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CHAPTER XII

Hilbert and Banach Spaces

Abstract. This chapter develops the beginnings of abstract functional analysis, a subject designed
to study properties of functions by treating the functions as the members of a space and formulating
the properties as properties of the space.

Section 1 defines Banach spaces as complete normed linear spaces and gives a number of examples
of these. The space of bounded linear operators from one normed linear space to another is a normed
linear space, and it is a Banach space if the range is a Banach space.

Sections 2-3 concern Hilbert spaces. These are Banach spaces whose norms are induced by
inner products. Section 2 shows that closed vector subspaces of such a space have orthogonal
complements, and it shows the role of orthonormal bases for such a space. Section 3 concentrates
on bounded linear operators from a Hilbert space to itself and constructs the adjoint of each such
operator.

Sections 4-6 prove the three main abstract theorems about the norm topology of general normed
linear spaces—the Hahn—Banach Theorem, the Uniform Boundedness or Banach—Steinhaus Theo-
rem, and the Interior Mapping Principle. A number of consequences of these theorems are given.
The second and third of the theorems require some hypothesis of completeness.

The topic of Hilbert and Banach spaces continues in Chapter IV of the companion volume,
Advanced Real Analysis.

1. Definitions and Examples

Functional analysis puts into practice an idea from the early twentieth century,
that sometimes properties of functions become clearer when the functions are
regarded as the members of a space and the properties are formulated as properties
of the space. We encountered some simple examples of this situation already in
Chapter Il in the examples of metric spaces. Uniform convergence was encoded in
the metric on spaces of functions, and other kinds of convergence were captured by
other metrics. In Chapter V we introduced the spaces L' (X), L?>(X), and L*>°(X)
of functions (or really equivalence classes of functions), all of which were proved
to be complete. The property of completeness was a useful property of the space
as a whole that led, for one thing, to the Riesz—Fischer Theorem in Chapter VI.
More complicated properties led us to various kinds of differentiability of integrals
in R” in Chapters VI and IX and to boundedness of the Hilbert transform in
Chapter IX. The development of measure theory on locally compact Hausdorff
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1. Definitions and Examples 571

spaces in Chapter XI rested on an analysis of positive linear functionals on the
space of continuous functions of compact support.

The different spaces—of functions, measures, and whatever else —that arise
in this way have some properties in common, and we study them in this chapter in
a setting that emphasizes these common properties. We shall work with normed
linear spaces, which were defined in Section V.9. With such spaces the field of
scalars IF can be either R or C. Recall then that a normed linear space X is a
vector space over F with a norm, i.e., a function || - || from X to [0, +00) such
that ||x|| > O with equality if and only if x = O, ||cx|| = |c|||x|| if ¢ is a scalar, and
lx + ¥l < |lx|l 4+ |l¥]l. The norm yields a metric d(x, y) = ||x — y||, and we can
then speak of the norm topology on X. Proposition 5.55 showed that addition and
scalar multiplication are continuous, that the closure of any vector subspace of X
is a vector subspace, and that the set of all finite linear combinations of members
of a subset S of X is dense in the smallest closed subspace containing S.

Completeness plays an increasingly important role as one studies such spaces,
and it is customary to introduce a definition to incorporate this notion: a normed
linear space X is a Banach space if X is complete as a metric space. The metric-
space completion of a normed linear space is automatically a normed linear space
that is complete, hence is a Banach space.

Let us consider some examples of normed linear spaces, some old and some
new. Except as indicated, they will all be Banach spaces.

EXAMPLES.

(1) Euclidean space R" and complex Euclidean space C", written briefly as
[F". The space consists of n-tuples of scalars a = (ay, ..., a,) with ||a| equal
to the Euclidean norm |a| of Section II.1, namely |la|| = (ZZ:] |ak|)1/2. It was

remarked in Section I1.7 that these spaces are complete, hence are Banach spaces.

(2) Finite-dimensional normed linear spaces. It can be shown that each finite-
dimensional normed linear space X is complete.! In fact, any linear map carrying
a vector-space basis of X to a vector-space basis of some F”, normed as in the
previous example, can be shown to be uniformly continuous with a uniformly
continuous inverse, and the completeness of X follows.

(3) B(S), the space of bounded scalar-valued functions on a nonempty set S
with the supremum norm, defined in Section II.1. Proposition 2.44 establishes
the completeness.

(4) C(S), the space of bounded continuous scalar-valued functions on a metric
space or topological space S, defined in Section 1.4 in the metric case and Section
X.5 in general. The norm is the supremum norm. Corollary 2.45 and Proposition
10.30 establish the completeness of C (S). When S is locally compact Hausdorff,

I'Section V.1 of the companion volume, Advanced Real Analysis, proves a more general result.



572 XII. Hilbert and Banach Spaces

we defined Cy(S) in Section XI.4 to be the subspace of C(S) of all members
vanishing at infinity. This is complete. However, the subspace Ceom(S) of
continuous scalar-valued functions of compact support is usually not complete.

(5) LP(S, A, ), the space of equivalence classes of p™-power integrable
functions on a measure space (S, .4, u). This is a normed linear space for
I < p < oo with norm || f[l, = ([s1f(s)I? du(s))l/p. These spaces were
introduced in Section V.9 for p = 1 and p = 2 and in Section IX.1 for general p.
Theorem 5.59 established the completeness for p = 1 and p = 2, and Theorem
9.6 established the completeness for general p.

(6) L*>(S, A, n), the space of equivalence classes of essentially bounded
functions on a measure space (S, .A, u). This is a normed linear space with
norm the essential supremum norm. This space was introduced in Section V.9
and was proved to be complete in Theorem 5.59.

(7) Sequence spaces c, ¢y, and ¢P and €7 for 1 < p < oo. These are
special cases of various examples above. The space £5 is LP(S, A, u) when
S =1{1,2,...,n}, Aisthe set of all subsets, and p is counting measure, the norm
being [|(a1, ..., @)l = (X1, lax|?) """ if p < oo and being |[(ar, .- ., an)|| =
max| <<, |ax| if p = oo. The space £} specializes to F” when p = 2. The
space £” is the version of £5 when S is the set of positive integers; the members
of this space are thus all sequences for which the norm is finite. The sequence
spaces ¢ and cg can be regarded as subspaces of C (S) when S is the set of positive
integers. The space ¢ consists of all convergent sequences, and ¢y is the space of
sequences vanishing at infinity; in both cases the norm is the supremum norm.
All these examples are Banach spaces. They tend to be useful in testing guesses
about properties of normed linear spaces. We shall not need them explicitly, and
this traditional notation for them will not recur after the end of this section.

(8) M(S), S being a compact Hausdorff space. This is the space of regular
Borel signed or complex measures on S, introduced as M (S, R) or M(S, C) in
Section XI.4. The norm is the total-variation norm. Theorems 11.26 and 11.28
identify these spaces with duals of spaces of continuous functions, and Proposition
12.1 below will show that they are complete as a consequence.

9) CV(la, b)), the space of scalar-valued functions on a bounded interval
[a, b] with N bounded derivatives, the norm being

N

A=Y sup [fPs)l.
j:] a<s<b

It is shown in Problem 2 at the end of the chapter that this space is complete. This

space is an indication of how normed linear spaces can carry information about
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derivatives. Indeed, normed linear spaces carrying information about derivatives
play a significant role in the subject of partial differential equations.?

(10) H*®(D), the space of bounded functions in the open unit disk D =
{|z] < 1} in C such that the function is given by a convergent power series. The
norm is the supremum norm. It is shown in Problem 3 at the end of the chapter
that this space is complete.

(11) A(D), the space of bounded continuous functions on the closed unit disk
whose restriction to the open unit disk is given by a convergent power series. The
norm is the supremum norm. It is shown in Problem 3 at the end of the chapter
that this space is complete.

Two further kinds of normed linear spaces are worth mentioning now. One is
that any real or complex inner-product space X in the sense of Section II.1 gives
an example of a normed linear space. Recall that an inner product on X is a
function (-, -) from X x X to [ that is linear in the first variable, is conjugate
linear in the second variable, is symmetric if F = R or Hermitian symmetric if
F = C, and has (x, x) > 0 for all x with equality if and only if x = 0. Such
an inner product satisfies the Schwarz inequality |(x, y)| < (x, x)'/?(y, y)'/?,
according to Lemma 2.2, and then the definition || x| = (x, x)!/?> makes X into a
normed linear space, according to Proposition 2.3.

As anormed linear space, an inner-product space may or may not be complete.
Any space LZ(S, A, w), with (f, g) = fs fgdu, is an example in which the
associated normed linear space is complete. An inner-product space whose
associated normed linear space is complete is called a Hilbert space.

