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Abstract. We studied complex and real hypersurfaces immersed in locally
conformal Kéhler manifolds. We have obtained conditions for the immer-
sions, if the manifolds admit existence of such complex hypersurfaces that
are orthogonal to both Lee and anti-Lee vector fields. Also we explore real
hypersurfaces immersed in LCK-manifolds.
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1. Introduction

Differential geometric aspects of submanifolds of manifolds with certain structures
are very fruitful fields for Riemannian geometry. Study of complex submanifolds
immersed in locally conformal K#hler manifolds(for brevity, LCK-manifolds) was
initiated by Vaisman in [12], and more attention was paid to the so called Gener-
alized Hopf manifolds. Further development was made in [4]. Real hypersurfaces
of LCK-manifolds was explored in [2]. We continue to study the immersions of
submanifolds that a tangent space in all points of the submanifolds to be normal to
Lee field.

2. Preliminaries

A Hermitian manifold (M?™, J, g) is called a locally conformal Kéhler manifold
(LCK-manifold) if there is an open cover 8 = {U} ca Of M 2m and a family
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{0a}aca of C* functions o, : U, — R so that each local metric

—20q

ga =e g|Ua
is Kdhlerian. An LCK-manifold is endowed with some form w, so called a Lee
form which can be calculated as [1]
1 2
w:méﬂoJ or wlz—r J(ﬁ)iajf
The form should be closed
dw = 0.
One can compute covariant derivative an almost complex structure with respect of
the Levi-Civita connection of (M?™, J, g) using the formulae

1
Tiy = 5(5§€Jf‘wa — Wi = Tfwi + Jaw®gij).- M

Let (M>™, J, g) be a complex m-dimensional Hermitian manifold, g is it’s Hermit-
ian metric, J is it’s complex structure. Consider an immersion of a m-dimensional
manifold M* in M?™

U MY — M
Let V and V be operators of covariant differentiations on M>™ and MP¥, respec-
tively. Then the Gauss and Weingarten formulas are given by [1, p. 148]

VxY =VxY +h(X,Y) (2)
Vxé=—AcX + V%€ (3)

respectively, where X and Y are vector fields tangent to M* and & normal to M*.
As usual h(X,Y) denotes the second fundamental form, V= the linear connection
induced in the normal bundle E (W) called the normal connection, and A¢ is the
second fundamental tensor at &.

Conditions for the integrability of (2) and (3), the so called equations of Gauss,
Codazzi, and Ricci [1, p. 150] are given respectively in the explicit form by

g(R(X,Y)Z,W) = g(R(X,Y)Z, W)
—g(M(X, W), h(Y, Z)) + g(h(Y,W),h(X, Z))
{R(X,Y)Z} = (Vxh)(Y,Z) - (Vyh)(X, Z)
g(R(X,Y)é,m) = g(RH(X,Y)E,n) — g([Ae, 4] X, Y).
We call M* a CR-submanifold of (M?™,.J, g) if M* carries a C* distribution D
so that
1. D is holomorphic (i.e., J,(D,) = D,) for any z € MF

2. the orthogonal complement D with respect to § = U*gof DinT (MF) is
anti-invariant (i.e., J.(D*,) C E(¥),) for any z € M*) [1, p. 153].
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Let (M*, D) be a C R—submanifold of the Hermitian manifold MZ™. Set p =
dim¢ D, and p = dimRDj, forany x € M"* sothat 2p + ¢ = k. If g=0
then M* is a complex submanifold, i.e., it is a complex manifold and W is a holo-
morphic immersion. If p = 0 then MP* is an anti-invariant submanifold (i.e.,
Jo(Tp(M*)) C E(¥), for any 2 € MF). A CR—submanifold (M*, D) is
proper if p # 0 and ¢ # 0. Also (MF*, D) is generic if ¢ = 2m — k (i.e.,
Jo(To(M*)) = E(¥), for any 2 € MP¥). A submanifold M¥ of the complex
manifold (M?™,J) is totally real if
T (M*) N T (T (M*)) = {0}

for any x € MF.

