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CHAPTER 11

Metric Spaces

Abstract. This chapter is about metric spaces, an abstract generalization of the real line that allows
discussion of open and closed sets, limits, convergence, continuity, and similar properties. The usual
distance function for the real line becomes an example of a metric. The other notions are defined in
terms of the metric. The advantage of the generalization is that proofs of certain properties of the
real line immediately go over to all other examples.

Section 1 gives the definition of metric space and open set, and it lists a number of important
examples, including Euclidean spaces and certain spaces of functions.

Sections 2 through 4 develop properties of open and closed sets, continuity, and convergence of
sequences that are simple generalizations of known facts about R.

Section 5 shows how a subset of a metric space can be made into a metric space so that the
restriction of a continuous function from the whole space to the subset remains continuous. It also
shows that three natural metrics for the product of two metric spaces lead to the same open sets,
continuous functions, and convergent sequences.

Section 6 shows that any metric space is “Hausdorff,” “regular,” and “normal,” and it goes on to
exhibit three different countability hypotheses about a metric space as equivalent. A metric space
with these properties is called “separable.”

Section 7 concerns compactness and completeness. A metric space is defined to be “compact”
if every open cover has a finite subcover. This property is equivalent to the condition that every
sequence has a convergent subsequence. The Heine—Borel Theorem says that the compact sets of
R" are exactly the closed bounded sets. A number of the results early in Chapter I that were proved
by the Bolzano—Weierstrass Theorem in the context of the real line are seen to extend to any compact
metric space. A metric space is “complete” if every Cauchy sequence is convergent. A metric space
is compact if and only if it is complete and “totally bounded.”

Section 8 concerns connectedness, which is an abstraction of the property of an interval of the
line that accounts for the Intermediate Value Theorem.

Section 9 proves a fundamental result known as the Baire Category Theorem. A sample con-
sequence of the theorem is that the pointwise limit of a sequence of continuous complex-valued
functions on a complete metric space must have points where it is continuous.

Section 10 studies the spaces of real-valued and complex-valued continuous functions on a
compact metric space. A generalization of Ascoli’s Theorem from the setting of Chapter I provides a
characterization of compact sets in either of these spaces of continuous functions. A generalization of
the Weierstrass Approximation Theorem, known as the Stone—Weierstrass Theorem, gives sufficient
conditions for a subalgebra of either of these spaces of continuous functions to be dense. One
consequence is that these spaces of continuous functions are separable.

Section 11 constructs the “completion” of a metric space out of Cauchy sequences in the given
space. The result is a complete metric space and a distance-preserving map of the given metric space
into the completion such that the image is dense.
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84 11. Metric Spaces
1. Definition and Examples

Let X be a nonempty set. A function d from X x X, the set of ordered pairs of
members of X, to the real numbers is a metric, or distance function, if

(i) d(x,y) > 0 always, with equality if and only if x = y,

(i) d(x,y) =d(y,x) forall x and y in X,

(i) d(x,y) <d(x,z) +d(z,y) forall x, y, and z, the triangle inequality.
In this case the pair (X, d) is called a metric space.

The real line R! with metric d(x, y) = |x — y| is the motivating example.
Properties (i) and (ii) are apparent, and property (iii) is readily verified one case
at a time according as z is less than both x and y, z is between x and y, or z is
greater than both x and y.

We come to further examples in a moment. Particularly in the case that X is
a space of functions, a space may turn out to be almost a metric space but not to
satisfy the condition that d(x, y) = 0 implies x = y. Accordingly we introduce
a weakened version of (i) as

(i) d(x,y) > 0andd(x, x) =0 always,
and we say that a function d from X x X to the real numbers is a pseudometric
if (i), (ii), and (iii) hold. In this case, (X, d) is called a pseudometric space.

Let (X, d) be a pseudometric space. If r > 0, the open ball of radius r and
center x, denoted by B(r; x), is the set of points at distance less than r from x,

namely
B(rix) ={ye X |dx,y) <r}.

The name “ball” will be appropriate in Euclidean space in dimension three, which
is part of the Example 1 below, and “ball” is adopted for the corresponding notion
in a general pseudometric space.

A subset U of X is open if for each x in U and some sufficiently small » > 0,
the open ball B(r; x) is contained in U. For the line the open balls in the above
sense are just the bounded open intervals, and the open sets in the above sense
are the usual open sets in the sense of Chapter L.

Lemma 2.1. In any pseudometric space (X, d), every open ball is an open set.
The open sets are exactly all possible unions of open balls.

PROOF. Let an open ball B(r; x) be given. If y isin B(r; x), then the open ball
B(r —d(x,y), y) has center y and positive radius; we show that it is contained
in B(r; x). In fact, if z is in B(r — d(x, y), y), then the triangle inequality gives

d(x,z) <d(x,y) +d(y,2) <d(x,y) + —dx,y)) =r,

and the containment follows.
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For the second assertion it follows from the definition of open set that every
open set is the union of open balls. In the reverse direction, let U be a union of
open balls. If y is in U, then y lies in one of these balls, say in B(r; x). We have
just shown that some open ball B(s; y) is contained in B(r; x), and B(r; x) is
contained in U. Thus B(s; y) is contained in U, and U is open. O

EXAMPLES.

(1) Euclidean space R”. Fix an integer n > 0. Let R" be the space of
all n-tuples of real numbers x = (xi, ..., x,). We define addition of n-tuples
componentwise, and we define scalar multiplication by cx = (cxy, ..., cx,) for
real c. Following the normal convention in linear algebra, we identify this space
with the real vector space, also denoted by R", of all n-component column vectors

X1
of real numbers x = | : |. Generalizing the notion of absolute value when
Xn
1/2 . .
n=1,welet|x| = (Z;’:lsz)  forx = (x1, ..., x,) in R". The quantity |x]|

is the Euclidean norm of x. The Euclidean norm satisfies the properties

(a) |x| = 0 always, with equality if and only if x equals the zero tuple
0=1(0,...,0),

(b) |cx| = |c||x]| for all x and for all real c,

(©) |x 4+ y| <|x|+ |y| forall x and y.

Properties (a) and (b) are apparent, but (c) requires proof. The proof makes use
of the familiar dot product, given by x - y = 2,7:1 xjyjiftx = (x1,...,%,)
and y = (31, ..., yn). In terms of dot product, the Euclidean norm is nothing
more than |x| = (x - x)!/2. The dot product satisfies the important inequality
|x - y] < |x]||y], known as the Schwarz inequality and proved for this context in
Section A5 of Appendix A at the end of the book. A more general version of the
Schwarz inequality will be stated and proved in Lemma 2.2 below. The Schwarz
inequality implies (c) above because we then have

X +yP=@+y) x4+ =x-x+2(x-y)+y-y
= [x]? +2(x - y) + [y1* < [x]* +20x]|y] + [y1* = (x| + [y])>

We make X = R” into a metric space (X, d) by defining
d()C, y) = |x - y|
Properties (i) and (ii) of a metric are immediate from (a) and (b), respectively;

property (iii) follows from (c) in the form |a + b| < |a| + |b]| if we substitute
a=x—zand b = z —y. Forn = 1, this example reduces to the line as
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discussed above. For n = 2, open balls are geometric open disks, while for
n = 3, open balls are geometric open balls. For any 7, the open sets in the metric
space coincide with the open sets as defined in calculus of several variables.

(2) Complex Euclidean space C". The space C of complex numbers, with
distance function d(z, w) = |z — w] as in Section L.5, can be seen in two ways to
be a metric space. One way was carried out in Section 1.5 and directly uses the
properties of the absolute value function |z| in Section A4 of Appendix A. The
other way is to identify z = x + iy with the member (x, y) of R?, and then the
absolute value |z| equals the Euclidean norm |(x, y)| in the sense of Example 1;
hence the construction of Example 1 makes the set of complex numbers into a
metric space. More generally the complex vector space C" of n-tuples

Z:(Zl’---7zn):(-xlv--~7xn)+i(yls-~-vyn):x+iy

becomes a metric space in two equivalent ways. One way is to define the norm

2l = (X)) Iz ) V2 a5 a generalization of the Euclidean norm for R”; then we
put d(z, w) = |z — w|. The argument that d satisfies the triangle inequality is a
variant of the one for R"”: The object for C" that generalizes the dot product for

R" is the Hermitian inner product
n
@w) = (@10 2 WL wy)) = D 2.
j=1

The Euclidean norm is given in terms of this expression by |z| = (z, z)'/?, and the
version of the Schwarz inequality in Section A5 of Appendix A is general enough
to show that |(z, w)| < |z||w]|. The same argument as for Example 1 shows that the
norm satisfies the triangle inequality, and then it follows that d satisfies the triangle
inequality. The other way to view C" as a metric space is to identify C" with R*"
by (z1, ..., 20) = (X1, ..., Xu, Y1, - . ., Y») and then to use the metric on R*" from
Example 1. This is the same metric, since Y_7_, |z;> = Y7_ x7 + Y7, y7.
We still get the same metric if we instead use the identification (zy, ..., z,) >
(X1, Y15 - - - » Xn, Yn). With either identification the Hermitian inner product (z, w)
for C" corresponds to the ordinary dot product for R*".

(3) System R* of extended real numbers. The function f(x) = x/(1 + x)
carries [0, 400) into [0, +1) and has g(y) = y/(1 — y) as a two-sided inverse.
Therefore f is one-one and onto. We can extend f so that it carries (—o0, +00)
one-one onto (—1, 4+1) by putting f(x) = x/(1 4 |x|). We can extend f further
by putting f(—o0) = —1 and f(4+o00) = +1, and then f carries [—o0, +0o0],
i.e., all of R*, one-one onto [—1, 4+1]. The function f is nondecreasing on
[—00, +00]. For x and x” in R*, let

d(x,x") =1f(x) = f(N].
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We shall show that d is a metric. By inspection, d satisfies properties (i) and (ii)
of a metric, and we are to prove the triangle inequality (iii), namely that

dx,x") <d(x,x")+dx", x").

The critical fact is that f is nondecreasing. Since d satisfies (ii), we may assume
that x < x’, and then

d(x,x") = f(x) = f(x).

We divide the proof into three cases, depending on the location of x” relative to
x and x’. The first case is that x” < x, and then

dx, x") +d(x", x") = f(x) = f&") + f(x) = fF&).

Thus the question is whether

FO = FO0) < F@) — £+ @) — £,
hence whether ,
2F(x") <2f(x).

This inequality holds, since f is nondecreasing. The second case is that x <
x” < x’, and then

dx,x") +d(x",x") = fG&") = fO) + f(&) — fG&) = f(N) = f0).

Hence equality holds in the triangle inequality. The third case is that x’ < x”,
and then

dx, x") +d(x",x") = f(") — f) + f&7) = fF(D.

The triangle inequality comes down to the question whether

2f(x") ; 2f£(x").

This inequality holds, since f is nondecreasing. We conclude that (R*, d) is a
metric space. It is not hard to see that the open balls in R* are all intervals (a, b),
[—o0, b), (a, +oc], and [—00, +00] with —00 < a < b < +00. Each of these
open balls in R* intersects R in an ordinary open interval, bounded or unbounded.
The open sets in R therefore coincide with the intersections of R with the open
sets of R*.
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(4) Bounded functions in the uniform metric. Let S be a nonempty set, and
let X = B(S) be the set of all “scalar”’-valued functions f on S that are bounded
in the sense that | f(s)| < M for all s € S and for a constant M depending on
f. The scalars are allowed to be the members of R or the members of C, and
it will ordinarily make no difference which one is understood. If it does make a
difference, we shall write B(S, R) or B(S, C) to be explicit about the range. For
f and g in B(S), let

d(f,8) =sup|f(s) —g(s)l.
ses

It is easy to verify that (X, d) is a metric space. Let us not lose sight of the fact
that the members of X are functions. When we discuss convergence of sequences
in a metric space, we shall see that a sequence of functions in this X converges if
and only if the sequence of functions converges uniformly on S.

(5) Generalization of Example 4. We can replace the range R or C of the
functions in Example 4 by any metric space (R, p). Fix a point ry in the range
R. A function f : S — R is bounded if p(f(s), o) < M for all s and for some
M depending on f. This definition is independent of the choice of ry because p
is assumed to satisfy the triangle inequality. If we let X be the space of all such
bounded functions from S to R, we can make X into a metric space by defining

d(f, g) = supscs p(f(5), 8(s)).

(6) Sequence space £2. This is the space of all sequences {c,};2 _ . of scalars
with 3" |¢,|? < 00. A metric is given by

ddden tdh = (3 lea—d,)

n=—0oo

In the case of complex scalars, this example arises as a natural space containing
all systems of Fourier coefficients of Riemann integrable functions on [—r, 7],
in the sense of Chapter I. Proving the triangle inequality involves arguing as in
Examples 1 and 2 above and then letting the number of terms tend to infinity.

The role of the dot product is played by ({c,.}, {d,}) = ZOO cnd,.

n=—oo
(7) Indiscrete space. If X is any nonempty set and if d(x, y) = O for all x
and y, then d is a pseudometric and the only open sets are X and the empty set
@. If X contains more than one element, then d is not a metric.

(8) Discrete metric. If X is any nonempty set and if

1 ifx #y,

d(x’y):{o ifx =y

then d is a metric, and every subset of X is open.
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(9) Let S be a nonempty set, fix an integer n > 0, and let X be the set of
n-tuples of members of S. For n-tuples x = (xy,...,x,) and y = (y1, ..., Yn),
define

dix,y) =#Jj | x; # yi},

the number of components in which x and y differ. Then (X, d) is a metric space.
The proof of the triangle inequality requires a little argument, but we leave that
for Problem 1 at the end of the chapter. Every subset of X is open, just as with
the discrete metric in Example 8.

(10) Hedgehog space. Let X be R2, and single out the origin for special
attention. Let d be the metric of Euclidean space, and define

d(x,y) if x and y are on the same ray from O,
d(x,0)4+d(0,y) otherwise.

Then p is a metric. Every open set in (X, d) is open in (X, p), but a set like the
one in Figure 2.1 is open in (X, p) but not in (X, d).

p(x,y) ={

FIGURE 2.1. An open set centered at the origin in the hedgehog space.

(11) Hilbert cube. Let X be the set of all sequences {x,,},,>1 of real numbers
satisfying 0 < x,, < 1 for all m, and put

d({xn}, lym}) =D 27" X — Y.
m=1

Then (X, d) is a metric space. To verify the triangle inequality, we can argue as
follows: Let {x,,}, {ym}, and {z,,} be in X. For each m, we have
27" xm = yml = 27" X = 2| + 27" (2w — yml-

Thus
N N N
D 2w =yl £ 27w =zl + Y 27" 2w — Yl
m=1 m=1 m=1

o)
27" X = 2wl + Y 27" 2w — Yl

1 m=1

M2

=

m

for each N. Letting N tend to infinity yields the desired inequality.
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(12) L' metric on Riemann integrable functions. Fix a nontrivial bounded
interval [a, b] of the line, let X be the set of all Riemann integrable complex-
valued functions on [a, b] in the sense of Chapter I, and define

b
di(f.g) = / () — g()] dx

for f and g in X. Then (X, d;) is a pseudometric space. It can happen that
fab | f(x) — g(x)|dx = 0 without f = g; for example, f could differ from g at
a single point. Therefore d; is not a metric.

(13) L? metric on complex-valued R[—m, w]. This example arose in the
discussion of Fourier series in Section 1.10, and it was convenient to include a
factor % in front of integrals. Let X = R[—m, 7], and define

1 [~ 12
df) = (5 [ 1700 = gmpax) "

Then (X, d») is a pseudometric metric space. The triangle inequality was proved
in Lemma 1.64 using the version of the Schwarz inequality in Lemma 1.63; that
version of the Schwarz inequality needed a special argument given in Lemma
1.62 in order to handle functions f whose norm satisfies || £, = 0.

