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Abstract. The fundamental properties of the multi-component nonlinear 
Schrodinger (MNLS) type models related to symmetric spaces are analyzed. 
New types of reductions of these systems are constructed. The Lax operators 
L and the corresponding recursion operators A are used to formulate some 
of the fundamental properties of the MNLS-type equations. The results are 
illustrated by specific examples of MNLS-type systems related to the D.III 
symmetric space for the so(8)-algebra. The effect of the reductions on their 
soliton solutions is outlined.

1. Introduction

The (scalar) nonlinear Schrodinger (NLS) equation [261

has numerous applications in a wide variety of physical problems [8,24]. Its com
plete integrability has been proven at the very early stage of the inverse scattering 
method (ISM). Indeed, equation (1) allows Lax representation using as Lax opera
tor the 2 x 2 Zakharov-Shabat system related to sl(2)-algebra

( 1 )

L(\) ip(x. t .  X) = (idx +  q{x.t) -  Xa3) i ' {x . t , A) =  0 (2)
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and that it is a Hamiltonian system described by the Hamiltonian
/ DO

d x { - \ q x \2 + \q\4)- (3)
-oo

The first multi-component NLS type model with applications to physics is the so- 
called vector NLS equation (Manakov model) [2,22]

iv ( +  v II +  2||v||2v  =  0. v  = ( £ £ [ ] ) .  (4)

It obviously allows generalization to ra-component vectors.
The applications of the differential geometric and Lie algebraic methods to soli- 
ton type equations lead to the discovery of close relationship between the multi
component (matrix) NLS equations and the homogeneous and symmetric spaces 
[9], It was shown that the integrable MNLS systems have Lax representation with 
the generalized Zakharov-Shabat system as the Lax operator

Lip(x, t, A) =  i ^ -  +  (Q(x, t) -  A t, A) =  0 (5)
ax

where J  is a constant element of the Cartan subalgebra f) c  g of the simple Lie 
algebra g, Q(x, t) =  [J. Q(x,  £)] e  q/ qq and go is the subalgebra of the elements 
commuting with J.  In other words Q(x. t )  belongs to the co-adjoint orbit M j  of 
g passing through J.
The choice of J  determines the dimension of M j  which can be viewed as the 
phase space of the relevant nonlinear evolution equations (NLEE). It is is equal to 
the number of roots of g such that a(J)  0. Taking into account that if a  is a 
root, then —a  is also a root of g then dim A4 j  is always even.
We concentrate on those most degenerate choices of J  for which ad j  has just two 
non-vanishing eigenvalues ±2a; in this case J 2 =  a2i .  Such choices of J  are 
compatible with several types of symmetric spaces [9, 18]: A .II I  ~  SU(p + 
q)/S(\J(p) 0  U(<?)), C .I ~  Sp(2p)/U(p) and D .I I I  ~  SO(2p)/U(p). The 
construction of soliton solutions proposed in [2,22] is valid for A.III symmetric 
spaces; its extension to C.I and D.III is proposed in [25], see also [ 15],
The interpretation of the ISM as a generalized Fourier transforms and the expan
sion over the so-called squared solutions (see [17] for regular and [11] for non
regular J )  allow one to study all the fundamental properties of the corresponding 
NLEE’s. These include: i) the description of the class of NLEE related to a given 
Lax operator L{A) and solvable by the ISM; ii) derivation of the infinite family of 
integrals of motion; and iii) their hierarchy of Hamiltonian structures.
The present article is organized as follows. In Section 2 we give some preliminaries 
about the simple Lie algebras. In Section 3 we describe the general form of the 
MNLS models and the relevant recursion operators. In Section 4 we briefly discuss
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the scattering data and the Hamiltonian properties of the considered systems. The 
soliton solutions are discussed in Section 5. In Section 6 are derived few examples 
of NLS equations by applying the reduction group [231 action. In the same section 
the reductions of the soliton solutions are analyzed.

