - \/alozz) ak>.

Clearly, 3>_%-1 (1 — M) is divergent if and only if Y z-168; is divergent. Thus,
for instance, if &, = (v/k), (k=1,2, --- ;¥ > 0), it is possible to decide with
probability 1 whether 8 = 6, or 8 = 6,, but if & = (v/k?), this is not possible.

ExampLE 5. Let &, have a binomial distribution of fixed order N and pa-
rameter 6,6; under the condition that 6 = 6, (Z = 0, 1) where 6, > 0, 6 > 0,
8o # 6,. Then we can easily see that the observations &, (n = 1,2, - --) contain
full information on 6 if and only if Y §-; 8, = Fo.

ExaMpLE 6. Let 9, have the density function f(x) where f(x) is everywhere
positive and has a continuous derivative such that [*2 (f2(v)/f(v)) dv < +oo.
Suppose that £ = me+ cans if 8 = 6y and &, = my + ¢y if 6 = 6, where
mo 7% my and ¢, — o, Writing d = m; — m,, we have

oy [C( D) e
Write p(u) = vV f(u); then we have

(4.14) 1— =1 fj: ( Lu+<d/cu> o) dv)2 du
Thus

= f20)
(4.15) 1-n< g / W @
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It follows that if the series Y_5-1 (1/cf) < 4+, then > 5.1 1 — M\ < +, and
we do not get full information on 6.

On the other hand, the divergence of the series Y (1/c:?) ensures that the
sequence of observations {£,} does contain full information on 6. As a matter
of fact, since p’(z) is continuous, there exists an interval (a, b) in which p’(z)
does not change sign and |p’(z)| > & > 0. Letting h, = d/ca, it follows that

(4.16) 1=\ > 820 — a — hR2.
Thus if Y o1 (1/¢2) = 4+, then X noi (1 — \,;) = +oo.

6. Further remarks

S. Kakutani [5] has proved the following,

THEOREM K. Let (2., @,) be measurable spaces (n = 1, 2, -+ -). Let Q be the
product space IIn-1 Q. Let p, and v, be two equivalent probability measures on Qn,
and let u and v denote the product measures u = Iln=1 un and v = Iln=1 vs on Q.
Then the measures u and v are either equivalent or orthogonal according to whether
the infinite product TIx=1 p(un, v») 18 convergent or divergent. Here p(u., v,) denotes
the Hellinger distance of the measures u, and v,; that is, if m is any measure such
that p. and v, are both absolutely continuous with respect to m,

(5.1) pliiny va) = f f;;n -
where (dj,/dm) and (dv,/dm) are Radon-Nikodym derivatives.

(The value of p is clearly independent of the choice of m.)

Obviously our results are closely connected with the above mentioned theorem
of 8. Kakutani. (My thanks are due to Professor K. Jacobs for calling my atten-
tion to this fact.)

As a matter of fact, according to Kakutani’s theorem, if u, and », denote the
measures with density f.(z) and g,(x) with respect to the Lebesgue measure on
the real line, then according to whether § = 6, or § = 6,, one obtains in the se-
quence-space £ = (£, &, - - - , &, + - -) the product measure px or ». Further, our
M is equal to the Hellinger distance pr of ux and »:. It follows that u ~ v or
u L v according to whether ITx-1 Ax > O or TIg-1 Ae = 0.

If IIP_; \ = 0, that is, if u L », then there exists a measurable set A in X
such that u(4) = 1 and »(4) = 0. In this case given the infinite sequence {£.}
one can clearly decide with probability 1 whether 8 = 6, or 8 = 6,: if the infinite
sequence (£, - -+ , &, - - ) € A we decide for § = 8, and in the opposite case for
0 = 6,. Now one can obviously find a sequence of sets 4, such that 4, is a ¢yl-
inder set of X, its base belonging to the finite product set IIf-1 @, such that
p(A4,) — 1 and »(4,) 0 for n — 4. Thus if after observing &, --- , & we
decide for 6, or 6, according to whether or not the point (&, - - -, £,.) belongs to
the base of 4,, the error of our decision tends to 0 for n — .

Conversely, it is easy to see that such a sequence of sets cannot exist if u ~ ».
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Thus, in view of the corollary of theorem 1, theorem 4 can be deduced from
theorem K. Note, however, that our direct approach is not only more elementary
than this one via Kakutani’s theorem, it also gives somewhat more, as it shows
not only that e, — 0 if and only if lim,— . ITi-1 \e = 0, but also gives estimates
between these quantities for finite values of n.
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