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1. Abstract

Tt is possible to observe the line-of-sight projection of the orbital motion of
one galaxy moving around another in a close pair, and also the separation pro-
jected on the tangent plane. The unknown orientation of the orbit is specified
by two angles that can be considered independent random variables. Since there
Is a dynamical relation between mass, space separation, and orbital veloeity
(assuming circular orbits), and since the distribution of space separations has
been determined from other data, it is possible to derive a statistical relation
between the observable quantities and the nican mass, 3. Observations of ap-
parent brightness can also be included, leading to a xecond statistical relation
between observables and the mean ratio of mass to luminosity, M, L.

New obgeervational data are presented for 15 pairs of galaxies, and these are
combined with data for 20 pairs previously reported [1] and 95 individual meas-
urements in 44 cloge pairs reported by Humason and Mayall [8] to determine
the average mass of one galaxy, 3 = (30 = 10) X 10"/h suns, and M /L = 12k
solar units, where & is the ratio of the Hubble constant to the value assumed here,
100 km/sec/megaparsee, and the errors are root mean square.

When the data are considered in three groups: 14 pairs of spirals and Irr.
types, 13 pairs of elliptical and SO types, and 14 mixed systems, it s found that
the average mass of the ellipticals and SO types is My = (60 £ 15) X 101/h,
My/Lg = (94 =% 38)h, and of the spirals, /s = (2. & 1.5) X 10/h, M s/Ls =
0.33h, and that the data for mixed systems substantiate these figures. A formula
is developed for the intrinsic variance of M in terms of the residuals, but o
proved indeterminate for the small samples (n = 13, 14).

Since the results for M /L are inconsistent with expectations based on other
astrophysical data, scveral alternative hypotheses are investigated, and it is
found (1) that an intergalactic medium is not likely to account for the dis-
crepancy, and (2) that the assumption of radial motion (rather than circular
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orbits) equal to the velocity of escape decreases the mass estimates by only 50
per cent.

2. Introduction

The determination of average masses of galaxies from observations of motions
of double galaxies has been treated in two earlier papers [1], [2]. For the sta-
tistical purposes of cosmology (average density of matter in space) and of galactic
evolution (average masses of various morphological types) it offers the advantage
of larger sample size than has yet been possible in measurement of individual
masses from rotations [3]. Moreover, except for a few nearby systems it is
observationally difficult to be sure that the whole mass of a galaxy is included
in the rotation method.

Average masses of galaxies can also be determined from motions in clusters,
as originally carried out by Sinclair Smith [4], but the validity of this approach
has recently been brought into doubt by Ambartzumian [5] and the Burbidges
[6], who postulate that the clusters have positive energy in order to bring their
masses into accord with their luminosities.

In Holmberg’s catalogue [7] there are 827 double and multiple systems, a
list partially complete to about 1473 (and including some galaxies as faint as
15%7), of which 695 are simple pairs with separations, S, ranging from less than
1’ (minute of arc) to 10’ and more. This distribution of separations, sharply
peaked near § = 0, is in marked contrast to the expected distribution of 21,000
to 150,000 galaxies of the same brightness (14™3 to 15%7) distributed at random
over the sky; in fact, as Holmberg has shown, less than 13 per cent of the double
galaxies should be optical pairs (one far behind the other). If the known clusters
are avoided, as is the case here, the proportion of optical pairs will be a good
deal smaller.

Holmberg has also shown [2] that the distribution of

r
(1 S = 60D, cos ¢
_rh X 10~* c0s
(11
is consistent with a distribution of space separations r,
3
2 pe(r) = K l:l - (1‘1) :]’ 003, <7 E Tm,

where K = a proportionality constant, r = separation in astronomical units (a.u.),
Tm = maximum separation = (47.5/h) X 10° a.u., D, = distance of the pair
in parsecs, ¢ = inclination of 7 to the tangent plane, V = common radial ve-
locity in km/see, and

3) V = h X 10D, (Hubble'slaw),

where
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4) h X 104 = H = Hubble’s constant in km/sec/parsec.

Since there is some uncertainty as to the value of Hubble’s constant, & will be
carried through this analysis to facilitate correction of the results. According to
recent unpublished results & is likely to be near 1.

It is unlikely that the double galaxies are in close proximity by chance; that
is, that they are in hyperbolic orbits or chance collisions. Correcting Holmberg’s
estimate [7] for changes in the distance scale, the number of close approaches
to distance r,, or less per unit time and volume is

am _ /5 2 o
(5) T V2 xrin®.
Using ny = 3.7h% galaxies/10? psc® now, at t = #, ¥ = 200 km/sec = 2.11 X 10~*
psc/yr random velocity, r, = (47.5/h) X 10° a.u. = (2.3/h) X 10° psc, n(f) =
no(te/t)3, to = (0.98/h) X 10 yr, the present age of the universe, and the average
time for a galaxy to traverse a sphere of radius 7.,

S Tm 144 0
(6) A= 58 === X 10° yr,
the total number of chance collisions in process is approximately
4xD3, [t 4 _ to to\®
™ e [* am =G [0 (7) @
"o —At to—AL
—_ —b
WG, rangd Dty (1 AN _ 1]
15 lo

90 (independent of &),

where D,, is the average distance of a 1473 galaxy, about (5.1/h) X 107 psc, using
Sandage’s values [7] for field galaxies,

(8) ]0g10 = 10g10 V = logw HD, = 02m + 0.85 £ 0.03.
Note that D,? also enters no, since
© no = L,
3
3 xD;,

where the number of field galaxies brighter than magnitude m is
(10) N(m) = 0.6m — 4.26,

according to Minkowski [9] and n, is calculated from equations (5), (8), (9),
and (10). Also, from equations (1) and (8), the maximum separation of physical
doubles of magnitude m is given by logw S = 4.05 — m/5, corresponding to
15.5 at m = 14.3, somewhat larger than in Holmberg’s catalogue [7].

This calculation simply confirms the fact that, in a uniform random distribu-
tion of galaxies in space, chance hyperbolic passages within r,, of each other would
only account for about ten per cent of the observed number of double galaxies.
Since we avoid the major clusters where ny is larger than average, it can be
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assumed that the'double’ galaties studied herb! are moving’ in. closed orbits:
(See; howewuex; section. 8 helow.)
Gl untiean e wgirmar 9ty ot
3. The cucular—orbxt model 2

:,Hu,uuxl»uf BREITR ‘xlv*x»

- The, Quant@’eiesaimloived)m {8 pair; of-galaxies ghserved, fromy 8, Jarge distance
(obiserwex, at-Q)-ate llustratedin figure, |, where, My, MA;IT‘:LWWS; of .the two
galaxies in solar masses (1.98:% ¥, gm),. 7,57 radivs.vector, in astronemical
units (1a.u. = 1.5 X 10¥ cm), D, = distance in parsecs, S = angular separation
in minutes of arc, v = orbital velocity'in a.u. /yr (4.74 km/sec), ¢ = angle be-
tween r and tangential plane (0 to 1r/2), = angle (not shown) between v and
pla’ﬁebf‘(9MlM2 © w%y R R RU U

Thé‘ pfo?éct’ion of ¥ ¢ ot the tﬂngeﬁhaﬂ plhne 13

dan- - eo8 Fan

[T 1‘1‘“ et »,} [HE TN FONT L1
1ot oot :”n

which is also related to observable qua}n?ltles usmg the fact that 1 a.u. subtends
an angle of 1’/ at distance 1 parséc;” y va

12) R soaigs: 60 Shy @;S)—-‘-S—K XilO“‘*;z.
B
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sorobiti 4
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e T a MZ{/

g l;¥ "
Fm
UB\L 1 e
Clrcular-orblt model, )
The galaxies M, and M, separated by #-astronomical mnits, .*\ fiiit s/
are seen from 0 at distance D, parsecs. The orbital velocity,
v, is perpendicular to r, b&trn neeeslarllv in the plane OM M. o

using equation (4) with V = (V3 + V2) /2
For the following dnalysis three! assurhptions axe.mades: by 6 s
(a) the relative orbit is circular, = . ; e
 (b) the galaxies are considered as pomt masses ‘(no tldal effects), B
(c) the dendity 6f intergalactic tﬁ:itehal, pi =10, ot
“From (ﬁ') ﬂf fo’liows tha‘t'b‘ is perpéndlcular tor, and 1ts component in ‘the line
of s1g'ht igh : o el

(13) .. JAVq ""=‘ V,L = 4741) cos¢cos y/,

where lau/yr = 474km/sec.,.« N ST TS S ST
- From:Newtonian mechanies for pomt maSSes in c;mular orbits, with distances
mieasured in @.u.; timeiin years, and massin-solar masses:
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2 2
(14) 2 = 4—1 (M, + My) = ‘5“— NM.

