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CONNECTIONS ASSOCIATED WITH LINEAR DISTRIBUTIONS

MARINA GREBENYUK

National Aviation University, 1 Kosmonavta Komarova Ave., 03058 Kiev, Ukraine

Abstract. This paper applies differential geometry to multi-dimensional 
affine space. The three-component distributions of affine space are discussed.
Some connections of three-component distributions, which allow to general­
ize theory of regular and vanishing hyper-zones, zones, hyper-zone distribu­
tions, surfaces of full and non-full rank, and tangent equipped surfaces in 
multidimensional affine spaces are constructed.

1. Introduction

It is proved here that the first kind normal field for the basic distribution determines 
affine connection on the F-distributions. Another affine connection is defined by 
an inner invariant way in the second differential neighborhood of forming element 
of the three-component distribution. In special case studied connections are analog 
connections for the huperzone distributions of the m-dimensional linear elements. 
The components of the torsion and curvature tensor of the affine connections are 
obtained. The results of research can be applied to general theory of distributions 
in multidimensional spaces and to the theory of connections, which are associated 
with the multi-component distributions.
The method of my research is based on the differential-geometrical method devel­
oped by Laptev [4, 51.

2. Definition of the Three-Component Distribution

Let us consider (n  +  l)-dimensional affine space A n+i, which is taken to a moving 
frame R  =  {A. e/}. Differential equations of the infinitesimal transference of 
frame R  look as follows

d A  =  u /e j ,  dej =  'jofeK

where u jf, to1 are invariant forms of an affine group, which satisfy the equations 
of the structure

duj1 =  ujK A uJk , du j f  = ujj A u t j .

218



Connections Associated with Linear Distributions 219

Structural forms of current point X  =  A  +  x Jej of space A n + 1 look as follows

A X 1 ^  d x1 +  x A ujk +  lo1 .

Combination of current point X  and point of frame A  leads to the following equa­
tions

A X 1 = >J.

Immobility condition of the point A  is written down: ixJ =  0. Frame chosen by 
this way is called the frame R.
Let the r-dimensional plane IIr , the m-dimensional plane n m, and hyper-plane n n 
in A n+i be given by the following way

,K  .1

n r = A. Lr n  m = A,M a n n = A .T a

where

L p — e,p +  A M a — ea +  M fe&, Ta — ea +  Ff” +1en+i.

The (n+  l)-dimensional manifolds, which are determined by differential equations

A A “ XpK'^ • A J W “  =  M ° k u k . rn+1 ( 1 )

are called distributions of the first kind accordingly of r-dimensional linear ele­
ments (A-distribution), m-dimensional linear elements (Af-distribution) and hyper­
planes (ff-distribution).
Let us consider that manifolds (1) are distributions of tangent elements: center A 
belongs to planes IIr , IIm, n n .
We demand that in some area of space An+\ for any center A the following condi­
tion takes place: A e  IIr c n m c n n.

Definition 1. The triple o f distributions o f affine space An+1 consisting o f basic 
distribution of the first kind r-dimensional linear elements IIr =  A (A-distribu­
tion), equipping distribution o f the first kind m-dimensional linear elements TIr)) =  
M  (M-distribution) and equipping distribution o f the first kind o f hyper-plane ele­
ments n n =  H  (H-distribution) with relation of the incidence o f their correspond­
ing elements in the common center A o f the following view: A G IIr c n m C n n 
are called H (M (A))-distribution [1, 8],

Let us make the following canonization of the frame R: we place vectors ep in 
the plane IIr , vectors e) -  in the plane IIm, and vectors ea -  in the plane n n. 
This frame will be called frame of the zero order R°. This definition leads to the 
following equations

A* =  o. =  o, m +1 = 0.
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Within the frame R°, H (M (Aj j-distribution is defined by the differential equa­
tions

, ,u _  \ u  K  a  _  7i,,ta  K  n + 1 _  r jn + 1  KUp -  A pk U ‘ Ui -  , <jJa -  H aK U) .

A partial canonization of zero-order frame R° is possible when

M n+1tq o. H,n + 1
aq 0.

