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CHAPTER VII

Advanced Group Theory

Abstract. This chapter continues the development of group theory begun in Chapter IV, the main
topics being the use of generators and relations, representation theory for finite groups, and group
extensions. Representation theory uses linear algebra and inner-product spaces in an essential way,
and a structure-theory theorem for finite groups is obtained as a consequence. Group extensions
introduce the subject of cohomology of groups.

Sections 1-3 concern generators and relations. The context for generators and relations is that of
a free group on the set of generators, and the relations indicate passage to a quotient of this free group
by a normal subgroup. Section 1 constructs free groups in terms of words built from an alphabet
and shows that free groups are characterized by a certain universal mapping property. This universal
mapping property implies that any group may be defined by generators and relations. Computations
with free groups are aided by the fact that two reduced words yield the same element of a free group
if and only if the reduced words are identical. Section 2 obtains the Nielsen—Schreier Theorem that
subgroups of free groups are free. Section 3 enlarges the construction of free groups to the notion
of the free product of an arbitrary set of groups. Free product is what coproduct is for the category
of groups; free groups themselves may be regarded as free products of copies of the integers.

Sections 4-5 introduce representation theory for finite groups and give an example of an important
application whose statement lies outside representation theory. Section 4 contains various results
giving an analysis of the space C (G, C) of all complex-valued functions on a finite group G. In this
analysis those functions that are constant on conjugacy classes are shown to be linear combinations
of the characters of the irreducible representations. Section 5 proves Burnside’s Theorem as an
application of this theory —that any finite group of order paqb with p and ¢ prime and witha+b > 1
has a nontrivial normal subgroup.

Section 6 introduces cohomology of groups in connection with group extensions. If N is to be
a normal subgroup of G and Q is to be isomorphic to G/ N, the first question is to parametrize the
possibilities for G up to isomorphism. A second question is to parametrize the possibilities for G if
G is to be a semidirect product of N and Q.

1. Free Groups

This section and the next two introduce some group-theoretic notions that in
principle apply to all groups but in practice are used with countable groups, often
countably infinite groups that are nonabelian. The material is especially useful in
applications in topology, particularly in connection with fundamental groups and
covering spaces. But the formal development here will be completely algebraic,
not making use of any definitions or theorems from topology.

306



1. Free Groups 307

In the case of abelian groups, every abelian group G is a quotient of a suitable
free abelian group, i.e., a suitable direct sum of copies of the additive group Z
of integers.! Recall the discussion of Section IV.9: We introduce a copy Zg of
7 for each g in G, define G = ®g€G Lg, letiy : Zg — G be the standard
embedding, and let ¢, : Z, — G be the group homomorphism written additively
as @,(n) = ng. The universal mapping property of direct sums that was stated
as Proposition 4.17 produces a unique group homomorphism ¢ : G — G such
that ¢ o i, = @, for all g, and ¢ is the required homomorphism of a free abelian
group onto G.

The goal in this section is to carry out an analogous construction for groups that
are not necessarily abelian. The constructed groups, to be called “free groups,”
are to be rather concrete, and the family of all of them is to have the property that
every group is the quotient of some member of the family.

If S is any set, we construct a “free group F(S) on the set S.” Let us speak
of S as a set of “symbols” or as the members of an “alphabet,” possibly infinite,
with which we are working. If S is empty, the group F(S) is taken to be the
one-element trivial group, and we shall therefore now assume that S is not empty.
If @ is a symbol in S, we introduce a new symbol a~! corresponding to it, and we
let S~! denote the set of all such symbols a~! fora € S. Define &' = SU S~!.
A word is a finite string of symbols from §’, i.e., an ordered n-tuple for some
n of members of S’ with repetitions allowed. Words that are n-tuples are said
to have length n. The empty word, with length 0, will be denoted by 1. Other
words are usually written with the symbols juxtaposed and all commas omitted,
as in abca~'ch™!. The set of words will be denoted by W (S’). We introduce a
multiplication W (S") x W(S’) — W (S§’) by writing end-to-end the words that are
to be multiplied: (abca™', cb™!) — abca='cb~!. The length of a product is the
sum of the lengths of the factors. It is plain that this multiplication is associative
and that 1 is a two-sided identity. It is not a group operation, however, since most
elements of W (S’) do not have inverses: multiplication never decreases length,
and thus the only way that 1 can be a product of two elements is as the product
11. To obtain a group from W (S’), we shall introduce an equivalence relation in
W(S").

Two words are said to be equivalent if one of the words can be obtained
from the other by a finite succession of insertions and deletions of expressions
aa~" or a—'a within the word; here a is assumed to be an element of S. It will be
convenient to refer to the pairs aa~!' and a~'a together; therefore when b = a~! is
in !, letus define b~! = (a~')~! to be a. Then two words are equivalent if one
of the words can be obtained from the other by a finite succession of insertions
and deletions of expressions of the form bb~! with b in §’. This definition is

Direct sum here is what coproduct, in the sense of Section IV.11, amounts to in the category of
all abelian groups.
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arranged so that “equivalent” is an equivalence relation. We write x ~ y if x and
y are words that are equivalent. The underlying set for the free group F(S) will
be taken to be the set of equivalence classes of members of W (S").

Theorem 7.1. If S is a set and W () is the corresponding set of words built
from S’ = S U S~!, then the product operation defined on W (S’) descends in a
well-defined fashion to the set F(S) of equivalence classes of members of W (S’),
and F(S) thereby becomes a group. Define ¢ : § — F(S) to be the composition
of the inclusion into words of length one followed by passage to equivalence
classes. Then the pair (F(S), ¢) has the following universal mapping property:
whenever G is a group and ¢ : § — G is a function, then there exists a unique
group homomorphism ¢ : F(S) — G such thatp = g o (.

REMARK. The group F(S) is called the free group on S. Figure 7.1 illustrates
its universal mapping property. The brief form in words of the property is that
any function from § into a group G extends uniquely to a group homomorphism
of F(S) into G. This universal mapping property actually characterizes F(S), as
will be seen in Proposition 7.2.

s %,

F(S)

FIGURE 7.1. Universal mapping property of a free group.

PROOF. Let us denote equivalence classes by brackets. We want to define
multiplication in F(S) by [w;][w;] = [wjw;]. To see that this formula makes
sense in F (S), let x{, x,, and y be words, and let » be in S’. Define x = x;x, and
x’ = x1bb~ x5, so that x’ ~ x. Then it is evident that x'y ~ xy and yx’ ~ yx.
Iteration of this kind of relationship shows that w] ~ w; and w} ~ w, implies
wjw), ~ wwy, and hence multiplication of equivalence classes is well defined.

Since multiplication in W(§’) is associative, we have [wi]([w2][w3]) =
(willwaws] = [wi(waw3)] = [(wiw)ws] = [wiwz][ws] = ((wil[w2])[ws].
Thus multiplication is associative in F (S). The class [1] of the empty word 1 is a
two-sided identity. Ifby, ..., b, arein §’, then bn‘1 . bz_lbl_lblbz -+ b, isequiv-
alent to 1, and so is byby - - - byb; ' --- by 'by". Consequently [b; ! --- by 'b 'Tis
a two-sided inverse of [b1b; - - - b,], and F (S) is a group.

Now we address the universal mapping property, first proving the stated unique-
ness of the homomorphism. Every member of F'(S) is the product of classes [b]
with b in S’. In turn, if b is of the form a—! with a in S, then [b] = [«¢]~!. Hence
F(S) is generated by all classes [a] witha in S, i.e., by ¢(S). Any homomorphism
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of a group is determined by its values on the members of a generating set, and
uniqueness therefore follows from the formula ¢([a]) = ¢(t(a)) = ¢(a).
For existence we begin by defining a function ® : W(S’) — G such that

d(a) = ¢(a) fora in S,
d@@ = (p(a)_1 fora'in 7!,
®(wiwr) = O(w)®(wy) for wy and w, in W(S').

We use the formulas ® (@) = ¢(a) forain Sand ®(a~!) = ¢(a)~ ' fora'in §~!
as a definition of ® (b) for b in §’. Any member of W (S’) can be written uniquely
as by - - - b, with each b; in ', and we set ®(by ---b,) = P(by)--- D(b,). (If
n = 0, the understanding is that ®(1) = 1.) Then ® has the required properties.

Let us show that w’ ~ w implies ® (w’) = ®(w). If by, ..., b, are in §’ and
b isin §’, then the question is whether

Dby -+ bbb gy - by) = D(by - bbiry - by).

If g and ¢’ denote the elements @ (by) - - - P (by) and P (biy 1) - - - P(b,) of G, then
the two sides of the queried formula are

gdBd)P(b g and  gg'.

Thus the question is whether ® (b)® (h~') always equals 1 in G. If b = a isin S,
thisequals p(a)p(a)~! = 1, whileifb = a~'isin S~!,itequals p(a) 'p(a) = 1.
We conclude that w’ ~ w implies ®(w") = @ (w).

We may therefore define ¢ ([w]) = ®(w) for [w]in F(S). Since g([w][w']) =
o((ww']) = ®(ww') = P(w)® (W) = g((w)@((w']), @ is a homomorphism
of F(S) into G. For a in S, we have ¢([a]) = ®(a) = ¢(a). In other words,
@(t(a)) = p(a). This completes the proof of existence. O

Proposition 7.2. Let S be a set, F be a group, and ¢ : § — F be a func-
tion. Suppose that the pair (F, ¢') has the following universal mapping property:
whenever G is a group and ¢ : § — G is a function, then there exists a unique
group homomorphism ¢ : F — G such that ¢ = @ o ¢’. Then there exists a
unique group homomorphism ® : F(S) — F suchthat/ = ® o, and itis a
group isomorphism.

