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CONNECTIONS ASSOCIATED WITH LINEAR DISTRIBUTIONS

MARINA GREBENYUK

National Aviation University, 1 Kosmonavta Komarova Ave., 03058 Kiev, Ukraine

Abstract. This paper applies differential geometry to multi-dimensional
affine space. The three-componentdistributions of affine space are discussed.
Some connections of three-component distributions, which allow to general-
ize theory of regular and vanishing hyper-zones, zones, hyper-zone distribu-
tions, surfaces of full and non-full rank, and tangent equipped surfaces in
multidimensional affine spaces are constructed.

1. Introduction

It is proved here that the first kKind normal field for the basic distribution determines
affine connection on the F-distributions. Another affine connection is defined by
an inner invariant way in the second differential neighborhood of forming element
of the three-component distribution. In special case studied connections are analog
connections for the huperzone distributions of the m-dimensional linear elements.
The components of the torsion and curvature tensor of the affine connections are
obtained. The results of research can be applied to general theory of distributions
in multidimensional spaces and to the theory of connections, which are associated
with the multi-component distributions.

The method of my research is based on the differential-geometrical method devel-
oped by Laptev [4, 51.

2. Definition of the Three-Component Distribution

Let us consider (n + I)-dimensional affine space An+i, which is taken to a moving
frame R = {A.e/}. Differential equations of the infinitesimal transference of
frame R look as follows

dA = ul/ej, dej = 'jofeK

where ujf, tol are invariant forms of an affine group, which satisfy the equations
of the structure
dujl = yK A uk, dujf = ujj A utj.
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Connections Associated with Linear Distributions 219

Structural forms of current point X = A + xJej of space A. . 1 look as follows

AX 17 dxl+ xAujk + 1dl.

Combination of current point X and point of frame A leads to the following equa-
tions

AX1=>J

Immobility condition of the point A is written down: ixJ = 0. Frame chosen by
this way is called the frame R.

Let the r-dimensional plane Ilr, the m-dimensional plane n m, and hyper-plane n n
in An+i be given by the following way

nr= A.Lr nm= A Ma nn= A.Ta
where
Lp—ep+ A Ma —ea + Mfe&, Ta —ea+ Ff’+len+i.
The (n+ I)-dimensional manifolds, which are determined by differential equations
ARS XpKh o AIW' = Mokuk m+l (1)

are called distributions of the first kind accordingly of r-dimensional linear ele-
ments (A-distribution), m-dimensional linear elements (Af-distribution) and hyper-
planes (ff-distribution).

Let us consider that manifolds (1) are distributions of tangent elements: center A
belongs to planes Ilr, IIm, nn.

We demand that in some area of space An+\ for any center A the following condi-
tion takes place: A e Ilr Cnm Cnn.

Definition 1. The triple of distributions of affine space An+1 consisting of basic
distribution of the first kind r-dimensional linear elements IIr = A (A-distribu-
tion), equipping distribution ofthefirst kind m-dimensional linear elements TIr)) =
M (M-distribution) and equipping distribution ofthefirst kind ofhyper-plane ele-
ments nn = H (H-distribution) with relation ofthe incidence oftheir correspond-
ing elements in the common center A ofthefollowing view: A Gllrc nm C nn
are called H (M (A))-distribution [1, 8],

Let us make the following canonization of the frame R: we place vectors ep in
the plane Ilr, vectors e) - in the plane IIm, and vectors ea - in the plane nn.
This frame will be called frame of the zero order R°. This definition leads to the
following equations

A* = 0. = 0, m +1 = 0.



220 Marina Grebenyuk

Within the frame R°, H (M (Aj]j-distribution is defined by the differential equa-

tions _
UB _ Aupk UK ‘ UP - flxa K | +1 rllp+|% d(
A partial canonization of zero-order frame R° is possible when

Mg+l o Hoo )

We will call it the frame of the first order R 1. In the chosen frame R 1, manifold
H{M{A)) is determined by the system of differential equations

t.u_ KU K ntl len+| u
Up = ApK'U * ui = Mi{i

uf = ASHL = K 1A )

3. Tensor of Ingolonomicity of Basic Distribution

It is easy to show that geometry of three-component distributions can be used for
study of geometry of regular and vanishing hyper-zones, zones, hyper-zone dis-
tributions, surfaces of full and non full rank, tangent equipped surfaces in affine
spaces.

For example, let us suppose that H (M(A))-distribution is holonomic, i.e. the basic
distribution is holonomic. The system of differential equations
) K”"p

which is associated with the basic distribution is completely integrable if and only
if the tensor of the first order

u defl(Pqu A

where
Arpg = rquUI<
turns into zero.
Tensor will be called the tensor of inholonomicity of H (M(A))-distribution.