3. Complex Hypersurfaces of LCK-Manifolds

Let submanifold M¥ is immersed in LCK-manifold M2™
U MF— M2
so that & = 2p and for any 2 € M?

Jo(Tp (M) = Ty (M?P). 4)

Let M?P be represented by
= 2%y, .. y?P) (5)
where o = 1,...,2mand y*, i = 1,..., 2p, are local coordinate systems respec-

tively on M?™ and on M?P. Then the tangent subspace of M?P at each point
x = x(y) is spanned by vectors
BY = 9,z°. ©6)

If a tensor g, is a Riemannian metric of M 2m then induced metric of M2 take
the form

9ij = B 9asB) . @)
We can define a tensor
B = Bl§"gag (8)

where g¥ is a tensor whose matrix is inverse to the matrix of the induced metric
tensor g;;. Then

BB =6} ©)
whereas the operator

P’ = B.Bf (10)
defined on T}, (M?™), is a projector on the tangent space T}, (7M?P). Introducing

J = J§BiB) (11)
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and taking into account (10) and (11) we obtain

Rt = ot
This means that the affinor _jf , defined on the bundle 7'(M ?P) is an almost complex
structure on the manifold M/ ?P. On account of (7) and (11) we get also

JLGii Il = Gi
and on this basis to conclude that the rgetric (7) is Hermitian. One can calculate
the Christoffel symbols for connection V with respect to metric g;; by formulas

= B! (Bj?B,jrg7 +9;BY).

In the local coordinates (5) the Gauss and Weingarten formulas (2) and (3) can be
written as

ViB{ = Hij)Clyys  ViChy = —HjBf + Ljy)Chy-  (12)
Here Hjj(,) are the second fundamental tensors of M?P with respect to mutu-

67

ally orthogonal unit normals C’(x) to M?, x = 2p+1,...,2m, and Ly =
v B
(Vi€ Cly)9as-
The covariant derivative of the almost complex structure (11) with respect to the
connection V, is
Vid] = (ViJ§)BLB! + J3(ViBL) B! + J$BLV,.B; .

On account of (12), we obtain

Vid! = B)(V,J§)BLB; + J§ H)

B anj B
(@)Ca(@)Bi + J5 BaHi() Oy

Since immersion of the manifold M ?? is the complex one hence (4) and the second
and third items in left-hand side are equal to zero. Finally we obtain

ViJi = B{BLB/V. . (13)
Let us calculate the Nijenhuis tensor for the manifold /2P
Nl = JHV P = V300 = THV I = ViJE).
Substituting (11) and (13) into above equations we have
Nl = J§B!B)(B] BB}V, J; — B)BIB)V,J2)
—J{BL BN B] BBV, J, — Bl BIB]VJ))
= BYB}BIBLB] (J3 (Va3 — VL)) — JR(V,J5 — VgJd)).

It is known, that the operator defined in (10) is a projector on the tangent space
T, (M?P). Then we have

NI = BB}Bl(J§(Vad§ — VaJ2) — JS(Vadh — V5J0))
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or

h A phard

Nl = B/ B}Bl!N},.
Here Ng y 1s the Nijenhuis tensor for the manifold M 2m_Since M?™ is Hermitian
N, g y = 0. Hence M?P is Hermitian too.

Let us take into account that the M?™ is an LCK-manifold. Let us substitute (1)
into (13) to obtain

ViJi = B/BLB/V,J§

(14)
. 51
= BZB&Bfi(éngw(s —wJgy — J,‘Ylwg + J(sawégﬁv).
By virtue of the definitions(6) — (11) and using (14) we obtain
1 o . _
V] = S (0 @p — & Ti = Jiwi + T} gir) (15)

where w; = B? w~. Hence, from (15) and according to
dU*w = U*dw = 0
the theorem below follows.

Theorem 1. If a complex submanifold M?? s immersed in a LCK-manifold M?™
then the immersed manifold M?P is a LCK-manifold. Moreover if the Lee field
B = w# defined in M?™ is normal to M?P, then the immersed M?P is a Kiihler
one.