We will call it the frame of the first order R 1. In the chosen frame R 1, manifold 
H {M {A)) is determined by the system of differential equations

t ,u _  KU K  n + 1 _  T ij-n + l u
U p  -  A pK'U • u i -  M i{i U)

u>f =  ^S +1 =  K i 1' ^  (2)

3. Tensor of Ingolonomicity of Basic Distribution

It is easy to show that geometry of three-component distributions can be used for 
study of geometry of regular and vanishing hyper-zones, zones, hyper-zone dis­
tributions, surfaces of full and non full rank, tangent equipped surfaces in affine 
spaces.
For example, let us suppose that H (M(A))-distribution is holonomic, i.e. the basic 
distribution is holonomic. The system of differential equations

UJ K ^ p

which is associated with the basic distribution is completely integrable if and only 
if the tensor of the first order

u de.f 1
pq -  ( A u~ ' l y pq Auqp

.K
where

^ rpq =  rpqKUl
turns into zero.
Tensor j will be called the tensor of inholonomicity of H (M(A))-distribution. 
Basic A-distribution determines (n — r +  l)-parametric assemblage of r-dimensio- 
nal surfaces Vr.
In case of displacement of center A  along fixed sutface Vr, differential equations, 
which determine H (M (A))-distribution relatively to the frame R,

UJU A y . AA“ A ^  +  A je A j ) ^ .  A A /f M g +  M g A vq ) ccri

AH,n+ 1 H.n + 1
aq + f f n+1A" )T  a v  q 1
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are differential equations of r-dimensional zone Vr^  of the order m  equipped by 
field of hyper-planes H. Geometrical object (object H ) is the fundamen­
tal equipping object of this zone Vr m̂y
Let us note that, relatively to the frame i?°, differential equations of the manifold 
H {M {A)) have the more simple form

to 0. to,p Au >joq1 i

4  =
,™+1 _  f [ n + l  q a L± otq ^

(3)

(4)

(5)

where equations (3) and (4) are analogous with equations of zone Vr m̂y  which are 
discussed in [7] and [61. Equations (5) characterize equipment of such zone Vry y  
by field of hyper-planes H.
On the other hand, equations (3)) and (5) determine hyper-zone H r in the frame 
i?°, and equations (4) characterize equipment of hyper-zone Hr by the field of 
planes M .
Thus, the theory of three-component distribution is generalization of theories of 
regular hyper-zone Hr and r-dimensional zone Vr!mj of the order m  of affine 
space.

4. Tensors of the Ingolonomicity of the Equipping Distributions

Let us consider the system of differential equations

4  = M ^ a (6)

which is associated with the equipping M-distribution. This system is completely 
integrable if and only if the tensor of inholonomicity °f equipping M -
distribution

r ab =  \  ( M ab -  M ba)  ‘ V r ab =  r a b k '^

is equal to zero. In this case, system (6) determines (n — m  +  l)-parametric assem­
blage of the m-dimensional sutfaces Vrn. In case of displacement of center A  along 
fixed surface Vm.-> equations that determine H (M (A j j-distribution define tangent 
r-equipped surface Vmy y  which is equipped by field of tangent hyper-planes H. 
Really, from system, which consists of differential equations (6) and equations, 
which determine H  (M (A j j -di stribution, we can pick out the subsystem

4  =

where
A A / “  =  M & l  A A ;  =  a ; „ 4 .  M fab] =  0.
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This subsystem determines the tangent r-equipped surface Vm(rr  which is dis­
cussed in the paper by Dombrovskyj [31.
On the other hand, in this case H (M (A j j -distribution can be interpreted like 
hyper-zone H m, which is equipped by field of tangent r-dimensional planes A.
Hence, geometry of H (M(A))-distribution of affine space, really, is richer than ge­
ometry of tangent r-equipped surfaces and geometry of hyper-zones H m of affine 
space, because it consists of constructions, which do not have sense for the latter 
ones.
Also, geometry of H (M(A))-distribution can be used for study of vanishing hyper­
zones and tangent vanishing surfaces.
The system of differential equations

which is associated with equipping distribution of hyper-planes H  (H -distribution) 
is completely integrable if and only if the tensor of the first order

turns into zero.
On condition that tensor of inholonomicity { r ^ 1} of equipping ff-distribution 
is equal to zero, the system (7) determines one-parametric assemblage of hyper­
surfaces Vn- In case of displacement of center A  along fixed hyper-surface, equa­
tions, which determine H {M {A))-distribution, represent equations of the hyper­
surface, which is equipped by fields of planes A and M .
Hence, theory of three-component distribution is also a generalization of theory of 
hyper-surfaces of affine space.