REMARKS. Chapter VI is not a prerequisite for the present chapter. However,
readers who have been through Chapter VI will recognize that Proposition 7.2 is
a special case of Problem 19 at the end of that chapter.
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PROOF. We apply the universal mapping property of (F(S), ¢), as stated in
Theorem 7.1, to the group G = F and the function ¢ = (/, obtaining a group
homomorphism @ : F(S) — F such that {/ = ® o (. Then we apply the given
universal mapping property of (F, (') to the group G = F(S) and the function
@ =, obtaining a group homomorphism ¥ : F — F(S) such thatt = W o /.

The group homomorphism W o & : F(S) — F(S) has the property that
(Wod)or = Wo(Pot) = Vo' =, and the identity 1 p(s) has this same property.
By the uniqueness of the group homomorphism in Theorem 7.1, ¥ o ® = 1ps).

Similarly the group homomorphism ® o W : ' — F has the property that
(® o W) ot =1, and the identity 15 has this same property. By the uniqueness
of the group homomorphism in the assumed universal mapping property of F,
doV¥ = lF-

Therefore @ is a group isomorphism. We know that ((S) generates F(S). If
@’ : F(S) — F is another group isomorphism with ¢/ = @’ o ¢, then &’ and ®
agree on ((S) and therefore have to agree everywhere. Hence ® is unique. [

Proposition 7.2 raises the question of recognizing candidates for the set 7 =
'(S) in a given group F so as to be in a position to exhibit F' as isomorphic to the
free group F(S). Certainly T has to generate F'. But there is also an independence
condition. The idea is that if we form words from the members of T', then two
words are to lead to equal members of F only if they can be transformed into one
another by the same rules that are allowed with free groups.

What this problem amounts to in the case that F = F(S) is that we want a
decision procedure for telling whether two given words are equivalent. This is
the so-called word problem for the free group. If we think about the matter for a
moment, not much is instantly obvious. If a; and a, are two members of S and if
they are considered as words of length 1, are they equivalent? Equivalence allows
for inserting pairs bb~! with b in §’, as well as deleting them. Might it be possible
to do some complicated iterated insertion and deletion of pairs to transform a;
into ay? Although the negative answer can be readily justified in this situation by
a parity argument, it can be justified even more easily by the universal mapping
property: there exist groups G with more than one element; we can map a; to
one element of G and a, to another element of G, extend to a homomorphism
@ : F(S) > G, see that ¢(t(ay)) # @(t(az)), and conclude that t(a;) # t(ay).
But what about the corresponding problem for two more-complicated words in a
free group? Fortunately there is a decision procedure for the word problem in a
free group. It involves the notion of “reduced” words. A word in W (S’) is said
to be reduced if it contains no consecutive pair b6~ with b in §'.

Proposition 7.3 (solution of the word problem for free groups). Let S be a set,
let ' = SUS™!, and let W(S’) be the corresponding set of words. Then each
word in W (S") is equivalent to one and only one reduced word.
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REMARK. To test whether two words are equivalent, the proposition says to
delete pairs bb~! with b € §” as much as possible from each given word, and to
check whether the resulting reduced words are identical.

PROOF. Removal of a pair bb~! with b € S’ decreases the length of a word
by 2, and the length has to remain > 0. Thus the process of successively removing
such pairs has to stop after finitely many steps, and the result is a reduced word.
This proves that each equivalence class contains a reduced word.

For uniqueness we shall associate to each word a finite sequence of reduced
words such that the last member of the sequence is unchanged when we insert
or delete within the given word any expression bb~! with b € §’. Specifically if
w = by - - - by, witheach b; in §', is a given word, we associate to w the sequence

of words xg, x1, ..., x, defined inductively by
xo =1,
x1 = by,
{ Xi_1b; if i > 2 and x;_; does not end in b;l, *)
X; = *
l Yi—2 ifi >2andx;_; = Yi—zbl-_l,

and we define r (w) = x,. Let us see, by induction on i > 0, that x; is reduced.
The base cases i = 0 and i = 1 are clear from the definition. Suppose thati > 2
and that xg, ..., x;_; are reduced. If x,_; = yi_zbfl for some y;_5, then x;_;
reduced forces y;_» to be reduced, and hence x; = y;_, is reduced. If x;_; does
not end in b;” ! then the last two symbols of x; = x;_1b; do not cancel, and no
earlier pair can cancel since x;_ is assumed reduced; hence x; is reduced. This
completes the induction and shows that x; is reduced for 0 <i < n.

If the word w = by - - - b, is reduced, then each x; fori > 2 is determined by
the first of the two choices in (), and hence x; = b - - - b; for all i. Consequently
r(w) = w if w is reduced. If we can prove for a general word b - - - b, that

r(by---by) =7 by bbb biyr -+ - by), (k)

then it follows that every word w’ equivalent to a word w hasr (w’) = r (w). Since
r(w) = w for w reduced, there can be only one reduced word in an equivalence
class.

To prove (xx), let xg, ..., x, be the finite sequence associated with by - - - b,,
and let xg, ..., x,, be the sequence associated with by - - bbb by -+ - by,
Certainly x; = x; fori < k. Letus compute x;_; and x; ,. From (x) we see that

, xib if x; does not end in b,
X1 =

y if x, = yb~ L.
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In the first of these cases, x;, 41 ends in b, and (x) says therefore that X, 4o = Xk
In the second of the cases, the fact that x; is reduced implies that y does not end
in b; hence (*) says that x;_, = yb~! = x;. In other words, X = X in both
cases. Since the inductive definition of any x; depends only on x;_1, and similarly
for x/, we see that x,’€+2+i = x34; for0 < i < n — k. Therefore x;,+2 = x,, and
() follows. This proves the proposition. (]

Let us return to the problem of recognizing candidates for the set T = ¢/(S)
in a given group F so that the subgroup generated by T is a free group. Using
the universal mapping property for the free group F(T), we form the group
homomorphism of F(T') into F that extends the identity mapping on 7. We want
this homomorphism to be one-one, i.e., to have the property that the only way a
word in F built from the members of T can equal the identity is if it comes from
the identity. Because of Proposition 7.3 the only reduced word in F (T) that yields
the identity is the empty word. Thus the condition that the homomorphism be
one-one is that the only image in F' of a reduced word in F (T') that can equal the
identity is the image of the empty word. Making this condition into a definition,
we say thata subset S = {g, | # € T'} of F not containing 1 is free if no nonempty
product Ak - - - hy, in which each h; or hi_1 is in S and each h;; is different
from hi_1 can be the identity. A free set in F' that generates F is called a free
basis for F.

EXAMPLE. Within the free group F ({x, y}) on two generators x and y, consider
the subgroup generated by u = x2, v = y?, and w = xy. The claim is that
the subset {u, v, w} is free, so that the subgroup generated by u, v, and w is
isomorphic to a free group F ({u#, v, w}) on three generators. We are to check that
no nonempty reduced word in u, v, w, ul, v=! w! can reduce to the empty
word after substitution in terms of x and y. We induct on the length of the u, v, w
word, the base case being length 0. Suppose that v = y? occurs somewhere
in our reduced u, v, w word that collapses to the empty word after substitution.
Consider what is needed for the left-hand factor of y in the y? to cancel. The
cancellation must result from the presence of some y~!. Suppose that this y~!
occurs to the left of y%. Since passing to a reduced word need involve only
deletions and not insertions of pairs, everything between y~! and y? must cancel.
If the y~! has resulted from w~' = y~'x~!, then the number of x, y symbols
between y~! and y? is odd, and an odd number of factors can never cancel. So
the y~! must arise from the right-hand y~' in a factor v=! = y~2. The symbols
between y~2 and y? come from some reduced u, v, w word, and induction shows
that this word must be trivial. Then y~2 and y? are adjacent, contradiction. Thus
the left factor of y*> must cancel because of some y~! on the right of y?. If the y~!

is part of w™! = y~'x~! oris the left y~! in v~! = y~2, then the number of x, y
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symbols between the left y and the y~! is odd, and we cannot get cancellation. So

the y~! must be the right-hand y~' in a factor y~2. Then we have an expression
y(y---y~Hy~! in which the symbols in parentheses cancel. The symbols - - -
must cancel also; since these represent some reduced u, v, w word, induction
shows that - - - is empty. We conclude that y? and y~? are adjacent, contradiction.
Thus our reduced u, v, w word contains no factor v. Similarly examination of the
right-hand factor x in an occurrence of x2 shows that our reduced u, v, w word
contains no factor u. It must therefore be a product of factors w or a product of
factors w~!. Substitution of w = xy leads directly without any cancellation to
an x, y reduced word, and we conclude that the u, v, w word is empty. Thus the
subset {u, v, w} is free.

If G is any group, the commutator subgroup G’ of G is the subgroup generated
by all elements xyx~'y~! withx € Gand y € G.

Proposition 7.4. If G is a group, then the commutator subgroup is normal,
and G/G’ is abelian. If ¢ : G — H is any homomorphism of G into an abelian
group H, then kerg 2 G’.

PROOF. The computation

la=! = (axail)(ayafl)(axa”)*] (aya71)7]

axyx71y7
shows that G’ is normal. If ¥ : G — G /G’ is the quotient homomorphism, then
Y)Y () = xyG = xy(y'x7'yx)G' = yxG' = ¥ (y)¥(x), and therefore
G /G’ is abelian. Finally if ¢ : G — H is a homomorphism of G into an abelian
group H, then the computation (xyx~'y™") = p(x)e(Me@@)'e(y)™! =
(X)) 'e(»)e(y)~! = 1 shows that G’ C ker g. [

Corollary 7.5. If F is the free group on a set S and if F' is the commutator
subgroup of F, then F/F’ is isomorphic to the free abelian group P, Z;.