Some of the systems considered- Helow ccpmaust iof widely separated, tight groups
of galaxies; N is the total number of such galaxies, and M is the average mass.
Substituting equations (11), (12), and (13) in (14),

(15)  (cos $ont it = XTSI w73 (0 — ot o

The observable quantities on the right are subject to observational errors, og,
ov, oav. In the mean, the observed (AV)? is biased by the variance in AV; hence
eachi'observed | (AV)? is reduced by ‘o810 e more nearly equal to the true value
(AV,)2 If there were no selection effects, and if ¢ and y are independent.of
M, 8,V, AV, and /N, pquation (15).could be averaged ovgr n systems; of galanqies
as in ajprevious.study. [1], to obtain an average M. For randp,m qrientations,
the mean of cos® ¢ cos? ¢ is 37/32 = 0.2945.

In actual fact; the pairs,.and groups of galaxies to which this' analysis will.be
applied are selected with respect to S and the effect of such seléction depends on
the distribution of r, equation (2). As Holmberg has shown [2], ¢his dlstnbutlon
of r leads to a regression of '(AV,)? ofi"SV ‘from which "M can he determined.’™

The joint probablhty dlstrlbutlon,

' LTI
. 0.

(16) T ,;er‘ﬁ\b = px’ﬂprpdip\b A 'x A G-

on the reasonable assum,ptlon that the. erentatlon angles ¢ and ¥ are independent
(?f each other and of r and M, and | o,n the more doubtful assumption that M
is independent of r. The probability dénsities are

R

17) Ps =CO8¢, Py =50 o

where 0 = ¢ < 7/2,and0 = ¢ = 2. Note that AV is always reckoned positive.
" The” vﬂﬁaﬁ)le P IS now' 'Bi‘sinsfbx‘ihed té a by equsmbh ‘(11) with Jaeobian
1 /¢os'd; ahd fhe‘coﬂdﬁlonal ”dlsthbdtion {0 ey b

C
e o /*»;

l €08 ¢>

ﬁ pr(cos¢) d¢’

from which is obtained the expected v; value of

(18)  Peiari =

PRI I Y
o

(19) . \(AV0)2 = (9 48‘"’)2 ——M cos® ¢ cos’ ¥

given a and M :
] 2x
@0) o E{AVrid) M) = @usmy /0 ooy ﬂ%ﬁ

= Aa)M,
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where ﬁ) il cos?’y dy = m and

21 Ii(a) = [) y (cos ¢) cos®* ¢ de.
Likewise,
= B.-(a)M?,

an expression that is useful in computing variances. Note that /02' costydy =
3r/4.

Using Holmberg’s distribution p.(r), equation (2), the integrals must be
limited to a range 0 < ¢ < a = cos~!a/r, since p, is zero for r = r,. Then

L@ 1 1 . 1+ sine

(23) K = @~ gsinacosa cos? a log s o

(24) IlKa) %cos2 asina + gsm a — acos® a,

(25) IgKa) é cos® o sin o + 5 cos asina+ g €oS a Sin «

BTl g.]

+48a cos® [3003 asxna+3sma ’

where

(26) cosa = 2

m

The measured quantity AV is assumed to be a normal random variable with
mean AV, and variance ¢% = 02/Wa, where W, is a weighting factor, and o4 is
the standard deviation of unit weight. Hence

@7 E{(AV)la} = E{AV)la} + 55
or
(28) EMWM—W—Ewmmmm}

N 11(1
— 2 —
E{M}(9.487) 2 aly(a)
from equation (20).
A plot of Ii(e)/al(a) confirms the fact, noted by Holmberg, that it can be
approximated by
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(29) Lia) ., 04 + 0.6
aly(a) @ T'm

over the interval 0.03 < a/r» =< 1, and the accuracy of fit is shown by the
following values (see also figure 6).

cos a = a/rn = 0.05 0.10 0.25 0.50 0.75
Ii(a)/Iy(a) = 0.4456 0.4686 0.5462 0.6939 0.8474
0.4 4+ 0.6a/r, = 0.43 0.46 0.55 0.70 0.85
Equation (28) is a regression of the form
(30) Y. = MA(a)
with the observable quantities

(31) Y = (AV)? — I;,—AA
32) Aa) = @482 %(%
- (9.481r)21—\2’—" (‘lf + %‘)

N; (10¢
= —sp Vi (1Y ,
592 X 1074 B (SV+ 0.19)
substituting equation (12) and 7. from equation (2). The weights for the ob-

servation equations (30) must be inversely proportional to the variance in Y
which is, to a first approximation,

2
(33) o2 = 4(AV,)? vaé;

2
= 44, ga,
= 44,(a)M W,

It is to be noted that the observational errors in a, that is, in S and V, are
negligible compared to those in AV. The angular separation S is measured to
=+0’1 (minute of arc), and S ranges from 0’7 to 40’; hence os/8 is of the order
0.1 or less, and ay/V is of the same order. However, it will be shown below that
ca = 90 km/sec, W, ranges from 0.1 to 20, and AV from 1 to 600 km/sec. Hence
0%/ Y? is much larger than ¢%/8? + ¢%/V? and the latter can be neglected.

Because the dynamics of the multiple systems are less precisely represented by
equation (14) than the pure pairs, the weights w} = ¢/0% were modified by the
factor 1/N;,

—_— WA
- N,A ;(a)

and the least squares solution of equation (30) is
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" n ]V-\)Vi
(35) i = Z"'w,,l,) S u;\ fj
>l S +

n - . G',.g 1
_ 338 X107 zh “[(A” Wa ] N,

h
Z W A[qv + 0.19]

It is to be noted that, since 0.19 is generally small compared to 104/SV in
equation (35), this solution is nearly the same as the average of equation (15)
used in a previous study [1], with cos® ¢ cos?y = 0.20 and weights w; = W,/SV.
Hence the results of this more refined analysis are not expected to differ sig-
nificantly from the earlier results, except for the modified value of A, now believed
to be 0.75 to 1.0 (corresponding to the constant 75 to 100 km/sec/megaparsec
in the Hubble law). However, it is now possible to determine the root mean
square error in 37 from the least square residuals,

» 2 i ‘10,‘)’;1)' - JA[ i w,-A,—Y,-
(36) T = =1 YwA?3
LY
NA; _ (M)? .
no—1

The regression is plotted and the values of A and o are computed in section
7 below.