2. Preliminaries. Simple Lie Algebras

Here we fix the notations and the normalization conditions for the Cartan-Weyl 
generators {hk. E a } of g (r =  rankg) with root system A. We introduce hk G  f), 
A; =  1 , . . . .  r  as the Cartan elements dual to the orthonormal basis {e^} in the root 
space Er and the Weyl generators E a, a G  A. Their commutation relations

{hk‘ Ea\ — {'oi. €k)Ea . \Ea . E —a]
2

{a. a)
^ 2  {a. ek)hk
k = 1

[Ea . Ep] ^  a,j3^a+j3 f°r « +  G A 
0 for a  +  (5 £ A U {0}.

( 6)

Here a =  Y7k=i a fcefc is a r-dimensional vector dual to J  G  f) and (♦, •) is the scalar 
product in Er . The normalization of the basis is determined by

E _ a = E l .  (E_a . E a ) = . N _ a _i3 = - N aji3 (7)
(ct, a)

where N aiy =  ±(p  +  1) and the integer p > 0 is such that a  +  s(3 G A for all 
s =  1 , . . .  . p, a  +  (p +  1 )(3 £ A and (♦, •) is the Killing form of g, see [181. The 
root system A of’ g is invariant with respect to the group W 9 of Weyl reflections S a

q -f -f 2(o;, y')
Say = y -  7----- rQ . a  G  A. (8)

( a .  a )

With each reflection S a one can relate an internal automorphism of the algebra 
Ad a q G  Auto 0 which act in a natural way on the Cartan-Weyl basis, namely

S a (Hj )  = A a H g A 0  = H s, . 0  =  S al3

— /l,, j 4 ■  a //../ i l .  (9)

Since S& =  1 we must have =  ± 1 .
As we already mentioned in the Introduction the MNLS equations correspond to 
Lax operator (5) with non-regular (constant) Cartan elements J  G f). If J  is a regu
lar element of the Cartan subalgebra of g then ad j  has as many different eigenval
ues as is the number of the roots of the algebra and they are given by at =  aq-(J), 
otj G A. Such J ’s can be used to introduce an ordering in the root system by 
assuming that a  > 0 if a(J)  > 0. In what follows we will assume that all roots 
for which a(J)  > 0 are positive.
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Obviously we can consider the eigensubspaces of ad j  as grading of the algebra g. 
In what follows we will consider symmetric spaces related to maximally degener
ated J , i.e. ad j  has only two non-vanishing eigenvalues ± 2 a. Then g is split into 
a direct sum of the subalgebra go and the linear subspaces g±

Q =  00 © Q+ © Q- Q± = l-c. { X ±j : [J. X±] = ± 2 ciX±} .

The subalgebra go contains the Cartan subalgebra f) and also all root vectors E±a e  
g corresponding to the roots a  such that (a. ct) =  0. The root system A is split into 
subsets of roots A =  9q U 9+ U (—0+), where

9q =  {a  e  A : a(J)  =  0} 9+ =  {a  e  A ; a(J)  =  a > 0} . (10)

We can use the gauge transformation commuting with J  to simplify Q; in particular 
we can remove all components of Q in go; effectively this means that our Q(x. t) =  
Q + ( x , t ) + Q - (x , t )  G g+Ug_ can be viewed as alocal coordinate in theco-adjoint 
orbit M j  ~  g \  g0

Q+(x,t)  = Y  qa (x , t ) Ea , Q _ ( x , t ) =  Y  Pa(x , t )E_a . (11)
a£0+ a£0+

Obviously Q± e  g± and

ad j Q  =  [J, Q] =  2 a(Q+ — Q _). (ad j Y Q  = ^ ( Q +  -  Q - )  (12)

besides [Ea , Eg] =  0 for any pair of roots a, (3 e  9+. This simplifies solving the 
recursion relations and the explicit calculation of the recursion operator A.

3. The MNLS Type Models

3.1. Lax Representation and General Form of the NLEE 

The operator (5) together with the cotxesponding operator M ( A)

M(X)tp = -  [Q, ad j XQ] +  2 ia d j1Qx +  2 XQ -  2 X2/ j  ip(x . t . \ )  =  0

(13)
where Q =  Q(x, t ) ,  provide the Lax representation for the MNLS type systems. 
The compatibility condition [L(A).M(A)] =  0 of (5) and (13) gives the general 
form of the MNLS equations on symmetric spaces

1
2

J.
dQ
d t

d 2Q
+ ~~ 2a Lad j  Q- [ad j  Q, Q]] =  0. (14)