The other kind of normed linear space worth mentioning now involves bounded
linear operators. Recall from Section V.9 that a linear function L : X — Y
between two normed linear spaces with respective norms || - ||y and || - ||, is
often called a linear operator. Proposition 5.57 showed that a linear operator
L is continuous at a point if and only if it is continuous everywhere, if and
only if it is uniformly continuous, if and only if it is bounded in the sense that
IL(x)|ly < M|x]||y for some constant M and all x in X. The least such constant
M is called the operator norm of L, written ||L|. We can define addition and
scalar multiplication on bounded linear operators from X to Y by addition and
scalar multiplication of their values:

(L1 +Lo)(x) = Li(x) + L2(x)  and  (cL)(x) = cL(x).
Then L; + L, and cL are linear operators by the elementary theory of vector

2This is one of the themes of the companion volume, Advanced Real Analysis.
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spaces, and the inequalities

(L1 4+ L) )ly = [[1L1(x) + Loy < IL1()ly + [L2) ]y
< ILallllxlly + NL2lllxlly = AL+ 20D x

and [(cLYD)ly = llcLX)ly = lelILE) Ny < [ellILIIx]x

show that L; + L, and cL are bounded with ||L + L;| < ||Lq|| + ||L2|| and
llcL|l < |c||IL|. Applying the latter conclusion to ¢~' when ¢ # 0 gives || L|| =
le eIl < lel™"eLll < lel™MellIL] = |IL |, and we conclude that [|cL|| =
|c|||L||. Since it is plain that | L|| > O with equality if and only if L = 0, the set
of bounded linear operators from X to Y, with the operator norm, is a normed
linear space. We denote this normed linear space by B(X, Y).

Proposition 12.1. If X and Y are normed linear spaces and if Y is complete,
then the normed linear space B(X, Y) is a Banach space.

REMARKS. In the special case in which Y is the set F of scalars, the linear
operators are called linear functionals, in terminology we have used repeatedly.
The normed linear space F = F! is complete, and therefore the normed linear
space of bounded linear functionals on X is a Banach space. The space of
bounded linear functionals is called the dual space of X and is denoted by X*.
More explicitly the norm of an element x* of X* is’

Il = sup |x*(x)].
i<t

Proposition 12.1 is implicitly saying that X* is always complete.

PROOF. Let {L,} be a Cauchy sequence in B(X, Y). Since in any metric space
the members of a Cauchy sequence are at a bounded distance from any particular
element, the sequence {||L,||} is bounded. Let C = sup,, || L,|l.

If x is in X, then {L,(x)} is a Cauchy sequence since || L, (x) — L,(x)[l, <
| Lm—Lyllllx]lx. By completenessof Y, L(x) = lim, L,(x) exists. Continuity of
addition and scalar multiplicationin X implies that L (x +x") = lim,, L, (x+x") =
lim,(L,(x) + L,(x")) = lim, L,(x) + lim, L,(x") = L(x) + L(x’) and that
L(cx) = lim, L, (cx) = lim,(cL,(x)) = clim, L,(x) = cL(x). Therefore L is
a linear operator.

3 A superscript * has also been used in this book to indicate a one-point compactification, but
there need never be any confusion about this notation. One-point compactifications arise in practice
only for locally compact Hausdorff spaces, and one can show that a normed linear space is locally
compact only if it is finite dimensional, For finite-dimensional normed linear spaces it is always
clear from the context whether * refers to the dual space or to the one-point compactification.
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For boundedness of L, we have ||[L,(x)|ly < [IL,|lllx]ly < Cllx|ly for all n.
Hence continuity of the norm function implies that || L(x)[|, = | lim L,(x)|l, <
liminf, ||L,(x)|l, < Cllx|ly,and L is bounded with ||L|| < C.

To complete the proof, we show that ||L,, — L|| — 0. Assuming the contrary,
we can pass to a subsequence and then change notation so that ||L, — L| > €
for some € > O for all n. Then for each n, we can find x,, in X with |lx,], =1
such that ||L,(x,) — L(x,)|ly > €/2. Choose and fix N so that m > N implies

ILy — L] <€/4. Whenever m > N, the triangle inequality gives

ILm(xn) = Lxp)lly = 1Ly (xn) = Lew)lly = 1Ly (xn) — Lin(xn) [ly

> 5 —|ILy — Lullllxnllxy =5 — 1Ly — Lull = 5,
in contradiction to the fact that lim,, L,,(xny) = L(xy). ]

EXAMPLES OF DUAL SPACES.

(1) LP(S, A, u)* = LP/(S, A, ) if 1 < p < oo, u is o-finite, and p’ is the
dual index with % + % = 1, according to the Riesz Representation Theorem
(Theorem 9.19). Specifically to each x* in L?(S, A, )* corresponds a unique g
in L7 (S, A, ) with x*(f) = fs fgdu forall fin LP(S, A, ), and this g has
lx*I = llgll o It can be shown that the hypothesis of o-finiteness of © can be
dropped if 1 < p < oo, but Problem 4 at the end of Chapter IX shows that the
hypothesis cannot be completely dropped for p = 1.

(2) (€2)* = ¢ and (€P)* = ¢7 for 1 < p < oo if p’ is the dual index. This
is a special case of Example 1. In particular, the first of these duality results for
p = 2 says that (R")* = R" and (C")* = C".

(3) C(S)* = M(S) if S is a compact Hausdorff space, according to Theorems
11.26 and 11.28. Specifically to each x* in C(S)* corresponds a unique o in
M(S) withx*(f) = fs fdpforall fin C(S), and this p has ||x*|| = ||p]|. Since
M (S) is in this way identified as the dual space of some normed linear space, it
follows from Proposition 12.1 that M (S) is a Banach space.

4) () = E,ll and (cp)* = ¢!, The isomorphism (£°)* = K,ll is the special
case of Example 3 in which § = {1, ..., n}. To see the isomorphism (cg)* = ¢!,
we take S to be the set of positive integers and form the one-point compactification
S*. The continuous scalar-valued functions on S*, with their supremum norm,
can be identified with the normed linear space ¢ of convergent sequences. Thus
Example 3 in this setting says that ¢* = M(S*). The members of ¢y are the
members of ¢ that vanish at oo, and any point mass at co in a member of M (S*)
has no effect on the subspace c. It readily follows that the dual of ¢y consists of
the members of M (S*) with no point mass at co, and these elements, with their
norm, may be identified with £!.



576 XII. Hilbert and Banach Spaces

From one point of view, Hilbert spaces are particularly simple Banach spaces,
and we shall study them first. The geometry of Hilbert space will be the topic of
the next section, and the section after that will give a brief introduction to bounded
linear operators from a Hilbert space to itself.

2. Geometry of Hilbert Space

Hilbert spaces were defined in Section 1 as complete normed linear spaces whose
norms arise from an inner product. Euclidean space R" and complex Euclidean
space C" are examples, and every space L?(S, A, u) with (f, g) = [ fgdu
is a Hilbert space. We shall see in this section that every Hilbert space shares
many geometric facts in common with the finite-dimensional examples R" and
C". The expansion of square integrable functions on [—, 7] in Fourier series
will be seen to be an example of expansion of all members of a Hilbert space in
terms of an “orthonormal basis.”

Let H be a real or complex Hilbert space with inner product (-, -) and with
norm || - || given by |lu|| = (u,u)'"/?. Lemma 2.2 shows that H satisfies the
Schwarz inequality

[(u, V)| < |lu|l|v|l forall u and v in H.
The Schwarz inequality implies the estimate
|(u, v) = (o, vo)| < [(u—uo, vV)|+I[(uo, v—20)| < lu—uollllvll+lluollllv—2oll,

from which it follows that the inner product is a continuous function of two
variables.
We shall make frequent use of the formula

lu + vl* = llull* + 2Re(u, v) + [[v]|?,

which is what one combines with the Schwarz inequality to prove the triangle
inequality for the norm. With the additional hypothesis that (u, v) = 0, this
formula reduces to the Pythagorean Theorem

2 2 2
w4+ vl1* = llull” + o]l

Direct expansion of the norms squared in terms of the inner product shows that
H satisfies the parallelogram law

lu + vl|> + [lu — v]|> = 2|jul|®> + 2||lv|>  forall u and v in H.

Actually, there is a converse to this formula, due to Jordan and von Neumann,
whose details are left to Problems 19-24 at the end of the chapter: a Banach space
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is a Hilbert space if its norm satisfies the parallelogram law. The idea is that the
inner product in a Hilbert space can be computed from the identity

1
(,v) = 7 ijik lu + i*vl|?,

where the sum extends for k € {0, 2} if the scalars are real and extends for
k € {0, 1,2, 3} if the scalars are complex. This identity goes under the name
polarization. For the result of Jordan and von Neumann, one defines (u, v) by this
formula, shows that the result is an inner product, and proves that ||u||> = (u, u).

The following lemma, which makes use of the completeness, is the key to all
the geometry.

Lemma 12.2. If M is a closed vector subspace of the Hilbert space H and if
u is in H, then there is a vector v in M with

lu —v|| = inf ||u — w].
weM

REMARK. Examination of the proof will show that we do not make full use
of the assumption that M is closed under addition and scalar multiplication, only
that M is closed under passage to convex combinations, i.e., that x and y in M
imply that tx 4+ (1 — t)y is in M for all  with 0 < ¢ < 1. Thus it is enough to
assume that M is a closed convex set, not necessarily a closed vector subspace.

PROOF. Let d = infy,ey |lu — w]|, and choose a sequence {w,} in M with
|lu — w,| — d. By the parallelogram law,

12u — (wy + w) I* 4w — wll> = 2(llu — walI* + llu — w,||*) — 4d>.
Since %(w” + w,,) isin M,
120 — (W, + wa) I* = 4lu — $(w, + w)|1* > 4d°.