The uncertainty in hli represented by ¢% can be ascribed to threc causes:
(a) the observational errors, represented almost entirely by ¢%, cquation (33);
(b) the random distribution of ¢ and ¢, averaged out in the integrals of equation
(20); and (c) the inherent variability of M, represented here by o3, With the
kind help of Professor J. Neyman at the Fourth Berkeley Symposium, a formula
was derived for o3, starting with equation (22) in which the expected value of
M? is replaced by (M)? + o%,. Using the expected value of the measured (AV)4,

Q9 _4
37) E{ATVYa, M) = E{AV)") + 6E{(AV)?) ;;—A ‘:—;%
’ A

and of the measured (AV)? from equation (27),

Mo3 | 203
Wa + W3

(38) 0’%' n = B[Uizll + (Bz - A?)(ﬁ)z ‘I‘ 4.4,’

The expected value of the sum of least squares can be written in the form
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(39) E{S} = i wied — (‘ZT Aﬁw,l 02;'
i
i _ (Iy z Az’ll)i
- AN
nAz
z wi‘& T— E :{ufz\ e

Substituting equation (38) in (39), replacmg (M )* with E{(M ) a' ;iild
solvmg for % results in a complex expresmon 1nv01v1ng terms contammg‘ '3,
(v )2, Mo} o2, and o4, together with: yarious sums of combinations of w;, 4, and
B;. The application of this formula“ 11 be disctissed in section 7; it is displayéd
in the appendu\ R

fat e é' sobrogen b T o DT ot ot v e

4, ‘Mean ratlo of tass to iurmnosuy

Another observable quantity is the apparent magnitude of each galaxy, defined
asm’ = —2.5log !/, where I is the, apparent brxghtness Knowing the distance,
D,, from equation (3),:the intrinsic brightrless or luminosity L, also in solar
units, can. be determined from the inverse square law, and since M iscorrelated
with L for stars, it is to be expected that M /L will show less varigbility than M.
.. Corxecting for absorption of light. by interstellar, dust. within qur own, galaxy,
the apparent magnitude that would be observed at distance: Dy, from:a, galaxy
of luminosity L becomes

(40) m =m’ —O25cscb——'—25logwl

where b = galactie latitude and

iy d.,)‘l
(41) F _4: (17;‘ ¥,
VLT

where [, is the brightness of the sun at distance d,. If the sun were at a distance
of 10 pse it would have a magnitude of 5.26 (its “absolute magmthde”) héfice
—2.5 log I, = 5.26 for d = 10, and ! i

{.

(42) ! 1 (fw) 1004620 —m

ot AN s
= (K) 100:4(20.26 =m),,
LA ‘:h‘ [T 2t ARG RV AR IR et

Introducing the factor (1/2~L)(V/h)*3_V100420.26-m) = 1 in equation (30),
where 3_¥L is the sum of luminosities of N galaxies’ in ‘oné' systeil 46 that

(NMAXA: b«ﬁsM/:ll,
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(43) Y: = iv M Vi Vid, 21004(2026—m,)
Z L; BN, i

- 290 (M7L)<10“ 4 0.19 X 108 V%) }: 100-4(20.26 ~m,)

where Holmberg s approximation of A4, equation (32), has been substituted.
Equation (43) is a regression of the form

(44) Yi= (M/L)C(V,8)

and the least squares solution, with weights w} is

) iy, - Lwie,
> wiC?

The observational errors in m range from 071 to 075. Ignoring the small term
0.19 X 108 V2, the variance in C' due to errors in the measured quantities
V, S, and m is

(46) o& = C* [W + % T = + (0.92)% ]

Since (0.92)%0% is of the same order as ¢%/V?, the variance in C is negligible
compared with ¢%.

However, because the luminosities vary widely, the weights used do not con-
tain the factor 1/N,,

r WA
47) = Y, S)
so that
P .
(48) M/L == WaY:
2 WaC;
and, as before,
S W =t P
(49) Lo S 717
/L -1

(n — 1) 3 WaC;

The factor 1/h in Ci(V, S) means that, as expected, the estimates of M/L and
o1 are proportional to h. Both quantities are computed in section 7.

6. The observational data

In a previous study [1] measurements of V, AV, and S were reported for 20
pairs of galaxies, 15 of them in multiple systems. Since then, Humason, Mayall,
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and Sandage“[8] have reported 806 individual velocitie§ of galaxies, and Page
has measured 15 mote pairs, as indicated in table I. It is to be noted that AV
is. megsured .directly. in _Page’s 35 pairs by obtaining spectrograms (with the
B-Spectrograph 6n the 82-inch telescope of the MecDonald Observatory) showing
spectra of both galaxies in a pair, side by side. In orderfor this to be possible,
the separation S must be less than 4'8; that is, the 35 pairs were selected for

i, RT@ xBO < =
57 _®
E§9-<‘"”"— /128
AR U T 7 - 4 4
TR oENG /Z/ T - I g
X126
-;__g;a T2 ogE S L £ :

3786

Figure 2

- Relative projected positions:of galaxies in multiple Bystems,
Each circled x represents the approximate position df a
galaxy with a measured radial velocity. Uncircled crosses
..kepresent galaxies.for which the velocity hag not. been, measured.
Each-multiplé system §s connedted:by dashél liffes (thezsystems
are separated by large distances in the sky). As explained in
the text, the systems NGC 125, 126, 127, 128, 130, and NGC 558,
. .. ~560, 564 were dropped, NGC, 1453 is considered a satellite of
: the graup?NGC: 1441, 1448, 14397 B4R with fptaLaystem mass 5.
* “Phe pair NGC 7770, 7771 1§ tréatéd-a¥ an Tsoldtdd system of total
mass 2M, and NGC 7769 is treated as a satellite of NGC 7770, 7771
with total system mass 3M.

e
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S < 48 and magnitude brighter than about 143, although they are a very small
sample of all doybles that satisfy these criteria. Most of them were drawn from
Holmberg’s catalogue (7]),in whlch a further criterion is apphed s = 2(A1 + A,),
where A; and A2 are the largest dlmenswns ‘of the two member galaxxes

Pairs were initially Joeated in:the. Humason and Mayall lists [8] simply by
identifying all pairs from Holmberg’s catalogue and adding further pairs with
small §, In this manner 97 multiple systems were found with two or more meas-
ured ra,dml zvelocltles (mcludmg those :measured by Page), 61 ofctham laﬁe&m
Holmberg’s, catalogue However, many of these systems were stin],groups “6f
the. “trdpqzium type” as defined by Aribartzumian [5], to which tliﬂé*dyga,miéal
formula, equatlon (14), does not apply. |

The nposaiwn of each galaxy in the 97 systems was plotted in t;bez ma,nngz; wof
figure 2,, togefher with all. NGC objects. within 3S. Then, all obv1dﬁ$\t§q.gpzi§$n
type systenis-were eliminated from the list. Pairs of groups were tethinvd ifs¢a)
the 1nd1v1dual separations from the center of eaclegroup wee doss. mhfan S»/3
where S tefers to the separation betweén the centers of golis, atid: if, gbc)nrb,ﬂial
velacitis ' weéré available for 2/3 of the; members of each grofft’ ’gﬁgs cegure
left 66 §y;stems the 42 pure pairs listed in table III, where the nea,rest ne bm'lng
. y is much more than 38 distant, and the 24 pairs‘of groups ar- f)aii's
within. 'grm).pa satisfying criteria (a) and (b) above, listed in tablg YV ’I?lj;e
systemi €liinihated are listed in table II. LR

This' Tou }screenmg ‘does not guarantee that the space sepa'radawms tasf
criterion, (a); and since there may be doubts about the apphca.blhty,of équation

(14) to, ﬁmltmle groups, “they have beer] kept separate ip the analysis of séetitin

L R
6. Observational errors .