Following [11 one can consider more general Af-operators of the form 
i /  N  \

M (A )* =  +  I > ;  Vk( x A ) \ kj  A) =  0. /(A ) =  J i r n ^  V{x, t. A).
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The Lax representation [L(A). M ( A)] =  0 leads to a recurrent relations between
Vk(x. t) = V< + V£

V|?+i(z , t) = 7r,/(Vs-+i) =  A±Vfc(.T. t) -  ad / [  , Q(iE.i)]. 1---- -

V£(x. t )  = (1 -■k j W u) = C k + i f 1 dy[Q(y . t ) . v i (y . t ) }  (15)
J ±oc

where ixj =  ad j 1 o ad j  and Ck =  ( i  — 7rj )Ck  are block-diagonal integration 
constants, for details see, e.g. [1,91. These relations are resolved by the recursion 
operators (16)

A± Z
ad J
4a2 V dx

dZ
i—  +  i Q{x). f  dy[Q(y),Z(y)]

j  ±oc .
(16)

where we assume that Z  =  i \ j Z  e  M j .  As a result we obtain that the class of 
(genetically nonlocal) NLEE solvable by the ISM have the form

. , _ i d Q i  A v-

k=0
Ck- ad J 1Q(x, t.) = 0 .  /(A)

0 N
/ " ( A),

(17)

where /(A) =  Y,k=o Ck^N~k determines their dispersion law. The NLEE (17) 
become local if /(A) =  /o(A)J, where /o(A) is a scalar function. In particular, 
if /(A) =  —2A2J  we get the MNLS equation (14). If the dispersion law /(A) is 
non-degenerate then the corresponding NLEE allows solutions of “boomeron” and 
“trappon” types [4-61 whose velocities are time-dependent.

3.2. A Basic Example: The Symmetric Space D .III

We choose q =  D4 ~  so(8). It has 4 simple roots, namely a\  =  ei — 62,
ct2 =  62 — 63, ct3 =  63 — 64 and 0L4 =  63 +  64. We fix up the Catran element

J  =  diag(a. a. a. a. — a. — a. — a. — a). J  = a  1 (18)

which means that the subset 9+ =  |e ; +  e ?} with 1 < i < j  < 4. Then the 
corresponding potential Q e  D .III (11) takes the form

(  0 0 0 0 q u 9 1 3 912
0 \

0 0 0 0 924 923 0 9 1 2
0 0 0 0 934 0 923 — 9 i 3
0 0 0 0 0 934 — 924 9 1 4

P 1 4 P 2 4 P34 0 0 0 0 0

P 1 3 P 2.3 0 P 3 4 0 0 0 0

Vl2 0 P 2 3 P 24 0 0 0 0

K 0 P 12 - P 13 P14 0 0 0 0  /

(19)

Here by g^-(x, t) and pij(x, t ) where i . j  belong to the set of indices J  =  { ( i j ) ;
1 < i < j  < 4} denote the coefficients of the generators E a and E _ ry with
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a  =  +  ej. Then the NLEE (14) becomes a system of 12 equations described by
following Hamiltonian and symplectic form

H  — Hkin +  Hint- H km
l  rx
Cl J  —oc

d a :  Y
(ii)cJ

dqjj dpjj 
dx dx

(20)

H iint
l  rx
Cl J — oc

2
Cl J —oc

dx i E Pij Qij
(ij)Cj

dx (pi2P34 +  P13P24 — Pl4P23)('7l3'?24 +  <?12'?34 — 914 <723) (21)

Y S q i j ( x . t )  A  5 p ij  ( x . t ) .

4. Scattering Data and Hamiltonian Properties of the MNLS Models

Here we will start with a brief sketch of the direct scattering problem for (5), (18), 
(19). It is based on the Jost solutions [8,24] defined by their asymptotics

lim ip(x.t. X)elXJx =  1. lim cf>(x. t. X)elXJx =  IIx^oc ' x ^  — oc

and the scattering matrix T(t, A) =  (ip(x, t, A)) 1cp(x. t, A) and its inverse T{A. t)

T(t.  A)
(a+{t. A) - b (t, A)\ 
\b+(t. A) a~(t,X) j T(t.  A) f c - ( t . X )  d-(t.  A)\ 

\ - d +(t. X) c+(t.X)J

where a± (t., A) and b±(t., A) are 4 x 4 block matrices. The fundamental analytic 
solutions (FAS) x ± (x -. ri A) of L(A) are analytic functions of A for Im A ^  0 and 
are related to the Jost solutions by

X± {x,t, A) =  4>{x,t, X)Sf(t ,  A) =  ijj(x,t, X)Tj(t ,  A). 