Basic A-distribution determines (n —r + |)-parametric assemblage of r-dimensio-
nal surfaces Vr.

In case of displacement of center A along fixed sutface Vr, differential equations,
which determine H (M (A))-distribution relatively to the frame R,

W Ay, AA“ AN+ AjeAN.  AAIS Mg+ MgAY) o

AHML Ly eepiaary
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are differential equations of r-dimensional zone Vr* of the order m equipped by
field of hyper-planes H. Geometrical object (object H) is the fundamen-
tal equipping object of this zone Vr'my

Let us note that, relatively to the frame 1?°, differential equations of the manifold
H{M {A)) have the more simple form

to 0. o, Au (3)
4 = (4)
a - [5G a0 5)

where equations (3) and (4) are analogous with equations of zone Vr'my which are
discussed in [7] and [61. Equations (5) characterize equipment of such zone Vryy
by field of hyper-planes H.

On the other hand, equations (3)) and (5) determine hyper-zone Hr in the frame
1?°, and equations (4) characterize equipment of hyper-zone Hr by the field of
planes M.

Thus, the theory of three-component distribution is generalization of theories of
regular hyper-zone Hr and r-dimensional zone Vr!mj of the order m of affine
space.

4. Tensors of the Ingolonomicity of the Equipping Distributions

Let us consider the system of differential equations

4 =M "a (6)
which is associated with the equipping M-distribution. This system is completely
integrable if and only if the tensor of inholonomicity °f equipping M-
distribution

rab = \ (Mab - Mba) ‘ Vrab = rabk'"

Is equal to zero. In this case, system (6) determines (n —m + |)-parametric assem-
blage of the m-dimensional sutfaces Vrn. In case of displacement of center A along
fixed surface Vm=>equations that determine H (M (Ajj-distribution define tangent
r-equipped surface Vmyy which is equipped by field of tangent hyper-planes H.
Really, from system, which consists of differential equations (6) and equations,
which determine H (M (Ajj-distribution, we can pick out the subsystem

4 =
where

AAI* =M & | AA; =a; 4. Mfag = 0.
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This subsystem determines the tangent r-equipped surface Vm(rr which is dis-
cussed in the paper by Dombrovskyj [3L

On the other hand, in this case H (M (Ajj-distribution can be interpreted like
hyper-zone Hm, which is equipped by field of tangent r-dimensional planes A.

Hence, geometry of H (M(A))-distribution of affine space, really, is richer than ge-
ometry of tangent r-equipped surfaces and geometry of hyper-zones Hm of affine
space, because it consists of constructions, which do not have sense for the latter
ones.

Also, geometry of H (M (A))-distribution can be used for study of vanishing hyper-
zones and tangent vanishing surfaces.

The system of differential equations
,(51+1__ rjn+1A6 )

which is associated with equipping distribution of hyper-planes H (H -distribution)
iIs completely integrable if and only if the tensor of the first order

turns into zero.

On condition that tensor of inholonomicity {r” 1} of equipping ff-distribution
Is equal to zero, the system (7) determines one-parametric assemblage of hyper-
surfaces Vn- In case of displacement of center A along fixed hyper-surface, equa-
tions, which determine H{M {A))-distribution, represent equations of the hyper-
surface, which is equipped by fields of planes A and M.

Hence, theory of three-component distribution is also a generalization of theory of
hyper-surfaces of affine space.

5. Connection Induced by the Field of the First-Kind Normal

Let us consider basic distribution equipped by the first-kind normals. The first-kind
normal is defined by the objects which are determined by the differential equations

Let us make the following canonization of the frame of first-order, where the values
vp = 0. In the chosen frame we get the conditions

(8)

Geometrical sense of this canonization consists of the placement of the vector en+i
in the invariant plane - in the first-kind normal of A-distribution.
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According to conditions (8), it is easy to obtain the system

DIk = ujj Aujj, Du)p = Ujg A ujp + A uK

(9)
DAp=uiqA Ip+ "RpgKLWK A

(10)

Consequently, the system of the forms | LGpb.LQpj defines the affine connection T

on the A-distribution, which is induced by the field of the first-kind normals for the
A-distribution. It is possible to say that this connection is induced by the field of
the equipping vector v.

6. Affine Connection Determined by Inner Way

Let us consider the affine connection determined by the following transformations

where
(11)
DIOP = tly A tLP+ &AQK A UK
(12

Ayagk - vypK + ygKirLA"L + K 1a pK<1 + ad.v*+lk

According to differential equations (11) the forms tup, top define the affine connec-
tion if and only if the relations

AlgK = IgK ~L (13)
hold.