We conclude that ||w, — w,||> = 0, and {w,} is Cauchy. By completeness of
H, {w,} is convergent. If v = lim w,, then v is in M since M is topologically
closed. Since ||u — w, || — d, continuity of the norm gives ||lu — v|| = d. O

Two vectors u and v in H are said to be orthogonal if (u, v) = 0. The set of
all vectors orthogonal to a subset M of H is denoted by M. In symbols,

M*={ueH]|@u,v)=0foralve M.

We see by inspection that M+ is a closed vector subspace. Moreover, MNM~+ = 0
since any u in MN M~ musthave (u, u) = 0. The subspace M~ will be of greatest
interest when M is a closed vector subspace, as a consequence of the following
proposition.
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Proposition 12.3 (Projection Theorem). If M is a closed vector subspace of
the Hilbert space H, then every u in H decomposes uniquely as u = v + w with
vin M and w in M*.

REMARKS. One writes H = M @ M~ to express this unique decomposition
of vector spaces. Because of this proposition, M is often called the orthogonal
complement of the closed vector subspace M. It is essential that M be closed
in this proposition. In fact, consider the vector subspace M of polynomials in
L?([0, 1]). This is dense as a consequence of the Weierstrass Approximation
Theorem, and consequently no L? function other than 0 can be in M*. Thus not
every member of L? is the sum of a member of M and a member of M=,

PROOF. Uniqueness follows from the fact that M N M+ = 0. For existence let
u be in H, and choose v in M by Lemma 12.2 with ||u — v|| = inf,ep ||lu — w]|.
If m is any member of M with ||m| = 1, then the vector v + (¥ — v, m)m is in
M and the formula ||x — y||?> = ||x]|> — 2Re(x, y) + ||v||> gives

2 2
lu—vll” <llu—v—(u—v,mm
2 2 2
= llu —v||* =2/ — v, m)|” + [(u — v, m)|

2 2
= llu = vlI* = [(u — v, m)|".

Hence (u — v, m) = 0. Since every nonzero member of M is a scalar multiple of
a member with ||m|| = 1, u — visin ML O

Corollary 12.4. If M is a closed vector subspace of the Hilbert space H, then
M+ =M.

PROOF. From the definition we see that M € ML+, If uisin ML+, write u =
m+m=* withm € M andm* € M~ by Proposition 12.3. Then0 = m™+ (m —u)
with m* € M+ and m —u € M*L. By the uniqueness in the decomposition
H = M+ @® M+ of Proposition 12.3, m* = 0 and m —u = 0. Therefore u = m
isin M, and M+ = M. J

Theorem 12.5 (Riesz Representation Theorem). If £ is a continuous linear
functional on the Hilbert space H, then there exists a unique v in H with £(u) =
(u, v) for all v in H. This vector v has the property that ||£] = ||v]|.

REMARKS. It is instructive to compare this result with the version of the
Riesz Representation Theorem in Theorem 9.19, which applies to L”(S, A, n)
for 1 < p < oo and in particular to L?(S, A, ). That theorem associates to a
continuous linear functional £ on this L? space a member g of the space such that
o=/ s fgdu forall f in the space. The present theorem, applied with H =
L%(S, A, 1), instead yields a member v of the space such that £( f) = f s fodu
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for all f in the space. The connection, of course, is that the function g is v. The
space L2(S, A, w) has a canonically defined notion of complex conjugation, but
an abstract Hilbert space does not. Because of the existence of this canonical
conjugation, Theorem 9.19 gives us a canonical linear isometry of L2(S, A, u)*
onto L2(S, A, i), whereas Theorem 12.5 gives us a canonical isometry that is
merely conjugate linear.

PROOF. Uniqueness is immediate since if (u, v) = 0 for all u, then (#, v) =0
for u = v, and hence v = 0. Let us prove existence. If £ = 0, take v = 0.
Otherwise let M = {u | £(u) = 0}. This is a vector subspace since ¢ is linear,
and it is closed since £ is continuous. By Proposition 12.3 and the fact that M is
not all of H, M~ contains a nonzero vector w. This vector w must have £(w) # 0
since M N M+ = 0, and we let v be the member of M~ given by

£(w)
v = S w.
lwl|
For any u in H, we have E(u — f((l’;)) w) =0, and hence u — f((u"))) wisin M. Since

visin M+, u — f((]'fj)) w is orthogonal to v. Thus
) ot Ty N, ) wlP
@ = (g *) = (T ™ Tule ) =4 Gy e = "

This proves existence.

For the norm equality every u in H has [£(u)| = |(u,v)] < |lu|lv]| by
the Schwarz inequality. Taking the supremum over all # with |ju|| < 1 gives
[I€]l < |lv]l. On the other hand, |(u, v)| = [€(u)| < ||£||||l#]; putting u = v gives
vl < [I€]l. Thus [[£]] = [[v]|. U

A subset S of H is orthonormal if each vector in S has norm 1 and if each
pair of distinct vectors in § is orthogonal. For example, relative to the inner
product (f, g) = % f; fgdx, the functions x +> e"™* are orthonormal as n
varies through the integers. An orthonormal set S is linearly independent; in
fact, if vy, ..., v, are members of S with Zi c;v; = 0, then the computation
0= (vj, > civi) =Y, ci(vj, v;) = ¢jlvjl|* = ¢j shows that ¢; = 0 for all j.

We encountered other examples of orthogonal sets, beyond the functions e~
in Chapter IV in connection with solving certain ordinary differential equations.
Such an orthogonal set becomes orthonormal when each member is scaled by
the reciprocal of its norm. One example was the system of Legendre polyno-
mials P,(x), which were introduced in Section IV.8: the differential equation
(1 —1%)y" —2ty’ +n(n+ 1)y = 0 has polynomial solutions y(¢) that are unique
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up to a scalar, and P, (¢) is a suitably normalized polynomial solution, necessarily
of degree n. These can be shown to be orthogonal* in L>([—1, 1], dt).
Another example was constructed from the Bessel function

o 2n

Jo<t)=Z( 1)"22,,( R

n=0

which was defined in Section I'V.8. There are infinitely many distinct positive real
numbers k, such that Jy(k,) = O, and it can be shown that the functions
x = Jo(k,x) are orthogonal® in L%([0, 1], x dx).

If an ordered set of n linearly independent vectors in H is given, the Gram—
Schmidt orthogonalization process, which appears in Problem 6 at the end of
the present chapter, gives an algorithm for replacing the set with an orthonormal
set having the same linear span.

Let M be a closed vector subspace of H, so that H = M @ M+ by Proposition
12.3. The linear projection operator E of H on M along M+, given by the identity
on M and the 0 operator on M, is called the orthogonal projection of A on M.
The linear operator E is bounded with | E|| < 1 because if u € H decomposes
as u = m + m™*, the Pythagorean Theorem gives

2 1yy12 2 2 12 2
IE@N" = 1Em +m>)|* = |lm|” < [[m|* 4 [lm={|" = [ju]l".
We are going to derive a formula for E in terms of orthonormal sets.

Lemma 12.6. If {u;} is an orthonormal sequence in the Hilbert space H
and if {c;} is a sequence of scalars, then Z;’il cju;j converges if and only if
Y72 lej* < oo, and in this case

|25 o] = (Eer) ™

When the series converges, the sum Zfil c;ju; is independent of the order of the
terms.

PROOF. For m > n, we have
|, cus)? = (X, e, X0y cjug) = X5 5 eidi(ugoug) = S, lej P

This shows that the sequence{ e i} is Cauchy in H ifandonlyif -7 |¢;|*
is convergent, and the first conclusion follows since H is complete. When

4The verification appears in the problems in the companion volume, Advanced Real Analysis.
5 Again the verification appears in the problems in the companion volume, Advanced Real
Analysis.
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{ Zjl.;l cju j} is convergent, we denote its limit by Z;'il cjuj, and continuity
of the norm yields || Z;; cjujll = lim,, || Z;’:l cjujll. Since we have seen that
1327 cjujll = ( i |cj|2)1/2, the second conclusion of the lemma follows.

Letu =) j Cjlj,andlet > i Cj.uj, be arearrangement, necessarily convergent
by what has already been proved. Suppose that the rearrangement has sum u’. The
equality just proved shows that |u||> = Z;’i |l |> = ||u’||? since rearrangements
of series of nonnegative reals have the same sums. Continuity of the inner product,
together with the same computation as made above, gives

) =lim (37, cui, Do, cjoug) =lim > el
P P4 <i<p,
i=jr with k<qg

The limit on the rightis Y ;o |c;| since Y, |cj, | is a rearrangement of Y, |c;|?,
and hence (u,u’) = Y02, |c;|*> = |lull> = |u'||>. Therefore |u — u'||*> =
(u,u) —2Re(u,u') + W', u') = lul|®> = 2/|ull® + |u]*> =0,and ' =u. O

Proposition 12.7. Let S be an orthonormal set in the Hilbert space H, and let
M be the smallest closed vector subspace of H containing S. For each u in H,
there are at most countably many members v, of S such that (u, v,) # 0, and
thus the series

E@) =) (u, ve)ve

Uy ES

has only countably many nonzero terms. The series converges independently of
the order of the nonzero terms, E is the orthogonal projection of H on M, and E
satisfies

HE@)I? =" 1, va)l* < llul)*.

vy €S
REMARK. The final inequality of the proposition is Bessel’s inequality.