Here S f ,  T f  denote upper- and lower- block-triangular matrices

S f ( t . X ) =  (

T j ( t - X) =  (J

1  d (t. A ) \  
0 c+(t.\)J-

-b- ( t .  A ) \  
a~(t. A)  J '

rr-(+ W  f a + 0 - A ) 1j ^  x ) -  [b+{tx)

(23)

(24)

(25)

satisfy T^(t ,  A )5j(f. A) =  T(t. A) and can be viewed as the factors of a gener
alized Gauss decompositions of T(t,  A) [11], If Q(x.t) evolves according to (17)
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then
J Lit

i—  +  / T(A)&± (t, A) -  b± (t.. A )/± (A) =  0

r|/7±
i—  +  [ /± (A). a± (t, A)] =  0.

(26)

On the real axis in the complex A-plane both FAS x ± (x -. ri A) are linearly depen
dent

X+(x,t.,X) = x ~ ( x , t , \ ) G o ( t , \ )  (27)

and Go(t, A) can be considered as a minimal set of scattering data in the case of 
absence of discrete eigenvalues for the Lax operator (5), see [131.
The MNLS equations possess hierarchies of Hamiltonian structures. The phase 
space M j  of the MNLS equations is the co-adjoint orbit of the q ~  D r deter
mined by J . In addition we assume that the matrix elements of Q{x, t) are smooth 
functions tending to zero fast enough for |rr| o o .

On the D .Ill-type symmetric spaces the Hamiltonian of (14) is given by

F MNLy“ m =  a J  dx  j 2(ad/ Q x M  / Q x ) +  i([ad  / Q . Q \ .  [ad / Q .- l ,

The hierarchies of symplectic structures defined on M j  are generated by the corre
sponding recursion operators and are given by the following families of compatible 
two-forms

^ mnls =  ^'ia [  dx \  5Q(x, t )  A Afcad j 1 SQ(x,t)

For /(A) =  —2A2J  equation (26) gives da± /dt. =  0 and a± (A) can be viewed 
as generating functionals of integrals of motion whose number 2r 2 is larger than 
the rank r of g. This is obviously due to the degeneracy of the dispersion law. 
For generic /(A) from (26) there follows that only the eigenvalues of a± (A) will 
be conserved. So for MNLS we have extra integrals of motion but one can check 
that they are not all in involution. Indeed, it follows from the classical 17-matrix 
approach [8]

(T(X .t) 'X)T(fi.t)} = [R(X -  /i).T(A .f) $  T(/i.f)]
. . / “ ‘ ' '

where {♦, •} is the Poisson bracket and the /?-matrix equals [91

R{X -  fi)
X — /i ^  ] h-le ^  k  “I-  ^  ]

E,a a

<k=l aCA (Ea . E ^ a )

where hk are introduced in (6) and (hi, hk ) =  57k-

(28)

(29)
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The principal series of integrals of motion C^fc) is generated by
0G

lo g d e t a± ( t .X)  = J 2 C {k)Xk .
k=  1

From (28) it follows that the first integrals C ik) from this series are in involution. 
Due to the special degenerate choice of the dispersion law /(A) =  —2A2J , any 
matrix elements of the blocks a± (A) will generate integrals of motion, which how
ever will not be in involution, see (28). The Hamiltonian for the MNLS models is 
proportional to C^K  i.e. belongs to the principal series. If we choose a generic 
(i.e., non-degenerate) dispersion law then the Hamiltonian of the corresponding 
NLEE will not be in involution with C^kK Such are the dispersion laws for the 
NLEE’s that allow “boomeron” and “trappon” type solutions [4-61. This is the 
reason why their velocities become time-dependent.