‘(”4

In order to apply equatlons (85), (36), (47), and (48) it is necessary to, estmi'a,
the.mean square errors.in the observed values of AV, V, and 8. It is’clear: tHat
thege #Frors, or the assaciated weights, vary widely, due to dlfferencesimlgngth_gd
of medsurement in spectirographlc dispersion, in photographic emulsxon, and:in
the- mherent character of the lines in spectra of galaxies. down

The @pectrogranm obitained by Page [1] were all made with the s%;l ’gpbct;rb-
graph;,’at the same dispérsion, and on the same type of photogrﬂg!ncigmulsmn
(Eastman red-sensitive 103aF film). Mql;eqver, they all show two specﬁra—tﬁe
slit of the spectrograph was oriented to bisect the two members of a Jpair—and
AV gould be measured' directly, in most cases, by repeated settings: Gf 7.3 cmss
hair’ carrled in & microseope on an accurate measuring engine) on the sa.me lme
in first one and then the other spectrum. Suitable precautions wyeré, fgkén to
line ‘up the cross hair with the image of the slit, and to correct quﬁuggggme/of
this image. Ideally, this method of measurement saves a factor wobctweram

The identifiable lines in spectra of galaxies at dispersion 300 to dﬁé Wm‘e
few; most of Page’s measures refer to H, 6563, and N II 6584 emission lines,

‘5/»':'»1
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TABLE II

CLOSE MULTIPLE GALAXIES NOT SUITABLE FOR ANALYSIS

Parentheses set off groups; galaxies with measured velocities are in boldface type.

Approximate Separations

Reason
NGC or Holmberg Number Maximum for Rejection
(80, 81), 83 5 3’ No V, NGC 81
126, 126, (127, 128, 130) 6 1 Trapezium
496, 496, 498, 499, 501 7 4 Trapezium
558, 560, 6 4 Trapezium
(584 586) 596 40 8 No V, NGC 586
(733, 736, 738, 739, 740), 30 2 Only 1V in first
(760, 751) group
1396, 1399, 1404, 1408 11 8 Trapezlum
1400, 1402, 1407 12 10 Trape
2911, 2912, 2914 5 2 No V NGC 2912
3613, 3619, 3625 ) 28 15 Trapezmm
3681, 3584 3686, 3691 13 12 Trapezium
6027 a, b, c, d, e 0.5 0.2 Trapezium
(6959, 6961 6962, 6964, 6967), 6963 10 2 Trapezmm
7006, 3 companions, a, b, c 16 7 Trapeziu
7240, 7242a, 7242b 4 0.5 No V, NGC 7242b
7383—7390 7885 7386 5 2 Trapezium
(7611, 7517, 7619, 7626), 11 3 No V, NGC 7615,
(7615, 7621, 7628) 7621
Ho6a,b,c,d, e, f, g 3 1 Trapezium
Ho 123 a, b, c 2 0.5 No V for ¢
Ho 124 a, b, ¢, d 4 2 Trapezium
Ho 130 a, b, ¢, d 2 1 Trapezium
Ho 172 a, b, ¢ 3 3 Trapezium
Ho 173 a, b, NGC 3165 8 5 Trapezium
Ho 212 a, b, ¢ 10 8 Trapezium
Ho 308 a, b, ¢, d 3 3 Trapezium
Ho 368 a,b,c,d, e, f 18 4 Trapezium
Ho 413 a, b, ¢, d 12 5 Trapezium
Ho 694 a, b, NGC 5839, 5845, 5860 10 8 Trapezium
Ho 719 a, b, ¢ 16 14 Trapezium
Ho 792 a, b, ¢, d 3 2 Trapezium
Ho 795 a,b,¢,d, e, f, g, h,1i,j 12 3 Trapezium
(Pairs with small projected separations, ¢ = 60SV /h X 1079
Ho17a, b 24.0 ah = 3200 psc
Ho 17 a, ¢ 36.0 4800 psc
Ho 105 a, b 0.4 3700 psc
Ho 215 a, b 1.3 6100 psc
Ho 240 a, ¢ 2.9 6100 psc
Ho 270 a, b 1.3 2800 psc
Ho 409 a, b 4.4 4400 psc
Ho 486 a, b 0.7 1700 psc
Ho 694 a, b 0.7 4200 psc
Ho 710 a, b 0.5 4000 psc
Ho 714 a, b 0.8 5050 psc
NGC 750 761 0.4 6100 psc
NGC 4038 4039 1.2 5000 psc
NGC 5544, 5545 0.6 5400 psc
(Systems with AV poorly determined)

Ho 272 a, b 1.5 WwWa =0.5
Ho 369 ab-c 18.0 0.28
Ho 397 a, b 7.5 0.29
Ho 411 a, b 3.7 0.10
Ho 422 a, b 4.2 0.07
NGC 1316, 1317 7.3 0.43
NGC 1600, 1601 1.5 0.34
NGC 5857, 5859 2.0 0.15

- NGC 5898, 5903 7.3 0.11
NGC 6927-Anon 2.1 - 0.11
NGC 6962, 6954 2.3 0.43




for those in parentheses, which are from Holmberg [7]. Letter designations
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TABLE IIT

DaTA FOR 42 PURE PAIrRs (N = 2)
Magnitudes and types are from Holmberg [11] or Mayall and Sandage [8] except

(F = faint, etc.) are from the ‘“New general catalogue” [12].
1Too small projected separation for final analysis.
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Holm- 12 AV
NGC berg Mag. Type S (km/sec) (km/sec) Wa Obs.
2535 94a 13.2 (She) 1775 3983 1 3.44 P
2536 b (14.3) (EO)
2672 99a 13.2 El 0.6 3885 431 0.47 H
2673 b 144 EO
2719 105a (14.0) (Sab) 0.4% 3143 137 2.66 P
Anon b (14.5)  (ESO)
3190 175a 12.0 Sa 6.0 1250 52 1.10 H
3193 b 11.9 E2
3227 187a 11.3 Sb 2.3 1110 217 10.75 H
3226 b 12.6 El
3395 215a (12.1) Se 1.3t 1599 7 5.23 P
3396 b (13.1) Irr 1660 108 0.92 M
3455 221a (12.6) (E) 3.8 1034 54 2.17 P
3454 b (13.4) (ESO)
Anon 231a, (13.8) (E) 0.8 6086 318 1.27 P
Anon b (14.1) (Sbe)
3769 270a, (12.3) SBe 1.3t 750 28 2.24 P
Anon b (14.1) Sa
3998 310a (11.8) (SO) 3.0 990 339 2.12 M
3990 b (13.3) (80
4382 397a 10.1 SO 75 720 1 0.29 H
4394 b 11.8 SBb
4438 4092, 10.9 Sap 4.4t 346 901 0.43 H
4435 b 11.9 SBO
4461 411a 120 SO 3.7 1061 1504 0.10 H
4458 b (12.5) EO (Optical?)
4490 414a 10.1 Se 3.5 695 155 1.17 P
4485 b 12.2 Se
4550 4223, 12.6 E7 4.2 594 628 0.07 H
4551 b (12.8) E4
4568 427a 11.7 Se 1.3 2000 18 3.28 P
4567 b 12.0 Se 2270 129 0.80 M
4649 448a, 9.9 E2 2.8 901 112 0.68 P
4647 b 12.1 Sc 1277 204 0.74 M
4762 478a 11.0 Sa 10.9 1101 . 593 0.83 H
4754 b 11.6 SBO
4782 485a (12.8) EO 0.7 4194 628 1.00 P
4783 b (13.2) EO
4809 486a (13.1) Irr 0.7t 824 57 1.17 P
4810 b (13.2) Irr
5194 526a 8.9 Se 44 574 90 1.00 P
5195 b 10.5 Irr 598 104 2.76 H
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TABLE! ITl: (Cohtinued)