PROOF. Let H = @), ¢ Zs, andletp : S — H be the function with ¢(s) = 15,
i.e., p(s) is to be the member of H thatis 1 in the s™ coordinate and is 0 elsewhere.
Application of the universal mapping property of F as given in Theorem 7.1
yields a group homomorphism ¢ : F — H such that ¢ ot = ¢. Since the
elements ¢(s), with s in S, generate H, ¢ carries F onto H. Since H is abelian,
Proposition 7.4 shows that ker ¢ 2 F’. Proposition 4.11 shows that ¢ descends
to a homomorphism @y : F/F’ — H, and @, has to be onto H.

To complete the proof, we show that @ is one-one. Let x be a member of F.
Since the products of the elements ¢(s) and their inverses generate F and since
F/F' is abelian, we can write xF’ = sifll . ~sl./n" F’, where s;, occurs a total of
Ji times in x, ..., and s;, occurs a total of j, times in x; it is understood that
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an occurrence of Si, ! is to contribute —1 toward Jj1. Then we have gy(xF') =
J1o(si) -+ jae(si). f@o(x F') = 0, we obtain jio(s;, )+ - -+ jup(si,) =0,
and then j; = --- = j, = O since the elements ¢(s;,), ..., ¢(s;,) are members
of a Z basis of H. Hence xF' = F’, x is in F’, and ¢ is one-one. O

Corollary 7.6. If F; and F, are isomorphic free groups on sets S; and S5,
respectively, then S; and S, have the same cardinality.

PROOF. Corollary 7.5 shows that an isomorphism of F; with F, induces an
isomorphism of the free abelian groups P, s, Zs, and P, Zs, The rank of a
free abelian group is a well-defined cardinal, and the result follows—almost.

We did not completely prove this fact about the rank of a free abelian group
in Section IV.9. Theorem 4.53 did prove, however, that rank is well defined for
finitely generated free abelian groups. Thus the corollary follows if S; and S, are
finite. If S| or S, is uncountable, then the cardinality of the corresponding free
abelian group matches the cardinality of its Z basis; hence the corollary follows
if §; or S, is uncountable. The only remaining case to eliminate is that one of
S1 and S, say the first of them, has a countably infinite Z basis and the other
has finite rank n. The first of the groups then has a linearly independent set of
n + 1 elements, and Lemma 4.54 shows that the span of these elements cannot
be isomorphic to a subgroup of a free abelian group of rank n. This completes
the proof in all cases. O

Because of Corollary 7.6, it is meaningful to speak of the rank of a free group;
it is the cardinality of any free basis. We shall see in the next section that any
subgroup of a free group is free. In contrast to the abelian case, however, the rank
may actually increase in passing from a free group to one of its subgroups: the
example earlier in this section exhibited a free group of rank 3 as a subgroup of
a free group of rank 2.

We turn to a way of describing general groups, particularly groups that are at
most countable. The method uses “generators,” which we already understand,
and “relations,” which are defined in terms of free groups. Let S be a set, let
R be a subset of F(S), and let N(R) be the smallest normal subgroup of F(S)
containing R. The group G = F(S)/N(R) is sometimes written as G = (S; R)
or as

G = (elements of §; elements of R),

with the elements of S and R listed rather than grouped as a set. Either of these
expressions is called a presentation of G. The set S is a set of generators, and
the set R is the corresponding set of relations. The following result implicit in
the universal mapping property of Theorem 7.1 shows the scope of this definition.
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Proposition 7.7. Each group G is the homomorphic image of a free group.

PROOF. Let S be a set of generators for G; for example, S can be taken to
be G itself. Let ¢ : § — G be the inclusion of the set of generators into G,
and let ¢ : F(S) — G be the group homomorphism of Theorem 7.1 such that
@(t(s)) = @(s) for all s in S. The image of ¢ is a subgroup of G that contains
the generating set S and is therefore equal to all of G. Thus ¢ is the required
homomorphism. 0

If G is any group and ¢ : F(S) — G is the homomorphism given in Propo-
sition 7.7, then the subgroup R = ker@ has the property that G = (S; R).
Consequently every group can be given by generators and relations.

For example the proof of the proposition shows that one possibility is to take
S = G and R equal to the set of all members of the multiplication table, but with
the multiplication table entry ss’ = s” rewritten as the left side ss’(s”)~! of an
equation ss’(s”)~! = 1 specifying a combination of generators that maps to 1.
This is of course not a very practical example. Generators and relations are most
useful when S and R are fairly small. One says that G is finitely generated if S can
be chosen to be finite, finitely presented if both S and R can be chosen to be
finite.

A frequently used device in working with generators and relations is the
following simple proposition.

Proposition 7.8. Let G = (S; R) be a group given by generators and relations,
let G’ be a second group, let ¢ be a one-one function ¢ from S onto a set of
generators for G/, and let ® : F(§) — G’ be the extension of ¢ to a group
homomorphism. If ®(r) = 1 for every member r of R, then ® descends to a
homomorphism of G onto G’. In particular, if G = (S; R) and G’ = (S; R’)
are groups given by generators and relations with R C R’, then the natural
homomorphism of F(S) onto G’ descends to a homomorphism of G onto G'.

PROOF. The proposition follows immediately from the universal mapping
property in Theorem 7.1 in combination with Proposition 4.11. (]

Now let us consider some examples of groups given by generators and relations.
The case of one generator is something we already understand: the group has to
be cyclic. A presentation of Z is as (a; ), and a presentation of C,, is as {a; a").
But other presentations are possible with one generator, such as (a; a®, a°) for

Cs. Here is an example with two generators.
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EXAMPLE. Let us prove that D, = (x, y; x", y2, (xy)2), where D,, is the
dihedral group of order 2n. Concretely let us work with D,, as the group of 2-by-2

real matrices generated by (COS 2r/n —sin2m/n ) and ( (1) _? ) The generated group

sin2w/n  cos2m/n
indeed has order 2n. If we identify

¥ with (cosZn/n —sin2n/n) and y with ((1)_0),

sin2mw/n cos2m/n 1
then y? = 1, and the formula

(c0s27r/n —sin2m/n )k . <c0s2nk/n 7sin2nk/n>

sin2mw/n cos2m/n sin2wk/n  cos2mwk/n

cos2mw/n  sin2m/n
sin2w/n —cos2mw/n

shows that x” = 1. In addition, xy = ( ), and the square of

this is the identity. By Proposition 7.8, D, is a homomorphic image of D, =
(x, y; x", y2, (x y)2>. To complete the identification, it is enough to show that the
order of 5n is < 2n because the homomorphism of 5,1 onto D, must then be
one-one. In (x, y; x™, y2, (xy)z), we compute that y~! = y and that x (yx)y = 1
implies yx = x~!'y~! = x~!y. Induction then yields yx* = x~*y for k > 0.
Multiplying left and right by y gives yx ¥ = x¥y for k > 0. So yx! = x 'y for
every integer /. This means that every element is of the form x” or x”y, and we
may take 0 < m < n — 1. Hence there are at most 2n elements.

Without trying to be too precise, let us mention that the word problem for
finitely presented groups is to give an algorithm for deciding whether two words
represent the same element of the group. It is known that there is no such
algorithm applicable to all finitely presented groups. Of course, there can be
such an algorithm for certain special classes of presentations. For example, if
there are no relations in the presentation, then the group is a free group, and
Proposition 7.3 gives a solution in this case. There tends to be a solution for a
class of groups if the groups all correspond rather concretely to some geometric
situation, such as a tiling of Euclidean space or some other space. The example
above with D, is of this kind.

By way of a concrete class of examples, one can identify any doubly generated
group of the form (x, y; x4, yb, (xy)c> if a, b, ¢ are integers > 1, and one can
describe what words represent what elements in these groups. These groups all
correspond to tilings in 2 dimensions. Infact,lety =a~'4+b" '+ Ify > 1,
the tiling is of the Riemann sphere, and the group is finite. If y = 1, the tiling is
of the Euclidean plane R?, and the group is infinite. If y < 1, the tiling is of the
hyperbolic plane, and the group is infinite. In all cases one starts from a triangle in
the appropriate geometry with angles 7w /a, /b, and 7 /c, and a basic tile consists
of the double of this triangle obtained by reflecting the triangle about any of its
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sides. The group elements x, y, and xy are rotations, suitably oriented, about the
vertices of the triangle through respective angles 27 /a, 27 /b, and 27t /c. Further
information about the cases ¥ > 1 and y = 1 is obtained in Problems 37-46 at
the end of the chapter.

We conclude with one further example of a presentation whose group we can
readily identify concretely.

Proposition 7.9. Let S be aset, and let R = {sts~ 't~ | s € S, t € S}. Then
the smallest normal subgroup of the free group F(S) containing R is the com-
mutator subgroup F(S)’, and therefore (S; R) is isomorphic to the free abelian

group P, Z;.

PROOF. The members of R are in F(S)’, the product of two members of F(S)’
is in F(S)’, and any conjugate of a member of F(S)’ is in F(S)'. Therefore
the smallest normal subgroup N(R) containing R has N(R) C F(S)’. Let
¢ : F(S) — F(S)/N(R) be the quotient homomorphism. Elements of the
quotient F (S)/N (R) may be expressed as words in the elements ¢ (s) and ¢(s) ™!
for s in S, and the factors commute because of the definition of R. Therefore
F(S)/N(R) is abelian. By Proposition 7.4, N(R) 2 F(S)'. Therefore N(R) =
F(S)'. This proves the first conclusion, and the second conclusion follows from
Corollary 7.5. (|

2. Subgroups of Free Groups

The main result of this section is that any subgroup of a free group is a free group.
An example in the previous section shows that the rank can actually increase in
the process of passing to the subgroup.