Similar results were presented in [4] but it is important to explore the immersions
also with regard to the position of W (M ?P) with respect to the Lee field of M?™,
There are limitations. For instance, we have [9]

Theorem 2. Let M* be k-dimensional (k > 2) CR-submanifold of a Vaisman
manifold M?™. If the anti-Lee field A = —JB = —Jw? is normal to M* then
MP¥ is an anti-invariant submanifold of M*™ (k < m). Consequently, a Vaisman
manifold admits no proper C R-submanifolds so that A = W, A = 0. In particular,
there are no proper C R-submanifolds of a Vaisman manifold with B € D*. Also,

there are no complex submanifolds of a Vaisman manifold normal to the Lee field
B = w?.

We are concerned with finding conditions under which LCK-manifold M/ 2™ admit
immersion of complex submanifolds. Then we obtain the following theorem.

Theorem 3. The LCK-manifold M 2™ admit immersion of complex hypersurface
M?"=2 5o that the Lee field B = w? and the anti-Lee field A = —JB = — Jw#
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are normal to the hypersurface M*™~2 if and only if the Lee form of M?™ satisfies
the condition

w2
By(Vx(V) = 200 ).

Here 4 is the fourth Obata’s projector
1
o (wig) = 5 (0705 + I T )wap-

Proof: Necessity. Let us consider an LCK-manifold M/?™. Let § = w o J and
A = —J B be respectively the anti-Lee form and the anti-Lee vector field. Then,
we can rewrite (1) as
1
Vx(J)Y = 5(e(Y)X —w(Y)JX — g(X,Y)A - Q(X,Y)B)
and hence we get

1
VxA=—JVB+ S (|lw|*JX +w(X) - 0(X)B)

for any X € T(M?™). Let M?>™~2 be a complex hypersurface of an M?™. If
B € E(V), then A € E(V) since the immersion is analytic one. Moreover, if
XY € T(M?*™=2), then [X,Y] € T(M?™~2) according to the classical Frobe-
nius theorem. Hence
0=yg([X,Y],4) = g(VxY,A) —g(Vy X, A)
= —g(Y,VxA) +g(X,Vy A) (16)
= 9(Y,JVxB) = g(X,JVyB) + [[w|*Q(X,Y).
Rewriting (16) in the local coordinates, we obtain
w i — widj = |lwl|*Ji; = 0. (17
Next, by multiplying equation (17) with J,g we get
wi j JET] + wii — ||w]®gik = 0. (18)
We can rewrite finally (18) as
204 (w;,j) — llwll*gi; = 0

where @, is the fourth Obata’s projector [5]. For instance, applying the operator to
the tensor Q?j means

1
a(Qij) = 5 (5707 + J{T7) Qay-

Hence 9
el

cI)él(wi,j) - 2 gzy- (19)
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Sufficiency. The tangent bundle T'(M?™) should satisfy the system since the bun-
dle is normal to both Lee field B and anti-Lee field A, i.e.,

w=0, 6=0. (20)

According to the Frobenius theorem the system (20) is completely integrable if and
only if both the Lee-form and the anti-Lee form identically satisfy the conditions

1) dwAwAf8=0
2) A9 AwWAB = 0. 2D

Identity (21;) is satisfied since M 2™ is LCK-manifold, hence dw = 0. We have to
explore (212). Let us take the exterior differential of the anti-Lee form 6 = w o J
[14, p. 6]

1 4 4 .
o =5 (Vi(wi}) — Vj(wiJp))da® A da?

1 4 . 4 . .
= 3 ((,U@kg];- + wiJ;f’k - me,i — Wijlzd')dxk Adz.

According to (1) we obtain

dé = kJ —{—wz jk)dx /\dxﬂ

1 .
(w, kJ + wa Wy — Hw|| Sk — §th,iwj)da:k A da’

1 ,
= §(kaJJZ —wijJp — |lw|? T + wkl]j’?wt - th};wj)dmk Ada’.