LA

T Gl we i

Holm- A N 7

NGC 4 1’ behg!nn' ,’Mag rels ’Bypd:: _uﬁ.s‘ G I(km/ﬂee); (k;n/seq)
5257 5395_ ) lf(lav ) v-»({sls) ”1'4; it 6@45 Qe
5258 b ’1(1343) n @by oitarg e ay - ety s oot
Anon 541a (13e) . 7 1.5 4750 464 1.21 P
Anon b . (140) ,(ESO) -
27 ,,573a T 120 Sbe 26 2211 96 nigag P
5426 . b7 " 127 7 Sbe ’ R o Are b
5480 ., .588a (i2.1) ,.,(E) .31 305 054 P
s81 b (1382) M) et
5506 -, 604a . (133) . /%SO) 3.9 ';-,’:311 : :
5507 b " (13.9) TU(E) ’ !
§576 . . 632a .. 120 . FE4 . 28 185 '
5574 b " 134 ““"sBo ' 6
4775 ., 685a .. 122 . Sb | 45 40
5774 b o127 tse
5930 .. 710a ... (13.6) . (E2) 0.5t 175 2.
5920 ' b " (141) T (BO) aert
5954 .. Tl4a . (131), (Sc) 08t 2166 30
15958 0, b . (132) {HEE

68 -, .727a . (13.3) . (Sbc) 20 14186 ' 71

non b ' (14.1) "'(ESO) BECE
714 - 810a ., (134) . Spec 20 /772982 %"
7715 7 b T (143) 7 "SBe I
1888 . — (®B) .- Sb
1889 ' 144 ' EO
2603 ., . — . 133 . E2
2694 ; " 155 ' EO
3719 .,— , (cF) ,.-SBa
3800 @) U sb
14038 - .8
foss " 10.8 ’{Sc %
4105 ., . — : ,
4106 o v it
5218 -, — 1.3 '“'7eg7 i1t o430 124 WP
5279 ‘ o H e
5544 -, . — . 06f 73005 71 10 ¢ 005 "7iP
5545 i el
5857 .. — ., 139 ., .8 20 lyeiw
5859 fip 1) u’}(w 13.2 x;\’:(nsb o , R '
3898 ., . jy 126 [2°EO 7.3 72385 o
9903 ;. ) v 127 .o B2 e
Lq658 5.‘,2‘{: - ;;z'r 141 u‘}?;SO i :9;5 :,«4557 4
6661 13.2 so e o

1 T T s gl T [

with a garm in accuracy (

dye to the qupler‘fa;ctor & '
dlspersmn in the red) over O II 3727 emission.and the. Ef and K‘ absorptlgn !mes

e blie. IHowe‘v‘ér, sevenof Page’s.85 spectra showed only absorptiom rlmes
whlch cannot be measured ‘& accurately asémission”’lines. Fh additioft,’some
galaxies have diffuse lines, or tilted lines. Therefore, weights w.;; were assigned
to each measurement as described previously [1] and the weighted mean was
recorded for each spectrogram, together with the summed “lines weight,” which
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Magmtudes and types are from [11] or Mayall and’ Sandage [8] dxeept fol’ R

" Velocity fo g&ob,]ect NGC 224 is taken to be 10¢ X "
7, 5848, u.nd '750 ‘have!too: sinkll pmléeted teparaxiondar' *ﬁnal analysis.

"Phe objects NG(‘} %4

those in parentheses, which, arg: from Holmberg [7)]..

SN

dis ance m parsecs.

e g i frl & i N
NI ._'HOI e L ,,; . y
“NEE ’ 'bem 'Mag. ' Ty‘pé - S e d(m/Sec) ﬂ(hXEc) ‘WA
IR AN RS SIS I LS u..v.,Y_f,_ AR '.‘*:‘7!
224 “17a 433 Sb g 240 46 52 %070 H
221 b 906 E2 . -
224 17a 433 Sb -T..-37 360 46 27 1820 . H-
205 c 8.89 - '
Anon 143a (13.7) 2., 16 5902 67 269 P
b (13.9) e
3607 240a 11.0 2.9 729 258 115 H
3606 vt oot }1&0 ged y oo b A i ig u\' '
3605, 7 240ac i 7.3 923 1 é4 H
3608 b 12.1 o RN
3627 246a 9.5 20.7 610 134 H
3623 b 9.9
3623, 7 246ab — 34.4 669 118 140 H
3628 ¢ 10.23 . S
3788 272a 126 S 1.5 2540 415 054 P
3786 b, 132, 8 :
39951 ¢ .0 309a:i- (13.8).:'8Bb 12200 - 113236 B SERCHEORD .- S - Y
3994 b (13.7) E '
3995 309a (133) Sb 3 4.1 3354 91 126 P
3991 c (14.1) S ot
4278 369a 11.2 El p) 3.7 918 450 108 P
4283 b 13.3. Ep TR 839 . 447 115 H
4278,83  369ab — O,El" '3 18.0 799 81 028 H
4274 ¢ 10.8 Sa »
5846 694a 11.2 EO .2 0.7 2037 510 164 H
Anon b 14.1 E2 - 2060 547 1.13 M
7 820z 13.1 SBb 2 1.0 4523 62 074 M
7770 b .:14.5 Sb Sy i
7770, 71  820ab . — SBb, Sb .'3 5.5 4544° " 43 0.96 M
769 c 125 TR IR
750 — 1113.7 ) 04 .4 .. ,1.29 H
751 e 51401 | e
1316 =, 1-100 2 7.3 1820° T 'i85 7643 H
1317 P91 Lo e
A 139 woabel e fenb e
1441, 49, — 14.6 5 10.5 3060 203 143 H
51 14.5
1453 12.9 .,
14600 *i¢ D12, PLG s ARLY e - 16T 4.0 H
1601 G-
2562 47 - uypg lootiggeic virset THG
2563
6927 2.1 ., 4588 142 011 H
Anon — o
6927, 28,
Anon 5.2 4571 304 0.92 H
6930
‘;-ng’e B OO "'4'21321 '1yl¥t'y§\ ! . *,#7‘
'%';g tn i 108 1,8628, 1281, IR 5
[OTEv: S MRS JE T i SRt — a3 4""!: T

errpr” Qr. standard 1:kwmtlonr o‘-»*,w ere.. ..

i

et

i DR s
{m . ;,’. v 2, zﬂaak |J‘.g ,»
) aotpuala s ‘1::1 u; mi—n ITOCTIE

F}” Y2

varied from 1/2.t0 16. Deyiationy ﬁrom thg meag, 6@, :,&etermipe; a. m'c;ga,;s;ureqxent
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= (49 km/sec)? for AV, and (76 km/sec)? for V, and the subscripts refer to the
kth line on the jth spectrogram of the ith pair of galaxies, in a total of m lines
measured on n spectrograms.

Where two or more spectrograms are obtained of the same pair of galaxies,
the deviations are found to be larger than expected from the weights > w.; and
on as determined by equation (49); that is, there is an additional variance
between spectrograms, o2, as noted earlier by Mayall and Aller [3]. The combina-
tion of measurements from different spectrograms requires the weights

2 2
(51) Wi = -"'T'"i__f_l’_,
Om 2
sz‘j + Op
which must be found by trial and error. The deviations of plate means from the
final mean ¢; determine o,

> X wi oy
(52) i+ o3 = Al

n—N

for n spectrograms of N pairs of galaxies. The results are shown in table V.

TABLE V

INTERNAL ERRORS IN PAGE’s MEASURES

AV 14
No. of lines measured, m 335 152
No. of spectrograms, n 57 51
No. of pairs of galaxies, N 17 17
Measurement error, om 47 km/sec 76 km/sec
Plate error, o, 75 km/sec 71 km/sec
Standard deviation, & 90 km/sec 104 km/sec

Relative to the standard deviation ¢ the weight of a determination of AV
or V for the 7th pair of galaxies is

(53) W,=2% —023'—'

am

}; wip + o5

The quantity determined by equation (53) applied to Page’s measurements of
AV is designated W,; this and other weights used in reference to AV are all based
on the standard deviation ¢a = 90 km/sec. The next problem is to obtain these
weights for Humason’s and Mayall’s data.