PROOF. Let vy, ..., vy, be a finite subset of S, and form the vector u =
Z;Z: | (, va,;)vg,;. Taking the inner product of both sides with u gives

') =Y (1, ve) (Vo ) = D |(t, va)) I,
j=1 j=1

and Lemma 12.6 gives

n
2 2
/1> = 1, va))I
j=1
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Therefore 0 < |lu—u'||> = |lu||*—2Re(u, u')+||u'||> = |Ju|*>=2[|u’|*+|u]* =
lul|?> = ||«’||%, and we obtain

2 2

11 < flull. (%)
In other words,

n
2 2
|, vo )| < fluel”, (%)
=1

no matter what finite subset vy, , . . ., vy, of S we use.

The sum of uncountably many positive real numbers is infinite, since otherwise
there could be only finitely many greater than 1/n for each n. Since ||u||?> < oo,
(+x) implies that there can be only countably many «’s with |(u, v,)|* nonzero.
This proves the first conclusion. If we enumerate those «’s and apply Lemma
12.6, we obtain the convergence of Zvae (U, Vo) vy to a sum independent of the
order of the terms.

It is evident from the formula that E is linear and that E(u) = O if u is in
M*. Inequality (x%) shows that the partial sums u’ of E(u) have |[u’] < |u]l,
and the continuity of the norm therefore implies that || E(u)| < |lu| for all u.
Hence E is continuous. Since E (v,) = v, for all «, E is the identity on all finite
linear combinations of members of S. The continuity of E thus implies that E is
the identity on all of M. Hence E is the orthogonal projection as asserted. The
final assertion of the proposition follows from Lemma 12.6 and the inequality
|E(u)|l < |lul|l, which we have already proved. ]

Corollary 12.8. If S is an orthonormal set in the Hilbert space H, then the
following are equivalent:

(a) S is maximal among orthonormal subsets of H,
b) u=)y (v, foralluinH,

© lul>=>Y" _ @ v)* foralluinH,
(d) (u,v) = ZU s (u, vy)(v, vy) forall u and vin H.

REMARKS. Condition (b) is summarized by saying that the orthonormal set S
is an orthonormal basis of H. If H is infinite-dimensional, an orthonormal basis
is not a basis in the ordinary linear-algebra sense; a passage to the limit is usually
needed to expand vectors in terms of the basis. Condition (c), or sometimes
condition (d), is called Parseval’s equality. Thus the corollary says that the
orthonormal set S is maximal if and only if it is an orthonormal basis, if and only
if Parseval’s equality holds.
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PROOF. Let M be the smallest closed vector subspace of H containing S. Then
S is maximal if and only if M+ = 0, and we replace (a) by this condition. If
M+~ =0, then E is the identity operator in Proposition 12.7, and the proposition
shows that (b) holds. If (b) holds, Proposition 12.7 says that (c) holds. On the
other hand, if (c) holds, then Proposition 12.7 says that ||u|| = || E (u)]| for all u.
For a vector u in M=+, which must have E (1) = 0, this says that ||u| = 0. Thus
M+ = 0, and (a) holds. Hence (a), (b), and (c) are equivalent. Finally (c) and
(d) are equivalent by polarization. g

In the context of Fourier series, Parseval’s equality ((c) in Corollary 12.8)
was proved as Theorem 6.49, and that theorem showed also that any member of
LZ([—JT, ], % dx) is the sum of its Fourier series in the sense of convergence
in L2. This conclusion was (b) in the corollary. The corollary is showing that
the equivalence of (b) and (c) is just a result in abstract Hilbert-space theory. The
extra content of Theorem 6.49 is that these conditions are actually satisfied by
the system of exponential functions.

One can show that the other two examples we gave in this section of orthogonal
sets give orthonormal bases when normalized —the Legendre polynomials P, (¢)
on [—1, 1] with respect to dt and the functions Jy(k,t) on [0, 1] with respect to
tdt.

Proposition 12.9. Let (X, u) and (Y, v) be o-finite measure spaces, and
suppose that L?(X, ) has a countable orthonormal basis {1;} and L?(Y, v) has a
countable orthonormal basis {v;}. Then {(x, y) +> u;(x)v;(y)} is an orthonormal
basis of L>(X x Y, it X v).

PROOF. The functions u; (x)v;(y) are orthonormal, and Corollary 12.8 shows
that it is enough to prove that this orthonormal set is maximal. Suppose that
w(x, y) is an L? function on X x Y orthogonal to all of them. Then

0= [y Jywhx, Y u(x)vj(y)dv(y)dux) = [y (wlx, ), v;)ui(x) dp(x)

foralli and j. Since {u;} is an orthonormal basis of L*>(X, ), x — (w(x, -), v;)
is the O function in L?(X, ) for each j. In other words, (w(x, -), v;) = Ofora.e.
x [dp] for that j. Since the number of j’s is countable, (w(x, -), v;) = Oforall j
fora.e. x [du]. Anysuchx has0 =", |[(w(x, -), v)|* = [, [w(x, y)|*dv(y).
Integrating in x, we see that w is the O function in L>(X XY, u x v). ]

Proposition 12.10. Any orthonormal set in a closed vector subspace M of a
Hilbert space H can be extended to an orthonormal basis of M. In particular any
closed vector subspace M of H has an orthonormal basis.
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PROOF. As a closed subset of a complete space, M is complete, and therefore
M is a Hilbert space in its own right. Order by inclusion all orthonormal subsets
of M containing the given set. The given set is one such, and the union of the
members of a chain is an orthonormal set forming an upper bound for the chain.
By Zorn’s Lemma we can find a maximal orthonormal set S in M containing the
given one. This satisfies (a) in Corollary 12.8 and hence is an orthonormal basis.
This proves the first conclusion, and the second conclusion follows from the first
by taking the given orthonormal set in M to be empty. g

Proposition 12.11. Any two orthonormal bases of a Hilbert space have the
same cardinality.

REMARKS. Cardinality is discussed in Section A10 of Appendix A. The “same
cardinality” whose existence is proved in the proposition is called the Hilbert
space dimension of the Hilbert space. Problem 7 at the end of the chapter shows
that two Hilbert spaces are isomorphic as Hilbert spaces if and only if they have
the same Hilbert space dimension. Despite the apparent definitive sound of this
result, one must not attach too much significance to the proposition. Hilbert spaces
that arise in practice tend to have some additional structure, and an isomorphism
of this kind need not preserve the additional structure.

PROOF. Fix two orthonormal bases U = {u,} and V = {vg} of a Hilbert space
H. We define two members u, and u, of U to be equivalent if there exists a
sequence

Ug s VB Uays UBys v oo s Ugy g5 VB, 15 Ug, (%)

withuy, = uy and u,, = uy, witheachuy; in U and each vg, in V, and with each
consecutive pair having nonzero inner product. Define an equivalence relation in
V similarly.

Each equivalence class is countable. In fact, consider the class of u,,, and
consider sequences of a fixed length. Proposition 12.7 shows that only countably
many members of V can have nonzero inner product with u,,, only countably
many members of U can have nonzero inner product with that, and so on. Thus
there are only countably many sequences of any particular length. The countable
union of these countable sets is countable, and thus there are only finitely many
sequences connecting u,, to anything. Hence u,, can be equivalent to only
countably many members of U.

Let U; and V| be equivalence classes in U and V, respectively, and suppose that
Uy, and vg, are members of U; and V| with nonzero inner product. Expand u, in
terms of V asuy, = Zﬁ (1ay, v8) Vg, retaining only the terms with (uy,, vg) # 0.
One of the terms making a contribution is the one with vg = vg,, and it follows
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that any other term with (u,, vg') # 0 has vg equivalent to vg. Hence we have

Ugy = Z (tay, VB)VB and similarly Vg, = Z (Vgys U Ug .

vgeV, uq €l

If uy is another member of U; and we expand it in terms of V/, retaining only the
nonzero terms, then the vg’s that occur have to be equivalent to one another. So
we have uy = Zvﬂ ev, (Uqy, vp)vp for some equivalence class V, within V. If
we form a sequence () connecting u,, and Uy, we see that at least one member
of V, is connected to at least one member of V|. Thus V; = V,. Consequently
every member of U lies in the smallest closed vector subspace containing Vi,
and every member of V) lies in the smallest closed subspace containing U;. In
other words, U; and V; are orthonormal bases for the same closed vector subspace
of H.

If U is finite, then linear algebra shows that V; is finite and has the same
number of elements. Since U; and V| are countable, the only way that either can
be infinite is if both are countably infinite. In any event, U; and V| have the same
cardinality. Thus we have a one-one function carrying U; onto V). Repeating
this process for each equivalence class within U, we obtain a one-one function
carrying U onto V. O

3. Bounded Linear Operators on Hilbert Spaces

In this section we briefly study bounded linear operators from a Hilbert space
H to itself. In the finite-dimensional case we often make a correspondence
between matrices and linear operators by using the standard basis of the space
of column vectors. If {e;}7_, is this basis, then the correspondence between a
matrix A = [A;;] and a linear operator L is given by A;; = (L(ej),¢;). If
U= Zj ujej and v =), v;e; are column vectors, then L(u) = Zj ujL(e;) and
hence (L(Lt), v) = Zi,j Mjl_J,'(L(ej), e,~) = Zij 1_),-A,~juj.