We have also

dOANwANAl = %(wszj’ — wi,jJ,i — ||w||2ij
+wa;wt — th,f;wj)dxk Adz? A widat A wSJfldzh (22)
= %(wlkJ; —w;j i — |w|P k) da® A dad A widat A wsJida”
since the equation

1 .
§(wa;wt — th,iwj)dxk Adz? A widat A wsJ,fd:vh =

is identically satisfied. Hence the equation
, . 5
wigJj — wij i — W] "k =

gives us a sufficient condition that the identity df A w A 6 = 0 is satisfied. This
condition coincides with (17) which is equivalent to (19). Hence (215) is satisfied
too. Sufficiency is proved as well. |
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4. Real Hypersurfaces of LCK-Manifolds

Let us recall some necessary definitions. Let M?™~! be a 2m—1-dimensional
manifold and f, £, 1) be a tensor field of type (1, 1), a vector field and one-form on
M?m=1 respectively. If f, &€ and 1 satisfy the conditions

) nE =1 2) fX=-X+nX) (23)

for any vector field X € X(M?™~1), then M?™~! is said to have an almost contact
structure (f,&,n) and is called an almost contact manifold [15, p. 252]. From (23)
we have

1) f6=0, 2) n(fX)=0, 3) rankf=2m—2. (24

If an almost contact manifold /2™~ admits a Riemannian metric tensor field g
such that
1) n(X) = 9(§, X) 25)
2) g(fX, 1Y) =g(X,Y) —n(X)n(Y)
then M?™~1 is said to have an almost contact metric structure (almost Grayan

structure) (f,€,m, g) and is called an almost contact metric manifold [15, p. 254].
One has the following important theorem [11].

Theorem 4. A hypersurface M>™ ! in an almost complex manifold M>™ has an
almost contact structure.

We explore the case when a hypersurface M 2™~ is the maximal integral subman-
ifold of the distribution defined by the equation

w=~0

where w is the Lee form of the LCK-manifold M?™. It is obvious that the above
said equation is locally integrable since the form w is closed. The immersion W :
M?m=1 5 M?™ is locally represented by the functions

& = xa(yl o y2m71)
where o = 1,...,2m, and 3*, i = 1,...,2m — 1 is a coordinate system in M?P.
We put
Bia == 8il’a

which span the tangent hyperplane of M?™~! at each point z = x(y). The
equations (7) — (10) are also satisfied, but we have to take into account that ¢ =
1,...,2m — 1. Gauss and Weingarten equations for a hypersurface can be written
in the form

V;B{ = H;;C*,  V;C*=—H!B (26)
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where H;; are the second fundamental tensor of M?m=1 respect to normal C¢. Tt

is obvious that C* = ”Tlea. According to the latter, and to (26) we obtain

Viw® = 0i(||w|)C* — ||w||BfHY. @7)
Therefore
[N 3 a B
Hy, = —mBkwa,ﬂBi ) al(HWH) = Bi wﬂtﬁc : (28)

Let us define the (1,1)_tensor field f, the covariant vector field 17 and the contravari-
ant vector field ¢ in M 2™~ as follows

1) fl= JgBJBB
2) M= 5By Jgwa (29)
3) &= —ppBalawt

We see by (29) that the Riemannian metric g;; = BiagaBBf induced on M2m—1
satisfies (23), (24) and (25). Hence (29) and g form on M/?>™~! an almost contact
metric structure (f,£,n,3).

The Nijenhuis tensor N of f-structure [15, p. 386] is given by
def
Ni(X,Y) = [fX, fY] = fIX, fY] = FIf X, Y] + f2[X, Y], (30)
In the local coordinates the tensor (30) can be written in the form

= fluft = FLafE = iR+ e

Differentiating covariantly (23) we have
il + iy =mig€" +mVE"
Hence
NG = Fi(fa = 1i5) = £ = 1) + €50y = i)+ Vi€® = miV€.
If the tensor Ni’} satisfies to the condition
ng; =N+ & i —nij) =0 (31)

then the almost contact structure is said to be normal [6]. Following [10] we get

nig = 1 ([ = Jig) = L = 1) + mi Vi€t = mi V6"
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Substituting (29) into (4) we obtain
= BLJYB; (Vi(BEJ)BY) - V;(BE Ty BY))
—BLJ§B] (Vi(BEI) BY) — Vi(BEI] BY))

1 1
—— B JwsV

] ]

1 _ 1
+—BJPwsVi(—
oy 27 TV

Taking into account (26) — (29) we have

BEJJW)

BEJJW).