Humason [8] gives “estimated errors” for his measures on individual galaxies
that vary from =10 to 300 km/sec and mentions that his probable measure-
ment error is 411 km/sec and his probable plate error, 424 km/sec. His
individual measurements were not available, but 114 velocities measured by
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both Humason and Mayall can be used to check the accuracy of Humason's
estimated errors.

Through the kindness of Dr. Mayall, all of his individual measurements in [8]
were made available for this study and I am indebted to Mr. A. Kruszewski for
the following analysis. From internal differences, the best estimate of ¢, in
Mayall’s measures (that is, the r.m.s. error of a single line measurement of
unit weight) based on 1377 individual line measurements, was found, as ex-
pected, to vary with slit width and emulsion, between +83 km/sec with 4-
second-of-arc slit width on Eastman ITa0 emulsion to 4154 km/sec on Eastman
103a0 emulsion with 8" slit width. Using the former ¢% = 6946 as standard,
relative weights w, for all the combinations of emulsion and slit widths used by
Mayall are given in table VI.

TABLE VI

REevLaTIVE WEIGHTING FACTORS, w,, FOR MAYALL'S VELOCITY MEASURES

Slit Width
Emulsion 4" 5" 6" 7" 8" 10”
IIa0 1.00 0.65 0.46 —_ — —
IES 0.56 — 0.47 0.43 0.39 0.32
I 1200 — - 0.43 0.41 0.39 —
10320 — 0.39 0.38 — 0.35 —
Agfa — — 0.52 — 0.47 —
Tlford — — 0.43 — — —
Ta0 — e 0.33 — — —

Using these weights for means of Mayall’s measures on each plate, Kruszewski
determined o3 = 2154, ¢, = +46 km/sec, from 134 spectra of 59 different
objects, a result that showed no significant dependence on the emulsion used.
The root mean square error of Mayall’s unit weight ox (one spectrum, IIa0
emulsion, 4" slit and “lines weight”” 1.0) is then given by

(54) % = ob + o2 = 9100(km/sec)?

and the weight of a velocity determination is

0% + o2
e Vo = X e, +
where w, is the weighting factor for slit width and emulsion given in table VI,
w; is the summed lines weight in Mayall’s table 'V [8] for the jth spectrum, and
the sum is taken over all the measured spectra of one object.

In the case of Humason’s measures, it was assumed that his “estimated errors”
¢ in table I [8] are relatively correct. The differences, Mayall minus Humason
in table VII [8] were analyzed, weighting Mayall’s measures by Wx and
Humason’s by (100/e)? = Wg. These differences show that o%/o%r = 1.33
+40(r.m.s.), where oy is the r.m.s. error of an observation for which e = 4100
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km/sec Hquation .(54) then. gives ou.= 110; that:is, Humason’s ‘“‘estimated
errors” are close to his actual r.m.s. errors as determmed by the overlap. between
his and: Mayall’s measures.:' ... ... I, R A L O OOt P P

-+ Finallyk; ag .4 cheekon- the @FTOx de’cenmma,’owns, the variance of 17. dlfferences
i measured Nelomt.ms Mayallwl?age and.- Humasona-Page (hsted in. table VII)
Bt et i TABLE \m

RERAES Comrmlsm wm Orrmm MEASURE‘\‘ENTS ’ )_ e

i .

The ca.lculated wexght for ML Ma,ya.lll ] OBServatlc;ns is o'M L 95 km/S(‘(‘
[ fot "Hi'=-Humakon's observations, hist ‘estimated ervor’’ is listed:
- : The.objeets NG .3395,.3396; 4(}38 and 4039 were dropped . .
from final analysis due to small separation. ) i

The data for NGC 4485 are cited in table 2 of [1] R

T,

) Weight . Page P-0
©o0bt i ver Y Nelef U Red- - Red Page * Page " Differ-
NGC server Error Plates shift shift Weight  Plates ence
2535 H 75 1 4243 4073 34 3 —170
3395 M 1.9 1 1751 1632 6.7 4 =119
3396 M 2.3 1 1643 1639 6.7 4 —4
3995 M 2.5 1 3347 3369 42 3 22.
4038 H 75 1 -, 1673 1669 49, 4 —4
4039 H. .. 50 2 .. .1660 1625 4.9 4 35
4278 H . 40 2 624 . 700 0.6 1 L6,
4283 H.- . 65 1 <1071 1150 0.2 1 79,
4485 H — — 625 568 1.0 1 =57,
4490 H 50 2 - 625 723 1.0 1 98
4567 M 1.9 1 2284 2087 1.8 3 —197
4568 M 1.8 1 2413 2069 1.8 3 —344
. 4647 v Mo 2.0 1. .., 1448 | 1340, , 04...., 1 . —108
4 4 e M 5 14, 1 1244 . 855 0.6, 1, —389
SR (7 AN ' ' 1389 855 ¢ 06" 1 534
boB19d -l v H i 085 e 488 - 466 - 16 D 28
19195 H L 850 008 i -2

LooE2 1 50 15,

o [
A Tl

were computed. Each squared difference (Vuy — Vp)?, was weighted by the
factor WuWp/(Wx + Wp ¥ /o%), where Wp is the weight for V from table V,
and the factor ¢%/0% = 10800/9100 = 1.19 adjusts the weights to the scale of
op. Similarly, each (Vy — Vp)? was weighted by 8900/ (e2 + 8900/ Wp), where e
is Humason’s estimated error, and 8900 = 10800/(1.1)? adjusts the weights to
.thie &dale of op. The variance of these differences, > W(V.— Vp)3*/(n — 1), is
iclase to2ap, confirming:the consistency: of these estimated, erors. . «

The weights (relative to.ga = 90 km/sec) of each individual vsloolt.y deter-
"mination by Mayalliand Humason are combined. to give.the weight of each:dif-
ferenaeuAV = Vi Vi, 00 v 0t - e

*(56) | WA= -
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and in the cases of two determinations these weights were applied tqg gbtain a
weighted mean. The data for 42 pure pairs are presented in table II and for
24 multiple systems in table IV.
Only 52 of these 66 systems can be used in equations (85}, (36), (47), ia,nd (48),
however. In the other 14 sysferss thequantity SV is so small that a = 6bS V/h X
10 is less than the lower lithit of 7 in equation @) that s, (lO“/SV) 4+ 0.19
is greater than 4.75, and the projected separation a is less than 0.028 r,;, = 1.3 X
10° a.u. = 6400 psc, whlch is smaller than the average diameter of a,galaxy
Projected separations as smalltas t&us cannot mclgde random ¢, ¢! i the two
galaxies must be one behind the other on, fhE average, or elsé one &Lszde the
other. The 14 systems ehmmated from cons1dérat10n because a is too small

e I bt

(SV < 2200) are listed in the second part of table IT.