We could extend these formulas to the case of a general Hilbert space, not
necessarily finite-dimensional, by using a particular orthonormal basis as the
generalization of {e;}. But no particular such basis recommends itself, and we
work without any choice of basis as much as possible, except for purposes of
motivation. Instead, we may think of the function (u, v) +— (L(u), v) as a more
appropriate —and canonical —analog of the matrix of L. Just as the operator norm
of L is given by a formula that views L as an operator, namely

L]l = sup [[L()],

lull <1
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so there is a formula for computing the norm in terms of the function of two
variables, namely
IL|l = sup [(L(u),v)|.

lull<T,

llvlil<1
To verify this formula, fix # and let v have norm < 1. Application of the Schwarz
inequality gives [(L(u),v)| < |[L@)|lvll < |IL()|. On the other hand, if
L(u) # 0, we take v = ||L(u)||~'L(u); this v has ||v]| = 1, and we obtain
|(L(), v)| = [IL)| " (L), L)) = | L()|. Hence supy,<; (L), v)|| =
IL(u)||. Taking the supremum over ||| < 1 shows that the two expressions for
IL|| are equal.

We shall work with the “adjoint” L* of a bounded linear operator L. In terms
of matrices in the finite-dimensional case, the matrix of L* is to be the conjugate
transpose of the matrix of L. In other words, the (i, j)™ entry (L*(e 1), e;)) of the
matrix for L* is to be (L(e;), ej) = (e;, L(e;)). Passing to our functions of two
variables, we want to arrange that (L*(u), v) = (u, L(v)) for all u and v. Let us
prove existence and uniqueness of such a bounded linear operator.

Proposition 12.12. Let L : H — H be a bounded linear operator on the
Hilbert space H. For each u in H, there exists a unique vector L*(x) in H such
that

(L*(u), v) = (u, L(v)) forall vin H.

As u varies, this formula defines L* as a bounded linear operator on H, and
L5 =1L

PROOF. The function v +— (L(v), u) is a linear functional on H satisfying
[((L(v),u)| < |IL|IIll«]lllv]l, hence having norm < || L||||||u]]. Being bounded,
the linear functional is given by (L(v), #) = (v, w) for some unique w in H,
according to Theorem 12.5. We define L*(u) = w, and then we have (L*(u), v) =
(u, L(v)). This formula shows that L* is a linear operator, and the computation

IL*[l = sup [(L*(w),v)| = sup [(u, L(v))| = sup [(L(v),uw)|=IL]

lull <1, lull <1, lull<1,
lvl=1 lvli=1 lvl=1
shows that ||L*|| = || L]|. O

The bounded linear operator L* in the proposition is called the adjoint of L.
The mapping L +— L* is conjugate linear. We shall be especially interested in
the case that L* = L, in which case we say that L is self adjoint.

Anexample of a self-adjoint operator is the orthogonal projection E on a closed
vector subspace M as defined before Lemma 3.6. In fact, if # in H decomposes
according to H = M & M~ as u = u’ + u”, then the computation (1 — E)(u) =
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u —u' = u” shows that 1 — E is the orthogonal projection on M~+. Hence
(E(u), (1 — E)(v)) =0forall ¥ and v in H, and also ((1 — E)(u), E(v)) = 0.
The first of these says that (E(u), v) = (E(u), E(v)), and the second says that
(E(u), E(v)) = (u, E(v)). Combining these, we obtain (E(u), v) = (u, E(v)).
Comparison of this formula with the formula in Proposition 12.12 shows that
E =E".

The Banach space B(H, H) is closed under composition. In fact, if L and M
are in B(H, H), then linear algebra shows L M to be linear, and the computation
ILM)@) || = ILM @)l < [LINM @)l < LM |||« shows that

ILMI| < [[LIIIM].

Hence LM isin B(H, H) if L and M are. Within B(H, H), we have (LM)* =
M*L*.

The structure of abstract bounded linear operators on Hilbert spaces is one of
the topics in Chapter IV of the companion volume, Advanced Real Analysis.

4. Hahn-Banach Theorem

We return now to the setting of general normed linear spaces or Banach spaces.
There are three main theorems concerning the norm topology of such spaces—the
Hahn-Banach Theorem, the Uniform Boundedness Theorem, and the Interior
Mapping Principle. These three theorems are the main subject matter of the
remainder of this chapter. Further properties of normed linear spaces and Banach
spaces are established in Chapter IV of the companion volume, Advanced Real

Analysis.
We shall often use symbols x, y, ... for members of a normed linear space
and symbols x*, y*, ... for linear functionals. This notation has the advantage

of allowing us to use symbols like x** for linear functionals on a space of linear
functionals, an important notion as we shall see.

We begin with the Hahn—-Banach Theorem, which ensures the existence of
many continuous linear functionals on a normed linear space. The theorem has
applications even in situations in which one has a concrete realization of the dual
space, because it shows that any closed vector subspace is characterized by the
continuous linear functionals that vanish on the subspace.

Theorem 12.13 (Hahn—Banach Theorem). If Y is a vector subspace of a
normed linear space X and if y* is a continuous linear functional on Y, then there

exists a continuous linear functional x* on X with ||x*|| = ||y*|| such that

() =y"(») forally € Y.
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The theorem as stated is derived from the following lemma, which itself goes
under the name “Hahn-Banach Theorem” and has other applications quite distinct
from Theorem 12.13 that are beyond the scope of this book.

Lemma 12.14. Let X be areal vector space, and let p be a real-valued function
on X with

px+x) < p(x)+p&) and  p(tx) =tp(x)
for all x and x’ in X and all real t > 0. If f is a linear functional on a vector
subspace Y of X with f(y) < p(y) for all y in Y, then there exists a linear
functional F on X with F(y) = f(y) forall y € Y and F(x) < p(x) for all
x e X. [l

PROOF. Form the collection of all linear functionals on vector subspaces of
X that extend f and that are dominated by p, and partially order the collection
by saying that one is < another if the second is an extension of the first. If we
have a chain of such extensions, then we can obtain an upper bound for the chain
by taking the union of the domains and using the common value of the linear
functionals on an element of this domain as the value of the linear functional
forming the upper bound. The result is linear because any two members of the
domain must lie in the domain of a single member of the chain. By Zorn’s Lemma
let fy, with domain Yy, be a maximal extension. We shall prove that Yy = X.

In fact, suppose that y; is a vector in X but not Yy. Every vector in the vector
subspace Y; spanned by y; and Y; has a unique representation as y + cy;, where
yisin Yy and c is in R. Define f; on Y; by

fi(y +cy1) = fo(y) + ck, (%)

where k is a real number to be specified. For a suitable choice of k, f; will be
bounded by p and will contradict the maximality of ( fy, Yo).
Let y and y’ be in Yy. Then

fo) — fo) = fo¥' —y) < p(y' —y) < pQY' +y) + p(=yi — ),

and hence —p(=y1 =) = fo») < p(Y' +y1) = fo(y').
Take the supremum of the left side over y and the infimum of the right side over
¥, let k be any real number in between, and define f; on Y} by (x).

To complete the proof, we are to check that fi(x) < p(x) for all x in Y;. Thus
suppose that x = y + cy; is arbitrary in Y;. If ¢ = 0, then f;(x) < p(x) by the
assumption on Yy. If ¢ > 0, then
fi) = o) tck < fo)+elpe™ y+y) = fole™' 0] = py+ey) = p).
If ¢ < 0, then

[i) = fo)+ck < fo)+el—p(=yi—c'y) = fole ' V=py+ey) = p(x).
In any case, f1(x) < p(x). ]
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PROOF OF THEOREM 12.13. If the field of scalars is R, then Theorem 12.13
follows immediately from Lemma 12.14 with p(x) = ||y*||||x] and f = y*.

If the field of scalars is C, if y* is given, and if, as we may, we regard X as a
real normed linear space, then Re y* defined by (Re y*)(y) = Re(y*(y)) is areal
linear functional on Y with

|(Rey YW = Iy* W = IIy*llllyll forally e Y.

By what has already been proved, we can extend Re y* without an increase in
norm to a real linear functional F' defined on all of X. Define

x*(x) = F(x) —iF(ix).

We show that x* has the required properties. Certainly x*(x+x’) = x*(x)+x*(x’)
and x*(cx) = cx*(x) for ¢ real. Furthermore

x*(ix) = F(ix) —iF(@i*x) = i[F(x) — i F(ix)] = ix*(x).
Thus x* is complex linear. On Y, we have
Re y")(iy) +i(Im y*)(iy) = y*(iy) = iy*(y) = —(Imy*)(y) +i(Re y*)(y),

and thus (Re y*)(iy) = —(Im y*)(y). Substituting this identity into the definition
of x*, we obtain

x*(y) = Rey")(y) —i(Rey")(iy) = Rey*)(y) +i(Imy*)(y) = y*(»)

for y in Y. Thus x* is an extension of y*. Finally if x*(x) = re’? for r and 6 real
and r > 0, then

Ix* ()| = x*(e7x) = Fe x) < [ly*Illle x| = ly*IlIxll,

since the nonnegative number x*(e % x) has 0 imaginary part. Thus || x*|| < [|y*|.
The reverse inequality follows because x* is an extension of y*, and the proof is
complete. (|

Corollary 12.15. If Y is a closed vector subspace of a normed linear space X
and if xq is a vector of X not in Y, then there exists an x* in the dual X* with

x*(y) =0 forally e Y
and x*(xg) = 1.