The constructions of metric spaces in Examples 1, 2, 6, and 13 are sufficiently
similar to warrant abstracting what was involved. We start with a real or complex
vector space V, possibly infinite-dimensional, and with a generalization (-, -)
of dot product. This generalization is a function from V x V to R in the case
that V is real, and it is a function from V x V to C in the case that V is complex.
We shall write the scalars as if they are complex, but only real scalars are to be
used if the vector space is real. The function is written (-, -) and is assumed to
satisfy the following properties:

(i) itis linear in the first variable, i.e., (x| + x2, y) = (x1, y) + (x2, y) and
(ex,y) =c(x,y),
(i1) it is conjugate linear in the second variable, i.e., (x,y; + y2) =
(x, y1) + (x, y2) and (x, cy) = c(x, y),
(iii) itis symmetric in the real case and Hermitian symmetric in the complex
case, i.e., (y, x) = (x,—y),

(iv) itis definite, i.e., (x,x) > 0if x £ 0.

The form (-, -) is called an inner product if V is real or complex and is often
called also a Hermitian inner product if V is complex; in either case, V with the
form is called an inner-product space. Two vectors x and y with (x, y) = 0 are
said to be orthogonal; the notion of orthogonality generalizes perpendicularity
in the case of the dot product.
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For either kind of scalars, we define ||x|| = (x, x)'/?, and the function || - ||
is called the associated norm. We shall see shortly that a version of the Schwarz
inequality is valid in this generality, the proof being no more complicated than
the one in Section A5 of Appendix A.

In many cases in practice, item (iv) is replaced by the weaker condition that

@iv") (-, -) is semidefinite, i.e., (x, x) > 0 if x £ 0.

This was what happened in Example 13 above. In order to have a name for
this kind of space, let us call V with the semidefinite form (-, -) a pseudo
inner-product space. It is still meaningful to speak of orthogonality. It is still
meaningful also to define ||x|| = (x, x)!'/?, and this is called the pseudonorm for
the space. The Schwarz inequality is still valid, but its proof is more complicated
than for an inner-product space. The extra complication was handled by Lemma
1.62 in the case of Example 13 in order to obtain a little extra information; the
general argument proceeds along different lines.

Lemma 2.2 (Schwarz inequality). Let V be a pseudo inner-product space with
form (-, -). If x and y are in V, then |(x, y)| < ||x]|/||y].

PROOF. First suppose that || y|| # 0. Then
_ 2 _ _
0 < [x —IvI2C, »y||” = (& = Iyl 72, »)y), & = Iyl &, »)y)
= [lx]I> = 201y 121G, P+ Iy 141G, P I = x> = Iy 173, v)12,

and the inequality follows in this case.
Next suppose that || y|| = 0. It is enough to prove that (x, y) = O for all x. If
¢ is a real scalar, we have

lx+eyl? = (x+ey, x+ey) = || x[[*+2Re(x, cy)+le* [y I* = x|*+2¢ Re(x, y).

The left side is > 0 as ¢ varies, but the right side can be < 0 unless Re(x, y) =
0. Thus we must have Re(x, y) = O for all x. Replacing x by ix gives us

Im(x, y) = —Rei(x, y) = —Re(ix, y), and this we have just shown is O for all
x. Thus Re(x, y) = Im(x, y) =0, and (x, y) = 0. Il
Proposition 2.3 (triangle inequality). If V is a pseudo inner-product space
with form (-, -) and pseudonorm || - ||, then the pseudonorm satisfies
(@) |lx| >0forallx € V,
(®) |lex]|| = |c|llx]|| for all scalars c and all x € V,

©) llx+yll <lxll +1ly| forall x and y in V.

Moreover, the definition d (x, y) = ||x — y|| makes V into a pseudometric space.
The space V is a metric space if the pseudo inner-product space is an inner-product
space.
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PROOF. Properties (a) and (b) of the pseudonorm are immediate, and (c) follows
because

Ix +yI* = (x +y, x +y) = (x,x) +2Re(x,y) + (v, y)
= [lx]I* + 2Re(x, y) + [y12 < x4+ 2l vl + Iy12 = Axl + lyD?.

Putting x = a —cand y = ¢ — b gives d(a,b) < d(a,c) + d(c,b), and
thus d satisfies the triangle inequality for a pseudometric. The other properties
of a pseudometric are immediate from (a) and (b). If the form is definite and
d(f,g) =0,then (f —g, f —g) = 0and hence the definiteness yields f —g = 0.

O

EXAMPLES, CONTINUED.

14) Let us take double integrals of continuous functions of nice subsets of R?
as known. (The detailed study of general Riemann integrals in several variables
occurs in Chapter III.) Let V be the complex vector space of all power series
F(z) = Zflozo cyz" with infinite radius of convergence. Since any such F(z)
is bounded on the open unit disk D = {z e C | lz] < 1}, the form (F, G) =
[ F (z)G(z) dx dy is meaningful and makes V into an inner-product space. The
proposition shows that V becomes a metric space with metric givenby d(F, G) =

([, IF@) — G2 dxdy)"”.

2. Open Sets and Closed Sets

In this section we generalize the Euclidean notions of open set, closed set,
neighborhood, interior, limit point, and closure so that they make sense for all
pseudometric spaces, and we prove elementary properties relating these metric-
space notions. In working with metric spaces and pseudometric spaces, it is often
helpful to draw pictures as if the space in question were R?, even computing
distances that are right for R2. We shall do that in the case of the first lemma but
not afterward in this section. Let (X, d) be a pseudometric space.

Lemma 2.4. If z is in the intersection of open balls B(r; x) and B(s; y),
then there exists some ¢ > 0 such that the open ball B(z; z) is contained in that
intersection. Consequently the intersection of two open balls is open.

REMARK. Figure 2.2 shows what B(¢; z) looks like in the metric space R>.

PROOF. Take t = min{r — d(x, z), s — d(y, z)}. If wis in B(¢; z), then the
triangle inequality gives

dx,w)<d(x,2)+dz,w) <dx,z2)+t<dx,2)+ F —d(x,2) =r,

and hence w is in B(r; x). Similarly w is in B(s; y). O
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FIGURE 2.2. Open ball contained in an intersection of two open balls.

Proposition 2.5. The open sets of X have the properties that

(a) X and the empty set @ are open,
(b) an arbitrary union of open sets is open,
(c) any finite intersection of open sets is open.

PROOF. We know from Lemma 2.1 that a set is open if and only if it is the
union of open balls. Then (b) is immediate, and (a) follows, since X is the union
of all open balls and & is an empty union. For (c), it is enough to prove that U NV
is open if U and V are open. Write U = J, By and V = (4 By as unions of
open balls. ThenU NV = Ua,ﬁ (By N Bg), and Lemma 2.4 shows that U NV
is exhibited as the union of open balls. Thus U N V is open. O

A neighborhood of a pointin X is any set that contains an open set containing
the point. An open neighborhood is a neighborhood that is an open set.! A
neighborhood of a subset E of X is a set that is a neighborhood of each point
of E. If A is a subset of X, then the set A’ of all points x in A for which A is
a neighborhood of x is called the interior of A. For example, the interior of the
half-open interval [a, b) of the real line is the open interval (a, b).

Proposition 2.6. The interior of a subset A of X is the union of all open sets
contained in A; that is, it is the largest open set contained in A.

PROOF. Suppose that U C A is open. If x is in U, then U is an open
neighborhood of x, and hence A is a neighborhood of x. Thus x is in A?, and A’
contains the union of all open sets contained in A. For the reverse inclusion, let
x be in A°. Then A is a neighborhood of x, and there exists an open subset U of
A containing x. So x is contained in the union of all open sets contained in A. [J

Corollary 2.7. A subset A of X is open if and only if A = A°.

A subset F of X is closed if its complement is open. Every closed interval of
the real line is closed. A half-open interval [a, b) on the real line is neither open
nor closed if a and b are both finite.

Some authors use the term “neighborhood” to mean what is here called “open neighborhood.””
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Proposition 2.8. The closed sets of X have the properties that

(a) X and the empty set & are closed,
(b) an arbitrary intersection of closed sets is closed,
(c) any finite union of closed sets is closed.

PROOF. This result follows from Proposition 2.5 by taking complements. In
(a), the complements of X and & are @ and X, respectively. For (b) and (c), we use
the formulas (), Fo)* = U, FS and (U, Fa)* = (), FS for the complements
of intersections and unions. ]

If A is a subset of X, then x in X is a limit point of A if each neighborhood
of x contains a point of A distinct from x. The closure?> A of A is the union of
A with the set of all limit points of A. For example, the limit points of the set
[a, b) U {b + 1} on the real line are the points of the closed interval [a, b], and
the closure of the set is [a, b] U {b + 1}.

Proposition 2.9. A subset A of X is closed if and only if it contains all its
limit points.

PROOF. Suppose A is closed, so that A is open. If x is in A€, then A° is
an open neighborhood of x disjoint from A, so that x cannot be a limit point of
A. Thus all limit points of A lie in A. In the reverse direction suppose that A
contains all its limit points. If x is in A€, then x is not a limit point of A, and
hence there exists an open neighborhood of x lying completely in A. Since x is
arbitrary, A€ is open, and thus A is closed. O

Proposition 2.10. The closure A of a subset A of X is closed. The closure
of A is the intersection of all closed sets containing A; that is, it is the smallest
closed set containing A.

PROOF. We shall apply Proposition 2.9. If x is given as a limit point of A,
we are to see that x is in A°!. Assume the contrary. Then x is not in A, and x
is not a limit point of A. Because of the latter condition, there exists an open
neighborhood U of x that does not meet A except possibly in x. Because of the
former condition, U does not meet A at all. Since x is a limit point of A, U
contains a point y of A Since U does not meet A, y has to be a limit point of
A. Since U is an open neighborhood of y, U has to contain a point of A, and
we have a contradiction. We conclude that x is in A°!, and Proposition 2.9 shows
that A9 is closed.

Any closed set F' containing A contains all its limit points, by Proposition
2.9, and hence contains all the limit points of A. Thus F 2 A, Since A°!

2Some authors write A instead of A°! for the closure of A.
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itself is a closed set containing A, it follows that A° is the smallest closed set
containing A. O

Corollary2.11. Asubset A of X isclosedifand only if A = A°'. Consequently
(AHl = A for any subset A of X.

Two remarks are in order. The first remark is that the proofs of all the results
from Proposition 2.6 through Corollary 2.11 use only that the family of open
subsets of X satisfies properties (a), (b), and (c) in Proposition 2.5 and do not
actually depend on the precise definition of “open set.” This observation will be
of importance to us in Chapter X, when properties (a), (b), and (c) will be taken
as an axiomatic definition of a “topology” of open sets for X, and then all the
results from Proposition 2.6 through Corollary 2.11 will still be valid.

The second remark is that the mathematics of pseudometric spaces can always
be reduced to the mathematics of metric spaces, and we shall normally therefore
work only with metric spaces. The device for this reduction is given in the
next proposition, which uses the notion of an equivalence relation. Equivalence
relations are taken as known but are reviewed in Section A6 of Appendix A.

Proposition 2.12. Let (X, d) be a pseudometric space. If members x and y of
X are called equivalent whenever d(x, y) = 0, then the result is an equivalence
relation. Denote by [x] the equivalence class of x and by X, the set of all
equivalence classes. The definition do([x], [y]) = d(x, y) consistently defines a
functiondy : Xo x Xo — R, and (X, dp) is a metric space. A subset A is open in
X if and only if two conditions are satisfied: A is a union of equivalence classes,
and the set Ag of such classes is an open subset of Xj.

PROOF. The reflexive, symmetric, and transitive properties of the relation
“equivalent” are immediate from the defining properties of a metric. Let x and
x" be equivalent, and let y and y’ be equivalent. Then

dx,y) <d(x,x)+dx', y)+d(Q,y) =0+dx,y)+0=d(x',y"),

and similarly

d(x',y) =d(x, y).
Thus d(x, y) = d(x', y'), and dy is well defined. The properties showing that dj
is a metric are immediate from the corresponding properties for d.

Next let x be in an open set A, and let x’ be equivalent to x. Since A is open,
some open ball B(r; x) is contained in A. Since x" has d(x, x’) = 0, x’ lies in
B(r; x). Thus x' lies in A, and A is the union of equivalence classes.

Finally let A be any union of equivalence classes, and let Ay be the set of those
classes. If x is in A, then the set of points in some equivalence class lying in
B(r; [x]) is just B(r; x), and it follows that A is open in X if and only if Ay is
open in Xj. (]
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3. Continuous Functions

Before we discuss continuous functions between metric spaces, let us take note
of some properties of inverse images for abstract functions as listed in Section A1l
of Appendix A. If f : X — Y is a function between two sets X and Y and E
is a subset of Y, we denote by f~!(E) the inverse image of E under f, i.e.,
{x € X | f(x) € E}. The properties are that inverse images of functions respect
unions, intersections, and complements.

Let (X, d) and (Y, p) be metric spaces. A function f : X — Y is continuous
at a point x € X if foreach € > 0, thereis a§ > 0 such that p(f(x), f(y)) <€
whenever d(x, y) < §. This definition is consistent with the definition when
(X, d) and (Y, p) are both equal to R with the usual metric.

Proposition 2.13. If (X, d) and (Y, p) are metric spaces, then a function
f + X — Y is continuous at the point x € X if and only if for any open
neighborhood V of f(x) in Y, thereisaneighborhood U of x suchthat f(U) C V.

PROOF. Let f be continuous at x and let V be given. Choose € > 0 such that
B(e; f(x)) is contained in V, and choose § > 0 such that p(f(x), f(y)) < €
whenever d(x,y) < 8. Then y € B(6; x) implies f(y) € B(e; f(x)) C V.
Thus U = B(5; x) has f(U) C V.

Conversely suppose that f satisfies the condition in the statement of the
proposition. Let € > 0 be given, and choose a neighborhood U of x such
that f(U) € B(e; f(x)). Since U is a neighborhood of x, we can find an
open ball B(§; x) lying in U. Then f(B(3;x)) < B(e; f(x)), and hence
p(f(x), f(y)) < e wheneverd(x, y) <. O

Corollary 2.14. Let f : X — Y and g : Y — Z be functions between metric
spaces. If f is continuous at x and g is continuous at f'(x), then the composition

go f,givenby (g o f)(y) = g(f(y)), is continuous at x.

PROOF. Let W be an open neighborhood of g(f(x)). By continuity of g at
f(x), we can choose a neighborhood V of f(x) such that g(V) € W. Possibly
by passing to a subset of V, we may assume that V is an open neighborhood of
f(x). By continuity of f at x, we can choose a neighborhood U of x such that
fU) C V. Then g(f(U)) € W. Taking Proposition 2.13 into account, we see
that g o f is continuous at x. (]

Proposition 2.15. If (X, d) and (Y, p) are metric spaces and f is a function
from X into Y, then the following are equivalent:
(a) the function f is continuous at every point of X,
(b) the inverse image under f of every open setin Y is open in X,
(c) the inverse image under f of every closed set in Y is closed in X.
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PROOF. Suppose (a) holds. If V is open in ¥ and x isin f~'(V), then f(x) is
in V. Since f is continuous at x by (a), Proposition 2.13 gives us a neighborhood
U of x, which we may take to be open, such that f(U) € V. Then we have
x € U C f~1(V). Since x is arbitrary in f~'(V), f~1(V) is open. Thus (b)
holds. In the reverse direction, suppose (b) holds. Let x in X be given, and let V
be an open neighborhood of f(x). By (b), U = f~!(V)is open, and U is then an
open neighborhood of x mapping into V. This proves (a), and thus (a) and (b) are
equivalent. Conditions (b) and (c) are equivalent, since f vy = (v, O

A function f : X — Y thatis continuous at every point of X, as in Proposition
2.15, will simply be said to be continuous. A function f : X — Y is a homeo-
morphism if f is continuous, if f is one-one and onto, and if f~' : ¥ — X
is continuous. The relation “is homeomorphic to” is an equivalence relation.
Namely, the identity function shows that the relation is reflexive, the symmetry of
the relation is built into the definition, and the transitivity follows from Corollary
2.14.