[N
x 4y &
; ; o

B T
H
i
1
i
i
|
i
H -
4

7. Results for the cxrcular-orbnt model

The least squares solutions for &M-and M/hL, from equations (35) a.p.d (fff ),
are given for all 52 sys'rems in the first line of table VIII. The root mean sqtf@re

s

: E TABLEVIIL, \rnirc g .
LER N [ o (W .
& Avnmq‘.x, Mass DLTER\{I‘\‘ATIO\ DOUBLL (GALAXIES Lo <
& Y ho 7 1
Set ZAN — —= ==} -
e . n N 10w Tow ( hL) Cod ML
All systems T ® 52 16 30.8 10.5 122 | 122
Pure pairs only ’ 33 © 66, . 263 14.2 &7 i 14.4
Wa > 0.5 only 41 90 - 283 - .89 112 0 83
Spirals and Irr. only 5 © 17 36 422 % 39 1.7
., Pure pairs only 10 20 2.42 23 - 0.32
#Ws > 0.5 only .14 30 218 15 0.35
e - R, e e —C{;-‘b e ity ey f} B R ::;,. - ([
]ulhptlcals and_ﬁO only - 18, 37 5 660 . 27. 72.
Pure pairs only ) 13 27 635 ¢ 38 98.
Wa >{0.5only = 13 27 59.3 15. 38.
Mixed systems 17 18. 48.5 25.
Pure pairs only o ‘ 10 425 35
Wa>050nly . 14 485 28
Ellipticals, SO, and’ mlxod. 27 '

(Wa > 05 qnfv)

L I R AT

errors of these determmatwns a;u from gquat,mn (3\6) and ﬂﬁ/} from equation
(48), are of the same order as'théquantity determined, which is not surprising
in view of the large observational errors in AV and the fact that, at each projected
separation, ¢ = 60SV /h X 10~4, the random orientation described by ¢ and ¢
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The regression Y; = M A, for spirals and Irr, and for ellipticals and SO.
The crosses and circled crosses refer to pure pairs only;
the 2’s and circled z’s to multiple systems. The dashed lines
represent the least squares solutions for all systems of weight
Wa > 0.5; points of lower weight are not shown. Values of M
are given in solar units. Points to the right of (10*/SV) + 0.19 = 4.75,
corresponding to the lower limit of the projected separation, a,
are omitted from the least squares solution. Note the difference
in scales of the ordinate.

i
B |
|
|
+ (Noc 5257-8) :
i (NGC 4485 -90) :
SPIRALS, IRR l
|
L |
0 + |
x B ge2ix0_ —
x— T :
L 1 1 +I l 1|-
x + + x :
x |
|
|
» (NGC 4782 - 3) :
® !
lo
|
R ELLIPTICALS, SO 13
'3
| ®
|2
| <)
B ® l g
\0 /@1 =
*\O/ — |
- . 693/ ® :
/ @ |
Qe T ® T e T T l@ T T
0 | 2 3 4 5 6 7
10%/sv+0.19
Ficurg 3
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will produce a spread in AV from AV = 0 to AV = v, its theoretical maximum.
The evidence for dispersion in M and M/L will be discussed later.

The second line of table VIII gives the least squares solutions for 33 pure
pairs only and the third line for 41 systems (including 13 multiple systems), ex-
cluding values for 11 systems of low weight, Wa. The fact that these three solu-
tions do not differ significantly is evidence that the multiple systems included
can be treated as pairs; that is, equations (14) and (28) apply to a fair approxima-
tion. The exclusion of low-weight data reduces the uncertainty in M and M/L
in a satisfactory way, showing that the estimates of W, are reasonably consistent.

In the previous study [1] evidence was adduced for a bimodal distribution of
M, with the “heavy weights” roughly 30 times as massive as “light weights.”
M. Schwarzschild [10] later noted that the systems containing elliptical and SO
galaxies are the heavyweights; spiral and irregular galaxies, the lightweights.
Dividing the present data, therefore, into three groups, solutions were made for
hM and M/RL for (a) 17 systems containing spirals and Irr. types only, (b) 18
systems containing elliptical and SO types only, and (¢) 17 mixed systems.

The present results, given in table VIII, clearly confirm the previous conclu-
sion; using the 14 observations of weight, Wa > 0.5, kMg = (2.1 & 1.5) X 10%
and (13 observations) hMz = (59.3 & 15.) X 10, about 30 times larger. The
regressions are plotted separately in figure 3. The fact that both ¢z/M and
o312/ (M /L) remain about the same justifies, to some extent, this division of the
observational material. Further justification is found when the 27 ellipticals, SO,
and mixed systems are treated as if the only mass were that of elliptical and
SO types; that is, by replacing NM by NgMg (neglecting M) in equation (38)
and solving for hMz. The result given in the last line of table VIII corroborates
hMg = 60 X 10, whereas the mean hM (and M/RL) for the mixed systems
was significantly smaller, between the means AMs and hMz (Ms/RLs and

Mg/hLg). If Ms were included as Mg/30 in this treatment of mixed pairs, the
agreement would be even closer.

The mean ratios, Ms/hLs and Mg/hLg, show an even greater difference, the
former being considerably lower than expected for spirals with nuclei of popula-
tion II stars, or even for irregulars with population I stars only, and the latter
being higher than expected for systems of stars of population IT without an
admixture of nonluminous matter. An adjustment of 4 will of course change
both determinations in the same direction; however, these results may indicate
that h must be increased to 2 (H = 200 km/sec/megaparsec), and that the
elliptical galaxies contain a large portion of nonluminous matter (5 or 10 times
the mass of luminous stars).

The regressions of Z; on C; are plotted in figure 4 for spirals and ellipticals
separately. Although, in each case, one or two points seem to determine the
solution, the weighting factor W,/C; in fact reduces the effect, and solutions

omitting these points are changed only to M/ARL = 0.6 = 0.6 for spirals, 93 + 45
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the' sample sizes to 14 systems of spirals and ‘13 systerms of ellipticals, too srall
to justify the application of the complex formula for os.-(A trial with tHe present
datn yielded slightly negatlve values of g for the 14 systemsy of: spu:als -and the
13 systems of ellipticals:): ST R IR ey woradt ol dan- L

8 Vahdlty of the results and alternative mterpretatmns

The four ma;or assumpt.lons underlymg the mrcular— rblt; mogl@l are , .

(a) tld@,l eﬂects are neghglble in the dynamlcal system of two g@lames movmg
in closed orblts

(b) there is no correlation between the mass of a system N M and 1fs physmal
separation r;

(c) the densny of- mtergalactlc matter is zero; Co

(d) the orbits of double galaxies are closed and circular.

In addition, the significance of the results depend on whether the double
galaxies—more properly, this particular set of double galaxies—are representa-
tive of field galaxies, or average galaxies in the observable universe. A detailed
discussion of selection is beyond the scope of this paper, but it is clear that the
galaxies for which' spectra are available are seléeted for high surface brightress.
This is reflected in‘the fact that:Irr: types of low.surface brightness até dlmiest
lacking from the sample (table IX) In general however Holmberg’s catalogue

[

i

TABLE IX
TyYPES OF GALAXIES IN THE SAMPLE

hxeludlng 14 systems with’ too small'pro]‘eht/e& sebhfanb’ri‘ Pkl

A AT PRI UL DS ITT I S A SVATITE

Set E SO S Irr. Unknown Total
: T T T T i
All 41 20 51 e 2 116
Pure pairs 24 12. 28 1 1 66
Wa > 05 29 o+ U150 Vo430 s 2 90

Lt e g liecss i M e S [C RTINS : BRI

i[7])shows that t)he do\kble gdlaxlés dppear to be faurly samiMr %0 the fwld gala,xles
i \their marphological types- and sizes. Thé effeotofiselecting (brighten than
average paitti probably malkés@?’fwo‘ﬁigh'aﬂ Bstithgite: < 1i-0h 0 Sa iy U
“Tidalieffeets; while undoibtedly predent; probably cannet acoburt for a major
error-in T Aelokely sissociated effebs; probably more serious; would-seem th be
gpuriou drbitalvelosities; AV, ineroducediby large Me;rm}l niotionslih each single
.’g\alb;x,yvy Food Bndesmmis o iidieeon a0 et iy oonasdy o b 2gidio
¥ *Depending oxr thi nidehanishh 'of formaﬁqﬁ ‘of t}ie‘doirbl!e galadied; Bhio: Possi-
‘bility lexistd thati M depehds on iritin which ' cade équation (16) does howtiold,
‘Hnd eGustion=(18) inéludes pm . For indtanice; it/ thight: be' theit $he precess of
formatisil’ of 'the double’ ghlhxied results ih larget masses at larger separhtions
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so that, for a given M, we have E[(AV,)?] decreasing less rapidly with r than
predicted by equation (28), and M is an underestimate.