The norm of x* can be taken to be the reciprocal of the distance from xg to Y.
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PROOF. Letd > 0 be the distance from x( to Y, and let Z be the linear span of
xp and Y. Every x in Z has a unique expansion as x = y + cxg for some scalar ¢
and some y in Y. For such an x, let z*(x) = ¢. Let us see that the linear function
Z* on Z satisfies

¥l =d™". (+)

First we check that |z*(x)| < d~!||x|: if ¢ # 0, then
Il = lly + exoll = lelllc™"y + xoll = [eld = d|z*(x)],

while if ¢ = 0, then z*(x) = 0. Thus |z*(x)| < d~'||x| for all x, and we
obtain ||z*|| < d~'. For the reverse inequality, let {y,} be a sequence in Y, not
necessarily convergent, with lim,, ||xo — y,|| = d. Then

1 =2"(xo — yu) < 12" lllxo — yull — "Il

and hence |z*|| > d~!. This proves (x). Applying Theorem 12.13 to z*, we
obtain the corollary. O

EXAMPLE. To illustrate Corollary 12.15, we re-prove the result of Proposition
11.21a that C(S) is dense in L?(S, w) if S is a compact Hausdorff space, u is
a regular Borel measure on S, and p satisfies 1 < p < oo. For definiteness let
us suppose that the underlying scalars are real. If C(S) were not dense, then
the corollary would produce a continuous linear functional £ on L”(S, u) that
vanishes on C(S) but is not identically O on L? (S, ). Theorem 9.19 says that
¢ has to be given by integration with some member g of L” (S, 1), where p’ is
the dual index: €(f) = fs fgdu for all fin LP(S, n). Since £ vanishes on
C(S), we have [ fgdu =0 forall f € C(S). Thus [; feTdu = [; fg~du
for all f € C(S). Here g* du and g~ du are Borel measures on S, regular by
Proposition 11.20, and they yield the same positive linear functional on C(S).
Applying the uniqueness in the Riesz Representation Theorem (Theorem 11.1),
we obtain gT du = g~ du and therefore g™ = g~ almost everywhere. Since g™
and g~ are nowhere both nonzero, g™ = g~ = 0 almost everywhere. Hence g is
the O function, and £ = 0, contradiction.

Corollary 12.16. If X is a normed linear space and if xo # 0 is a vector in X,
then there is an x* in X* with

Ix*=1 " and  x"(x0) = lIxoll.

PROOF. Apply Corollary 12.15 with ¥ = 0 and multiply by [|xo| the linear
functional that is produced by that corollary. O
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Corollary 12.16, when applied to xo = x — x’, shows that there are enough
continuous linear functionals on a normed linear space X to separate points. Also,
it implies that the only vector xo in X with x*(x¢) = 0 for all x* in X* is xo = 0.
The third corollary we have already seen for L? spaces with 1 < p < o0 in
Proposition 9.8, at least when the measure space is o -finite.

Corollary 12.17. If X is a normed linear space and x is in X, then

%ol = sup |x*(xo)I.
E

PROOF. If ||x*|| < 1, then |x*(xo)| < |x*|lllxoll < llxo0ll, and therefore
sup| .+ <1 [**(x0)| < llxoll. The linear functional of Corollary 12.16 shows that
equality holds. O

We have seen for o-finite measure spaces that the dual X* of X = L!(S, u)
may be identified with L°°(S, i) via integration. In turn every member of
L'(S, t) then acts as a continuous linear functional on L>(S, i) via integra-
tion. This change of point of view amounts to the implementation of a certain
canonically defined linear mapping of X into X**, which we now define for
general normed linear spaces.

Let X be a normed linear space, and let X** be the dual of X*. We define a
linear operator ¢ : X — X** by

LX) =x"(x) for all x* € X*,
and we call ¢ the canonical map of X into X™**.

Corollary 12.18. If X is a normed linear space, then the canonical map
t: X — X*™ has |lt(x)|| = ||x]|| for all x and in particular is one-one. Conse-
quently if X is complete, then ¢(X) is a closed vector subspace of X**.

PROOF. We have

el = sup_ ) @DI = sup [x*(x)| = [lx],

lx*l< lx*l=<1

the last step holding by Corollary 12.17. This proves the first conclusion. Because
¢ preserves norms, X complete implies that ((X) is a complete subset of the
complete space X** and is therefore closed, by Corollary 2.43. O
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A Banach space X is said to be reflexive if the canonical map carries X onto
X**. Warning: This is a more restrictive condition than to say that there is some
norm-preserving linear mapping of X onto X**.

Finite-dimensional normed linear spaces are reflexive since linear functionals
in this case are automatically continuous and since the vector-space dual of
a finite-dimensional vector space has the same dimension as the space itself.
Hilbert spaces are reflexive as a consequence of the Riesz Representation Theorem
in its form in Theorem 12.5. The spaces L”(S, u) for a o-finite measure space,
when 1 < p < oo, are reflexive as a consequence of the Riesz Representation
Theorem® in its form in Theorem 9.19. However, L!(S, n) and L>(S, ) are
often not reflexive, as is shown below in Proposition 12.19 and Corollary 12.21.

Proposition 12.19. If (S, ) is a o-finite measure space with infinitely many
disjoint sets of positive measure, then L! (S, ) is not reflexive.

PROOF. Theorem 9.19 shows that the Banach space X = L'(S, 1) has X* =
L™ (S, ), the isomorphism being given by integration. Therefore it is enough to
produce a continuous linear functional on L°°(S, w) thatis not given by integration
with an L' function.

Thus let {E£,} be a sequence of disjoint sets of positive measure, and let Y be
the vector subspace of functions in L°°(S, u) that are constant on each E, and
have values on the E,’s tending to a finite limit as n tends to infinity. Let y* of
such a function be the limit. Then y* is a linear functional on Y of norm 1. By
the Hahn—Banach Theorem (Theorem 12.13), there exists a linear functional x*
defined on all of L*°(S, w), having norm 1, and restricting to y* on Y. Suppose
that there is some g in L' (S, ) with x*(f) = fs fgduforall finY, quite apart
from all f in L°°(S, w). If fis 1 on E,, and is O elsewhere, then x*(f) = 0, and
hence f £, 8 du = 0. In other words, f E 8 du = 0 for every n. If we next take f
tobe 1 on | J,~, E, and to be 0 elsewhere, then x*(f) = 1. On the other hand,
this f has

x*(f) :fsfgdﬂ :fUnEnng = Z:o:I fEngd/,L =0,
and we have a contradiction. O

Proposition 12.20. If X is a Banach space and its dual X* is reflexive, then
X is reflexive.

PROOF. Let: : X — X* and (* : X* — X™* be the canonical maps.
Arguing by contradiction, suppose that X is not reflexive. Since ¢(X) is a closed
proper vector subspace of X**, Corollary 12.15 produces a nonzero member

6Actually, the o -finiteness is not needed for 1 < p < oco.
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x*** of X*** such that x***(¢1(X)) = 0. Since X* is reflexive by assumption,

there exists x* in X* with x** = (*(x*). If x is in X, then we have 0 =
X)) = (@) x) = (x)(x*) = x*(x), and hence x* = 0. But then
X = *(x*) = 0, and we have a contradiction. ]

Corollary 12.21. If (S, u) is a o-finite measure space with infinitely many
disjoint sets of positive measure, then L*°(S, ) is not reflexive.

PROOF. Theorem 9.19 shows that the Banach space X = L!(S, 1) has X* =
L™(S, ), the isomorphism being given by integration. If X* were reflexive, then

X would have to be reflexive by Proposition 12.20, in contradiction to Proposition
12.19. (]

5. Uniform Boundedness Theorem

The second main theorem about the norm topology of normed linear spaces is the
Uniform Boundedness Theorem, also known as the Banach—Steinhaus Theorem.
This result involves a parametrized family of linear operators from one normed
linear space into another, and it is assumed that the domain is complete. Two kinds
of boundedness as a function of one variable are assumed —boundedness of each
linear operator as a function on (the unit ball of) the domain and boundedness in the
parameter for each fixed member of the domain. The conclusion is boundedness
in the two variables jointly.

Theorem 12.22 (Uniform Boundedness Theorem). If {L,} is a set of bounded
linear operators from a Banach space X into a normed linear space Y such that

[La()] < Cy for all e,

then there is a constant C independent of x such that ||Ly| < C for all .

PROOF. For each positive integer n, the set

F,={x € X||Lo)|l <n forall a}

is closed in X, being the intersection of inverse images of closed sets in ¥ under
continuous functions, and | _J;2, F, = X by assumption. By the Baire Category
Theorem (Theorem 2.53b), one of the sets, say Fy, contains a nonempty open
subset B of X. Then ||L,(x)|| < N for all @ and for all x in B. If B contains the
open ball in X of radius 2r > 0 and center b, then || x| < r implies that x + b is
in B and that

[La ()Nl = ILa(x +b) = Lo (D) || < [La(x +D)[| + [ILaD)I| = N + C,
independently of «. Hence ||x|| < 1 implies

ILa @l =7~ Laro)]l <77 (N +Cy).

In other words, || Ly || <7 ' (N + Cp). O
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EXAMPLE. Let us use the theorem to give a proof that the Fourier series of
a continuous periodic function need not converge at some point. Consider the
Banach space X of all continuous periodic functions f on [—m, w] with the
supremum norm. Let D, be the Dirichlet kernel as in Section I.10, given by

1
Pt sin 51

The n'™ partial sum of the Fourier series of f is

T

1
sa(fsx)=o— | fle—0Du()dr.