5. Dressing Factors and Soliton Solutions

The main idea of the dressing method is starting from a FAS y ^ (rr , A) of L(A) 
with potential to construct a new singular solution A) of the Riemann-
Hilbert Problem (27) with singularities located at prescribed positions X f . Then 
the new solutions A) will correspond to a potential of L(A) with two
discrete eigenvalues X f . It is related to the regular one by the dressing factors
u(x,  A)

xf i ) ix ‘X) = u {x.X)xf0){x.X)uZ1 {X). u_(X) = x ]hn^u(x.X).  (30)

If g ~  B r, D r the dressing factors take the form [151 

u(x.X) = i  +  (ci(A) — l )Pi(x)  +  (cj”1 (A) — l)P_i(a;), P_i 

where the rank 1 projector P\{x)  and the function ci(A) are given by

s p ' f s -

Pi{x)
\n(x))(m(x)
(m(x)\n(x))

K z)>  =  A^ ) K )
|no) and (mo| are constant vectors and

S = ' t ( - l ) k+1 (E k-k + E-kk)
k=  1

ci ( A )
A - A +
A -A ~

m{x)\  =  (m0|:£o (x , Af 

k = 9 — k.

(31)

(32)

Here Ej:n is an 8 x 8 matrix whose matrix elements are (Ek.n )jj =  6^5nj. Then 
the “dressed” potential have the form

<3(1)0M) =  Q{o)0M ) -  (Af -  A ^)[J,p(a\t)], p(x. t )  = Pi{x. t )  -  P - i {x . t )
(33)
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where

p{x.t)  =
(m\n)

Y hk(x . t ) H ek +  Y {P*{x, t )Ea +  P^a ( x . t ) E _ a )
a(?&+,fc= l

[m\n
ft

> =  £ (
2av\ x+lQafii v\t

k = 1
+ «oEm oEe_2“” I_16“" 1'/1')

hk (x. t) =  m nk0 ? a n *+i t m n t  ~  n cEm (jEe - a « * - l‘« '* » ‘ 

and

Pa (x. t )  =  (n oi.m0s -  ( - l ) s+ tnosm 0j )  e-210**11-810^ ; - ":)' 

P - a M )  =  -  ( - l ) s+fcn oEm 0s)

for a  =  ek +  es, and

Pa (x ,t) =  ra0fcm 0fle2<u/i:E+16a'ilI'lt -  

P - a {xA) = n Ql:mQ-se - 2aviX- ma^ vlt -  { - l ) s+knQSmQke2aviX+1^ lvlt 

for ct =  ek — es, k < s.
Let us consider now the purely solitonic case, i.e. Q(0)(:E) =  0 and y ^ (rr .£ . AĴ ) 
=  exp(—iA^Jir — 4\Xf 2 Jt).  Thus the 1-soliton solution is

2 \av\ (riQjmQj; — (—l) J+fcriofcm oj) e~2iaMlX_8ia^ i~ Jfi7t

(34)

Q jk —

where (ij) e  J  and

■sjp>\p)<i ch (2 a v \x  +  lGcivifiit. +  |  In
(35)

<Pi = Y n ojm oj• P2 = Y nolm (fj‘ xf = PI ±  ivi. (36)
3 = 1 J = 1

6. New Reductions of MNLS Equations

6.1. The Reduction Group

The reduction group G r  introduced by Mikhailov [231 provides a powerful tool 
for constructing new integrable equations [7,15,16,20,21,251 starting from known 
ones. It is a finite group which preserves the Lax representation, i.e. it ensures 
that the reduction constrains are automatically compatible with the evolution. The 
main idea of the reduction group is to impose an invariance condition on the Lax 
operators (5) and (13). In particular this means that the dispersion law / mnls(A) =  
—2A2 J  must also be compatible with the reduction group action.
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Here we consider two types of Gr  ~  Z2 reductions and we will embed them as 
subgroup of W9

U(x, t. A) =  Q { x A ) - X J

V{x, t .X) = -[Q,  ad -jXQ] +  2iad ^ Q x {x, t) +  2AQ(x, t.) -  2 X2 J  

and the automorphisms C and B  must be of even order.