5. Connection Induced by the Field of the First-Kind Normal

Let us consider basic distribution equipped by the first-kind normals. The first-kind 
normal is defined by the objects which are determined by the differential equations

Let us make the following canonization of the frame of first-order, where the values 
v p =  0. In the chosen frame we get the conditions

,n+1 _  rjn+1 r 
0 -  ^0 (7)

( 8)

Geometrical sense of this canonization consists of the placement of the vector en+i 
in the invariant plane -  in the first-kind normal of A-distribution.
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According to conditions (8), it is easy to obtain the system

D luk  =  ujj  A uj j ,  Du)p =  ujq A ujp +  A ujK

D ^ p = uiq A lup + ^ R pqKLu>K A
(9)

( 1 0 )

Consequently, the system of the forms | LOp.LOpj  defines the affine connection T 
on the A-distribution, which is induced by the field of the first-kind normals for the 
A-distribution. It is possible to say that this connection is induced by the field of 
the equipping vector v.

6. Affine Connection Determined by Inner Way

Let us consider the affine connection determined by the following transformations

According to differential equations (11) the forms tup, top define the affine connec­
tion if and only if the relations

hold.
The tensor FlpKL in equations (11) is the torsion tensor of this affine connection 
space, and

where

( 11)

DtOP =  tUq A tUP +  &AqK A UJK

( 12)

A y qk -  v y pqK +  y rqK irL ^ L +  K l a puK<̂l +  a qLv^+1k

A lqK  =  l q K ^ L (13)

is the curvature tensor.
According to relations (12) and (13) we get the system

(14)
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It is easy to show that the objects constructed below satisfy equations (14). Corre 
spondingly,

Hqr =  AP (j^sqr AsnAgr

H q u  =  A P (j^-squ ■^■sn+l-^-qu ^ -sv ^ -q u  4” A - s q ^ i u  “I- ^ -sq ^ -o m

ffqn+1 =  AP -̂ -̂sgn+1 - -̂sn+l- -̂gn+1 -̂ -sv-̂ -qn+1 A -^-sq^in+1 “H A-Sq ffan+1

where

v , f f j r =  0. =  0. v 5H*n+1 -  ff,p„+1< 5  -  f f j x + i  =  o.

Consequently, in case of invariant normalization of the A-distribution, the forms

lop and lop = lop + H pk lok

define the affine connection on the A-distribution by inner way.

7. Analog of the Affine Connection for the Hyperzone Distributions

Next, we proposed the following transformations

where
A  =  ‘J q +  7 jJq LOJ

D lo
K u;J A

D lo
p

D'jJp =  L0q A A  H— T(pk l lok  A lo v 2
A  A A  +  ^ l q K A loK

L

R Vk l  =  2 ( M l H  +  S "k % + i W  -  M  

A 2qA =  V 7a q +  i rKqlLr'^L +  K l ^ uK'^L +  ^ q L ^ n + lK ^  ■
:PThe forms lop, loq define the affine connection if and only if the following relations

a t ''"qK — I q K L ^

hold. These relations are equivalent to the following differential equations
p

^'isq  ^  sqK'^ ' ‘
P

^ l u q  — l u q K ^
.K

^Tn+lg Tn+lg^n+1 ^uq'-^n+l Tn+lgiV^

The affine connections for the hyperzone distributions in the projective space are 
discussed by Stoljarov [91. In case when the relations

r/P ,n+l r/P zp ,K

LO,P A  = A  +  T j
with

yPIsq 0. ZyP
!uq

AP-rluq‘

Jq

y pin

LOJ

n + lq
. T/PAi+lg

(15)

(16)
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hold, we have the connection which is an analog of the connection obtained by 
Stoljarov [91.

8. Ricci Tensor of the Affine Connection

The components of torsion tensor and curvature tensor for this connection have the

form the tensor called Ricci tensor of the affine connection for the normalized A- 
distribution.