If (X, d) is ametric space and if A is a nonempty subset of X, then the distance
from x to A, denoted by D(x, A), is defined by

D(x, A) = inf d(x, y).
yeA

Proposition 2.16. Let A be a fixed nonempty subset of a metric space (X, d).
Then the real-valued function f defined on X by f(x) = D(x, A) is continuous.

PROOF. If x and y are in X and z is in A, then the triangle inequality gives
D(x, A) <d(x,z) <d(x,y)+d(y, 2).

Taking the infimum over z gives D(x, A) < d(x,y) + D(y, A). Reversing the
roles of x and y, we obtain D(y, A) < d(x,y) + D(x, A), since d(y,x) =
d(x, y). Therefore

|f ) = f =[D(x, A) = D(y, A)| <d(x, y).

Fix x, lete > 0 be given, and take § = €. If d(x, y) < 8 = €, then our inequality
gives us | f(x) — f(¥)] < €. Hence f is continuous at x. Since x is arbitrary, f
is continuous. O

Corollary 2.17. If (X, d) is a metric space, then the real-valued function
d(x, y) for fixed y is continuous in x.

PROOF. This is the special case of the proposition in which A is the set {y}. O
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Corollary 2.18. Let (X, d) be a metric space, and let x be in X. Then the
closed ball {y € X | d(x, y) <r}isaclosed set.

REMARK. Nevertheless, the closed ball is not necessarily the closure of the
open ball B(r;x) = {y € X | d(x,y) < r}. A counterexample is provided by
any open ball of radius 1 in a space with the discrete metric.

PROOF. If f(y) = d(x, y), the set in question is f~!([0, r]). Corollary 2.17
says that f is continuous, and the equivalence of (a) and (c) in Proposition 2.15
shows that the set in question is closed. (]

Proposition 2.19. If A is a nonempty subset of a metric space (X, d), then
A = {x | D(x, A) = 0}.

PROOF. The set {x | D(x, A) = 0} is closed by Propositions 2.16 and 2.15,
and it contains A. By Proposition 2.10 it contains A°!. For the reverse inclusion,
suppose x is not in A, hence that x is not in A and x is not a limit point of A.
These conditions imply that there is some € > 0 such that B(e; x) is disjoint
from A, hence that d(x, y) > € for all y in A. Taking the infimum over y gives
D(x, A) > € > 0. Hence D(x, A) # 0. ]

4. Sequences and Convergence

For a set S, we have already defined in Section I.1 the notion of a sequence in S
as a function from a certain kind of subset of integers into S. In this section we
work with sequences in metric spaces.

A sequence {x,} in a metric space (X, d) is eventually in a subset A of X if
there is an integer N such that x, is in A whenever n > N. The sequence {x,}
converges to a point x in X if the sequence is eventually in each neighborhood
of x. It is apparent that if {x,} converges to x, then so does every subsequence

{xn, ).

Proposition 2.20. If (X, d) is a metric space, then no sequence in X can
converge to more than one point.

PROOF. Suppose on the contrary that {x,} converges to distinct points x and
y. The number m = d(x, y) is then > 0. By the assumed convergence, x,, lies
in both open balls B(75; x) and B(7; y) if n is large enough. Thus x,, lies in the
intersection of these balls. But this intersection is empty, since the presence of a
point z in both balls would mean that d(x, y) < d(x,z)+d(z,y) < 7 +%5 =m,
contradiction. O
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If a sequence {x,} in a metric space (X, d) converges to x, we shall call x the
limit of the sequence and write lim,,_, o, X, = x or lim, x, = x or limx,, = x or
X, — x. A sequence has at most one limit, by Proposition 2.20. If the definition
of convergence is extended to pseudometric spaces, then sequences need not have
unique limits.

Let us identify convergent sequences in some of the examples of metric spaces
in Section 1.

EXAMPLES OF CONVERGENCE IN METRIC SPACES.

(0) The real line. On R with the usual metric, the convergent sequences are
the sequences convergent in the usual sense of Section I.1.

(1) Euclidean space R". Here the metric is given by

ace.y) = (Y - )"
k=1

ifx =(x1,...,x,) and y = (y1, ..., y»). Another metric d’(x, y) is given by
d'(x,y) = max |x; — yl,
1<k<n
and we readily check that

d'(x,y) =d(x,y) < /nd'(x,y).

From this inequality it follows that the convergent sequences in (R", d) are the
same as the convergent sequences in (R”, d’). On the other hand, the definition
of d’ as a maximum means that we have convergence in (R”, d’) if and only if
we have ordinary convergence in each entry. Thus convergence of a sequence of
vectors in (R", d) means convergence in the kth entry for all k with 1 <k < n.

(2) Complex Euclidean space C". As a metric space, C" gets identified with
R?". Thus a sequence of vectors in C" converges if and only if it converges entry
by entry.

(3) Extended real line R*. Here the metricis givenby d(x, y) = | f(x) — f ()|
with f(x) = x/(1 + |x|) if x isin R, f(—o0) = —1, and f(+00) = +1. We
saw in Section 1 that the intersections with R of the open balls of R* are the
open intervals in R. Thus convergence of a sequence in R* to a point x in R
means that the sequence is eventually in (—oo, +00) and thereafter is an ordinary
convergent sequence in R. Convergence to +00 of a sequence {x, } means that for
each real number M, there is an integer N such that x, > M whenevern > N.
Convergence to —oo is analogous.
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(4) Bounded scalar-valued functions on § in the uniform metric. A sequence
{ fn} in B(S) converges in the uniform metric on B(S) if and only if { f,, } converges
uniformly, in the sense below, to some member f of B(S). The definition of
uniform convergence here is the natural generalization of the one in Section 1.3:
{ fn} converges to f uniformly if for each € > 0, there is an integer N such that
n > N implies | f,(s) — f(s)| < € for all s simultaneously. An important fact
in this case is that the sequence { f;,} is uniformly bounded, i.e., that there exists
a real number M such that | f,,(s)| < M for all n and s. In fact, choose some
integer N for € = 1. Then the triangle inequality gives

Lfn ] = [fa($) = FONF1f(8) = NI+ [fn)] =24 [fn(s)]

forall s if n > N, so that M can be taken to be max;<,<y { SUPgcg |fn(s)|} + 2.

(5) Bounded functions from S into a metric space (R, p). Convergence here
is the expected generalization of uniform convergence: {f,} converges to f
uniformly if for each € > 0, there is an integer N such that n > N implies
p(fu(s), f(s)) < € for all s simultaneously. As in Example 4, a uniformly
convergent sequence of bounded functions is uniformly bounded in the sense
that p(f,,(s), ro) < M for all n and 5, M being some real number. Here ry is any
fixed member of R.

(7) Indiscrete space X. The function d(x, y) in this case is a pseudometric, not
a metric, unless X has only one point. Every sequence in X converges to every
point in X.

(8) Discrete metric. Convergence of a sequence {x,} in a space X with the
discrete metric means that {x,} is eventually constant.

(11) Hilbert cube. For each n, let ({x,,},_,), be a member of the Hilbert cube,

and write x,,, for the m™ term of the n™ sequence. As n varies, the sequence of
sequences converges if and only if lim,, x,,, exists for each m.

(12) L' metric on Riemann integrable functions. The function d( f, g) defined
in this case is a pseudometric, not a metric. Convergence in the corresponding
metric space as in Proposition 2.12 therefore really means a certain kind of con-
vergence of equivalence classes: If { f,} and f are given, the sequence of classes
{[fn]} converges to the class [ f] if and only if lim, fab | fn(x) — f(x)|dx = 0.
The use of classes in the notation is rather cumbersome and not very helpful, and
consequently it is common practice to treat the L' space as a metric space and to
work with its members as if they were functions rather than equivalence classes.
We return to this point in Chapter V.

Let us elaborate a little on Examples 4 and 5, concerning the space B(S)
of bounded scalar-valued functions on a set S or, more generally, the space
of bounded functions from § into a metric space (R, p). Suppose that S has
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the additional structure of a metric space (S, d). We let C(S) be the subset of
B(S) consisting of bounded continuous functions on §, and we write C (S, R) or
C (S, C) if we want to be explicit about the range. More generally we consider
the space of bounded continuous functions from S into the metric space R. All
of these are metric spaces in their own right.

Proposition 2.21. Let (S, d) and (R, p) be metric spaces, let xo be in S, and
let f, : S — R be a sequence of bounded functions from S into R that converge
uniformly to f : S — R and are continuous at xp. Then f is continuous at xp.
In particular, the uniform limit of continuous functions is continuous.

PROOF. For x in S, we write

p(f(x), f(x0)) = p(f(x), fu(x)) + p(fa(x), fu(x0)) + p(fu(x0), f(x0)).

Given € > 0, we choose an integer N by the uniform convergence such that the
first and third terms on the right side are < € forn > N. With N fixed, we choose
& > 0 by the continuity of fy at xo such that p(fy(x), fn(xp)) < € whenever
d(x,xp) < §. Then the displayed inequality shows that d(x, xo) < § implies
p(f(x), f(x0)) < 3e, and the proposition follows. ]

We conclude this section with some elementary results involving convergence
of sequences in metric spaces.

Proposition 2.22. If (X, d) is a metric space, then

(a) for any subset A of X and limit point x of A, there exists a sequence in
A — {x} converging to x,

(b) any convergent sequence in X with limit x € X either has infinite image,
with x as a limit point of the image, or else is eventually constantly equal
to x.

REMARK. This result and the first corollary below are used frequently —and
often without specific reference.

PROOF OF (a). Foreachn > 1,theopenball B(1/#n; x) is an open neighborhood
of x and must contain a point x, of A distinct from the limit point x. Then
d(x,,x) < 1/n, and thus limx,, = x. Hence {x,} is the required sequence. [

PROOF OF (b). Suppose that {x,} converges to x and has infinite image. By
discarding the terms equal to x, we obtain a subsequence {x,,} with limit x. If
U is an open neighborhood of x, then {x,,} is eventually in U, by the assumed
convergence. Since no term of the subsequence equals x, U contains a member
of the image of {x,} different from x. Thus x is a limit point of the image of {x,}.
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Now suppose that {x,} converges to x and has finite image {p1, ..., p,}. If
X, is equal to some particular p;, for infinitely many 7, then {x,} has an infinite
subsequence converging to p;. Since {x,} converges to x, every convergent
subsequence converges to x. Therefore p;, = x. For j # jo, only finitely many
X, can then equal p;, and it follows that {x,} is eventually constantly equal to
Dj, = X. O

Corollary 2.23. If (X, d) is a metric space, then a subset F' of X is closed if
and only if every convergent sequence in F has its limit in F.

PROOF. Suppose that F is closed and {x,} is a convergent sequence in F' with
limit x. By Proposition 2.22b, either x is in the image of the sequence or x is
a limit point of the sequence. In either case, x is in F'; thus the limit of any
convergent sequence in F isin F.

Conversely suppose every convergent sequence in F has its limit in F. If x
is a limit point of F, then Proposition 2.22a produces a sequence in F' — {x}
converging to x. By assumption, the limit x is in F. Therefore F' contains all its
limit points and is closed. ([l

Corollary 2.24. If (S, d) is a metric space, then the set C(S) of bounded
continuous scalar-valued functions on S is a closed subset of the metric space
B(S) of all bounded scalar-valued functions on S.

PROOF. Proposition 2.21 shows for any sequence in C (S) convergent in B(S)
that the limit is actually in C(S). By Corollary 2.23, C(S) is closed in B(S). U

Proposition 2.25. Let f : X — Y be a function between metric spaces. Then
f is continuous at a point x in X if and only if whenever {x,} is a convergent
sequence in X with limit x, then { f (x,,)} is convergent in Y with limit f (x).

REMARK. In the special case of domain and range R, this result was mentioned
in Section .1 after the definition of continuity. We deferred the proof of the special
case until now to avoid repetition.

PROOF. Supposethat f is continuous at x and that {x, } is aconvergent sequence
in X with limit x. Let V be any open neighborhood of f(x). By continuity, there
exists an open neighborhood U of x such that f(U) € V. Since x, — x, there
exists N such that x, is in U whenever n > N. Then f(x,) isin f(U) C V
whenever n > N. Hence { f(x,)} converges to f(x).

Conversely suppose that x, — x always implies f(x,) — f(x). We are to
show that f is continuous. Let V be an open neighborhood of f(x). We are to
show that some open neighborhood of x maps into V under f. Assuming the
contrary, we can find, for each n > 1, some x, in B(1/n; x) such that f(x,) is
not in V. Then x,, — x, but the distance of f(x,) from f(x) is bounded away
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from 0. Thus f(x,) cannot converge to f(x). This is a contradiction, and we
conclude that some B(1/n; x) maps into V under f; since V is arbitrary, f is
continuous. O

5. Subspaces and Products

When working with functions on the real line, one frequently has to address
situations in which the domain of the function is just an open interval or a closed
interval, rather than the whole line. When one uses the €-§ definition of continuity,
the subject does not become much more cumbersome, but it can become more
cumbersome if one uses some other definition, such as one involving limits. The
theory of metric spaces has a device for addressing smaller domains than the
whole space—the notion of a subspace—and then the theory of functions on a
subspace stands on an equal footing with the theory of functions on the whole
space.

Let (X, d) be a metric space, and let A be a nonempty subset of X. There is
a natural way of making A into a metric space, namely by taking the restriction
d | Axa as ametric for A. When we do so, we speak of A as a subspace of X.
When there is a need to be more specific, we may say that A is a metric subspace
of X. If A is an open subset of X, we may say that A is an open subspace; if A
is a closed subset of X, we may say that A is a closed subspace.

Proposition 2.26. If A is a subspace of a metric space (X, d), then the open
sets of A are exactly all sets U N A, where U is open in X, and the closed sets of
A are all sets F N A, where F is closed in X.

PROOF. The open balls in A are the intersections with A of the open balls of
X, and the statement about open sets follows by taking unions. The closed sets
of A are the complements within A of all the open sets of A, thus all sets of the
form A— (U N A) with U openin X. Since A — (U N A) = ANU¢, the statement
about closed sets follows. O

Corollary 2.27. If A is a subspace of (X, d) and if f : X — Y is continuous
at a point a of A, then the restriction f | 4> Mapping A into Y, is continuous at a.
Also, f is continuous at a if and only if the function fy : X — f(X) obtained
by redefining the range to be the image is continuous at a.

PROOF. Let V be an open neighborhood of f(a) in Y. By continuity of f ata
as a function on X, choose an open neighborhood U of a in X with f(U) C V.
Then U N A is an open neighborhood of @ in A, and f(U N A) € V. Hence f’A
is continuous at a.
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The most general open neighborhood of f(a) in f(X) is of the form V N f(X)
with V an open neighborhood of f(a) in Y. Since f~1(V) = fofl (VN (X)),
the condition for continuity of fj at a is the same as the condition for continuity
of f ata. (|

We now turn our attention to product spaces. Product spaces are a convenient
device for considering functions of several variables.