The tensor FIEKL in equations (11) is the torsion tensor of this affine connection
space, and

Is the curvature tensor.
According to relations (12) and (13) we get the system

(14)
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It is easy to show that the objects constructed below satisfy equations (14). Corre
spondingly,

Har = AP (j°sqr  AsnAgr
Hqu = AP (j*-squ m’msn+I-*-qu A-svh-qu I A-sq”iu ‘t A-sgq”-om

ffqn+1= AP ~sgntl  AsntlAgntl Asvgntl A -A-sglintl “HAS ffan+1
where
v, ffjr = 0. = 0. v SBH*n+1 - ffp,+1< 5 - ffjx+1i = o
Consequently, in case of invariant normalization of the A-distribution, the forms
Io and 1 = Igp + Hpk 1ok

define the affine connection on the A-distribution by inner way.

7. Analog of the Affine Connection for the Hyperzone Distributions

Next, we proposed the following transformations

where
DN uwlA D'jlp = I.OqAAVH—ZT(IaIId<AIoL
Di° A AA + AlgK A IK
RMI = 2(M IH + S%% +iW - M

A20A = V7aq+ i KglLr'*L + K 1" uK'*"L + *qL*n+ K" m

The forms Iop, |6Fc)1 define the affine connection if and only if the following relations

atigk —1gK L~
hold. These relations are equivalent to the following differential equations
[ p 1 [ P K
Misqg AsgK™ AMug — lugKA

Ed I Zp - t
ATn+lg ‘Idﬁ+lg"ngr+1 "r@q'-"n+l Tn+|g|V"K

The affine connections for the hyperzone distributions in the projective space are
discussed by Stoljarov [91. In case when the relations

LGB) A =A + TJqu (15)
with
oy O S Alg* YiR+1q 'Kpi+lg (16)
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hold, we have the connection which is an analog of the connection obtained by
Stoljarov [9L

8. Ricci Tensor of the Affine Connection

The components of torsion tensor and curvature tensor for this connection have the

(17

The components of curvature tensor Hpst have more simple form

The values

form the tensor called Ricci tensor of the affine connection for the normalized A-
distribution.

9. Another Similar Affine Connection of the Invariant Normalized
A-distribution

Let us come back to the case when we have the affine connection which is the
analog of the connection received by Stoljarov [91.

Another similar affine connection is determined by the transformations

under the condition that relations (16) hold.
It is easy to obtain the following differential equations
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where

KL fke 2Thqp  FRL o

AFBc  vrj* + (riKAiQ  agk-A-ur 18
: 1
T I'kan+ig "qK"hp+Ir 13" 4 (rffaPLK A 1K kI*L

The forms top,  define the affine connection if and only if the following relations

vr;s= fo%K»K. vr:;,, =f ~ K
V7pP FP . P n+l P i
v 1pqn+1 -1 qu"un+1_p1 qn+|"rr]1+1_ Ifqn+ IK~
hold.
It is easy to show that the objects (scopes)
J— i J— i 'P — i
p%s tlgs‘ p%u tlau‘ pqn+1 III[c)1n+1

satisfy the differential equations (18) correspondingly, and in this case the forms

T & 1A
define the affine connection on the A-distribution by inner way.

The torsion tensor of this affine connection space is the tensor 77AA and the cur-
vature tensor is the tensor

kP ovp

q M §\KL]

10. Projective Connection Associated with Basic Distribution

It is considered the space of the projective connection Pn+i>, which has been
determined by the following way: affine space A. .. is (n + I)-dimensional base
of this space, and the r-dimensional planes Ilr of the basic A-distribution are layers
of this space [2],

The projective connection T of space Pn+i,r is determined by the system of forms
97 = K. e* = - rpkK**.
The transformed forms 9k 9P satisfy the following structural equations
D9P=9gA 9p+ IK A ATpa . D9p=9gA9P+"*"K A ATpa

where

VPpA+tR + +1- TpK»* - p A - AUKA

=VvIPK+ + {KkK j- F aAj)»j-
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The forms AT”, AT", tuK on H (M (A) (-distribution constitute a completely
integrable system and determine the field of the geometrical object {TPK, T (<}

over the initial base (to™). This geometrical object will be called the object of the
projective connection of the space Pn+i>r.

To determine the projective connection in the layers of the space pn+i,r by the
forms 9K 94 it is necessary and sufficient to determine the field of the object of
the connection T.