9. Another Similar Affine Connection of the Invariant Normalized 
A-distribution

Let us come back to the case when we have the affine connection which is the 
analog of the connection received by Stoljarov [91.
Another similar affine connection is determined by the transformations

(17)

The components of curvature tensor Hpqst have more simple form

The values

under the condition that relations (16) hold.
It is easy to obtain the following differential equations
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where

KL d P
n KL 2T'■p

'KL]' F'P
u L 0

A F P£A1 q K v r j *  +  ( r  r;KA iq

+  r p

^qK-A-ur 1 ^

;p

U

r K ^ n + l q  ^ q K ^ n + lr LOn+ 1 + ( r f f<P
q L K A l K k  I *

L

The forms top, define the affine connection if and only if the following relations

v r ; s =  f% K» K . v r ; „  =  f ^ K
V7pP _F P  , ,u  __ p P  , ,n + l  __  p P  . ,K
v  1  qn+ 1  1  q u ^ n + 1  1  q n + l^ n + 1  1  q n + l K ^

hold.
It is easy to show that the objects (scopes)

p p  — t i p  p p  — t ip  p 'P  — i i p
qs q s ‘ qu q u ‘ qn+ 1 qn+1

satisfy the differential equations (18) correspondingly, and in this case the forms
, ,P 77P _  ~ P  [ r jP  , ,KLa) . “r t i  gĴ Lx)

define the affine connection on the A-distribution by inner way.
The torsion tensor of this affine connection space is the tensor 77 A A and the cur­
vature tensor is the tensor

1HPR q K L 9VPl l q\K L]

10. Projective Connection Associated with Basic Distribution

It is considered the space of the projective connection Pn+i >r, which has been 
determined by the following way: affine space A n + 1  is (n +  l)-dimensional base 
of this space, and the r-dimensional planes IIr of the basic A-distribution are layers 
of this space [2],
The projective connection T of space Pn+i,r is determined by the system of forms

9” =  ^  K. e* =  -  r pqK* “ .

The transformed forms 9r\  9P satisfy the following structural equations

D9P = 9q A 9p +  lcK A ATpa . D 9p = 9rq A 9P + ^ K A ATpa

where

=  V p A. +  t>n+ + :+1 -  TpK»* -  p A. -  A ”uK^

= v r PK + + { K k K j  -  F a-A j ) » j -
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The forms A T ^ ,  A T ^ ,  tuK on H (M (A) (-distribution constitute a completely 
integrable system and determine the field of the geometrical object {TPK, Tr(>;f<} 
over the initial base (to^f). This geometrical object will be called the object of the 
projective connection of the space Pn+ i >r.
To determine the projective connection in the layers of the space P n + i,r  by the 
forms 9r\  9%, it is necessary and sufficient to determine the field of the object of 
the connection T.
Structural equations for layer forms 9!\  9? look as follows

D9P = 9q A 9P +  \ pPoK Iu K A D 9p = 9rq A 9P +  A
' Li

where { P p0k p • R^k l S ' s the torsi on-curvature tensor of the projective connection 
T of this space P n + i ,r

T>P
n o K L

.yi.' P
2 T o\K L Y

T>P
n q K L

nrP
2 T q \K L ]

11. The Scope of Object of the Projective Connection T by the 
Fundamental Objects of the H (M (A ) ) -distribution

The projective connection T is constructed, which is defined by the three-compo­
nent distribution H {M {A)) by inner way, i.e., the scope of the object of the pro­
jective connection T is constructed by the fundamental objects of the H ( M a l ­
distribution.
It is easy to show that the components of the object of the projective connection 
{r o A - r ^ }  are realized by the following way

F'P _  r, r P  _  — UPlp F 'p =  n u bPyP 4- u pL oq u ‘ •*- ou 11u L on+ 1 Lru  ^

r  VqK = A,A" ( « X V ,  +  -  A

Thus, it is proved that the forms 9r\  9P:

0” = J ‘ +  V S l& r  -  (a X %  +  vv) U 

0vq =  <  -  ( a , ao“C ^  +  A„a ^  -  A ^ ^ V r )  » K

which define the layer of the space of the projective connection Pn+i >r, are deter­
mined on the ff(M(A))-distribution by inner way and associated with the basic 
A-distribution where the objects {hp\ and {Ap}, which have been constructed be­
fore, can be taken as the object {z/p}.
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(19)

12. The Reflection Determining Projective Connection on the 
Distribution Received by Method of Projection

It is proved that the constructed projective connection T belongs to the type of the 
projective connections which are defined by the way of projection.
Really, the plane