The proof of the main result is ostensibly subtle but is relatively easy to under-
stand in topological terms. Although we shall give the topological interpretation,
we shall not pursue it further, and the proof that we give may be regarded as a
translation of the topological proof into the language of algebra, combined with
some steps of beautification.

For purposes of the topological argument, let us think of the given free group
for the moment as finitely generated, and let us suppose that the subgroup has
finite index. A free group on n symbols is the fundamental group of a bouquet
of n circles, all joined at a single point, which we take as the base point. By the
theory of covering spaces, any subgroup of index k is the fundamental group of
some k-sheeted covering space of the bouquet of circles. This covering space is
a 1-dimensional simplicial complex, and one can prove with standard tools that
the fundamental group of any 1-dimensional simplicial complex is a free group.
The theorem follows.
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If the special hypotheses are dropped that the given free group is finitely
generated and the subgroup has finite index, then the same proof is applicable as
long as one allows a suitable generalization of the notion of simplicial complex.
Thus the topological argument is completely general.

The theorem then is as follows.

Theorem 7.10 (Nielsen—Schreier Theorem). Every subgroup of a free group
is a free group.

REMARKS. The algebraic proof will occupy the remainder of the section but
will occasionally be interrupted by comments about the example in the previous
section.

Let the given free group be F, let the subgroup be H, and form the right cosets
Hg in F. Let C be a set of representatives for these cosets, with 1 chosen as
the representative of the identity coset; we shall impose further conditions on C
shortly.

EXAMPLE, CONTINUED. For the example in the previous section, we were
given a free group F with two generators x, y, and the subgroup H is taken to
have generators x2, xy, y2. In fact, one readily checks that H is the subgroup
formed from all words of even length, and we shall think of it that way. The set
C of coset representatives may be taken to be {1, x} in this case. The argument
we gave that H is free has points of contact with the proof we give of Theorem
7.10 but is not an exact special case of it. One point of contact is that within
each generator of H that we identify, there is some particular factor that does
not cancel when that generator appears in a word representing a member of the
subgroup.

We define a function p : F — C by taking p(x) to be the coset representative
of the member x of F. This function has the property that p(hx) = p(x) for all
hin H and x in F. Also, x — xp(x)~! is a function from F to H, and it is the
identity function on H. The first lemma shows that a relatively small subset of
the elements xp (x)~! is a set of generators of H.

Lemma 7.11. Let S be the set of generators of F, and let S’ = S U S~
Every element of H is a product of elements of the form ghp(gh)~! with g in
C and b in §’. Furthermore the element g’ = p(gb) of C has the properties
that g = p(g’b™") and that gb~'p(gb~")~! is of the form (g/b,o(g’b)*l)_l.
Consequently the elements gap(ga)~! with g in C and a in S form a set of
generators of H.



2. Subgroups of Free Groups 319

EXAMPLE, CONTINUED. In the example, we are taking C = {1, x} and S =
{x, y}. The elements ghp(gh)~' obtained with g=1 and b equal to x, y, x !, y~!
are 1, yx~', x 'x~!, and y~'x~'. The elements ghp(gh)~' obtained with g = x
and b equal to x, y, x ', y~! are xx, xy, 1, and xy~!. The lemma says that 1,
yx~!, xx, and xy form a set of generators of H and that the elements x ~'x~!,

y”x*1 , 1, and xy~! are inverses of these generators in some order.

REMARK. The lemma needs no hypothesis that F is free. A nontrivial ap-
plication of the lemma with F not free appears in Problem 43 at the end of the
chapter.

PROOF. Any 4 in F can be written as a product & = b - - - b, with each b; in
S’. Definerg =1 andry = p(by ---by) for 1 <k < n. Then

hry b = (robiry DY (ribary ) - (ra—ibary, ). ()

Since

re=pb1---br) =pby---br_1br) = p(p(by -+ - br_1)bi) = p(ri—1by),

we have rk_lbkrk_l = gbp(gh)~! with ¢ = ry_ and b = by. Thus (x) exhibits
hr, ! as a product of elements as in the first conclusion of the lemma. Since
rn=pby---by) = p(h), r, =1if hisin H. Therefore in this case, & itself is
a product of elements as in the statement of that conclusion, and that conclusion
is now proved.

For the other conclusion, let gb~' p(gb~")~! be given, and put g’ = p(gh™ "),

so that gh~'g’~! = h is in H. This equation implies that g’b = h~'g. Hence
p(g'b) = p(h™'g) = p(g) = g, and it follows that gb~' p(gb™") ' = gb~'g'~"
=(g'bg™H = (g’b,o(g’b)_l)_l. This proves the lemma. 0

Lemma 7.12. With F free it is possible to choose the set C of coset represen-
tatives in such a way that all of its members have expansions in terms of S as
g = by --- b, in which

(a) g =b1by---b, is areduced word as written,
(b) biby---b,_; is also a member of C.

REMARKS. It is understood from the case of » = 1 in (b) that 1 is the
representative of the identity coset. When C is chosen as in this lemma, C is
said to be a Schreier set. In the example, C = {1, x} is a Schreier set. So is
C = {1, y}, and hence the selection of a Schreier set may involve a choice.

PROOF. If S’ is finite or countably infinite, we enumerate it. In the uncountable
case (which is of less practical interest), we introduce a well ordering in S’ by
means of Zermelo’s Well-Ordering Theorem as in Section A5 of the appendix.
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The ordering of S’ will be used to define a lexicographic ordering of the set of
all reduced words in the members of §’. If

x=bi - by, and y=>b,---b, ()

n

are reduced words with m < n, we say that x < y if any of the following hold:

i) m < n,
(i) m =nand by < b’,
(iii) m = n, and for some k < m, by = b}, ... by = b}, and by < by ;.

With this definition the set of reduced words is well ordered, and hence any
nonempty subset of reduced words has a least element.

Let us observe that if x, y, z are reduced words with x < y and if yz is reduced
as written, then xz < yz after xz has been reduced. In fact, let us assume that x
and y are as in (*) and that the length of z is . The assumption is that yz has
length n + r, and the length of xz is at most m + r. If m < n, then certainly
xz < yz. If m = n and xz fails to be reduced, then the length of xz is less than the
length of yz, and xz < yz. If m = n and xz is reduced, then the first inequality
by < b, with x and y shows that xz < yz.

To define the set C of coset representatives, let the representative of Hg be
the least member of the set Hg, each element being written as a reduced word.
Since the length of the empty word is 0, the representative of the identity coset
H is 1 under this definition. Thus all we have to check is that an initial segment
of a member of C is again in C.

Supposethatb; - - - b, isin C, sothatb; - - - b, is the leastelementof Hb; - - - b,,.
Denote the least element of Hb ---b,_; by g. If g = by ---b,_1, we are done.
Otherwise g < b;---b,_1, and then the fact that by - - - b, is reduced implies
that gb, < by ---b,. But gb, isin Hb, ---b,, and this inequality contradicts
the minimality of b; - - - b, in that coset. Thus we conclude that g = by --- b, ;.
This proves the lemma. O

For the remainder of the proof of Theorem 7.10, we assume, as we may by
Lemma 7.12, that the set C of coset representatives is a Schreier set. Typical
elements of S will be denoted by a, and typical elements of §' = S U S~! will be
denoted by b. Let us write u for a typical element gap(ga) ' with g in C, and let
us write v for a typical element ghp(gh)~! with g in C. The elements u generate
H by Lemma 7.11, and each element v is either an element u or the inverse of an
element u, according to the lemma. We shall prove that the elements u not equal
to 1 are distinct and form a free basis of H.

First we prove that each of the elements v = ghp(gh)~! either is reduced as
written or is equal to 1. Put g’ = p(gb), sothatv = ghg’'~!. Since g and g’ are in
the Schreier set C, they are reduced as written, and hence so are g and g’ ~! Thus



2. Subgroups of Free Groups 321

the only possible cancellation in v occurs because the last factor of g is ™! or the
last factor of g’ is b. If the last factor of g is b~!, then gb is an initial segment of
¢ and hence is in the Schreier set C; thus p(gh) = gb and v = ghp(gh)~! = 1.
Similarly if the last factor of g’ is b, then g’b~! is an initial segment of g’ and
hence is in the Schreier set C; thus p(g’b~!) = g’b~!, and Lemma 7.11 gives
v = (gb,o(gb)_l)_1 = g'b 'p(g’b~")! = 1. Thus v = gbp(gh)~! either is
reduced as written or is equal to 1.

Next let us see that the elements v other than 1 are distinct. Suppose that
v = gbp(gh)~! = g'b'p(g’b’)~! is different from 1. Remembering that each of
these expressions is reduced as written, we see that if g is shorter than g’, then gb
is an initial segment of g’. Since C is a Schreier set, gb is in C and p(gb) = gb;
thus v = gbp(gh)~' equals 1, contradiction. Similarly g’ cannot be shorter than
g. So g and g’ must have the same length /. In this case the first / + 1 factors
must match in the two equal reduced words, and we conclude that g = g’ and
b = b'. This proves the uniqueness.

We know that each v is either some u or some #'~!, and this uniqueness shows
that it cannot be both unless v = 1. Therefore the nontrivial u’s are distinct, and
the nontrivial v’s consist of the u’s and their inverses, each appearing once.

Since an element v not equal to 1 therefore determines its g and b, let us refer
to the factor b of v = gbp(gh)~! as the significant factor of v. This is the part
that will not cancel out when we pass from a product of v’s to its reduced form.