If (X, d) and (Y, d') are metric spaces, there are several natural ways of making
the product set X x Y, the set of ordered pairs with the first member from X and
the second from Y, into a metric space, but all such ways lead to the same class
of open sets and therefore also the same class of convergent sequences. We
discussed an instance of this phenomenon in Example 1 of Section 4. For general
X and Y, three such metrics on X x Y are

p1((x1, Y1), (x2, y2)) = d(x1, x2) + d'(y1, y2),
p2((x1, Y1), (2, ¥2)) = (d(x1, x2)* + d' (31, J’2)2)1/2,
oo ((X1, ¥1), (X2, ¥2)) = max{d(x1, x2), d'(y1, y2)}-

Each satisfies the defining properties of a metric. Simple algebra gives
max{a, b} < (@*> + b*)'? < a + b < 2max{a, b}
whenever a and b are nonnegative reals, and therefore

Poo < P2 < 1 < 2Ps0-

Let us check that this chain of inequalities implies that the neighborhoods of
a point (xo, yo) are the same in all three metrics, hence that the open sets are the
same in all three metrics. For any r > 0, the open balls about (xg, yp) in the three
metrics satisfy

Bi(r; (x0, y0)) € Ba(r; (x0, ¥0)) € Boo(r; (x0, ¥0)) € B1(2r; (x0, ¥0))-

The first and second inclusions show that open balls about (xg, yo) in the metrics
P2 and p, are neighborhoods of (xg, yo) in the metric p;. Similarly the second and
third inclusions show that open balls in the metrics p, and p; are neighborhoods
in the metric p,, and the third and first inclusions show that open balls in the
metrics p; and p; are neighborhoods in the metric pe.

We shall refer to the metric po as the product metric for X x Y. If X x Y is
being regarded as a metric space and no metric has been mentioned, p is to be
understood. But it is worth keeping in mind that p; and p, yield the same open
sets. In the case of Euclidean space, it is the metric p, on R™ x R” that gives the
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Euclidean metric on R™*"; thus the product metric and the Euclidean metric are
distinct but yield the same open sets.

A sequence {(x,, y,)} in the product metric converges to (xp, yp) in X x Y if
and only if {x, } converges to xo and {y,} converges to yg. Since the three metrics
on X x Y yield the same convergent sequences, this statement is valid in the
metrics p; and p, as well.

It is an elementary property of the arithmetic operations in R that if {x,}
converges to xp and {y,} converges to yo, then {x, + y,} converges to xo + yo.
Similar statements apply to subtraction, multiplication, maximum, and minimum,
and then to absolute value and to division except where division by 0 is involved.
Further similar statements apply to those operations on vectors that make sense.
Applying Proposition 2.25, we obtain (a) through (e) in the following proposition.
Conclusions (a’) through (e") are proved similarly.

Proposition 2.28. The following operations are continuous:

(a) addition and subtraction from R” x R” into R”,

(b) scalar multiplication from R x R" into R",

(c) the map x — x~! from R — {0} to R — {0},

(d) the map x — |x| from R" to R,

(e) the operations from R? to R of taking the maximum of two real numbers
and taking the minimum of two real numbers,

(a") addition and subtraction from C" x C" into C",

(b') scalar multiplication from C x C" into C",

(c') the map x — x~! from C — {0} to C — {0},

(d’) the map x — |x| from C" to R,

(¢/) the map x — x from C to C.

Corollary 2.29. Let (X, d) be a metric space, and let f and g be continuous
functions from X into R” or C". If c is a scalar, then f + g, cf, f — g, and | f| are
continuous. If n = 1, then the product fg is continuous, and the function 1/f is
continuous on the set where f is not zero. If n = 1 and the functions take values
in R, then max{ f, g} and min{ f, g} are continuous. If n = 1 and the functions
take values in C, then the complex conjugate f is continuous.

REMARKS. If (S, d) is a metric space, then it follows that the metric space
C(S) of bounded continuous scalar-valued functions on S is a vector space. As
such, it is a vector subspace of the metric space B(S) of bounded scalar-valued
functions on S, and it is a metric subspace as well.?

3The word “subspace” can now be used in two senses, that of a metric subspace of a metric space
and that of a vector subspace of a vector space. The latter kind of subspace we shall always refer to
as a “vector subspace,” retaining the word “vector” for clarity. A “closed vector subspace” of B(S)
then has to mean a closed metric subspace that is also a vector subspace.
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PROOF. The argument for f + g and for functions with values in R" will illus-
trate matters sufficiently. We setup x — f(x) + g(x) as a suitable composition,
expressing the composition in a diagram:

X x> (x,x) X x X (. y)= (f(x),8(y) R" x R" R".

Each function in the diagram is continuous, the last of them by Proposition 2.28a,
and then the composition is continuous by Corollary 2.14. t

(u,v)>u+v

We conclude this section with one further remark. When (X, d) is a metric
space, we saw in Corollary 2.17 thatx — d(x, y) and y — d(x, y) are continuous
functions from X to R. Actually, (x,y) — d(x,y) is a continuous function
from X x X into R if we use the product metric. In fact, if po, denotes the
product metric with ,ooo((x, v), (X0, yo)) = max{d(x, x9), d(y, yo)}, then we
have d(x, y) < d(x, xo) + d(x0, yo) + d(yo, ¥) and therefore

d(x,y) —d(xo, yo) < d(x,x0) +d(y, yo)-
Reversing the roles of (x, y) and (xg, yo), we see that

|d(x,y) —d(xo, yo)| <d(x,x0) +d(y, yo)
< 2max{d(x, xo), d(y, yo)}

= zpoo((X, y)v (x()s yo))
From this chain of inequalities, it follows that d is continuous with § = €/2.

6. Properties of Metric Spaces

This section contains two results about metric spaces. One lists a number of
“separation properties” of sets within any metric space. The other concerns the
completely different property of “separability,” which is satisfied by some metric
spaces and not by others, and it says that separability may be defined in any of
three equivalent ways.

Proposition 2.30 (separation properties). Let (X, d) be a metric space. Then

(a) every one-point subset of X is a closed set, i.e., X is T,

(b) for any two distinct points x and y of X, there are disjoint open sets U
and V withx € U and y € V, i.e., X is Hausdorff,

(c) for any point x € X and any closed set F' C X with x ¢ F, there are
disjoint open sets U and V withx € U and F C V,i.e., X is regular,

(d) for any two disjoint closed subsets E and F of X, there are disjoint open
sets U and V suchthat E C U and F C V,i.e., X is normal,

(e) for any two disjoint closed subsets E and F of X, there is a continuous
function f : X — [0, 1] such that f is 0 exactly on E and f is 1 exactly
on F.
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PROOF. For (a), the set {x} is the intersection of all closed balls B(r; x) for
r > 0 and hence is closed by Corollary 2.18 and Proposition 2.8b. For (e), the
function f(x) = D(x; E)/(D(x; E) + D(x; F)) is continuous by Proposition
2.16 and Corollary 2.29 and takes on the values 0 and 1 exactly on E and F,
respectively, by Proposition 2.19.

For (d), we need only apply (e) and Proposition 2.15b with U = f~!((—o0, 1))
andV = f~! ((%, —I—oo)). Conclusions (a) and (d) imply (c), and conclusions (a)
and (c) imply (b). This completes the proof. (]

A base B for a metric space (X, d) is a family of open sets such that every
open set is a union of members of B. The family of all open balls is an example
of a base.

Proposition 2.31. If (X, d) is a metric space, then a family B of subsets of X
is a base for (X, d) if and only if

(a) every member of B is open and
(b) for each x € X and open neighborhood U of x, there is some member B
of B such that x is in B and B is contained in U.

PROOF. If B is a base, then (a) holds by definition of base. If U is open in X,
then U = |, By for some members B, of B3, and any such B, containing x can
be taken as the set B in (b).

Conversely suppose that B satisfies (a) and (b). By (a), each member of B is
openin X. If U is open in X, we are to show that U is a union of members of B.
For each x € U, choose some set B = B, as in (b). Then U = J, ., By, and
hence each open set in X is a union of members of B. Thus 5 is a base. (]

This book uses the word countable to mean finite or countably infinite. It is
then meaningful to ask whether a particular metric space (X, d) has a countable
base. On the real line R, the open intervals with rational endpoints form a
countable base.

A subset D of X is dense in a subset A of X if D! D A; D is dense, or
everywhere dense, if D is dense in X. A set D is dense if and only if there is
some point of D in each nonempty open set of X.

A family U of open sets is an open cover of X if the union of the sets in I/ is
X. An open subcover of I/ is a subfamily of I/ that is itself an open cover.

Proposition 2.32. The following three conditions are equivalent for a metric
space (X, d):
(a) X has a countable base,
(b) every open cover of X has a countable open subcover,
(c) X has a countable dense subset.
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PROOF. If (a) holds, let B = {B,},>1 be a countable base, and let I/ be an
open cover of X. Any U € U is the union of the B, € Bwith B, C U. If By =
{B, € B| B, C U forsome U € U}, then it follows that UBneBo =Upcyy =
X. For each B, in By, select some U, in U with B, € U,. Then | J, U, 2
U BBy = X, and {U,} is a countable open subcover of /. Thus (b) holds.

If (b) holds, form, for each fixed n > 1, the open cover of X consisting of
all open balls B(1/n; x). For that n, let {B(1/n; X;u,)}m>1 be a countable open
subcover. We shall prove that the set D of all x,,,,, with m and n arbitrary, is dense
in X. It is enough to prove that each nonempty open set in X contains a member
of D, hence to prove, for each n, that each open ball of radius 1/n contains a
member of D. Thus consider B(1/n; x). Since the open balls B(1/n; x,,,) with
m > 1 cover X, x is in some B(1/n; x,,). Then that x,,,, has d(x,,, x) < 1/n,
and hence x,,, is in B(1/n; x). Thus D is dense, and (c) holds.

If (c) holds, let {x, },>1 be a countable dense set. Form the collection of all open
balls centered at some x,, and having rational radius. Let us use Proposition 2.31
to see that this collection of open sets, which is certainly countable, is a base. Let
U be an open neighborhood of x. We are to see that there is some member B of our
collection such that x is in B and B is contained in U. Since U is a neighborhood
of x, we can find an open ball B(r; x) such that B(r; x) € U; we may assume
that r is rational. The given set {x,},>; being dense, some x, lies in B(r/2; x).
If y is in B(r/2; x,), then d(x,y) < d(x,x,) +d(x,,y) < 5+ 5 =r. Hence
x lies in B(r/2; x,) and B(r/2; x,) € B(r;x) € U. Since r/2 is rational, the
open ball B(r/2; x,) is in our countable collection, and our countable collection
is a base. This proves (a). ]

A metric space satisfying the equivalent conditions of Proposition 2.32 is
said to be separable. Among the examples of metric spaces in Section 1, the
ones in Examples 1, 2, 3, 6, 8 if X is countable, 9, 11, 12, 13, and 14 are
separable. A countable dense set in Examples 1, 2, and 3 is given by all points
with all coordinates rational. In Example 6, one countable dense set consists
of all sequences with only finitely many nonzero entries, those being rational,
and in Examples 8 and 9, X itself is a countable dense set. In Example 11, the
sequences that are O in all but finitely many entries, those being rational, form
a countable dense set. In Example 13, the set of finite linear combinations of
exponentials e/ using scalars in Q + iQ is dense as a consequence of Par-
seval’s equality. In Example 12, when [a, b] = [—m, ], the same countable
set as for Example 13 is dense by Proposition 2.25 because the sets of func-
tions in Examples 12 and 13 coincide and the inclusion of R[—m, 7] relative
to L? into R[—m, 7] relative to L! is continuous. In Example 14, the set of
polynomials with coefficients in Q+iQ is countable and can be shown to be dense.

Example 10 is not separable, and Example 8 is not separable if X is uncount-
able.
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7. Compactness and Completeness

In Section 6 we introduced the notions of open cover and subcover for a metric
space. We call a metric space compact if every open cover of the space has a
finite subcover. A subset E of a metric space (X, d) is compact if it is compact
as a subspace of the whole space, i.e., if every collection of open sets in X whose
union contains E has a finite subcollection whose union contains E.

Historically this notion was embodied in the Heine—Borel Theorem, which
says that any closed bounded subset of Euclidean space has the property that
has just been defined to be compactness. As we shall see in Theorem 2.36 and
Corollary 2.37 below, the Heine—Borel Theorem can be proved from the Bolzano—
Weierstrass Theorem (Theorem 1.8) and leads to faster, more transparent proofs of
some of the consequences of the Bolzano—Weierstrass Theorem. Even more im-
portantis that it generalizes beyond metric spaces and produces useful conclusions
about certain spaces of functions when statements about pointwise convergence
of a sequence of functions are inadequate.

Easily established examples of compact sets are hard to come by. For one
example, consider in a metric space (X, d) a convergent sequence {x,} along
with its limit x. The subset E = {x} U |, {x,} of X is compact. In fact, if ¢/ is
an open cover of E, some member U of U/ has x as an element, and then all but
finitely many elements of the sequence must be in U as well. Say that U contains
x and all x, withn > N. For 1 <n < N, let U, be a member of I/ containing
Xy. Then {U, Uy, ..., Uy_} is a finite subcover of 4.

It is easier to exhibit noncompact sets. The open interval (0, 1) is not compact,
as is seen from the open cover {(%, 1)}. Nor is an infinite discrete space, since
one-point sets form an open cover. A subtle dramatic example is the closed unit
ball C of the hedgehog space X, Example 10 in Section 1; this set is not compact.
In fact, the open ball of radius 1/2 about the origin is an open set in X, and so
is each open ray from the origin out to infinity. Let U/ be this collection of open
sets. Then U/ is an open cover of C. However, no member of I/ is superfluous,
since for each U in U, there is some point x in C such that x is in C but x is in no
other member of . Thus U/ does not contain even a countable subcover.

Let us now work directly toward a proof of the equivalence of compactness
and the Bolzano—Weierstrass property in a metric space.

Proposition 2.33. A compact metric space is separable.

PROOF. This is immediate from equivalent condition (b) for the definition of
separability in Proposition 2.32. (]
Proposition 2.34. In any metric space (X, d),

(a) every compact subset is closed and bounded and
(b) any closed subset of a compact set is compact.
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PROOF. For (a), let E be a compact subset of X, fix xo in X, and let U,, for
n > 1bethe openball {x € X | d(xp, x) < n}. Then {U,} is an open cover of E.
Since the U,,’s are nested, the compactness of E implies that E is contained in a
single Uy for some N. Then every member of E is at distance at most N from
Xxg, and E is bounded.

To see that E is closed, we argue by contradiction. Let x; be a limit point of £
that is not in E. By the Hausdorff property (Proposition 2.30b), we can find, for
each x € E, open sets Uy and V, with x € U,, x(/) e Vi,and U, NV, = &. The
sets U, form an open cover of E. By compactness let {U,,, ..., U,,} be a finite
subcover. Then E C U,, U---U U, , which is disjoint from the neighborhood
Vi, N---NV,, of xj. Thus x; cannot be a limit point of E, and we have arrived
at a contradiction. This proves (a).

For (b), let E be compact, and let F be a closed subset of E. Because of (a), F
is a closed subset of X. Let U/ be an open cover of F. Then U/ U { F¢} is an open
cover of E. Passing to a finite subcover and discarding ¢, we obtain a finite
subcover of F. Thus F is compact. ([l

A collection of subsets of a nonempty set is said to have the finite-intersection
property if each intersection of finitely many of the subsets is nonempty.

Proposition 2.35. A metric space (X, d) is compact if and only if each col-
lection of closed subsets of X with the finite-intersection property has nonempty
intersection.

PROOF. Closed sets with the finite-intersection property have complements
that are open sets, no finite subcollection of which is an open cover. O

Theorem 2.36. A metric space (X, d) is compactif and only if every sequence
has a convergent subsequence.