-7

Define linear functionals £, on X by

1 b
,(f) =5,(f;0) = E f(=t)D, (1) dt.

Each of these is bounded; specifically ||£, || < 2n + 1 because ||Dn||sup <2n+41.
If the Fourier series of each continuous function f were to converge at 0, then
lim, £,(f) would exist for each f, and hence we would have |£,(f)| < C; for
a constant Cy independent of n. The Uniform Boundedness Theorem would say
that ||£,|] < C for some constant C independent of n. The norm equality of
Theorem 11.26 or 11.28 would then allow us to conclude that ffﬂ |D,(¢)|dt is
bounded. In fact, the numbers ffﬂ |D,(t)| dt are unbounded, according to the
following proposition, and thus there exists a continuous periodic function whose
Fourier series diverges at x = 0.

Proposition 12.23. The numbers

g

1
Ly= - | Dn(1)| dt
2 J_,

have the property that
L, =4n2logn + O(1),

where O(1) denotes an expression bounded as a function of n. Hence L, is
unbounded with n.

REMARK. The numbers L, are sometimes called Lebesgue constants.
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PROOF. By writing sin((n + %)t) = sinnt cos %t + cos nt sin %t, we see that
D, (t) = sinnt cot %t +cosnt = 2t~ sinnt + h, (1),

where £, (t) is bounded in the pair (n, ¢) for |t| < 7. If we let O(1) denote an
expression bounded as a function of n, then

2 (7 |sinnt|
2 Jox 1l

2 (7 |sinnt
z_/ 'S";” Lar + 00
0

L, dt + 0(1)

v

2 n—1 k+Dm/n | o t
2 / 'S“;" Lar + 001

4 k=0 Jkm/n

2/n/n sinnt. 2/71/”(' t)[f | ]dt—|—0(1)
= — — sSinn _— .
T Jo t 7T Jo t+km/n

k=1

The first term on the right side is bounded, and the sum in brackets lies between
-1 1 1 —1, /1 1
T n(1+§+"'+m) and T n(§+---+;),

which are upper and lower Riemann sums for 7 ~'n ] 1! dt and have difference
7 n(l — %). Thus the sum in brackets is equal to 7~ 'n(logn + O(1)). The
integral of sin nt over [0, /n] is 2/n, and the result follows. (|

6. Interior Mapping Principle

The third main theorem about the norm topology of normed linear spaces is the
Interior Mapping Principle. This result involves a single bounded linear operator
from one normed linear space into another, and it is assumed that the domain and
the range are both complete. The theorem is that if the operator is onto the range,
then it carries open sets to open sets.

Theorem 12.24 (Interior Mapping Principle). If L is a continuous linear
operator from a Banach space X onto a Banach space Y, then L carries open
subsets of X to open subsets of Y.



596 XII. Hilbert and Banach Spaces

PROOF. Let B, be the closed ball in X with center O and radius r, and let U;
be the open ball in Y with center O and radius s. The proof is in three steps.

The first step is to show that (L(B;))® contains an open neighborhood of 0 in
Y. To do so, we use the fact that L is onto Y to write

Y=Lx)=L({J_ B:)=J_ LB

Thus ¥ = Uflozl(L(B,,))Cl, and the Baire Category Theorem (Theorem 2.53b)
shows that one of the sets (L(B,))¢ contains a nonempty open set. Since L is
linear and since multiplication by 2x is a homeomorphism of ¥, (L(B,))" =
(L(2nB )" = 2nL(B12)? = (2n)(L(B))2))%', and we see that (L(B;))!
contains some nonempty open subset V of Y. If v and v’ are in V, they are in
(L(Bl/z))Cl and there exist sequences {v,} and {v,} in L(B;») with v, — v and
v, — v'. By linearity, v, — v, is in L(B;), and passage to the limit shows that
v — v isin L(B)). The set V — V of such differences v — v’ is the union over
v’ € V of V —v’, hence is the union of open sets and is open. SinceOisin V —V,
the set V — V is an open neighborhood of 0 lying in L(B;)*!.

The second step is to show that the image of any neighborhood of 0 in X is
a neighborhood of 0 in Y. The previous step shows that (L(B;))*' 2 U, for
some s > 0, and we show for every ¢ > 0 that L(B;) 2 Uy. Fort > 0,
multiplication of the inclusion (L (B;))°' 2 Uy by t shows that

(L(B))" 2 Uy ()
since multiplication by ¢ is a homeomorphism of Y and L is linear. If y is in
Uscj2, we are to produce x in B, with L(x) = y, and we do so by successive
approximations. Specifically we construct inductively the terms x, of a conver-
gent series in X with sum x, as follows: Condition (x) with t = ¢/2 allows us

to choose a member x; of B./, with ||y — L(x1)| < 272s¢c. If xy, ..., x,_; have
been constructed with each x; in B,-;, and with

ly = L(x; + -+ x,_D|l <2 "sc,

theny — L(x; 4+ -4 x,—_1) is in Up-ngz.. Condition () with r = 27" ¢ shows that
we can find x,, in Bo-». with

ly — LGy 4+ +x01) — L) || < 27" Dse.
‘We now have

ly = LGxi 4+ + xp1 + 20| < 27 Vse.



6. Interior Mapping Principle 597

This completes the inductive construction of the x,,’s, and we shall prove that the
series Y _ x, is convergent in X. Since X is complete, it is enough to show that
the partial sums of ) x, are Cauchy. If ¢ > p, then

| i = Ehxall = | i 2l < e Il < Xy 27"

The right side is < 277¢, and the partial sums of ) x,, are indeed Cauchy. Let
x = Y x,. Taking p = 0 and using the continuity of the norm, we see that
x|l < c¢. By continuity of L, we have y = lim, L(x; + --- + x,) = L(x).
Consequently the member y of U,/ is of the form L (x) for some x in B, as was
asserted.

The third step is to show that each open set of X is mapped to an open set of
Y by L. Let U be open in X, let x be in U, and let N be an open neighborhood
of 0 in X such that x + N C U. The previous step shows that there is some
open neighborhood V of 0 in Y such that V. C L(N). Then L(x) + V is an open
neighborhood in Y of L(x) with

L(x)+V S L(x)+L(N)=Lx+N)<LU).

Therefore L(U) contains a neighborhood about each of its points and must be
open. O

Corollary 12.25. A one-one continuous linear operator L of a Banach space
X onto a Banach space Y has a continuous linear inverse.

PROOF. Since L is one-one onto, L~! exists. For L~! to be continuous, the
inverse image under L~ of each open set is to be open. In other words, the direct
image under L of any open set is to be open. But this is just the conclusion of
Theorem 12.24. U

EXAMPLE. Let F be the Fourier coefficient mapping, which carries functions
in L' (% dx) to doubly infinite sequences {c,} vanishing at infinity. The linear
operator F has norm 1 when the space of doubly infinite sequences is given the
supremum norm ||{Cn}||sup = sup,, |¢,|. Corollary 6.50 shows that F is one-one.
Let us see that there is some doubly infinite sequence vanishing at infinity that
is not the sequence of Fourier coefficients of some L' function. If this were
not so, then Corollary 12.25 would say that F~! is bounded. We can obtain a
contradiction if we produce a sequence { f,} of L' functions with || f;, I, =1 for
all n and with lim,, || F( f,1)||Sup = 0. Form the Dirichlet kernel D, as defined
in Section 1.10 and reproduced in the previous section. Its Fourier coefficients

cr are 1 for |k| < n and are O for |k| > n, and thus ||]-"(Dn)||sup = 1. Put
fa = Du/IDully. Then | f,ll; = 1 forall n, and | F(fi)llwy = 1/1Dall;.
Proposition 12.23 shows that in fact lim,, 1/|| D, ||; = 0, and we obtain the desired

contradiction. The conclusion is that the image of F on L' fails to include some
doubly infinite sequence {c,} vanishing at infinity.
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If f: X — Y is a function between Hausdorff spaces, the graph of f is
the subset G = {(x, f(x)) | x € X} of X x Y. If f is continuous, then G is
a closed set, as we see immediately by using nets. The converse fails because
f :10,1] - R with f(0) = 0 and f(x) = 1/x for x > 0 is a discontinuous
function with closed graph.

We shall be interested in the converse under the additional condition that our
function f is linear. Our spaces being metric spaces, the condition that the graph
be closed is that whenever {(x,, f(x,))} converges to some (x, y), then x is in
the domain of f and f(x) = y.

Linearity by itself is not enough to get an affirmative result. In fact, let X =
C ([0, 1]), let X be the vector subspace of functions with a continuous derivative,
andlet L : Xo — X be the derivative operator F' +— F’. Iflim, F,, = F in X and
lim, F, = H, then Theorem 1.23 shows that F’ exists and equals H. Hence the
linear operator L : Xo — X has closed graph. However, L is unbounded since
the function x + x" has norm 1 and its derivative has norm n.

Corollary 12.26 (Closed Graph Theorem). If L : X — Y is a linear operator
from a Banach space X into a Banach space Y such that the graph of L is a closed
subset of X x Y, then L is a bounded linear operator.