A(u, du). ep(u. du) =  IIr (u. du) 
is the image of the current plane

Ilr{u +  du) =  A(u  +  du). ep{u +  du) 

of the basic A-distribution in case of mapping

A (u  +  du) A(u. du) =  A{u) +  tuJe j(u ) +  higher order forms

ep{u +  du) ep(u. du) =  ep(u) +  ujp ej(u )  +  higher order forms

which determines the connection.
Let us project the image II(u. du) of neighboring plane II(u +  du) onto the current 
plane of the A-distribution II(u), taking the equipping plane K n- r+i(A )  as the 
projecting center.
The invariant plane K n_r+i(A )  is defined by vectors

K n+1 = en+i +  +  vp)ep. K u = eu -  & £ % $ ,.

This projection determines the reflection
. —*

A{u. dit) A(u, du) =  A(u. du) +  Pn+1 K n+i + VUK U

= ! ( « )  +  J g j  +  r +1( 4 + i  +  K + A )  +  f“ ( 4  +  h i s p)

= A(u) + {<J> +  e +1H l+1 + rH Z )e p
/in.-1-1 .

)en+i

(20)

+  (u}u  +  t ) e u  +  ( iu n + 1  +  i n + l s

ep(u, du) -»■ ep(u, du) = ep(u, du) +  i rp+1K n+1 +  t pK v

= ep + u>fa  +  t ; +1(en+i +  H qn+1eq) +  +  H %

= ep(u) +  (u;q +  t ; +1H qn+1 +  €pHq)eq

+  (ujp  +  (?p)&u +  +  ^ p + 1 ) e n -|-l-

Thus, superposition of reflections (19) and (20) gives the reflection, which deter­
mine projective connection on the ff(M(A))-distribution received by method of 
projection

A(u, du) A(u, du) =  A(u) +  6pep 

ep(u, du) ep(u, du) =  ep(u) +  9qeq.



Connections Associated with Linear Distributions 229

Here the forms 0{\  Qv

n p  _  ;P _  z iP  . , n + l  _  tj p  u  o p  _  p  _  t t P n + 1 _  z i p  .vU -- UJ 11 -- ll^LU 5 Ug -- LUg -- 11 g -- ll̂ jLUg

detetmine the main part of the received reflection and are the fotms of projective 
connection T on the H (M (A j j-distri bu tion, which was detetmined by the project­
ing method.
The components of the torsion-curvature tensor of the space Pn+i >r in the structural 
equations look as follows

K k j  =  2(A( |K J|( « T ( ,  +  v ”) +  A„|Ko“, | C r ,  +  A

+  A + A,[a- ^ i -  A -  K l K ^ j / r  

-  K \K ( \r \ j \€  -  \ lK ^ n n a ubr: e l a ^ e s -  AqlKA m s a*b?et 

+ K \K K \r\Abu l taVK ’ ts -  A ,|KA|r |j| aub«eti ? -  A ,|KA|r|J|I/V "

+  A“|KA|r|J|6;‘fi^  +  A qlKA ^ J]aX ( , K sL

+  A ,|KAf’r |J |^ %  -  A“|KAf
T>P __ 9 p P
n o K L  -  o \K L)

where

r lu j = -  C L  -  K q(,.i -  s"} Aqua X e ,  -  s"}A qu^  + S ' \ - nv " i r 
+  A q.,bZavi X i t +  V"(rblrA qj  -  A ° j ( X e t -  a >;j vj  

r%L = -  s i A r ^ e ,  -  s rLAry  +  srLA % ^ i t -  a ^ s i

r L + lJ  =  + VJ + aUb'Z(o + a“b,u ( qj  + aut c e qj
-  «$(A„„+1a X f^  +  vv\ qn-  A

-  aublrt rk qJaSffvHt -  Su,A pun+1 -  vp A qJapV ^ t

-  aublrerAqJvv-  v ”\ qj v v + aublTi rA l X i ,  +

The torsion-curvature tensor determines the projective connection space.
Thus, it is proved that projective connection T for the three-component distribu­
tion is defined by inner way in the differential neighborhood of second order and 
belongs to the type of the projective connections which are defined by the way of 
the projection.
The results of research can be applied to the general theory of distributions in 
multidimensional spaces and to the theoiy of connections, which are associated 
with the multi-component distributions.
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