PROOF. Suppose that X is compact. Arguing by contradiction, suppose that
{xn}n>11s a sequence in X with no convergent subsequence. Put F = UZ’;I {x,}.
The subset F of X is closed by Corollary 2.23, hence compact by Proposition
2.34b. Since no x,, is a limit point of F, there exists an open set U,, in X containing
X, but no other member of F. Then {U,},>: is an open cover of F with no finite
subcover, and we have arrived at a contradiction.

Conversely suppose that every sequence has a convergent subsequence. We
first show that X is separable. Fix an integer n. There cannot be infinitely many
disjoint open balls of radius 1/n, since otherwise we could find a sequence from
among their centers with no convergent subsequence. Thus we can choose a finite
disjoint collection of these open balls that is not contained in a larger such finite
collection. Let their centers be x1, ..., xy. The claim is that every point of X is
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at distance < 2/n from one of these finitely many centers. In fact, if x € X is
given, form B (%; x). This must meet some B (%; X;) at a point y, and then

dx,x;) <d(x,y)+d(y,x) <+ +1=2

n n n

Thus x is at distance < 2/n from one of the finitely many centers, as asserted.
Now let n vary, and let D be the set of all these centers for all n. Then every point
of X has members of D arbitrarily close to it, and hence D is a countable dense
setin X. Thus X is separable.

Let U be an open cover of X having no finite subcover. By the separability
and condition (b) in Proposition 2.32, we may assume that {/ is countable, say
U={U,,U,,...}. Since Uy U U, U ---U U, is not a cover, there exists a point
X, not in the union of the first n sets. By hypothesis the sequence {x,} has a
convergent subsequence {x,, }, say with limit x. Since {is a cover, some member
Uy of U contains x. Then {x,,} is eventually in Uy, and some n; with ny > N
has x,, in Uy. But x,, isnotin U; U --- U U, by construction, and this union
contains Uy, since n; > N. We have arrived at a contradiction, and we conclude
that ¢/ must have had a finite subcover. U

Corollary 2.37 (Heine—Borel Theorem) In Euclidean space R", every closed
bounded set is compact.

REMARK. Conversely we saw in Proposition 2.34a that every compact subset
of any metric space is closed and bounded.

PROOF. Let C be aclosed rectangular solid in R”, and let x® = (x
be the members of a sequence in C. By the Bolzano—Weierstrass Theorem
(Theorem 1.8) for R!, we can find a subsequence convergent in the first coordinate,
a subsequence of that convergent in the second coordinate, and so on. Thus {x®}
has a subsequence convergent in R”. By Corollary 2.23 the limit is in C. By
Theorem 2.36, C is compact. Applying Corollary 2.34b, we see that every closed
bounded subset of R” is compact. (]

k k
)

The next few results will show how the use of compactness both simplifies and
generalizes some of the theorems proved in Section I.1.

Proposition 2.38. Let (X, d) and (Y, p) be metric spaces with X compact. If
f : X — Y is continuous, then f(X) is a compact subset of Y.

PROOF. If {U,} is an open cover of f(X), then { f~!(U,)} is an open cover of
X. Let{f _1(UJ-)}}1=1 be a finite subcover. Then {U; };’:1 is a finite subcover of
F(X). U

Corollary 2.39. Let (X, d) be a compact metric space, and let f : X — R be
a continuous function. Then f attains its maximum and minimum values.
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REMARK. Theorem 1.11 was the special case of this result with X = [a, b].
This particular space X is compact by the Heine—Borel Theorem (Corollary 2.37),
and the corollary applies to yield exactly the conclusion of Theorem 1.11.

PROOF. By Proposition 2.38, f(X) is a compact subset of R. By Proposition
2.34a, f(X) is closed and bounded. The supremum and infimum of the members
of f(X)inR*liein R, since f(X) is bounded, and they are limits of sequences in
f(X). Since f(X) is closed, Proposition 2.23 shows that they must lie in f(X).

0

Corollary 2.40. Let (X, d) and (Y, p) be metric spaces with X compact. If
f : X — Y is continuous, one-one, and onto, then f is a homeomorphism.

REMARK. In the hypotheses of the change of variables formula for integrals
in R! (Theorem 1.34), a function ¢ : [A, B] — [a, b] was given as strictly
increasing, continuous, and onto. Another hypothesis of the theorem was that
@~ ! was continuous. Corollary 2.40 shows that this last hypothesis was redundant.

PROOF. Let E be a closed subset of X, and consider (f~)~(E) = f(E).
The set E is compact by Proposition 2.34b, f(E) is compact by Proposition 2.38,
and f(E) is closed by Proposition 2.34a. Proposition 2.15b thus shows that f~!
is continuous. g

If (X, d) and (Y, p) are metric spaces, a function f : X — Y is uniformly
continuous if for each € > 0, there is some § > 0 such that d(x1, x) < §
implies p(f(x1), f(x2)) < €. This is the natural generalization of the definition
in Section 1.1 for the special case of a real-valued function of a real variable.

Proposition 2.41. Let (X, d) and (Y, p) be metric spaces with X compact. If
f 1 X — Y is continuous, then f is uniformly continuous.

REMARK. This result generalizes Theorem 1.10, which is the special case
X =la,b]and Y =R.

PROOF. Let € > 0 be given. For each x € X, choose §, > 0 such
that d(x’, x) < &, implies p(f(x'), f(x)) < €/2. The open balls B(%(Sx; X)
cover X; let the balls with centers xi,...,x, be a finite subcover. Put § =
% min{$y,, ..., 8y, }. Now suppose that d(x’, x) < §. The point x is in some ball
in the finite subcover; suppose x is in B(%ij; x;). Thend(x, x;) < %ij, so that

d(x',x;)) <d(x',x) +d(x,x;) <8+ 38 <8y

By definition of 4y, p(f(x"), f(x;)) < €/2and p(f(x)), f(x)) < €/2. There-
fore

p(f(N, f(x) < p(f (), f(x)) +p(f(x)), f(x) <5+5 =F€,

and the proof is complete. (]
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One final application of compactness is the Fundamental Theorem of Algebra,
which is discussed in Section A8 of Appendix A in the context of properties of
polynomials.

Theorem 2.42 (Fundamental Theorem of Algebra). Every polynomial with
complex coefficients and degree > 1 has a complex root.

PROOF. Let P : C — C be the function P(z) = Z;'ZO a;z/, where ay, . .., ay
are in C with a, # 0 and with n > 1. We may assume that a, = 1. Let m =
inf.ec | P(2)]. Since P(2) = 2" (1+ap—127" +- - +a;z= "V +apz™"), we have
lim,_, o P(z)/z" = 1. Thus there exists an R such that | P(z)| > %lzl” whenever
|z] = R. Choosing R = Ry such that %R(’)’ > 2m, we see that | P(z)| > 2m for
|z] = Ro. Consequently m = infj;j<g, |P(z)|. The set § = {z € (C| |z] < Ro}
is compact by the Heine—Borel Theorem (Corollary 2.37), and Corollary 2.39
shows that | P(z)| attains its minimum on § at some point zo in S. Then |P(z)|
attains its minimum on C at 7. We shall show that this minimum value m is 0.

Assuming the contrary, define Q(z) = P(z + z9)/P(z0), so that Q(z) is a
polynomial of degree n > 1 with Q(0) = 1 and |Q(z)| > 1 for all z. Write

0@) =1+ b2 + b ™+ 4+ b,z withby #0.

Corollary 1.45 produces a real number 6 such that e’*h, = —|by|. Forany r > 0
with r¥|b;| < 1, we then have

|1 +bkrkeik6| =1—rkby).
For such r and that 6, this equality implies that

10@re®)| < |1+ ber*e™| + r* | + -+ 1" |by

< 1—r*(1bel = rlbega] — -+ — r" ¥ by)).

For sufficiently small » > 0, the expression in parentheses on the right side is
positive, and then |Q(re'?)| < 1, in contradiction to hypothesis. Thus we must
have had m = 0, and we obtain P(zo9) = 0. O

Another theme discussed in Section 1.1 is that Cauchy sequences in R! are
convergent. This convergence was proved in Theorem 1.9 as a consequence of
the Bolzano—Weierstrass Theorem. Actually, many sequences in metric spaces of
importance in analysis are shown to converge without one’s knowing the limit in
advance and without using any compactness, and we therefore isolate the forced
convergence of Cauchy sequences as a definition. In a metric space (X, d), a
sequence {x,} is a Cauchy sequence if for any € > 0, there is some integer N
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such that d(x,,, x,) < € whenever m and n are > N. A familiar 2¢ argument
shows that convergent sequences are Cauchy. Other familiar arguments show
that any Cauchy sequence with a convergent subsequence is convergent and that
any Cauchy sequence is bounded.

We say that the metric space (X, d) is complete if every Cauchy sequence in
X converges to a point in X. We know that the line R! is complete. It follows that
R" is complete because a Cauchy sequence in R” is Cauchy in each coordinate.
A nonempty subset E of X is complete if E as a subspace is a complete metric
space. The next two propositions and corollary give three examples of complete
metric spaces.

Proposition 2.43. A subset E of a complete metric space X is complete if and
only if it is closed.

REMARK. In particular every closed subset of R" is a complete metric space.

PROOF. Suppose E is closed. Let {x,} be a Cauchy sequence in E. Then {x,}
is Cauchy in X, and the completeness of X implies that {x,} converges, say to
some x € X. By Corollary 2.23, x is in E. Thus {x,} is convergent in E. The
converse is immediate from Corollary 2.23. (]

Proposition 2.44. If S is a nonempty set, then the vector space B(S) of
bounded scalar-valued functions on §, with the uniform metric, is a complete
metric space.

PROOF. Let {f,} be a Cauchy sequence in B(S). Then {f,(x)} is a Cauchy
sequence in C for each x in S. Define f(x) = lim, f,(x). For any ¢ > 0,
we know that there is an integer N such that | f,(x) — f,(x)| < € whenever
n and m are > N. Taking into account the continuity of the distance function
on C, i.e., the continuity of absolute value, we let m tend to infinity and obtain
| fu(x) — f(x)] < eforn > N. Thus {f,} converges to f in B(S). ]

Corollary 2.45. Let (S, d) be a metric space. Then the vector space C(S) of
bounded continuous scalar-valued functions on S, with the uniform metric, is a
complete metric space.

REMARK. C(S) was observed to be a vector subspace in the remarks with
Corollary 2.29.

PROOF. The space B(S) is complete by Proposition 2.44, and C(S) is a closed

metric subspace by Corollary 2.24. Then C(S) is complete by Proposition 2.43.
g

Now we shall relate compactness and completeness. A metric space (X, d) is
said to be totally bounded if for any € > 0, finitely many open balls of radius €
cover X.
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Theorem 2.46. A metric space (X, d) is compact if and only if it is totally
bounded and complete.

PROOF. Let (X, d) be compact. If € > 0 is given, the open balls B(e; x)
cover X. By compactness some finite number of the balls cover X. Therefore
X is totally bounded. Next let a Cauchy sequence {x,} be given. By Theorem
2.36, {x,} has a convergent subsequence. A Cauchy sequence with a convergent
subsequence is necessarily convergent, and it follows that X is complete.

In the reverse direction, let X be totally bounded and complete. Theorem 2.36
shows that it is enough to prove that any sequence {x,} in X has a convergent
subsequence. By total boundedness, find finitely many open balls of radius 1
covering X. Then infinitely many of the x,’s have to lie in one of these balls,
and hence there is a subsequence {x,, } that lies in a single one of these balls of
radius 1. Next finitely many open balls of radius 1/2 cover X. In the same way
there is a subsequence {xnkl} of {x,,} that lies in a single one of these balls of
radius 1/2. Continuing in this way, we can find successive subsequences, the m™
of which lies in a single ball of radius 1/m. The Cantor diagonal process, used in
the proof of Theorem 1.22, allows us to form a single subsequence {x;,} of {x,}
such that for each m, {x;,} is eventually in a ball of radius 1/m. If € > 0 is given,
find m such that 1/m < €, and let ¢,, be the center of the ball of radius 1/m.
Choose an integer N such that x;, liesin B(1/m; c,) whenever j; > N. If j; > N
and ji > N, then d(cy, xj;) < € and d(cy, xj,) < €, whence d(xj;, xj,) < 2e.
Therefore the subsequence {x;, } is Cauchy. By completeness it converges. Hence
{x,} has a convergent subsequence, and the theorem is proved. (]

Let (X, d) and (Y, p) be metric spaces, and let f : X — Y be uniformly
continuous. Then f carries Cauchy sequences to Cauchy sequences. In fact, if
{x,} is Cauchy in X and if € > O is given, choose some § of uniform continuity
for f and €, and find an integer N such that d (x,,, x,;) < 8 whenever n and n’ are
> N. Then p(f(x,), f(x)) < € for the same n’s and n’’s, and hence {f (x,)}
is Cauchy.

Proposition 2.47. Let (X, d) and (Y, p) be metric spaces with ¥ complete,
let D be a dense subset of X, and let f : D — Y be uniformly continuous. Then
f extends uniquely to a continuous function F : X — Y, and F is uniformly
continuous.

PROOF OF UNIQUENESS. If x is in X, apply Proposition 2.22a to choose a
sequence {x,} in D with x, — x. Continuity of F forces F(x,) — F(x). But
F(x,) = f(x,) for all n. Thus F(x) = lim, f(x,) is forced. U]

PROOF OF EXISTENCE. If x is in X, choose x, € D with x, — x. Since
{x,} is convergent, it is Cauchy. Since f is uniformly continuous, {f(x,)} is
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Cauchy. The completeness of Y then allows us to define F(x) = lim f(x,), but
we must see that F' is well defined. For this purpose, suppose also that {y,} is a
sequence in D that converges to x. Let {z,} be the sequence xi, yi, X2, ¥2, ... .
This sequence is Cauchy, and {x,} and {y,} are subsequences of it. Therefore
lim f(y,) =lim f(z,) = lim f(x,), and F(x) is well defined.

For the uniform continuity of F, let ¢ > 0 be given, and choose some &
of uniform continuity for f and €¢/3. Suppose that x and x" are in X with
d(x,x’) < 8/3. Choose x, in D withd(x,, x) < §/3and p(f(x,), F(x)) < €/3,
and choose x), in D with d(x),, x") < §/3 and p(f(x,), F(x’)) < €/3. Then
d(x,,x)) < & by the triangle inequality, and hence p(f(x,), f(x,)) < €/3.
Thus p(F (x), F(x")) < € by the triangle inequality. g

8. Connectedness

Although the Intermediate Value Theorem (Theorem 1.12) in Section 1.1 was
derived from the Bolzano—Weierstrass Theorem, the Intermediate Value Theorem
is not to be regarded as a consequence of compactness. Instead, the relevant
property is “connectedness,” which we discuss in this section.

A metric space (X, d) is connected if X cannot be writtenas X = U UV
with U and V open, disjoint, and nonempty. A subset E of X is connected if E
is connected as a subspace of X, i.e., if E cannot be written as a disjoint union
(ENU)U(ENV)with U and V open in X and with E N U and E N V both
nonempty. The disjointness in this definition is of £ N U and E N V; the open
sets U and V may have nonempty intersection.

Proposition 2.48. The connected subsets of R are the intervals—open, closed,
and half open.

PROOF. Let E be a connected subset of R, and suppose that there are real
numbers a, b, c suchthata < ¢ < b,a and b are in E, and c is not in E. Forming
the open sets U = (—o0, ¢) and V = (¢, +00) in R, we see that E is the disjoint
union of £ N U and E N V and that these two sets are nonempty. Thus E is not
connected.