Specifically suppose that we have v = gbp(gh)~' and © = gbp(gh)~', that
neither of these is 1, and that v # v=!. Put ¢’ = p(gh) and g’ = p(gh). The
claim is that the cancellation in forming v = gbg’~'gbg'~"' does not extend
to either of the significant factors b and b. If it does, then one of three things
happens:

(i) the b in bg'~! gets canceled because the last factor of g’ is b, in which
case g’b~! is an initial segment of g/, g'b~! = p(g’b™") = g, and

v =_gbg/j1 =1,or )
(ii) the b in gb gets canceled because the last factor of g is b1, in which case
gb is an initial segment of g, gb = p(gh) = g’, and v = ghg' ' =1,0r

(iii) g¢'~'g = 1 and bb = 1, in which case g = g/, b = b, and the middle

conclusion of Lemma 7.11 allows us to conclude that o = v~!.

All three of these possibilities have been ruled out by our assumptions, and
therefore neither of the significant factors in vv cancels.

As a consequence of this noncancellation, we can see that in any product
vy - - - Uy, of v’s in which no vy is 1 and no vg equals vk_l, none of the significant
factors cancel. In fact, the previous paragraph shows that the significant factors
of v; and v, survive in forming v v,, the significant factors of v, and vs survive
in right multiplying by v3, and so on. Since the nontrivial #’s are distinct and
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the nontrivial v’s consist of the u#’s and their inverses, each appearing once, we
conclude that the set of nontrivial u’s is a free subset of /. Lemma 7.11 says that
the u’s generate H, and therefore the set of nontrivial u’s is a free basis of H.

3. Free Products

The free abelian group on an index set S, as constructed in Section IV.9, has a
universal mapping property that allows arbitrary functions from S into any target
abelian group to be extended to homomorphisms of the free abelian group into
the target group. The construction of free groups in Section 1 was arranged to
adapt the construction so that the target group in the universal mapping property
could be any group, abelian or nonabelian.

In this section we make a similar adaptation of the construction of a direct sum
of abelian groups so that the result is applicable in a context of arbitrary groups.
Proposition 4.17 gave the universal mapping property of the external direct sum
D, G of a set of abelian groups with associated embedding homomorphisms
is, : Ggy = @SE ¢ Gy. The statement is that if H is any abelian group and
{os | s € S} is a system of group homomorphisms ¢, : Gy — H, then there
exists a unique group homomorphism ¢ : @,_¢ Gy — H such that ¢ o is, = gy,
for all sp € S. Example 2 of coproducts in Section IV.11 shows that direct sum
is therefore the coproduct functor in the category of all abelian groups.

This universal mapping property of €, ¢ G fails when H is a nonabelian
group such as the symmetric group Gs. In fact, G5 has an element of order 2 and
an element of order 3 and hence admits nontrivial homomorphisms ¢, : C, — G3
and @3 : C3 — G3. But there is no homomorphism ¢ : C, & C3 — G3 such
that ¢ o i, = ¢, and @ o i3 = ¢3 because the image of ¢ has to be abelian but the
images of ¢, and @3 do not commute. Consequently direct sum cannot extend to
a coproduct functor in the category of all groups.

Instead, the appropriate group constructed from C, and Cs for this kind of
universal mapping property is the “free product” of C, and C3, denoted by
C, % C3. In this section we construct the free product of any set of groups,
finite or infinite. Also, we establish its universal mapping property and identify
it in terms of generators and relations. The prototype of a free product is the free
group F(S), which equals a free product of copies of Z indexed by S. A free
product is always an infinite group if at least two of the factors are not 1-element
groups.

An important application of free products occurs in the theory of the fundamen-
tal group in topology: if X is a topological space for which the theory of covering
spaces is applicable, and if A and B are open subsets of X with X = AU B such
that A N B is nonempty, connected, and simply connected, then the fundamental
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group of X is the free product of the fundamental group of A and the fundamental
group of B. This result, together with a generalization that no longer requires
A N B to be simply connected, is known as the Van Kampen Theorem.

Let S be a nonempty set of groups Gy for s in S. The set S is allowed to be
infinite, but in practice it often has just two elements. We shall describe the group
defined to be the free product G = %k cs G;. We start from the set W({G,}) of

all words built from the groups G. This consists of all finite sequences g - - - g,
with each g; in some G depending on i. The length of a word is the number of
factors in it. The empty word is denoted by 1. We multiply two words by writing
them end to end, and the resulting operation of multiplication is associative. A
word is said to be equivalent to a second word if the first can be obtained from
the second by a finite sequence of steps of the following kinds and their inverses:

(i) drop a factor for which g; is the identity element of the group in which it
lies,
(ii) collapse two factors g;g; ;1 to a single one g/ if g; and g; 11 lie in the same
G, and their product in that group is g
The result is an equivalence relation, and the set of equivalence classes is the
underlying set of ks Gy.

Theorem 7.13. If S is a nonempty set of groups G, and W ({G,}) is the set
of all words from the groups Gy, then the product operation defined on W ({G,})
descends in a well-defined fashion to the set sk cs G of equivalence classes of
members of W({G,}), and k5 G thereby becomes a group. For each s( in
S, define iy, : G5, = kses Gy to be the group homomorphism obtained as the
composition of the inclusion of Gy, into words of length 1 followed by passage
to equivalence classes. Then the pair (s es Gy, {is}) has the following universal
mapping property: whenever H is a group and {¢; | s € S} is a system of group
homomorphisms ¢; : Gy — H, then there exists a unique group homomorphism
¢ : %ksesGs — H suchthat ¢ o iy, = @, forall s € S.

%
G, ——
1
iSOJ, e
*SGS Gs

FIGURE 7.2. Universal mapping property of a free product.
REMARKS. The group k;csGj; is called the free product of the groups G;.

Figure 7.2 illustrates its universal mapping property. This universal mapping
property actually characterizes *k;c5Gy, as will be seen in Proposition 7.14. One
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often writes G *- - - * G, when the set § is finite; the order of listing the groups is
immaterial. The proof of Theorem 7.13 is rather similar to the proof of Theorem
7.1, and we shall skip some details.

PROOF. Let us write ~ for the equivalence relation on words, and let us denote
equivalence classes by brackets. We want to define multiplication in sk;csG; by

[wi][w2] = [wjw;]. To see that this formula makes sense in $kc5Gy, let x, x/,

and y be words in W ({G,}), and suppose that x and x’ differ by only one operation
of type (i) or type (ii) as above. Then x ~ x’, and it is evident that x’y ~ xy and
yx’ ~ yx. Iteration of this kind of relationship shows that w} ~ w; and w} ~ w,
implies wjw), ~ w;ws, and hence multiplication is well defined.

The associativity of multiplication in W ({G,}) implies that multiplication in
ksesGy 18 associative, and [1] is a two-sided identity. We readily check that if

g = g1---gn is a word, then the word g~! = gn_1 e gl_1 has the property that

[g~']is a two-sided inverse to [g]. Therefore sk,csGy is a group.

The uniqueness of the homomorphism ¢ in the universal mapping property
is no problem since all words are products of words of length 1 and since the
subgroups i, (Gy,) together generate k;csGs.

For existence of ¢, we begin by defining a function ® : W({G,}) — H such
that

D(gs) = @5(gs) for gy in G when viewed as a word of length 1,
O (wiwy) = ®(w)P(wy) for wy and wy in W({Gy}).

We take the formulas ®(g;) = ¢(g;) for g, in G, as a definition of ® on words
of length 1. Any member of W ({G,}) can be written uniquely as g; - - - g, with
each g; in Gy, and we set ®(gy---g,) = P(g1) - - P(gy). f n = 0, the
understanding is that ®(1) = 1.) Then ® has the required properties.
Let us show that w’ ~ w implies ® (w’) = ®(w). The questions are whether
(i) if g1, ..., gy are in various G,’s with g; equal to the identity 1, of Gy,
then

2
D(g1--gic1ls8iv1---8n) = P(g1--- &i-18i+1" " &n),

(ii) if g1, ..., g, are in various G,’s with G5, = G
Gy, then

and if g;g;11 = g/ in

Sit1

?
D(g1--&i-18i&i+18i+2-8n) = P(g1---8i—18 &i+2" "~ &n)-
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In the case of (i), the question comes down to whether a certain 7 ® (1)’ in H
equals #h’, and this is true because ®(1;,) = ¢, (1) is the identity of H. In
the case of (ii), the question comes down to whether A®(g;)P(g;1+1)h" equals
hCD(gl?")h’ if G, = Gy, and g;giy1 = g in Gy, and this is true because
QNP (&i+1) = @5 (8¢5 (8i+1) = ¢5(8i&i+1) = ¢5(8)) = P(g). We
conclude that w’ ~ w implies ®(w’) = ® (w).

We may therefore define ¢([w]) = ®(w) for [w] in F({G,}), and ¢ is a
homomorphism of F'({G,}) into H as a consequence of the property @ (w,w;) =
O (w)P(w;y) of ® on W({Gy}). For g, in G, we have ¢([g;]) = D(g;) =
0s(gs), 1.e., p(i(gs)) = ¢s(gs). This completes the proof of existence. U]

Proposition 7.14. Let S be a nonempty set of groups Gy. Suppose that G is
a group and that i} : G; — G’ for s € § is a system of group homomorphisms
with the following universal mapping property: whenever H is a group and
{os | s € S} is a system of group homomorphisms ¢; : Gy — H, then there
exists a unique group homomorphism ¢ : G' — H such that ¢ o i; = ¢, for all
s € S. Then there exists a unique group homomorphism ® : k;csG;, — G’

such that i; = ® o i, for all s € S. Moreover, ® is a group isomorphism, and the
homomorphisms i; : G; — G’ are one-one.

REMARKS. As was true with Proposition 7.2, readers who have been through
Chapter VI will recognize that Proposition 7.14 is a special case of Problem 19
at the end of that chapter.