Structural equations for layer forms 9\ 9? look as follows

DIP= 9qA 9P+ \ pRK IuK A D9p = 9g A9P+ A

Li

where {PpRpeR"k I S's the torsion-curvature tensor of the projective connection
T of this space Pn+i,r

TP M.'P TP nrP
n oKL 2T o\KLY n gKL 2Tg\KL]

11. The Scope of Object of the Projective Connection T by the
Fundamental Objects of the H (M (A))-distribution

The projective connection T is constructed, which is defined by the three-compo-
nent distribution H{M {A)) by inner way, i.e., the scope of the object of the pro-
jective connection T is constructed by the fundamental objects of the H (M a |-
distribution.

It is easy to show that the components of the object of the projective connection
{roA -r"} arerealized by the following way

[Bq - & Wou - —YRIP [Ba+r1 = NUBRYP 4-up

r gK= AA" (« XV, + - A
Thus, it is proved that the forms 9k 9P:

0” =J*“+ VSI&r - @X % + vv)U
0g=< - (a,a0“C ™ + A,,a™ - A*Vr) »K

which define the layer of the space of the projective connection Pn+i>f, are deter-
mined on the ff(M(A))-distribution by inner way and associated with the basic
A-distribution where the objects {hp\ and {Ap}, which have been constructed be-
fore, can be taken as the object {z/p}.
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12. The Reflection Determining Projective Connection on the
Distribution Received by Method of Projection

It is proved that the constructed projective connection T belongs to the type of the
projective connections which are defined by the way of projection.

Really, the plane
A(u, du). ep(u. du) = Ilr(u. du)
Is the image of the current plane
Ilr{fu + du) = A(u + du). ep{u + du)
of the basic A-distribution in case of mapping
A(u + du) A(u.du) = A{u) + tulej(u) + higher order forms (19)
ep{u + du) ep(u. du) = ep(u) + ujpej(u) + higher order forms

which determines the connection.

Let us project the image 11(u. du) of neighboring plane I1(u + du) onto the current
plane of the A-distribution Il1(u), taking the equipping plane Kn-r+i(A) as the
projecting center.

The invariant plane Kn_r+i(A) is defined by vectors
Kn+l = en+i + + vp)ep. Ku=-eu- &£%S$,.
This projection determines the reflection
A{u. dit) A(u,du) = A(u. du) + Pn+LKn+i + WK U
=l («)+Jgj+r +1l(4+i + K+ A) + (4 + hisp)
=A() +{<Kb+ e +IHI+L+ rHZ)ep

(20)

+ (uut t)eut (iun+l + .ﬁrﬁll's)e'n_,_i
ep(u, du) »mep(u, du) = ep(u, du) + ip+1Kn+l + tpKv
= ep+ u>fa + t;+1(en+i + Hg+leq) + + H%
=ep(u) + (u;g+ t;+1IHg+1 + €pHQ)eq
+ (ujp + (?p)&u + + ~p+1)en-|-I-

Thus, superposition of reflections (19) and (20) gives the reflection, which deter-
mine projective connection on the ff(M(A))-distribution received by method of
projection

A(u, du) A(u, du) = A(u) + 6pep
ep(u, du) ep(u, du) = ep(u) + 9qeq.
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Here the forms 04 Qv
U A LR RL LA NI Y I TU . L oy T

detetmine the main part of the received reflection and are the fotms of projective
connection T on the H (M (Ajj-distribution, which was detetmined by the project-
ing method.

The components of the torsion-curvature tensor of the space Pn+i> in the structural
equations look as follows

Kkj=2A(KI(«T(, +v?)+ AJlKo¥|Cr, + A
+ A +Afx="i- A - K IK Ajlr
- K\K(\r\jJ\€ - \ IKAnnaubrela " e s- AglKAm s a*b?et
+ K\KK\\Abu ItavK’ts - A,|KA|r|j|aub«eti? - A, |KA|rJII/V"
+ A“KA|r|J|6; fi* + AgIKA A JJaX (,K sL
+ A KARIIN % - A“IKAF

™ _ 9pP
n oKL = 0\KL)
where
fMuj= - CL - Kq(,.i- s}AquaXe, - STAqu® +S'\-nv"ir
+ A g..bZavi X it+ V'(rblrAqg - A°j(Xet- a> y
roL = - siArie, - SLAry + StA % "it - e
rL+l1) = + VJ + aUb'Z(o+ a“bu (g + autceqj

«$(A,,,+la X fr + v\ g A
aublrtrk gJaSffvHt - SyA pn+1 - vpAqgJapV "t

- aublrerAgJvy vA gjvv + aublTirA IX i, +

The torsion-curvature tensor determines the projective connection space.

Thus, it is proved that projective connection T for the three-component distribu-
tion is defined by inner way in the differential neighborhood of second order and
belongs to the type of the projective connections which are defined by the way of
the projection.

The results of research can be applied to the general theory of distributions in
multidimensional spaces and to the theoiy of connections, which are associated
with the multi-component distributions.
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