6.2. Examples of Z2-Reductions.

Type Bl: Let us impose on the potential U(x, t, A) of the Lax operator the follow
ing Z2-reduction

where wei- ej are the Weyl reflection with respect to the roots e7 — ev i < j  of the 
so (8)-algebra. The corresponding constraints on the potential U(x, t, A) are given 
by Bi(J)  =  J  and

p 1 2{x.t)  = - q l 2 {x.t).  p 1 3 (xA)  = q2 3{xA).  p 1 4(x. t) = - q 24(x. t)

p2 3(xA.) = q*3 (x,t) ,  p2 4{xA) = -q* 4 (x, t) ,  p3 4 (xA.) = - q 3 4 (xA).

Thus one gets a six component NLS type system described by the following Hamil
tonian and symplectic form in the terms of the independent fields qij{x, t )

H kfn =  -  d : E  ( \q i2 ,x \2 +  \q34,x\2 +  qu ,xq24 ,x  +  Ql4,xQ24,x 
fl J  — OC v

T y p e  I: B ^ U ^ x .  t, X*)B = U{xA..X). B~XJ B  =  J

B - ^ i x A . X ^ B  = V(x,t ,  X)
(37)

T y p e  II: C~l U*{x, t, X*)C =  -U (x , t ,  A). CT1 JC  = -  J

C ^ 1V*(x, t., X*)C = - V ( x A ,  A)
(38)

where

B ^ ( U ^ { x ,  t, X*))Bi = U{x. t. A). U{x. t. A) =  Q{x. t) -  XJ  

B 4 =  We i - e2 . B =  11e\ — eo "■

2 |g i4 < 7 2 3  — ^ 1 3  ^ 24  — <?12<?34l2 } (40)

Q{0),red _  |  d x  A $ q *2 +  fiq M  A § q *4 _  § q u  A § q *4i
bq24 A  bq{4 +  Sq43 A  Sq23 +  Sq23 A  6q*3 ) .
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Type B2: Let us impose another Z2-reduction

#2 W (x ‘ t-. ^ ) ) B 2 = u ( x ,  t. A). U(x, t, X) = Q(x, t.) -  XJ

B 2 = Wei—eo ' We^—e^' B 2 =
Then again ^ ( J )  =  J  and for the matrix elements of Q(x, t) we have

Pl2 { x . t ) =  q*2 (xA),  p u i x . t )  = q ^ x . t ) ,  p i 4 {x.t) = -923(2, t)
( 4 1 )

P23 {x * t) = -q* 4 (x,t),  P 2 4{ x . t )  = q*3 (x,t) ,  P 3 4 { x . t )  = q3 4 (xA).

and one derives the following 6 component MNLS system related to D4-algebra 
with the Hamiltonian and symplectic form

1 r 00 /T" 7” 1*0(1 J . /  /  | I 2  I I 2  jf;

^ k in  =  “  d x  11912,11 +  19 3 4 ,1 1 ~  9 l4 ,x 9 2 3 ,x  _  9 l4 ,x 9 2 3 ,x  
CL J  _Qo x

+  9 1 3 , x  9 2 4 ,x  +  9 * 3 , x  9 2 4 ,x )

1 f 00
B int =  ~  ^.X { ( 1 9 1 2 12 +  19 3 4 12 +  9 1 3  924 +  9 * 3 9 2 4  -  9 1 4  923 ~~ 9 l 4  9 2 3 ) 2

Cl J —oc

— 2 19 1 4  923 — 9 1 3 9 2 4  — 9 1 2 9 3 4 12 }  ( 4 2 )
roc

s i 0 '-  =  i  d l  (5 q 12 A  Sq*12 +  SqM  A  5q*3i +  Sq13 A  S q h
J — DO

+  5924 A  5 q*3 — 5q±4 A  5q23 — (5923 A  59 * 4 ) .