Conversely suppose that / is an open, closed, or half-open interval of R from
a to b, with a # b but with a or b or both allowed to be infinite. Arguing
by contradiction, suppose that I is not connected. Choose open sets U and
V in R such that [ is the disjoint union of / N U and I N V and these two
sets are nonempty. Without loss of generality, there exist members ¢ and ¢’ of
I NU and I NV, respectively, with ¢ < ¢/. Since U is open and ¢ has to be
< b, all real numbers ¢ + € with € > 0 sufficiently small are in / N U. Let
d = sup {x | [c,x) C IﬁU},sothatd > C.
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If d < b, then the fact that U is open implies that d isnotin / N U. Thus d is
in/ NV. Since Visopenandd > a,d —eisin I NV if € > 0 is sufficiently
small. Butthend — e isinboth I N U and I NV for € sufficiently small. This is
a contradiction, and we conclude that d = b.

Ifd = bisin I NV, then the same argument shows that b — € is in both / N U
and I NV for € positive and sufficiently small, and we again have a contradiction.
Consequently all points from c to the right end of I are in / N U. This is again a
contradiction, since ¢’ is knowntobein I NV. O

Proposition 2.49. The continuous image of a connected metric space is
connected.

PROOF. Let (X, d) and (Y, p) be metric spaces with X connected, and let
f : X — Y be continuous. We are to prove that f(X) is connected. Corollary
2.27 shows that there is no loss of generality in assuming that f(X) =Y, i.e.,
f is onto. Arguing by contradiction, suppose that Y is the union ¥ = U U V
of disjoint nonempty open sets. Then X = f~'(U) U f~!(V) exhibits X as
the disjoint union of nonempty sets, and these sets are open as a consequence of
Proposition 2.15a. Thus X is not connected. O

Corollary 2.50 (Intermediate Value Theorem). For real-valued functions of a
real variable, the continuous image of any interval is an interval.

PROOF. This is immediate from Propositions 2.48 and 2.49. O

Further connected sets beyond those in R are typically built from other con-
nected sets. One tool is a path in X, which is a continuous function from a closed
bounded interval [a, b] into X. The image of a path is connected by Propositions
2.48 and 2.49. A metric space (X, d) is pathwise connected if for any two points
x1 and x, in X, there is some path p from x| to x», i.e., if there is some continuous
p :la, b] — X with p(a) = x; and p(b) = x».

A pathwise-connected metric space (X, d) is necessarily connected. In fact,
otherwise we could write X as a disjoint union of two nonempty open sets U and
V. Letx; bein U and x; be in V, and let p : [a, b)] — X be a path from x; to
x3. Then p([a, b]) = (p(la, b)) NU) U (p(la, b]) N V) exhibits p([a, b]) as a
disjoint union of relatively open sets, and these sets are nonempty, since x; is in
the first set and x, is in the second set. Consequently p([a, b]) is not connected,
in contradiction to the fact that the image of any path is connected.

We can view a pathwise-connected metric space as the union of images of
paths from a single point to all other points, and such a union is then connected.
The following proposition generalizes this construction.
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Proposition 2.51. If (X, d) is a metric space and { £, } is a system of connected
subsets of X with a point xo in common, then | J, E, is connected.

PROOF. Assuming the contrary, find open sets U and V in X such that |, E,
is the disjoint union of its intersections with U and V and these two intersections
are both nonempty. Say that xg isin U. Since E,, is connected and xg is in E,NU,
the decomposition E, = (E, NU) U (E, NV) forces E, NV to be empty. Then
(Ua E,) NV =, (E, NV) is empty, and we have arrived at a contradiction.

0

It follows from Proposition 2.51 that the union of all connected subsets of X
that contain x is connected. This set is called the connected component of x;
in X. The metric space X is the disjoint union of its connected components. The
next result implies that these connected components are closed sets.

Proposition 2.52. If (X, d) is a metric space and E is a connected subset of
X, then the closure E¢ is connected.

PROOF. Suppose that U and V are open sets in X such that E° is contained
inU UV and ESNU NV is empty. We are to prove that E' N U and E' NV
cannot both be nonempty. Arguing by contradiction, let x be in E N U and let y
bein ES'N V. Since E is connected, ENU and E NV cannot both be nonempty,
and thus x and y cannot both be in E. Thus at least one of them, say x, is a limit
point of E. Since U is a neighborhood of x, U contains a point e of E different
from x. Thus e is in £ N U. Since y cannot then be in £ N V, y is a limit point
of E. Since V is a neighborhood of y, V contains a point f of E different from
y. Thus f isin E NV, and we have arrived at a contradiction. (|

EXAMPLE. The graph in R? of sin(1/x) for 0 < x < 1 is pathwise connected,
and we have seen that pathwise-connected sets are connected. The closure of this
graph consists of the graph together with all points (0, ¢) for —1 < ¢ < 1, and
this closure is connected by Proposition 2.52. One can show, however, that this
closure is not pathwise connected. Thus we obtain an example of a connected set
in R? that is not pathwise connected.

9. Baire Category Theorem

A number of deep results in analysis depend critically on the fact that some metric
space is complete. Already we have seen that the metric space C(S) of bounded
continuous scalar-valued functions on a metric space is complete, and we shall
see as not too hard a consequence in Chapter XII that there exists a continuous
periodic function whose Fourier series diverges at a point. One of the features
of the Lebesgue integral in Chapter V will be that the metric spaces of integrable
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functions and of square-integrable functions, with their natural metrics, are further
examples of complete metric spaces. Thus these spaces too are available for
applications that make use of completeness.

The main device through which completeness is transformed into a powerful
hypothesis is the Baire Category Theorem below. A closed set in a metric space
is nowhere dense if its interior is empty. Its complement is an open dense set,
and conversely the complement of any open dense set is closed nowhere dense.

EXAMPLE. A nontrivial example of a closed nowhere dense set is a Cantor set*
in R. This is a set constructed from a closed bounded interval of R by removing
an open interval in the middle of length a fraction r; of the total length with
0 < r; < 1, removing from each of the 2 remaining closed subintervals an open
interval in the middle of length a fraction r, of the total length of the subinterval,
removing from each of the 4 remaining closed subintervals an open interval in
the middle of length a fraction r3 of the total length of the interval, and so on
indefinitely. The Cantor set is obtained as the intersection of the approximating
sets. It is closed, being the intersection of closed sets, and it is nowhere dense
because it contains no interval of more than one point. For the standard Cantor
set, the starting interval is [0, 1], and the fractions are givenbyr| =r, = - -+ = %
at every stage. In general, the “length” of the resulting set® is the product of the

length of the starting interval and [~ (1 — r,,).

Theorem 2.53 (Baire Category Theorem). If (X, d) is a complete metric
space, then

(a) the intersection of countably many open dense sets is nonempty,
(b) X is not the union of countably many closed nowhere dense sets.

PROOF. Conclusions (a) and (b) are equivalent by taking complements. Let us
prove (a). Suppose that U, is open and dense for n > 1. Since U, is nonempty
and open, let E| be an open ball B(r;; x;) whose closure is in U; and whose radius
is r; < 1. We construct inductively open balls E, = B(r,; x,) withr, < % such
that E, C Uy N---NU, and E € E,_;. Suppose E, with n > 1 has been
constructed. Since U,y is dense and E,, is nonempty and open, U, N E, is
not empty. Let x,; be a point in U,4; N E,. Since U, N E, is open, we can

find an open ball E, | = B(rp+1; Xpt1) with radius r,4; < n—}rl and center a
point x,,4; in U,y such that E§]+1 C Uy4+1 N E,. Then E,; has the required

properties, and the inductive construction is complete. The sequence {x,} is

4Often a mathematician who refers to “the” Cantor set is referring to what is called the “standard
Cantor set” later in the present paragraph.

5To be precise, the length is the “Lebesgue measure” of the set in the sense to be defined in
Chapter V.
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Cauchy because whenever n > m, the points x,, and x,, are both in E,, and thus
have d(x,, x,,) < % Since X is by assumption complete, let x, — x. For any
integer N, the inequality n > N implies that x,, is in Ex ;. Thus the limit x is in
E$. S Ey CU N---NUy. Since N is arbitrary, x is in ()| U,. O

REMARK. In (a), the intersection in question is dense, not merely nonempty.
To see this, we observe in the first part of the proof that since U, is dense, E| can
be chosen to be arbitrarily close to any member of X and to have arbitrarily small
radius. Following through the construction, we see that x is in £ and hence can
be arranged to be as close as we want to any member of X. The corresponding
conclusion in (b) is that a nonempty open subset of X is never contained in the
countable union of closed nowhere dense sets.

EXAMPLES.

(1) The subset Q of rationals in R is not the countable intersection of open
sets. In fact, assume the contrary, and write Q = ("2, U, with U, open. Each
set U, contains Q and hence is dense in R. Also, for g € Q, the set R — {¢} is
open and dense. Thus the equality Q = (2, U, implies that

(ﬁm)m(g@@@—{q}))

n=1
is empty, in contradiction to Theorem 2.53.

(2) Let us start with a Cantor set as at the beginning of this section. The total
interval is to be [0, 1], and the set is to be built with middle segments of fractions
ri, 17, ... . Within the closure of each removed open interval, we insert a Cantor
set for that interval, possibly with different fractions ry, r;, ... for each inserted
Cantor set. This insertion involves further removed open intervals, and we insert
a Cantor set into each of these. We continue this process indefinitely. The union
of the constructed sets is dense. Can it be the entire interval [0, 1]? The answer
is “no” because each of the Cantor sets is closed nowhere dense and because by
Theorem 2.53, the interval [0, 1] is not the countable union of closed nowhere
dense sets.

A subset E of a metric space is said to be of the first category if it is contained
in the countable union of closed nowhere dense sets. Theorem 2.53 and the
remark after it together imply that no nonempty open set in a complete metric
space is of the first category.

Theorem 2.54. Let (X, d) be a complete metric space, and let U be an open
subset of X. Supposeforn > 1that f,, : U — Cisacontinuous function and that
[ converges pointwise to a function f : U — C. Then the set of discontinuities
of f is of the first category.
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The proof will make use of the notion of the oscillation of a complex-valued

function on a metric space U. For any function g : U — C, define
0scg(xo) = lim  sup [g(x) — g(xo)l,
810 x€B(8;x0)

so that g is continuous at xo if and only if oscg(xg) = 0. At first glance it
might seem that the sets {x | 0SCq(x) > r} are always closed, no matter what
discontinuities g has. Actually, these sets need not be closed. Take, for example,
the function g : R — R that is 1 at every nonzero rational, O at every irrational,
and 1/2 at 0. Then oscg(x) is 1 at every x in R except for x = 0, where it is 1/2.
Thus, in this example, the set {x | 0SCg(x) > 1} is R — {0} and is not closed.

Lemma 2.55. Let (U, d) be a metric space. If g : U — C is a function and

€ > 0 is a positive number, then
{x eU | 0SCg(x) > 2«5}Cl - {x eU | 08C,(x) > %}

PROOF. We need to see that the limit points of the set on the left are in the
set on the right. Thus suppose that osc, (x,) > 2e for all n and that x, — xo.
For each n, choose x,, ,, such that lim,, x,, , = x,, and |g(x,..m) — g(xn)| > € for
all m. Because of the convergence of x, , to x,, we may choose, for each n, an
integer m = m, such that d(x, »,,x,) < d(xo, x,), and then lim, x, ,,, = Xo
by the triangle inequality. From |g(x, .,) — g§(x,)| > €, the triangle inequality
forces

|18 xnm,) — &(x0)| = 5 or  |g(xy) —gxo)| = 5. (%)
Defining y, to be x, », or x, according as the first or second inequality is the case
in (), we have y, — xo and |g(y,) — g(x0)| > 5. This proves the lemma.  [J

PROOF OF THEOREM 2.54. In view of Lemma 2.55 and the fact that U is open,
it is enough to prove for each € > 0 that {x ‘ oscr(x) > e} does not contain a
nonempty open subset of X. Assuming the contrary, suppose that it contains the
nonempty open set V. Define

Amn = {x ev | |fm(x) - fn(-x)| = g}-

This is a relatively closed subset of V. Then A,, =(),~,, Amn is closed in V. If
x is in V, the fact that { f, (x)} is a Cauchy sequence implies that there is some m
such that x is in A,,, forall n > m. Hence | J;,_, A, = V. Since V is openina
complete metric space, Theorem 2.53 and the remark after it show that some A,,
has nonempty interior. Fix that m, and let W be its nonempty interior. Since

Aw S {x € V[Ifux) = fF0I < §},

every point of W has | f;,,(x) — f(x)] < i and oscy(x) > €. Let xo be in W and

choose x, tending to xo with | f (x,) — f(xg)| > %Te. From | fi, (x,,) — f(xp)] < fT
and | f,, (x0) — f (x0)| < §, weobtain | f,,(x,) — fin(x0)| > §. Since x, converges
to xo, this inequality contradicts the continuity of f,, at xo. (]
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10. Properties of C(S) for Compact Metric S

If (S, d) is a metric space, then we saw in Proposition 2.44 that the vector space
B(S) of bounded scalar-valued functions on S, in the uniform metric, is acomplete
metric space. We saw also in Corollary 2.45 that the vector subspace C(S) of
bounded continuous functions is a complete subspace. In this section we shall
study the space C(S) further under the assumption that S is compact. In this case
Propositions 2.38 and 2.34 tell us that every continuous scalar-valued function
on § is automatically bounded and hence is in C(S).

The first result about C(S) for S compact is a generalization of Ascoli’s
Theorem from its setting in Theorem 1.22 for real-valued functions on a bounded
interval [a, b]. The generalized theorem provides an insight that is not so obvious
from the special case that S is a closed bounded interval of R. The insight is a
characterization of the compact subsets of C(S) when S is compact, and it is
stated precisely in Corollary 2.57 below. The relevant definitions for Ascoli’s
Theorem are generalized in the expected way. Let F = {f, | « € A} be a
set of scalar-valued functions on the compact metric space S. We say that F
is equicontinuous at x € S if for each € > 0, there is some § > 0 such that
d(t,x) < § implies |f(t) — f(x)| < € for all f € F. The set F of functions
is pointwise bounded if for each ¢t € S, there exists a number M, such that
|f(®)] < M, for all f € F. The set is uniformly equicontinuous on § if it is
equicontinuous at each point x € § and if the § can be taken independent of x.
The set is uniformly bounded on S if it is pointwise bounded at each ¢ € S and
the bound M, can be taken independent of #; this last definition is consistent with
the definition of a uniformly bounded sequence of functions given in Section 4.

Theorem 2.56 (Ascoli’s Theorem). Let (S, d) be a compact metric space. If
{fx} is a sequence of scalar-valued functions on S that is equicontinuous at each
point of § and pointwise bounded on S, then

(a) {f.} is uniformly equicontinuous and uniformly bounded on S,
(b) {f.} has a uniformly convergent subsequence.

REMARKS. The proof involves only notational changes from the special case
Theorem 1.22; there are enough such changes, however, so that it is worth writing
out the details. Inspection of this proof shows also that the range R or C may be
replaced by any compact metric space. We shall see a further generalization of
this theorem in Chapter X, and the proof at that time will look quite different.