PROOF. Put G = 3k;c5G,. In the universal mapping property of Theorem

7.13,let H = G' and ¢ = i;, and let & : G — G’ be the homomorphism ¢
produced by that theorem. Then & satisfies ® o i; = i/ for all s. Reversing the
roles of G and G’, we obtain a homomorphism @' : G — G with @' o i} = i
for all 5. Therefore (¥’ o @) o iy = &' 0] = is.

Comparing @’ o @ with the identity 15 and applying the uniqueness in the
universal mapping property for G, we see that ® o ® = 15. Similarly the
uniqueness in the universal mapping property of G’ gives ® o & = 1. Thus ®
is a group isomorphism. It is uniquely determined by the given properties since
the various subgroups i;(G;) generate G. Since i; = ® o i and since ® and i
are one-one, i, is one-one. g

As was the case for free groups, we want a decision procedure for telling
whether two given words in W ({G,}) are equivalent. This is the so-called word
problem for the free product. Solving it allows us to use free products concretely,
just as Proposition 7.3 allowed us to use free groups concretely. A word in
W ({Gy})) is said to be reduced if it

(i) contains no factor for which g; is the identity element of the group G, in
which it lies,
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(i) contains no two consecutive factors g; and g;;; taken from the same
group Gj.

Proposition 7.15. (solution of the word problem for free products). If S is a
nonempty set of groups G and W ({Gy}) is the set of all words from the groups
Gy, then each word in W ({G,}) is equivalent to one and only one reduced word.

EXAMPLE. Consider the free product C,*C; of two cyclic groups, one with x as
generator and the other with y as generator. Words consist of a finite sequence of
factors of x, y, the identity of the first factor, and the identity of the second factor.
A word is reduced if no factor is an identity and if no two x’s are adjacent and no
two y’s are adjacent. Thus the reduced words consist of finite sequences whose
terms are alternately x and y. Those of length < 3 are 1, x, y, xy, yx, xyx, yxy,
and in general there are two of each length > 0. The proposition tells us that all
these reduced words give distinct members of C» * C,. In particular, the group is
infinite.

REMARK. More generally, to test whether two words are equivalent, the
proposition says to eliminate factors of the identity and multiply consecutive
factors in each word when they come from the same group, and repeat these steps
until it is no longer possible to do either of these operations on either word. Then
each of the given words has been replaced by a reduced word, and the two given
words are equivalent if and only if the two reduced words are identical. Problems
37-46 at the end of the chapter concern C; * C3, and some of these problems make
use of the result of this proposition— that distinct reduced words are inequivalent.

PROOF OF PROPOSITION 7.15. Both operations—eliminating factors of the
identity and multiplying consecutive factors in each word when they come from
the same group—reduce the length of a word. Since the length has to remain
> 0, the process of successively carrying out these two operations as much as
possible has to stop after finitely many steps, and the result is a reduced word.
This proves that each equivalence class of words contains a reduced word.

For uniqueness of the reduced word in an equivalence class, we proceed
somewhat as with Proposition 7.3, associating to each word a finite sequence
of reduced words such that the last member of the sequence is unchanged when
we apply an operation to the word that preserves equivalence. However, there are
considerably more details to check this time.

If w=g;---g,is a given word with each g; in G, then we associate to w
the sequence of reduced words xg, Xy, ..., X, defined inductively by

xo =1,
{ gl if g is not the identity of Gy,
X =
"“ 11 ifg is the identity of Gy,
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and the following formula for i > 2 if x;_ is of the reduced form A, - - - h; with
hjin Gy;:
hy---hig if Gy, # Gy, and g; is not the identity IGA_[ of Gy,
hy---hy if g; is the identity 15, of Gy,
Xi = . . '
hy--hi_y if G, = G, with hggi = 1g,,,

hi---heagf i Gy = Gy, with g = gf # 1g,..

Putr(w) = x,. We check inductively fori > 0 that each x; is reduced. In fact, x;
for i > 2 begins in every case with A - - - iy_1, which is assumed reduced. The
only possible reduction for x; thus comes from factors that are adjoined or from
interference with hj_, and all possibilities are addressed in the above choices.
Thus r (w) = x, is necessarily reduced for each word w.

If g, - - - gn isreduced as given, then x; is determined by the first possible choice
hy---hig; every time, and hence x; = g;---g; for all i. Therefore we obtain
r(w) = w if w is reduced.

Now consider the equivalent words

W=g81--8j8j+1 """ 8n and w/=g1"'gj1G3gj+1"'gn-

Form xo, ..., x, for w and xg, ..., x; ., for w’. Then we have xjf = xj; let
hi---h; be a reduced form of xj’.. The formula for x; 41 1s governed by the

second choice in the display, and x} | = hy - - - hy = x;. Then x;

j+ir1 = Xj+i for

1 <i <n— jaswell. Hencex , = x,,and r(w) = r(w).
Next suppose that gj’.‘ = g;jgj+1 in Gy;, and consider the equivalent words

w=g1gi-18/8+2 "8  and W' =g g 1881842 " &n-

As above, form x, ..., x, for w and x, ..., x;/1+1 for w'. Then we have x;_; =
x]f_l, and we let Ay - - - by be a reduced form of x;_;. There are cases, subcases,
and subsubcases.

First assume G, # G;. Then x; equals h; - - hkgj or hy---hy in the two
subcases g7 # 1st and g7 = lG.cj- In the first subcase, we have g7 # lG.;j and
Xj=hy--- hkg;*. Then xj/. equals iy - - - hig; or hy - - - hy in the two subsubcases
g # lg, and g; = lg, . In the first subsubcase, x; , = hi-- g = x;
whether or not gj;1 = IG_Yj. In the second subsubcase, gj’.‘ = g;gj+1 cannot be
lg,,. and therefore x| = hy -+ - hi g} = x;.

In the second subcase of the case G, # G, we have g7 = lej and x; =
Xj—1 =hy---hg. Then xjf equals iy ---hig; or hy - - hy in the two subsubcases

g # lg,, and g = 1g, . In both subsubcases, x; | = hy - - hy, so that x} | =
Xj.
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Now assume G, = Gy;. Then x; equals A - - ~hx_1hi or hy---hi_; in the
two subcases hkgjf“ = hi # lGA-,- and hkgj’.‘ = 1G3-_,.- In the first subcase, we
have hygF = hi # 1ij and x; = hy - - - hg_1h}. Then x; equals Ay - - - hg_1h), or
hy - - - hi— in the two subsubcases hixg; = h) # lG,Y‘,. and hg; = 1G.\v_,.- In the first
subsubcase, hy gj+1 = higjgj+1 = hrg; = hy implies x/\ | = hy---hy_1h =
x;. In the second subsubcase, we know that /2 cannot be 1, and hence that
gj+1 = higjgj+1 = hxg; = hj cannot be 1G5_,.§ thus x;Jrl =hy - h_1hi = x;j.

In the second subcase of the case G;, = Gy;, we have hkg]’." = 1ij and x; =
hy-- hi_y. Then x]’. equals iy - - - hy_1hi’ or hy - - - hy_; in the two subsubcases
hkgj = hy' # le, and hig; = 1st‘ In the first subsubcase, g; 4 cannot be
lej but hzlgj_,_] = hkgjgj+1 = hkg; = lij; hence xj/»H =hy---h_ = Xj.
In the second subsubcase, xj’. = hy---hg—y and gjy = lij’ so that x}+1 =
h1 .. 'hk—l = Xj.

We conclude that xl’.+1 = x; in all cases. Hence x}+i+1 = xj4i for0 <i <
n—j,x,. =X, andr(w’) =r(w). Consequently the only reduced word that
is equivalent to w is r (w). ]

Proposition 7.16. Let S be a nonempty set of groups G, and suppose that
(Ss; Ry) is a presentation of Gy, the sets S; being understood to be disjoint for
s € S. Then ( Uses Sss Uses RS) is a presentation of the free product sk csGj.

REMARK. One effect of this proposition is to make Proposition 7.8 available
as a tool for use with free products. Using Proposition 7.8 may be easier than
appealing to the universal mapping property in Theorem 7.13.

PROOF. Put § = | J,.5Ss and R = |, Ry, and define G to be a group given
by generators and relations as G = (S; R). Consider the function from S, into
the quotient group G = F(S)/N(R) given by carrying x in S, into the word
x in § and then passing to F(S) and its quotient G. Because of the universal
mapping property of free groups, this function extends to a group homomorphism
is 1 F(Ss) = G. If r is a reduced word relative to S; representing a member
of Ry, then r is carried by i into a member of the larger set R and then into
the identity of G. Since keri is normal in F(S;), keri; contains the smallest
normal subgroup N (Ry) in F(S;) that contains R,. Proposition 4.11 shows that
iy descends to a group homomorphism is : Gy — G.

We shall prove that G and the system {i} have the universal mapping property
of Proposition 7.14 that characterizes a free product. Then it will follow from
that proposition that G = k,c5G,, and the proof will be complete.

Thus let H be a group, and let {¢; | s € S} be a system of group homo-
morphisms ¢; : Gy — H. We are to produce a homomorphism & : G - H
such that ® o i; = ¢, for all s, and we are to prove that such a homomorphism



4. Group Representations 329

is unique. Let g; : F(S;) — Gy be the quotient homomorphism, and define
s » F(S;) — H by @; = @5 o gs. Now define ® : § — H as follows: if
x is in S, then x is in a set S; for a unique s and thereby defines a member
of F(S,) for that unique s; ®(x) is taken to be g (x). The universal mapping
property of the free group F (S) allows us to extend ® to a group homomorphism,
which we continue to call ®, of F(S) into H. Let r be a nontrivial relation in
R C F(S). Thenr, by hypothesis of disjointness for the sets S;, lies in a unique
Ry. Hence ®(r) = ¢,(r) = ¢5(q5(r)) = ¢;(1;) = 1. Consequently the kernel
of ® contains the smallest normal subgroup N (R) of F'(S) containing R, and ¢
descends to a homomorphism ® : G — H. This @ satisfies

qDOisOQs:q)Ois:q)|F(ss):(Zs:§0SOQS-

Since the quotient homomorphism ¢; is onto G, we obtain ® o iy = ¢, and
existence of the homomorphism & is established.