Type C : We impose one more reduction but of type (38)

C(U*(x, t , \*)) = -U(x ,  t. A ) .  U(x. t, X) = Q(x, t.) -  X J  
realized with

C  =  S e i -)_e2S e 1 —62*^63+64*^63—e4 
then we will get the following reduction constraints

Pij = «*,'■  C(J) = -J .
This leads to the 6 component NLS system with Hamiltonian and symplectic form

1 roc  __

H S n = - -  d X Y .
& J  —  no y  . .x

dqij dq*j
oc dx dx

Hint =  -  [  dz < ( Y  19i712 J -  2(913924 +  912 934 -  914 92312 [ (43) 
a x  t V {  i j)€j  /  j
/ oc __

dx Y  (x ‘ t) A 59ij {x.t).
' x  a m j

This reduction of MNLS systems on symmetric spaces is among the first nontrivial 
examples studied by Fordy and Kulish [91.
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6.3. Zo-Reductions and the Soliton Solutions

The reduction conditions (37) and (38) imposed on the potential of the Lax operator 
(5) induce an invariance conditions for the corresponding FAS

A))-1 (44)

Type II: C _1(y± ( i - 1, A*))*C =  ^ { x .  t. A) (45)

and for the scattering matrix (22)

Type I: B ~ 1T ^(t.,\* )B  =  (T(LA ))-1 (46)

Type D: C ^ T * ^ ,  X*)C = T(t,  A). (47)

As a consequence for the dressing factors u(x. t. A) one gets

Type I: B ^ u ^ x . t ,  X*)B =  (u(x,t, A ) ) - 1  (48)

Type II: C "  V ( a \ i ,  A * ) C  =  u ( a \ i ,  A ) .  (49)

The concrete restrictions on the corresponding eigenvalues A | and A~ and on the 
projectors P±\  will depend on the explicit choices of the automorphisms B  and C . 
Skipping the details we will present here the final results

^ P e  I :  A+  =  ( A D * .  B

| m(x , t ) )  =  B\n*(x, t))

Type II: A+ =  (Ap*. C ^ P ^ - V C  = P - i ( x . t )

|m(x , t ) )  =  S C ^ 1 \n*(x, t)).
Applying the above restrictions to (31) we get dressing factors satisfying automat
ically these reduction conditions.
If we parameterize the constant vectors |rio) and (mo| as follows

N ) = (n o i.n 02.no3.n04 .n 04 .n 03 .n02 .n OI)r  

(m0| =  (m0i,m o2,m o3,m 04 ,m 04,m 03,m 02,m 03;)

Type I: B -1{x+{x.t. A *WB " ( A )
0 a ( A )

and apply the reductions of type B1 from Section 6.2, then the above formulas for 
the reduction constrains on the polarization vectors |m)  and n ) read

m o i  = - n 02‘ m 02 =  — n 0 1 -  m 0.3 = - ^ 0 3 -  m 04 =  ~ K 4

m 04 = n Q4‘ m 03 =  — n03‘ m 02 = n QV m 0T =  n or
For the reductions on these vectors in the example of type B2 one gets

m 01 =  n 02* m 02 = ^ n 01 ' m 03 = ^ n 0 4 ‘. m 04 —  ^0 3

m 04 = _ r i 03' m 03 =  n 0 4 ‘ m 02 =  n QV  m 0T =  ~~ n o r

(52)

(53)



On the Multi-Component NLS Type Equations on Symmetric Spaces 215

Finally for the last example of type C we have

777-0 1  =  —  n Ql‘. m 02 = ^ n Q2‘- m 03 = ^ n 03‘ m 04 =  ^ n 04 ^

777 o4 — — ^03" ^03' m 02 — — ̂ 02“ m 0T — — ̂ oT*
Finally the soliton solutions of the reduced systems (40), (42) and (43) could be 
obtained directly from (35) by inserting there (52), (53) and (54), respectively.

7. Conclusions

We have described two new systems of MNLS type obtained as Z2-reductions of 
the MNLS related to a D .I I I  symmetric space. The Hamiltonian formalism and 
the theoiy of A-operators for MNLS related to simple Lie algebras are briefly dis
cussed. The corresponding soliton solutions for these systems are derived. These 
results can be extended to study the reductions of MNLS-type equations related to 
other symmetric and homogeneous spaces. We show how the method, presented 
in [151 for the TV-wave equations and their gauge equivalent systems can be ex
tended to MNLS type systems [161. The method is explicitly gauge covariant and 
can also be applied to their gauge equivalent systems of Heisenberg ferromagnet 
type.
Thus one can systematically obtain and classify new integrable systems of MNLS 
type. Such research would entail a voluminous calculations and will be continued 
in subsequent publications. Other interesting reductions of MNLS type equations 
were reported in [141 and a systematic study of the problem is on the way.
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