PROOF. Since each f, is continuous at each point, we know from Propositions
2.38, 2.34a, and 2.41 that each f, is uniformly continuous and bounded. The
proof of (a) amounts to an argument that the estimates in those theorems can be
arranged to apply simultaneously for all n.
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First consider the question of uniform boundedness. Choose, by Corollary
2.39, some x, in S with | f,(x,)| equal to K,, = sup,.g|f.(x)|. Then choose
a subsequence on which the numbers K, tend to sup, K, in R*. There will be
no loss of generality in assuming that this subsequence is our whole sequence.
By compactness of S, apply the Bolzano—Weierstrass property given in Theorem
2.36 to find a convergent subsequence {x,, } of {x,}, and let x( be the limit of this
subsequence. By pointwise boundedness, find M., with | f,(xo)] < My, for all
n. Then choose some 6 of equicontinuity at xo for € = 1. As soon as k is large
enough so that d(x,,, xo) < §, we have

Knk = |fnk(xnk)| =< |fnk(~xnk) - fnk(x0)| + |fnk(x0)| <1 + Mx0~

Thus 1 4+ M, is a uniform bound for the functions f,.
For the uniform equicontinuity, fix € > 0. The uniform continuity of f, for
each n, as given in Proposition 2.41, means that it makes sense to define

— i / |fa(x) — fu(¥)] < € whenever
8n(€) = min {1’ Sup {8 >0 d(x,y) <8 andxandyareinS | [~

Ifd(x,y) < é,(e), then | f,,(x) — f,(y)| < €. Put 8(¢) = inf, §,(¢). Let us see
that it is enough to prove that §(¢) > 0: If x and y are in S with d(x, y) < é(¢€),
then d(x, y) < §(¢) < §,(¢e). Hence | f,(x) — fu(¥)| < € as required.

Thus we are to prove that §(¢) > 0. If §(¢) = 0, then we first choose a strictly
increasing sequence {n,} of positive integers such that §,, (¢) < 1 and we next
choose x; and y; in S with d(x, yx) < 1/k and | f,,, (xk) — fu, (k)| = €. Using
the Bolzano—Weierstrass property again, we obtain a subsequence {xy,} of {x;}
such that {x;, } converges, say to a limit xo. Then

limsupd (yx,, xo) < limsupd(yx,, Xx,) + limsupd(x,, x0) =040 =0,
! ! i

so that {y,} converges to xo. Now choose, by equicontinuity at xo, a number
8" > 0 such that | f,(x) — fu.(x0)| < § for all n whenever d(x, xo) < &'. The
convergence of {x;} and {y} to xo implies that for large enough /, we have
d(xy,, x0) < 8 and d(yy,, x0) < 8'. Therefore | fu, (i) — S, (0| < 5 and
| fo, 5) = o, (G0)| < 5. from which we conclude that | £, (xi,) — fu,, ()| < €.
But we saw that | f,, (xx) — fn, (yx)| = € for all k, and thus we have arrived at a
contradiction. This proves the uniform equicontinuity and completes the proof
of (a).

To prove (b), let R be a compact set containing all sets image( f;,). Choose
a countable dense set D in S by Proposition 2.33. Using the Cantor diagonal
process and the Bolzano—Weierstrass property of R, we construct a subsequence
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{fu.} of {fu} that is convergent at every point in D. Let us prove that {f,, }
is uniformly Cauchy. Redefining our indices, we may assume that n; = k for
all k. Let € > 0 be given, and let § be some corresponding number exhibiting
equicontinuity. The balls B(§; r) centered at the members r of D cover S, and
the compactness of S gives us finitely many of their centers 7y, ..., r; such that
any member of § is within § of at least one of ry, ..., 7;. Then choose N with
| fu(rj) — fm(rj)| < eforl < j <[ whenever n and m are > N. If x is in §,
letr(x) be anr; with d(x, r(x)) < §. Whenever n and m are > N, we then have

| fa(xX) — fi (X)]
S fax) = [ur D+ 1 fu(r(x)) = fan(r QO+ | fin (r (X)) — fin (x)]
<€+ €e+e€=3e.

Hence { f5,,} is uniformly Cauchy, and (b) follows since the metric space C (S) is
complete. O

Corollary 2.57. If (S, d) is a compact metric space, then a subset E of C(S)
in the uniform metric has compact closure if and only if E is uniformly bounded
and uniformly equicontinuous.

PROOF. First let us see that if E is uniformly bounded and uniformly equicon-
tinuous, then so is E¢'. In fact, if | f(x)] < M for f € E, then the same thing is
true of any uniform limit of such functions. Hence E*! is uniformly bounded. For
the uniform equicontinuity of ¢, let € be given, and find some § of equicontinuity
for € and the members of E. If f is a limit point of E, we can find a sequence
{f.} in E converging uniformly to f. If d(x, y) < &, then the inequality

|f () = DI S 1) = fuOl + 1) = O+ 1 fa () — £

and the uniform convergence show that we obtain | f (x) — f(y)| < 3e€ by fixing
any sufficiently large . Thus E< is uniformly equicontinuous.

Now suppose that E is a closed subset of C(S) that is uniformly bounded
and equicontinuous. Then Theorem 2.56 shows that any sequence in E has
a subsequence that is convergent in C(S). Since E is closed, the sequence is
convergent in E. Theorem 2.36 then shows that E is compact.

Conversely suppose that E is compact in C(S). Distance from 0 in C(S) is a
continuous real-valued function by Corollary 2.17, and this continuous function
has to be bounded on the compact set E. Thus E is uniformly bounded. For the
uniform equicontinuity, let € > 0 be given. Theorem 2.46 shows that F is totally
bounded. Hence we can find a finite set fi, ..., f; in E such that each member f
of E has sup,.g | f(x) — fj(x)| < € for some j. By uniform continuity of each
fi> choose some number § > 0 such thatd(x, y) < § implies | fi(x) — fi(y)]| < €
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for 1 < i < [. If f; is the member of the finite set associated with f, then
d(x,y) < é implies

Lf @) = fDII= 1) = [+ 1) = [inl +1/;(0) = fF0I] < 3e.

Hence E is uniformly equicontinuous. ([l

The second result about C(S) when § is compact generalizes the Weierstrass
Approximation Theorem (Theorem 1.52) of Section 1.9. We shall make use of a
special case of the Weierstrass theorem in the proof —that |x| is the uniform limit
on [—1, 1] of polynomials P,(x) with P,(0) = 0. This special case was proved
also by a direct argument in Section I.8.

Let us distinguish the case of real-valued functions from that of complex-
valued functions, writing C (S, R) and C (S, C) in the two cases. The theorem in
question gives a sufficient condition for a “subalgebra” of C (S, R) or C(S, C) to
be dense in the whole space in the uniform metric. Pointwise addition and scalar
multiplication make C (S, R) into a real vector space and C (S, C) into a complex
vector space, and each space has also the operation of pointwise multiplication; all
of these operations on functions preserve continuity as a consequence of Corollary
2.29. By asubalgebra of C (S, R) or C(S, C), we mean any nonempty subset that
is closed under all these operations. The space C (S, C) has also the operation
of complex conjugation; this again preserves continuity by Corollary 2.29.

We shall work with a subalgebra of C (S, R) or of C(S,C), and we shall
assume that the subalgebra is closed under complex conjugation in the case of
complex scalars. The closure of such a subalgebra in the uniform metric is again
a subalgebra. To see that this closure is a subalgebra requires checking each
operation separately, and we confine our attention to pointwise multiplication. If
sequences { f,} and {g,} converge uniformly to f and g, then {f,g,} converges
uniformly to fg because

sug | fr(x)gn(x) — f(x)g(x)|
< sup | fu(x)(gn(x) — g(x)| +sup|(fr(x) — f(x))g(x)]

xes xes
< <il£ |fn(x)|)(i2—§ |gn(x)_g(x)|)+<iléls7 Ig(X)I)(iIEIIS) Ifn(x)—f(x)l)

with sup,..¢ |g(x)| finite and sup, ¢ | f, (x)| convergent to sup,..¢ | f (x)].
We say that a subalgebra of C (S, R) or C(S, C) separates points if for each
pair of distinct points x; and x, in S, there is some f in the subalgebra with

fx1) # f(x2).
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Theorem 2.58 (Stone—Weierstrass Theorem). Let (S, d) be a compact metric
space.

(a) If A is a subalgebra of C(S,R) that separates points and contains the
constant functions, then A is dense in C (S, R) in the uniform metric.

(b) If Aisasubalgebraof C (S, C) that separates points, contains the constant
functions, and is closed under complex conjugation, then A is dense in
C (S, C) in the uniform metric.

PROOF OF (a). Let A% be the closure of A in the uniform metric. We recalled
above from Chapter I that |¢] is the limit of polynomials # +— P, (¢) uniformly on
[—1, 1]. It follows that |¢| is the limit of polynomials ¢ +> Q,(t) = M P,(M~'t)
uniformly on [—M, M]. Taking M = sup,.¢|f(x)|, we see that | f] is in Al
whenever f isin A.

Since A is a subalgebra closed under addition and scalar multiplication as
well, the formulas

max{f, g} = %(f—i—g) + %|f — 8l
min{f, g} = 1(f +g) — LIf — gl

show that A% is closed under pointwise maximum and pointwise minimum for
two functions. Iterating, we see that A is closed under pointwise maximum and
pointwise minimum for n functions for any integer n > 2.

The heart of the proof is an argument that if f € C(S,R), x € S,and e > 0
are given, then there exists g, in A such that g, (x) = f(x) and

8x(s) > f(s) —¢

foralls € S. The argumentis as follows: Foreach y € S other than x, there exists
a function in A taking distinct values at x and y. Some linear combination of this
function and the constant function 1 is a function &, in A with 2,(x) = f(x)
and hy(y) = f(y). To complete the definition of A, for all y € S, we set
h, equal to the constant function f(x)1. The continuity of 4, and the equality
hy(y) = f(y) imply that there exists an open neighborhood U, of y such that
hy(s) > f(s) —eforall s € U,. As y varies, these open neighborhoods cover
S, and by compactness of §, finitely many suffice, say Uy, ...U,,. Then the
function g, = max{hy,, ..., hy} has g;(s) > f(s) —eforalls € S. Also, it
has g, (x) = f(x), and it is in A%, since A is closed under pointwise maxima.

To complete the proof of (a), we continue with f € C(S,R) and € > 0 as
above. We shall produce a member A of A such that |h(s) — f(s)| < € for all
s € S. For each x, the continuity of g, and the equality g,(x) = f(x) imply
that there is an open neighborhood V, of x such that g,(s) < f(s) + € for all
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s € Vy. As x varies, these open neighborhoods cover S, and by compactness of
S, finitely many suffice, say Vy,, ... V,,. The function & = min{g,,, ..., gy} has
h(s) < f(s) + € foralls € S, and itis in (A®)* = A, since each g, is in A
Since each g,; has gy, (s) > f(s) — € forall s € §, we have h(s) > f(s) —€ as
well. Thus |h(s) — f(s)] < eforalls € S.

Since € is arbitrary, we conclude that f is a limit point of A", But A is
closed, and hence f is in A", Therefore A% = C(S, R). O

PROOF OF (b). Let Ag be the subset of members of A that take values in R.
Then Ag is certainly closed under addition, multiplication by real scalars, and
pointwise multiplication, and the real-valued constant functions are in Ag. If
f = u +ivisin A and has real and imaginary parts u and v, then f is in A
by assumption, and hence so are u = %(f + f)and v = %(f — f). We are
given that A separates points of S. If x; and x, are distinct points of S with
f(x1) # f(xp), then either u(xy) # u(xy) or v(x;) # v(xyz), and it follows that
A separates points. By (a), Ag is dense in C(S, R). Finally let f = u + iv be
in C(S, C), and let {u,} and {v,} be sequences in Ag converging uniformly to u
and v, respectively. Then {u, + iv,} is a sequence in A converging uniformly to
f. Hence A is dense in C(S, C). O

EXAMPLES.

(1) On a closed bounded interval [a, b] of the line, the scalar-valued polyno-
mials form an algebra that separates points, contains the constants, and is closed
under conjugation. The Stone—Weierstrass Theorem in this case reduces to the
Weierstrass Theorem (Theorem 1.52), saying that the polynomials are dense in
C(la, b]).

(2) Consider the algebra of continuous complex-valued periodic functions
on [—m, 7] and the subalgebra of complex-valued trigonometric polynomials
Zﬁ:/:_ N c,e'™; here N depends on the trigonometric polynomial. Neither the
algebra nor the subalgebra separates points, since all functions in question have
f(=m) = f(r). To make the theorem applicable, we consider the domain of
these functions to be the unit circle of C, parametrized by e'~; this parametriza-
tion is permissible by Corollary 1.45, and continuity is preserved. The Stone—
Weierstrass Theorem then applies and gives a new proof that the trigonometric
polynomials are dense in the space of complex-valued continuous periodic func-
tions; our earlier proof was constructive, deducing the result as part of Fejér’s
Theorem (Theorem 1.59).

(3) Let §”~! be the unit sphere {x e R” | x| = 1} in R*, The restrictions
to §"~! of all scalar-valued polynomials P(xy, ..., x,) in n variables form a
subalgebra of C (5"~ ') that separates points, contains the constants, and is closed
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under conjugation. The Stone—Weierstrass Theorem says that this subalgebra is
dense in C(S"71).

(4) Let S be the closed unit disk {z | |z| < 1} in C. The set A of restrictions to
S of sums of power series having infinite radius of convergence is a subalgebra of
C (S, C) that separates points and contains the constants. However, the continuous
function 7 is not in the closure, because it has integral 0 over S with every member
of A and also with uniform limits on S of members of .A. This example shows the
need for some hypothesis like “closed under complex conjugation” in Theorem
2.58b.

Corollary 2.59. If (S, d) is a compact metric space, then C(S) is separable as
a metric space.

PROOF. It is enough to consider C (S, C), since C (S, R) is a metric subspace
of C (S, C). Being compact metric, S is separable by Proposition 2.33. Let 3 be
a countable base of S. The number of pairs (U, V) of members of B such that
U C V is countable. By Proposition 2.30e, there exists a continuous function
fuv : § — Rsuch that fyy is 1 on U and fyy is 0 on V€. Let us show that
the system of functions fyy separates points of S.

If x; and x; are given, the T property of S (Proposition 2.30a), when combined
with Proposition 2.31, gives us a member V of 3 such that x; isin V and V C
{x2}¢. Since the set V¢ is closed and does not contain x;, the property that S is
regular (Proposition 2.30c) gives us disjoint open sets U; and V| with x; € U;
and V¢ C V). The latter condition means that V 2 V{. By Proposition 2.31
let U be a basic open set with x; € U and U C U;. Then we have x; € U C
U C Ufl C V{ € V and hence also x; € U C U C V. The function fyy is
therefore 1 on x; and O on x;, and the system of functions fy separates points.

The set of all finite products of functions fyy and the constant function 1
is countable, and so is the set D of linear combinations of all these functions
with coefficients of the form q; + ig> with ¢g; and g, rational. The claim is that
this countable set D is dense in C (S, C). The closure of D certainly contains the
algebra A of all complex linear combinations of the function 1 and arbitrary finite
products of functions fyy, and A is closed under complex conjugation. By the
Stone—Weierstrass Theorem (Theorem 2.58), A = C (S, C). Since D*! contains
A, we have C (S, C) = A € (DY)l = D¢ In other words, D is dense. O

11. Completion
If (X, d) and (Y, p) are two metric spaces, an isometry of X into Y is a function

¢ : X — Y that preserves distances: p(¢(x1), ¢(x2)) = d(x1, x;) for all x; and
x; in X. For example, a rotation (x, y) > (x cosd — ysin6, x sinf + y cos ) is
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an isometry of R? with itself. Anisometry is necessarily continuous (with § = €).
However, an isometry need not have the whole range as image. For example, the
map x — (x,0) of R into R? is an isometry that is not onto R2. In the case that
there exists an isometry of X onto Y, we say that X and Y are isometric.

Theorem 2.60. If (X, d) is a metric space, then there exist a complete metric
space (X*, A) and an isometry ¢ : X — X* such that the image of X in X* is
dense.