For uniqueness, we observe that the identities ® o iy = ¢, imply that ® is
uniquely determined on the subgroup of G generated by the images of all i.
Since g; is onto Gy, this subgroup is the same as the subgroup generated by the
images of all i;. This subgroup contains the image in G of every generator of
F(S) and hence is all of G. Thus @ is uniquely determined. O

4. Group Representations

Group representations were defined in Section IV.6 as group actions on vector
spaces by invertible linear functions. The underlying field of the vector space
will be taken to be C in this section and the next, and the theory will then be
especially tidy. The subject of group representations is one that uses a mix of
linear algebra and group theory to reveal hidden structure within group actions. It
has broad applications to algebra and analysis, but we shall be most interested in
an application to finite groups known as Burnside’s Theorem that will be proved
in the next section.

Let us begin with the abelian case, taking G for the moment to be a finite abelian
group. A multiplicative character of G is a homomorphism x : G — S! € C*
of G into the multiplicative group of complex numbers of absolute value 1. The
multiplicative characters form an abelian group G under pointwise multiplication
of their complex values: (xx')(g) = x(g)x’'(g). The identity of G is the
multiplicative character that is identically 1 on G, and the inverse of x is the
complex conjugate of x.

The notion of multiplicative character adapts to the case of a finite group the
familiar exponential functions x ¢'™* on the line, which can be regarded as
multiplicative characters of the additive group R/27Z of real numbers modulo
2m. These functions have long been used to resolve a periodic function of
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time into its component frequencies: The device is the Fourier series of the
function f. If f is periodic of period 27, then the Fourier coefficients of f
are ¢, = % f 7 - f (x)e~"* dx, and the Fourier series of f is the infinite series
> cne™. A portion of the subject of Fourier series looks for senses in
which f(x) is actually equal to the sum of its Fourier series. This is the problem
of Fourier inversion.

A similar problem can be formulated when R/277Z is replaced by the finite
abelian group G. The exponential functions are replaced by the multiplicative
characters. One can form an analog of Fourier coefficients for the vector space
C (G, C) of complex-valued functions” defined on G, and then one can form the
analog of the Fourier series of the function. The problem of Fourier inversion
becomes one of linear algebra, once we take into account the known structure of
all finite abelian groups (Theorem 4.56). The result is as follows.

Theorem 7.17 (Fourier inversion formula for finite abelian groups). Let G be a
finite abelian group, and introduce an inner product on the complex vector space
C(G, C) of all functions from G to C by the formula

(F,F') =Y F(@)F(g),

geG

the corresponding norm being || F|| = (F, F)'/2. Then the members of G form an
orthogonal basis of C(G, C), each x in G satisfying ||x||> = |G|. Consequently

|§ | = |G|, and any function F : G — C is given by the “sum of its Fourier
series”: :
F(9) == > (22 Fx®)x(e).
Gl 7= \ice
xeG

REMARKS. This theorem is one of the ingredients in the proof in Chapter I of
Advanced Algebra of Dirichlet’s theorem that if a and b are positive relatively
prime integers, then there are infinitely many primes of the form an + b. In
applications to engineering, the ordinary Fourier transform on the line is often
approximated, for computational purposes, by a Fourier series on a large cyclic
group, and then Theorem 7.17 is applicable. Such a Fourier series can be com-
puted with unexpected efficiency using a special grouping of terms; this device

2The notation C (G, C) is to be suggestive of what happens for G = S! and for G = R!, where
one works in part with the space of continuous complex-valued functions vanishing off a bounded
set. In any event, pointwise multiplication makes C (G, C) into a commutative ring. Later in the
section we introduce a second multiplication, called “convolution,” that makes C (G, C) into a ring
in a different way. In Chapter VIII we shall introduce the “complex group algebra” CG of G. The
vector space C (G, C) is the dual vector space of CG. However, C (G, C) and CG are canonically
isomorphic because they have distinguished bases, and the isomorphism respects the multiplication
structures —convolution in C (G, C) and the group-algebra multiplication in CG.
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is called the fast Fourier transform and is described in Problems 29-31 at the
end of the chapter.

PROOF. For orthogonality let x and x’ be distinct members of G, and put
x" = xx"= xx'~'. Choose go in G with x”(go) # 1. Then

X" (80 (X gec X" (@) = 2 gei X" (808) = X g X (&),
so that [1—x"(80)]1 2 4cc x"(8) =0

and therefore deG x"(g) =0.
Consequently (x, x) = > ,c6 X (8)X'(8) = X x"(8) = 0.

The orthogonality implies that the members of G are linearly independent,
and we obtain |G| < dim C(G, C) = |G|. Certainly ||)(||2 = deG |)((g)|2 =
Sgec 1 = 1GI.

To see that the members of G are a basis of C (G, C), we write G as a direct
sum of cyclic groups, by Theorem 4.56. A summand Z/mZ has at least m distinct
multiplicative characters, given by j mod m > ¢*™/"/" for0 < r <m — 1, and
these characters extend to G as 1 on the other direct summands of G. Taking
products of such multiplicative characters from the different summands of G,
we see that |G| > |G|. Therefore |G| = |G|, and G is an orthogonal basis by
Corollary 2.4. The formula for F(g) in the statement of the theorem follows by
applying Theorem 3.11c. (|

Now suppose that the finite group G is not necessarily abelian. Since S' is
abelian, Proposition 7.4 shows that x takes the value 1 on every member of the
commutator subgroup G’ of G. Consequently there is no way that the multiplica-
tive characters can form a basis for the vector space C (G, C) of complex-valued
functions on G. The above analysis thus breaks down, and some adjustment is
needed in order to extend the theory.

The remedy is to use representations, as defined in Section IV.6, on complex
vector spaces of dimension > 1. We shall assume in the text that the vector space
is finite-dimensional. The sense in which representations extend the theory of
multiplicative characters is that any multiplicative character y gives a represen-
tation R on the 1-dimensional vector space C by R(g)(z) = x(g)z for g in G
and z in C. Conversely any 1-dimensional representation gives a multiplicative
character: if R is the representation on the 1-dimensional vector space V and if
vo # 0 isin V, then x (g) is the scalar such that R(g)vg = x(g)vo. It is enough
to observe that the only elements of finite order in the multiplicative group C*
are certain members of the circle S', and then it follows that x takes values in S'.
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In the higher-dimensional case, the analog of the multiplicative character x
in passing to a 1-dimensional representation R is a “matrix representation.” A
matrix representation of G is a function g — [p(g);;] from G into invertible
square matrices of some given size such that p(g182)i; = ZZ=1 p(81)ikp(82)k;-
If a representation R acts on the finite-dimensional complex vector space V, then
the choice of an ordered basis I' for V leads to a matrix representation by the

formula
[0(g)j] = (ﬁ(lé’)) .

Conversely if a matrix representation g — [p(g);;] and an ordered basis I" of V
are given, then the same formula may be used to obtain a representation R of G
onV.

In contrast to the 1-dimensional case, the matrices that occur with a matrix rep-
resentation of dimension > 1 need not be unitary. The correspondence between
unitary linear maps and unitary matrices was discussed in Chapter III. When
the finite-dimensional vector space V has an inner product, a linear map was
defined to be unitary if it satisfies the equivalent conditions of Proposition 3.18.
A complex square matrix A was defined to be unitary if A*A = I. The matrix
of a unitary linear map relative to an ordered orthonormal basis is unitary, and
conversely when a unitary matrix and an ordered orthonormal basis are given, the
associated linear map is unitary. We can thus speak of unitary representations
and unitary matrix representations.

Some examples of representations appear in Section IV.6. One further pair
of examples will be of interest to us. With the finite group G fixed but not
necessarily abelian, we continue to let C (G, C) be the complex vector space of
all functions f : G — C. We define two representations of G on C(G, C): the
left regular representation ¢ given by (£(g) f)(x) = f(g~'x) and the right
regular representation r given by (r(g)f)(x) = f(xg). The reason for the
presence of an inverse in one case and not the other was discussed in Section
IV.6. Relative to the inner product

(fi, f) =Y L) A&,

xeG

both ¢ and r are unitary. The argument for £ is that

@) f1.L) ) =Y € AR D™ = Y fi(g™x) folg~1x)

xeG xeG

undergg—lx Z 1) L) = (f1, f2),

yeG

and the argument for r is completely analogous.
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It will be convenient to abbreviate “representation R on V” as “representa-
tion (R, V).” Let (R, V) be a representation of the finite group G on a finite-
dimensional complex vector space. An invariant subspace U of V is a vector
subspace such that R(g)U C U for all g in G. The representation is irreducible
if V # 0 and if V has no invariant subspaces other than 0 and V.

Two representations (R, Vi) and (R, V,) on finite-dimensional complex vec-
tor spaces are equivalent if there exists a linear invertible function A : V|, — V,
such that AR (g) = R»(g)A for all g in G. In the terminology of Section
IV.11, “equivalent” is the notion of “is isomorphic to” in the category of all
finite-dimensional representations of G.

In more detail a morphism from (R;, Vi) to (R, V,) in this category is an
intertwining operator, namely a linear map A : V; — V; such that AR;(g) =
R»(g) A for all g in G. The condition for this equality to hold is that the diagram
in Figure 7.3 commute.

V1 —A> V2

Ry (g)l le(g)

A
Vi —— W,
FIGURE 7.3. An intertwining operator for two representations, i.e., a morphism
in the category of finite-dimensional representations of G.