Closely associated with this correlation is the case of an intergalactic density
pr such that the mass included within an orbit of radius r is

(57) M, = gmrs + NTT.

The effect of this correlation would also be to increase AV, for large r, given M,
or to reduce the s]ope of the regression Y; on 4., equation (30), y1e1d1ng too low
an estimate of /. This might possibly account for the low value of Ms.

If the density pr is uniform, equation (14) is changed by substituting equation
(57), and equation (28) becomes

(58) B@vyia) — 7o = odser[ AT Iy 2]
or

2
(59) Yi= AM + 9.48) 3 pra.

The slope of this curve near A; = 1.2 X 107, or a = 3 X 10°/h a.u. has been
called M. Therefore, using the approximation of equation (29),

aY o o 4 _mpd
(60) dd =M =M —-354n7
= M — 1050, N =2

Thus, if the true average mass of a galaxy M differs from the estimate M (in
suns), the intergalactic density must be

. M — M 3
(61) TN suns/ (a.u.)

= 2.1 X 1073 p3(JT — Igm/cm?,

and any significant correction to M (by, say, 10° suns) would require an inter-
galactic density of 10~2gm/cm? or more. And if the spirals were not really of

lesser mass than the ellipticals, M — Mz (60 ~ 2) X 10°/h and pr = 1.2 X
10~*gm/cm?, a density comparable to the internal densities of spirals.

It seems highly unlikely that pr can change M by more than a factor of two.

The assumption of closed, circular orbits has already been discussed in
section 2. However, in addition to the possibility that they are in hyperbolic
orbits due to chance passages, there is the possibility, suggested by the work of
Ambartzumian [5] and the Burbidges [6], that the double galaxies have positive
energy and are flying apart due to some unspecified ‘“‘explosion.” It is difficult
to imagine a mechanism whereby this could occur. The energy required to
accelerate 10 suns = 2 X 10® gm to a speed of 100 km/sec is 10 ergs—more
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than that available from the complete conversion of an average star’s mass to
energy. Moreover, there are two further difficulties: how a galaxy can be
‘“pushed,” and how the push can be directed so as to split a protogalaxy into two
parts. However, it may be worthwhile to examine the consequences of the ex-
treme case, radial motion, as such consequences might be used to interpret the
motions of double galaxies.
M,

Dp

Ficure 5

Radial-motion model.
The galaxies M; and M>, separated by r astronomical
units, are seen from 0 at distance D, parsecs. The relative
velocity, v, is parallel to r in this case.
The geometry of this radial-motion model is illustrated in figure 5. As before,

(62) @ =rcos¢

but, in contrast to equation (13),

(63) V = 4.74vsin ¢

and, in contrast to equation (14),

2NM
r

(64) v = 47r?( + D>’

where D, related to the total energy per unit mass, is greater than zero if the
double galaxies are unstable, and may have a spectrum of values if explosions
of various sizes account for their origin. Equation (20) takes the form

(65) B{(AVo)a, M} = (9.48x) [2NM ;’}:8; +D L%)]

in which Holmberg’s distribution, equation (2), has been used, assuming that
Pram(r, M) = p.(r); that is, that p.(r) is independent of NM, and

(66) J—‘;{(-a—) = % sin® & — sin a cos’ @ — « cos? a,
(67) JO;{M =%a —gsinacosa—cos3alog1—j—6%£;

where I, is given by equation (21) as before, and cos & = a/rm. Over the range
0.03 £ a/rm < 0.3 (in which most of the observations lie), the quantity Ji./I,
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FiGure 6

Geometrical integrals
[see equatlops (21) to (29) and (65) to (67)].

maqgca”y ;qons,tagt as shown by | the followmg Values (see also ﬁgure 6):
et cosa = are = 006 « 010 025, . 050. . 075 .
Tila)Ts(d) ”="“0i2262%»0 $233- '0.1875 v;.mg 18014 .
qu(a)/Jq(a) = 04246 /0 3‘407 00183 . 9668 —-3 9566

Assuming that ‘the total’ energy is near 0, then D =0 and equatlon (65)
beeomIes i cr b e o b , St G

ER{M} . 481r)? 2N 0—2, -

[ERIETRRNTY BRI TN

o E{(Avwaj %W

which is very 81m11ar to equation (28) for the circular-orbit case, using the
approximate equa.’mon {29), but Wlth

e

(69) Er{M} = -E{M1
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That is, as might be expected, the assumption of, radial parabplic, motion would
approximately halve the mass estimates given in table VIIIL

Of course, D may differ from 0 or have a dlstnbu‘glon depending on M, in
which case a more elaborate analysis may allow a test for circular versus radial
motion.

9. Summary

In summary, the available observat;ons of 52 systems of double galaxies, ana-
lyzed statistically on the-assumption that they imay be represented as pqmt
masses moving in randomly oriented circular orbits, yield estimates of the aver-
age mass and mass-luminosity ration of a galaxy given in table VIII. These
estimates, although subject\ to- large érrors, are consistent’ among themselves,
but show a surprisingly large, dlﬁerence hetween the group of 14 systems of
spirals and the group;of-13 systems of ell,lf)‘tlczatls.i he subsequent discussion is
intended to show that the estimgtes are not hkely to be radically changed by
consideration of tidal effects or mtergalactlc mAt)enal and that a statistical test
of the assumed circular orbits may be p()ss1ble )

-]t §¢ - pleagure to 'acknowledge thie helpful advice of; Professon Jerzy, Neyman.
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ABPENDIX, \ForMuLa FoR THE INBERENT VARIANCEIN AL . .. y

i
-~ The average mass of a galaxy, aqsummg the mrcular-orblt model 1% dkatei'mmed
from equatlon 30), e i

(7b) [T TS A I .,,_,_.fy —MA((Z) 1 |l ii“.

“wkere!Y; and o are obse1vables, a is-very nearly ﬂzvsact,. Y : (‘AV)r aE/WA,
‘4And AV'is a4 noritlal random vatisble ‘with mean: AV 'and variance a3/ W s. The
weight Wa refers to an observation of AV; the w eﬁghts bf thé bbsérVa’rmn equa-
tlons above are, from equation (34), v sl gt
PV N e W e e h e sl
(71)‘ y e w; = NA.((I) J'Ii 5‘5‘1,
The functlon A (a) is glvem III eq,uatwn (32)) ;and the l;east squa,res solqt(lon for
MIS‘ i RN : Hi' e

ot '.».\\\.‘ R T v

REEN]

R AR R DR

- With mean square error of the estimate gm?n by eqﬁati n (36)'
The inherent variance of M, denved, fnqm egq,étmq ),( 1\s

I TR P TP Sz' Q(M)é "46M3R 2’6‘3@"

'(73)
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where S3 is the sum of least squares and -

C*F

C=FFD

C = YwAl

D = YuiAY(B: — A,

~ oaga 3V I

Bi = (9.48n) g b

R 2
(74) F=Sw [1 - i"wf‘/’ﬁ] (B: — A2),

R = ZwiAi —1- szzzA?i ,
WA WA(C2 + D)
- w;  widj F wid3
T—Z(W;{ CWK)_CZ+DZ w2’
< WBA(C? — FwidY)
P=x C*+D i

and all summations are from 7 = 1 to n, the number of observation equations.
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