1 1
ny; = fiHn; + *IIWHffnj — fiHFn; — *IIWHf'-“m

0
-l H\ﬂm+mﬁﬁmé+ﬁwm
(Ilwll) k Oi(llwll) & K,
+77] ||w” 7” Hfz ] HWH E _fthtT/]'

We see also that the condition

- NZ.’; + §k(77j,i —nij) =0

is identically satisfied on AM/?™~!. This means that the theorem is true.

Theorem 5. If a hypersurface M*™~ of a LCK-manifold M?™ is an integral
manifold of the distribution defined by the equation

w=20

where w is Lee form of the LCK-manifold M?™ then the induced by the immersion
almost contact structure

1) f] aBj Bﬁ
3) 5’€ HwuBﬁjaw

is a normal one.

Let us consider the case when w satisfies the condition (19). Then from (22) it
follows that df A w A 8 = 0 which means

dd =y Aw+v A0
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where 1 and vy, are some one-forms. According to conditions ¥*w = 0 and
n= ﬁ\l/*@ we have

1 1 * 1 *

dn = d(”wH\I’ 6) —d(m) AT 9+W\If do

:duw)A¢0+WmWOhAw+wA@

= d(p) A0+ T A T w A+ LU A TG

= (U*y2 — d(In [lw]})) A 7.
It follows that

dnAn=0. 32)

Since an M 2™ is LCK-manifold hence jts fundamental form satisfies the condition
dQ = w A Q. Hence on the manifold M?™1 we have

dQ=dU* Q= V*dQ =V (WA Q) = V*wAT*Q =0 (33)
since V*w = 0. The condition of normality (31) is also satisfied. The theorem

follows immediately from (31), (32) and (33).

Theorem 6. Let the hypersurface M?™ = of an LCK-manifold M>™ is an integral
manifold of the distribution defined by the equation w = 0, where w is Lee form of
the LCK-manifold M?™ that satisfies the condition (19). Then the induced by the
immersion almost contact structure

1) fl= JgBJ B;
2) = ||wu Byl Jjw
3) €8 =—pyBslaw”
is a normal almost contact metric structure for which the conditions
)dpAn=0, 2)dQ=0, 3)n;=0
are fulfilled.

Let us consider another case when an M 2™ is Vaisman manifold which means that
Lee form satisfies the condition w; ; = 0. According to (22) we have

1 A
do = §||w||2ijd:L‘] A da¥
or
dO(X,Y) = [lw[*Q(X,Y).
Taking into account that for a Vaisman manifold ||w|| = const it follows
1
dn(X,Y) = T Hd\II 0(X,Y) = W\I/ do(X,Y)

= |wlT*QX,Y) = |w]|QX, Y).

(34)
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From (28), Theorem 5 and (34) it follows that

Theorem 7. If a hypersurface M*™~ 1 of a LCK-manifold M?™ is an integral
manifold of the distribution defined by the equation w = 0, where w is Lee form of
the LCK-manifold M*™ that satisfies the condition V xw(Y') = 0.

Then the induced by the immersion almost contact structure
1) fl =JgBlB/
2) m = i BpJgwa

3) & =L BEilwe

el

is a c-Sasakian structure, ¢ = ||w||. Moreover M>*™~1 is a totally geodesic hyper-
surface in M*™.

Similar results were obtained by Vaisman [13]. Moreover he had proved that if

M?™ is conformally flat manifold then M?™~! is a constant curvature manifold.

But we have proved normality of almost contact metric structure in M ?™~! which

satisfies the condition w = 0 in LCK-manifold M 2™, for common case.

Taking into account that LCK-manifolds with Lee form which satisfies the condi-

tion

]|
2

have very particular properties, and we can refer to such LCK-manifolds as Pseudo-

Vaisman manifolds.

Py (Vw(X,Y)) =

9(X,Y)
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