REMARK. It is observed in Problems 25-26 at the end of the chapter that
(X*, A) and ¢ : X — X™ are essentially unique. The metric space (X*, A) is
called a completion of (X, d), or sometimes “the” completion because of the
essential uniqueness. There is more than one construction of X*, and the proof
below will use a construction by Cauchy sequences that is immediately suggested
if X is the set of rationals and X* is the set of reals.

PROOF. Let Cauchy(X) be the set of all Cauchy sequences in X. Define a
relation ~ on Cauchy(X) as follows: if {p,} and {g,} are in Cauchy(X), then
{Pn} ~ {gn} means limd(py,, g,) = 0.

Let us prove that ~ is an equivalence relation. It is reflexive, i.e., has {p,} ~
{pn}, because d(p,, p,) = O for all n. It is symmetric, i.e., has the property that
{pn} ~ {q.} implies {g,} ~ {p,}, because d(p,, q,) = d(qn, pn)- Itis transitive,
i.e., has the property that {p,,} ~ {g,} and {g,} ~ {r,} togetherimply {p,} ~ {r,},
because

0 <d(pn,ry) <d(Pn,qn) +d(qn, 1n)

and each term on the right side is tending to 0. Thus ~ is an equivalence relation.
Let X* be the set of equivalence classes. If P and Q are two equivalence
classes, we set

A(P, Q) = limd(pn, qn), ()

where {p,} is a member of the class P and {g,} is a member of the class Q. We
have to prove that the limit in () exists in R and then that the limit is independent
of the choice of representatives of P and Q.

For the existence of the limit (x), it is enough to prove that the sequence
{d(pu, gx)} is Cauchy. The triangle inequality gives

and hence d(pn, qn) — d(Pm, Gm) < d(pn, Pm) + d(Gm, gn)- Reversing the roles
of m and n, we obtain

|d(Pny Gn) — d(Pm, qm)| < d(Pn, Pm) +d(Gm, qn).
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The two terms on the right side tend to 0, since {p;} and {g;} are Cauchy, and
hence {d(p,, q,,)} is Cauchy. Thus the limit (x) exists.

We have also to show that the limit (x) is independent of the choice of repre-
sentatives. Let {p,} and {p; } be in P, and let {g,} and {g,} be in Q. Then

d(pn, qn) < d(pa. py) +d(p,.q,) +d(q,,qn).

Since the first and third terms on the right side tend to O and the other terms in
the inequality have limits, we obtain lim, d(p,, g,) < lim, d(p), g,). Revers-
ing the roles of the primed and unprimed symbols, we obtain limd(p,, g,) <
limd(pn, q). Therefore limd(p,, g,) = limd(p,.q,), and A(P, Q) is well
defined.

Let us see that (X*, A) is a metric space. Certainly A(P, P) = 0 and
A(P, Q) = A(Q, P). To prove the triangle inequality

A(P, Q) < A(P,R) + A(R, 0), ()
let {p,} bein P, {g,} bein Q, and {r,} be in R. Since

d(pnv Qn) S d(pn’ rn) + d(rnv Qn),

we obtain (%) by passing to the limit. Finally if two unequal classes P and Q
are given, and if {p,} and {g,} are representatives, then limd(p,, g,) # O by
definition of ~. Therefore A(P, Q) > 0. Thus (X*, A) is a metric space.

Now we can define the isometry ¢ : X — X*. If x is in X, then ¢(x) is the
equivalence class of the constant sequence {p,} in which p, = x for all n. To
see that ¢ is an isometry, let x and y be in X, let p, = x foralln,andletg, =y
for all n. Then A(¢(x), ¢(y)) = limd(p,, q,) = limd(x,y) = d(x, y), and ¢
is an isometry.

Let us prove that ¢(X) is dense in X*. In fact, if P is in X* and {p,} is
a representative, we show that ¢(p,) — P. If ¢(p,) = P for all sufficiently
large n, then P is in ¢(X); otherwise this limit relation will exhibit P as a limit
point of ¢(X), and we can conclude that P is in ¢(X ) in any case. In other
words, ¢(p,) — P implies that ¢(X) is dense. To prove that we actually do
have ¢(p,) — P, lete > 0 be given. Choose N such that k > m > N implies
d(pm, pr) < €. Then A(e(pn), P) = limg d(py,, pr) < € form > N. Hence
lim,, A(¢(p), P) = 0 as required.

Finally let us prove that X* is complete by showing directly that any Cauchy
sequence { P, } converges. Since ¢ (X) is dense in X*, we can choose x,, € X with
A(p(x,), Py) < 1/n. First let us prove that {x,} is Cauchy in X. Let € > 0 be
given, and choose N large enough so that A(P,, P,) < €/3 when n and n’ are
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> N. Possibly by taking N still larger, we may assume that 1/N < €/3. Then
whenever n and n’ are > N, we have

d(x,, xy) = Ap(x,), o(xy))
= A(QD()C”), Pn) + A(Pn» Pn’) + A(Pn’a (p(xn’))
1 1 1 1
SptstysSytity<stits=e

Thus {x,} is Cauchy in X. Let P € X* be the equivalence class to which {x,}
belongs. We prove completeness by showing that P, — P. Let € > 0 be given,
and choose N large enough so thatr > n > N implies d(x,, x,) < €/2. Possibly
by taking N still larger, we may assume that % < 5. Thenr > n > N implies

A(Py, P) < A(Pa, 9(i)) + Alp(x,), P) < L 4 1imd(x, x) < §+§ =e.

Thus P, — P. Hence every Cauchy sequence in X* converges, and X* is
complete. U

An important application of Theorem 2.60 for algebraic number theory is
to the construction of the p-adic numbers, p being prime. The metric space
that is completed is the set of rationals with a certain nonstandard metric. This
application appears in Problems 27-31 at the end of this chapter.

12. Problems

1. Asin Example 9 of Section 1, let S be a nonempty set, fix an integer n > 0, and
let X be the set of n-tuples of members of S. For n-tuples x = (x1, ..., x,) and
y=1,-.., ), defined(x,y) = #{j | x; # y;}, the number of components in
which x and y differ. Prove that d satisfies the triangle inequality, so that (X, d)
is a metric space.

2. Prove that a separable metric space is the disjoint union of a countable open set
and a closed set in which every point is a limit point.

3. Give an example of a function f : [0, 1] — R for which the graph of f, given
by {(x, £(x))| 0 < x < 1},isaclosed subset of R? and yet f is not continuous.
4. If A is a dense subset of a metric space (X, d) and U is open in X, prove that
UcC(ANU).
5. Let (X, d) be a metric space, let U be an open set, and let E; D E; D --- be a
decreasing sequence of closed bounded sets with (2, E, € U.
(a) For X equal to R", show that Ey € U for some N.
(b) For X equal to the subspace Q of rationals in R!, give an example to show
that Ey C U can fail for every N.



132 11. Metric Spaces

6. Let F: X xY — Z be afunction from the product of two metric spaces into a
metric space.
(a) Suppose that (x, y) — F(x, y) is continuous and that Y is compact. Prove
that F (x, -) tends to F(xg, - ) uniformly on Y as x tends to xg.
(b) Conversely suppose — F(x,y) is continuous except possibly at points
(x,¥) = (x0, y), and suppose that F(x,-) — F(xg,-) uniformly. Prove
that F is continuous everywhere.

7. Give an example of a continuous function between two metric spaces that fails
to carry some Cauchy sequence to a Cauchy sequence.

8. (Contraction mapping principle) Let (X, d) be a complete metric space, let
r be anumber with0 <r < 1,andlet f : X — X be a contraction mapping,
i.e., a function such that d(f (x), f(y)) < rd(x, y) forall x and y in X. Prove
that there exists a unique xo in X such that f(xo) = xo.

9. Prove that a countable complete metric space has an isolated point.

10. A metric space (X, d) is called locally connected if each point has arbitrarily
small open neighborhoods that are connected. Let C be a Cantor set in [0, 1], as
described in Section 9, and let X C R? be the union of the three sets C x [0, 1],
[0, 1] x {0}, and [0, 1] x {1}. Prove that X is compact and connected but is not
locally connected.

Problems 11-13 concern the relationship between connected and pathwise connected.
It was observed in Section 8 that pathwise connected implies connected. A metric
space is called locally pathwise connected if each point has arbitrarily small open
neighborhoods that are pathwise connected.

11. Prove that a metric space (X, d) that is connected and locally pathwise connected
is pathwise connected.

12. Deduce from the previous problem that for an open subset of R”, connected
implies pathwise connected.

13. Prove that any open subset of R! is uniquely the disjoint union of open intervals.

Problems 14—17 concern almost periodic functions. Let f : R! — C be a bounded
uniformly continuous function. If € > 0, an € almost period for f is anumber ¢ such
that | f(x +1) — f(x)| < € for all real x. A subset E of R! is called relatively dense
if there is some L > 0 such that any interval of length > L contains a member of E.
The function f is Bohr almost periodic if for every € > 0, its set of € almost periods
is relatively dense. The function f is Bochner almost periodic if every sequence of
translates { f; }, where f;(x) = f(x + t), has a uniformly convergent subsequence.
Any function x > ¢/“* with c real is an example.

14. Asusual, let B (Rl , C) be the metric space of bounded complex-valued functions

on R! in the uniform metric. Show that the subspace of bounded uniformly
continuous functions is closed, hence complete.
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15. Show that a bounded uniformly continuous function f : R! — C is Bohr almost
periodic if and only if the set { f; | # € R!} is totally bounded in B(R!, C).

16. Prove that a bounded uniformly continuous function f : R! — C is Bohr almost
periodic if and only if it is Bochner almost periodic. Thus the names Bohr and
Bochner can be dropped.

17. Prove that the set of almost periodic functions on R! is an algebra closed under
complex conjugation and containing the constants. Prove also that it is closed
under uniform limits.

Problems 18-20 concern the special case whose proof precedes that of the Stone—
Weierstrass Theorem (Theorem 2.58). In the text in Section 10, this preliminary
special case was the function |x| on [—1, 1], and it was handled in two ways—in
Section 1.8 by the binomial expansion and Abel’s Theorem and in Section 1.9 as a
special case of the Weierstrass Approximation Theorem. The problems in the present
group handle an alternative preliminary special case, the function /x on [0, 1]. This
is just as good because |x| = Va2,

18. (Dini’s Theorem) Let X be acompact metric space. Supposethat f,, : X — R
is continuous, that fj < f, < f3 < ---, and that f(x) = lim f,(x) is
continuous and is nowhere +o0o. Use the defining property of compactness
to prove that f,, converges to f uniformly on X.

19. Define a sequence of polynomial functions P, : [0, 1] — R by Py(x) = 0 and
Py (x) = Py(x) + $(x — Py(x)%). Prove that0 = Py < Py < P, < -+ <
/%X < 1 and that lim,, P, (x) = /x for all x in [0, 1].

20. Combine the previous two problems to prove that +/x is the uniform limit of
polynomial functions on [0, 1].

Problems 21-24 concern the effect of removing from the Stone—Weierstrass Theorem
(Theorem 2.58) the hypothesis that the given algebra contains the constants. Let (S, d)
be a compact metric space, and let .4 be a subalgebra of C (S, R) that separates points.
There can be no pair of points {x, y} such that all members of .4 vanish at x and y.

21. If for each s € S, there is some member of A that is nonzero at s, prove in the
following way that A is still dense in C(S, R): Observe that the only place in
the proof of Theorem 2.58a that the presence of constant functions is used is in
the construction of the function £, in the third paragraph. Show that a function
hy still exists in A with hy,(x) = f(x) and hy(y) = f(y) under the weaker
hypothesis that for each s € S, there is some member of A that is nonzero at s.

22. Suppose that the members of A all vanish at some s in S. Let B = A+ RI,
so that Theorem 2.58a applies to 3. Use the linear function L : C(S,R) - R
given by L(f) = f(so), together with the fact that B! = C (S, R), to prove that
A is uniformly dense in the subalgebra of all members of C (S, R) that vanish
at so.
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23. Adapt the above arguments to prove corresponding results about the algebra
C (S, C) of complex-valued continuous functions.

24. Let Cy([0, +00), R) be the algebra of continuous functions from [0, +00) into
R that have limit O at +o0.
(a) Prove that the set of all finite linear combinations of functions e~ for
positive integers 7 is dense in C ([0, +00), R).
(b) Suppose that f is in Cy([0, +00), R), that f(x) = O for x > b, and that
fob fx)e ™™ dx = 0 for all integers n > 0. Prove that f is the O function.

Problems 25-26 concern completions of a metric space. They use the notation of

Theorem 2.60. The first problem says that the completion is essentially unique, and

the second problem addresses the question of what happens if the original space is

already complete; in particular it shows that the completion of the completion is the
completion.

25. Suppose that (X, d) is a metric space, that (X7, A1) and (X%, Aj) are complete
metric spaces, and that ¢; : X — X7 and ¢ : X — X7 are isometries such that
@1(X) isdense in X T and ¢ (X) is dense in X ;‘ Prove that there exists a unique
isometry ¥ of X7 onto X7 such that ¢ = v/ o ¢1.

26. Prove that a metric space X is complete if and only if X* = X, i.e., if and only
if the standard isometry ¢ of X into its completion X* is onto.

Problems 27-31 concern the field Q, of p-adic numbers. The problems assume

knowledge of unique factorization for the integers; the last problem in addition

assumes knowledge of rings, ideals, and quotient rings. Let Q be the set of rational
numbers with their usual arithmetic, and fix a prime number p. Each nonzero rational

number 7 can be written, via unique factorization of integers, as r = mp*/n with p

not dividing m or n and with k a well-defined integer (positive, negative, or zero).

Define |r|, = p~k. Forr = 0, define |0], = 0. The function | - |, plays a role in

the relationship between Q and Q,, similar to the role played by absolute value in the

relationship between Q and R.

27. Prove that | - |, on Q satisfies (i) |r|, > 0 with equality if and only if r = 0,
() | = rlp = Irlp, Gid) |rslp = |rlplslp, and (iv) [r + s]p < max{|r|p, [s]p}.
Property (iv) is called the ultrametric inequality.

28. Show that (Q, d) is a metric space under the definition d(r, s) = |r — s|.

29. Let (Qp, d) be the completion of the metric space (Q, d). Since |r|, can be
recovered from the metric by |r|, = d(r,0), the function | - |, extends to a
continuous function | - |, : Q, — R.

(a) Using Proposition 2.47, show that addition, as a function from Q x Q to Q,,
extends to a continuous function from Q, x Q, to Q,. Argue similarly that
the operation of passing to the negative, as a function from Q to Q,, extends
to a continuous function from Q, to Q,. Then prove that Q, is an abelian
group under addition.



30.

31.

(b)

©)

(d)

()
(b)

12. Problems 135

Show that multiplication, as a function from Q x Q to Q,, extends to a
continuous function from Q, x @, to Q,. (This part is subtler than (a)
because multiplication is not uniformly continuous as a function of two
variables.)

Let Q* = Q — {0} and Q; = Q, — {0}. Show that the operation of
taking the reciprocal, as a function from Q* to QX , extends to a continuous
function from Q,; to itself. Then prove that Q; is an abelian group under
multiplication.

Complete the proof that @, is a field by establishing the distributive law
t(r +s) = tr +ts within Q,.

Prove that the subset {t € Qp | ltlp < 1} of Qp, is totally bounded.

Prove that a subset of Q, is compact if and only if it is closed and bounded.

Prove that the subset Z,, of Q, with |x|, < 1is a commutative ring with identity,
that the subset P with |x|, < p~!is an ideal in Z,, and that the quotient Z, / P
is a field of p elements.