PROOF. Make X @Y into a Banach space by defining || (x, y)|| = [lx ||y +ylly.
The graph G = {(x, L(x)) | x € X} of L is a vector subspace of X @ Y since
L is linear, and it is closed by hypothesis. Thus G is a Banach space. The
linear operator P : G — X given by P((x, L(x)) = x is one-one and onto, and
Corollary 12.25 shows that the linear operator P! : X — G givenby P~ (x) =
(x, L(x)) is continuous. If E denotes the projection of X @Y to the Y coordinate,
then E is bounded with norm < 1, and hence the restriction E | G " G — Yis
bounded with norm < 1. Therefore the composition (E|G) oP7l': X > Yis
bounded. But (E|G)(P‘1(x)) = E(x, L(x)) = L(x), and thus L is bounded. [J

EXAMPLE. Suppose that a Banach space X is the vector-space direct sum of
two closed vector subspaces: X =Y @ Y’. Let E : X — Y be the projection of
X on Y given by E(y + y') = y. Corollary 12.26 implies that E is bounded. In
fact, let x, = y, + y, define a sequence in X, so that (x,, y,) defines a sequence
in the graph of E. Suppose that lim,(x,, y,) = (x0, o) in X x X, i.e., that
lim,, x,, = x¢ and lim,, y, = yo. Here x is in X, and yy is in Y since Y is closed.
Then y, = lim, y, = lim, x, — lim,, y, = X0 — Yo, and this is in Y’ since Y is
closed. The equality xo = yo + y; shows that E(xy) = yo, and therefore (xo, yo)
is in the graph of E. In other words, the graph of E is closed. We conclude from
Corollary 12.26 that E is bounded.
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7. Problems

Let X be a normed linear space.

(a) Prove that the closure of the open ball of radius r and center x is the closed
ball of radius r and center xg.

(b) If X is complete, prove that any decreasing sequence of closed balls has
nonempty intersection.

The normed linear space C (M ([a, b]) was defined in Section 1. Prove that it is
complete.

The normed linear space H (D) and its vector subspace A(D) were defined in
Section 1. Prove that H°°(D) is complete and that A(D) is a closed subspace,
hence complete.

Let X be a Banach space, let Y be a closed vector subspace, and define ||[x 4+ Y || =

infyey [lx + y|| for x + Y in the quotient vector space X/Y.

(a) Show that || - +Y| is a norm for X/Y.

(b) By replacing a Cauchy sequence {x, + Y} in X/Y by a subsequence such
that ||x,, — xp,, + Y| < 27k show that the subsequence can be lifted to a
Cauchy sequence in X and deduce that X/ Y is a Banach space.

Let vy, ..., v, be vectors in an inner-product space. Their Gram matrix is the
Hermitian matrix of inner products given by G(vy, ..., v,) = [(vi, vj)], and
det G(vy, ..., v,) is called their Gram determinant.

1
(@ Ifey,...,c, arein C, let ¢ = ( : ) Prove that c"G(vy, ..., v,)¢ =
Cll
lcrvr +--- + Cnvn”z'
(b) Making use of the finite-dimensional Spectral Theorem, prove that there

exists a unitary matrix u# such that the matrix u'G(ur, ..., v)uis diagonal
with diagonal entries > 0.
(c) Prove thatdet G(vy, ..., v,) > 0 with equality if and only if vy, ..., v, are
linearly dependent. (This generalizes the Schwarz inequality.)
(Gram-Schmidt orthogonalization process) Let (u1,...,u;) be a linearly
independent ordered set in an inner-product space, and inductively define v] =
_ k—1 _
uy, v = [yl lvi, v, = Uk — ijl (u, vj)vj, and vi = [lv, || 1v,’c. Prove that
the vectors vy, ..., v, are well defined, that vy, ..., v, are orthonormal, and that
for each k with 1 < k < n, span{vy, ..., v} = span{uy, ..., ug}.

Let H; and H; be Hilbert spaces with respective orthonormal bases {uy} and
{vg}. If there is a one-one function carrying the one orthonormal basis onto the
other, prove that there is a bounded linear operator F : Hy — H, carrying H;
onto H, and preserving distances. Deduce that H; and Hj are isomorphic as
Hilbert spaces if and only if they have the same Hilbert space dimension.
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10.

11.

12.

13.

14.

15.

XII. Hilbert and Banach Spaces

Let (S, 1) be a o-finite measure space, and let f be in L*°(S, w).

(a) Show that multiplication by f is a bounded linear operator on L2(S, 1), and
find the norm of this operator.

(b) Find the adjoint of the operator in (a).

Suppose that X is a normed linear space and that its dual X* is separable in its
norm topology, with {x,'} as a countable dense set. For each n, choose x, in X
with ||x, || < 1and |x}(x,)| > %Hx;f ||. Prove that the linear span of {x,} is dense
in X, and conclude that X* separable implies X separable.

By considering the discontinuous indicator function /{s,}, where s¢ is a limit point
of S, prove that the Banach space C (S) is not reflexive if S is compact Hausdorff
and infinite.

Without using the Baire Category Theorem, prove that the Uniform Boundedness
Theorem for linear functionals implies the same theorem for linear operators.

Suppose foreachn that L, : X — X' is abounded linear operator from a normed
linear space X to a Banach space X’ such that |L,|| < C with C independent
of n. Suppose in addition that {L,(y)} converges for each y in a dense subset Y
of X. Prove that L(x) = lim, L,(x) exists for all x in X and that the resulting
function L : X — X’ is a bounded linear operator with ||L| < C.

Let X be a normed linear space, and let {x, } be a subset of X. If sup,, |x*(xq)| <
oo for each x* in X*, prove that sup,, ||xq || < oo.

Let X be a Banach space. A subset E of X is convex if it contains all points

(1 —#)x +ty with O <t < 1 whenever it contains x and y.

(a) Show that any closed ball {y | |y — x| <r}is convex.

(b) Give an example of a decreasing sequence of nonempty bounded closed
convex sets in a Banach space with empty intersection.

Let X and Y be Banach spaces, and let L be a bounded linear operator from X
onto Y. Suppose that {y,} is a convergent sequence in ¥ with limit yy. Prove
that there exists a constant M and a sequence {x, } in X such that ||x, || < M| y,||
for all n, L(x,) = y, for all n, and {x,} is convergent.

Problems 16-18 introduce “Banach limits,” a kind of universal summability method.
Let X be the real Banach space of real-valued bounded sequences s = {s,}°2, with
the supremum norm.

16.

17.

Let X¢ be the smallest closed vector subspace of X containing all sequences with
terms s1, S — $2, 83 — 82, ... such that {s,} is in X. Prove that the sequence e
with all terms 1 is not in Xj.

A Banach limit is defined to be any member x* of X* with ||x*|| = 1,x*(e) = 1,
and x*(xg) = O for all xg in Xg. Prove that a Banach limit exists.
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18. Let LIM,,_, » s, denote the value of a Banach limit when applied to the member
{s,} of X. Prove that this satisfies
(a) LIM, s, > 0ifs, > 0 forall n.
(b) LIM,— 00 Sn+1 = LIM,,, 5, for every {s,} in X.
(¢) LIM,_ s, = 0if all terms s, are O for n sufficiently large.
(d) liminf,s, < LIM,_ o s, < limsup, s, forall {s,} in X.

() LIM,_ oo s, = cif {s,} is convergent with limit c.

Problems 19-24 establish the Jordan and von Neumann Theorem that a normed linear
space satisfying the parallelogram law acquires its norm from an inner product, the

definition of the inner product being (x,y) = ), %Hx + iky||2, where the sum

extends for k € {0, 2} if the scalars are real and extends for k € {0, 1, 2, 3} if the

scalars are complex. The norm is recovered from the inner product by the usual

formula (x, x) = ||x||>. Thus let X be a normed linear space with norm || - || such

that the parallelogram law holds.

19. Check from the definition of (x, y) that (x,x) = ||x||2, that (x, x) > 0 with
equality if and only if x = 0, and that (x, y) = (y, x).

20. Prove the identity

lx 4+ y +zlI* = Ilx + yI7 + llx +zI* + Iy + 22 = x> = Iyl = lz?

for all x, y, z in X.

21. Derive the formula (x; + x2,y) = (x1,y) + (x2,y) from the identity in the
previous problem.
22. Let D be the set of rationals if the scalars are real, or the set of all a + bi with a

and b rational if the scalars are complex. Using the definition of (x, y) and the
result of the previous problem, prove that (rx, y) =r(x, y) ifr isin D.

23. By considering ||x — ry||? for r in D with r tending to (x, y)/||y||?, prove that
(-, -) satisfies the Schwarz inequality.
24. By estimating |r (x, y) — (cx, y)| with the Schwarz inequality when c is a scalar

and r is a member of D tending to ¢, prove that c(x,y) = (cx,y), thereby
completing the proof that (-, -) is an inner product.

Problems 25-27 establish some properties of the Banach space B(X, Y), where X

and Y are Banach spaces.

25. Prove that the function from B(X,Y) x X to Y given by (L, x) +— L(x) is
continuous.

26. Prove that if L and L, are members of L(X, Y) such that lim, L,(x) = L(x)

for all x € X, then |[L|| < sup, |[L,|| < oo. Give an example where | L| <
sup,, | Lnll.
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27. Prove thatif L and L,, are members of L(X, Y) such that lim,, L,,(x) = L(x) for
all x € X and if {u,} is a sequence in X with limu, = u, then lim, L, (u,) =
L(u).