An example of a pair of representations that are equivalent is the left and right
regular representations of G on C (G, C): in fact, if we define (Af)(x) = f(x™1),
then

LDANX) = (Af) (g 'x) = Fx ') = (@ N = (Ar () /().

Proposition 7.18 (Schur’s Lemma). If (R, V}) and (R;, V,) are irreducible
representations of the finite group G on finite-dimensional complex vector spaces
and if A : V; — V, is an intertwining operator, then A is invertible (and hence
exhibits R; and R, as equivalent) or else A = 0. If (R, V1) = (R, V) and
A : Vi — V,is an intertwining operator, then A is scalar.

REMARK. The conclusion that A is scalar makes essential use of the fact that
the underlying field is C.

PROOF. The equality Ry(g)Av; = AR (g)v; shows that ker A and image A
are invariant subspaces. By the assumed irreducibility, ker A equals O or Vi, and
image A equals O or V,. The first statement follows. When (R}, V1) = (R, V»),
the identity / : Vi — V, is an intertwining operator. If X is an eigenvalue of A,
then A — A/ is another intertwining operator. Since A — A/ is not invertible when
A is an eigenvalue of A, A — A1 must be 0. O
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Corollary 7.19. Every irreducible finite-dimensional representation of a finite
abelian group G is 1-dimensional.

PROOF. If (R, V) is given, then the linear map A = R(g) satisfies AR(x) =
R(gx) = R(xg) = R(x)A forall x in G. By Schur’s Lemma (Proposition 7.18),
A = R(g) is scalar. Since g is arbitrary, every vector subspace of V is invariant.
Irreducibility therefore implies that V is 1-dimensional. O

Let R be a representation of the finite group G on the finite-dimensional
complex vector space V, let (-, - ) be any inner product on V, and define

(1, v2) = Y (RX)v1, R(¥)v2)o.

xeG

Then we have

(R(g)vi, R(®)v2) = ZG (R(x)R(g)v1, R(x)R(g)v2)o

= > (R(xg)vi, R(xg)v2)o

xeG
= > (R()vi, R(y)v2)o by the change y = xg
yeG

= (Ulv UZ)‘

With respect to the inner product (-, -), the representation (R, V) is therefore
unitary. In other words, we are always free to introduce an inner product to
make a given finite-dimensional representation unitary. The significance of this
construction is noted in the following proposition.

Proposition 7.20. If (R, V) is a finite-dimensional representation of the finite
group G and if an inner product is introduced in V that makes the representation
unitary, then the orthogonal complement of an invariant subspace is invariant.

PROOF. Let U be an invariant subspace. If u is in U and u* is in U+, then
(R(g)u™, u) = (R(g)'R(g)u™, R(g)"'u) = (u", R(g)"'u) = 0. Thus u™ in
U+ implies R(g)u" isin U*. O

Corollary 7.21. Any finite-dimensional representation of the finite group G
is a direct sum of irreducible representations.

REMARK. That is, we can find a system of invariant subspaces such that the
action of G is irreducible on each of these subspaces and such that the whole
vector space is the direct sum of these subspaces.
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PROOF. This is immediate by induction on the dimension. For dimension 0,
the representation is the empty direct sum of irreducible representations. If the
decomposition is known for dimension < n and if U is an invariant subspace
under R of smallest possible dimension > 1, then U is irreducible under R, and
Proposition 7.20 says that the subspace U+, which satisfies V = U @ U+, is
invariant. It is therefore enough to decompose U+, and induction achieves such
a decomposition. U

Proposition 7.22 (Schur orthogonality). For finite-dimensional representa-
tions of a finite group G in which inner products have been introduced to make
the representations unitary,

(a) if (Ry, V1) and (R;, V,) are inequivalent and irreducible, then

Z(Rl(x)vl, V) (Ra(x)va, v5) =0 forall vy, v] € Vi and v, v5 € Va.
xeG

(b) if (R, V) is irreducible, then

|G (v1, v2)(vy, v))

D (R, v (R(x)v2, 15) = Y

xeG

for vy, v, V), v € V.
1) V2

REMARKS. If G is abelian, then V| and V; in (a) are 1-dimensional, and the
conclusion of (a) reduces to the statement that the multiplicative characters are
orthogonal. Conclusion (b) in this case reduces to a trivial statement.

PROOF. For (a), let! : V, — V; be any linear map, and form the linear map

L=Y Ri(x)IRy(x7").
xeG

Multiplying on the left by R;(g) and on the right by R,(g~!) and changing vari-
ables in the sum, we obtain R;(g)LR>(g™") = L, so that R;(g)L = LR»(g) for
all g € G. By Schur’s Lemma (Proposition 7.18) and the assumed irreducibility
and inequivalence, L = 0. Thus (Lvj, v}) = 0. For the particular choice of / as
l[(wy) = (wy, v2)v1, we have

0= (Lvy o)) = ¥ (RiIR (x5, v))
xeG

= > (R (Ry(x~ b, v)v, v]) = X (Ri(x)vr, v)) (Ra(x v, v2),
xeG xeG

and (a) results since (Ry(x~1)v5, v2) = (Ra(x)v2, v5).
For (b), we proceed in the same way, starting from/ : V — V, and we obtain
L = Al from Schur’s Lemma. Taking the trace of both sides, we find that
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AdimV =Tr L = |G| Tr L.
Therefore A = |G|(Tr l)/dim V. Since L = Al,

o |G| Tr VAV
(va, v[) = dim V_ (Ul, U2).

Again we make the particular choice of [ as I[(w;) = (w, v2)vy. Since Trl =
(v1, v2), we obtain

(v, 1) (v, vy)  Trl

(v}, v)) = |G|~ (Lvy, v))

dimV ~ dimV

=[G|™" ¥ (R(X)IR(x"1vy, v))
xeG

=1GI”' ¥ (R@)(R(x~"s, v)vy, v))
xeG

=[G|7" Y (R(X)v1, vD(R(x "), v2),
xeG

and (b) results since (R(x~")v}, v2) = (R(x)va, v5). d

Let us interpret Proposition 7.22 as a statement about the left and right regular
representations ¢ and r of G on the inner-product space C (G, C), the inner product
being (f, f') = deG f(g)f'(g). Let R be an irreducible representation of G
on the finite-dimensional vector space V, and introduce an inner product to make
it unitary. A member of C (G, C) of the form g — (R(g)v, v’) is called a matrix
coefficient of R. Let vy, ..., v, be an orthonormal basis of V. The matrix
representation of G that corresponds to R and this choice of orthonormal basis
has p(g)ij = (R(g)vj, v;), and hence the entries of [0(g);;], as functions on G,
provide examples of matrix coefficients. These particular matrix coefficients are
orthogonal, according to Proposition 7.22b, with

|Gl(vj, vj)(vi, v;) _ |G|
dim V dimV’

D 1p(@)iil* =Y (R(@vj, vi)(R(Q)vj, v) =

geG geG

Thus the functions /|G|~!dimV p(x);; form an orthonormal basis of an
n2-dimensional subspace Vg of C (G, C), where n = dim V. The vector subspace
Vr has the following properties:

(i) Allmatrix coefficientsof R arein Vg, asis seenby expandingv = ) i Civj
and v' = ), d;v; and obtaining (R(g)v, V') = Zi‘j cjcii (R(Qvj, vi) =
> i cidip(8)ij-
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(i1) Vg is invariant under £ and r because

L(@)(R(-)v,v)(x) = (R(g™'x)v,v) = (R(x)v, R(HV),
r(@)R()v, v)(x) = (R(xg)v,v') = (R(x)R(v, V).

(iii) Any representation R’ equivalent to R has Vg = V.

Let us see how Vi decomposes into irreducible subspaces under r. The com-
putation with r in (ii) above shows, for each i, that the vector space of all functions
x +— (R(x)v, v;) for v € V is invariant under . This is the linear span of the
matrix coefficients obtained from the i™ row of [p(x); ;1. Define a linear map A
from V into this vector space by Av = (R(-)v, v;). Itis evident that A is one-one
onto, and moreover AR(g)v = (R(-)R(g)v, v;) =r(g)(R(-)v,v;) = r(g)Av.
Thus A exhibits this space, with r as representation, as equivalent to (R, V). The
space Vp is the direct sum of these spaces on i, and the summands are orthogonal,
according to Proposition 7.22b. Thus Vi decomposes under r as the direct sum
of dim V irreducible subspaces, each one equivalent to (R, V).

One can make a similar analysis with £, using columns in place of rows.
However, this analysis is a little more subtle since Vg, acted upon by ¢, is the
direct sum of dim V copies of the “contragredient” of (R, V'), rather than (R, V)
itself. The details are left to Problems 32-36 at the end of the chapter.

As R varies over inequivalent representations, these vector spaces Vg are
orthogonal, according to Proposition 7.22a. The claim is that their direct sum is
the space C (G, C) of all functions on G. We argue by contradiction. The sum is
invariant under r, and if it is not all of C (G, C), then we can find a nonzero vector
subspace U = {f(-)} of C(G, C) orthogonal to all the spaces Vg such that U is
invariant and irreducible under r. Let u, ..., u,, be an orthonormal basis of U.
Then each function x — (r(x)u;, u;) is orthogonal to U by construction, i.e.,

0= (@uj,u)f(x) forall finU.

xeG

Applying the Riesz Representation Theorem (Theorem 3.12), choose a member
e of U such that f(1) = (f, e) forall f in U. By definition of r(x) and e, we
find that

u(x) = r@u)) = rxu, e)

for all # in U. Substitution and use once more of Proposition 7.22b gives

|G|(uj’ M)(ul" e)

0 = " [ 9 = .

D @uj, u)r(@u, e) T
xeG

for all i and j. Since we can take ¥ = u; = u and since i is arbitrary, this

equation forces e = 0 and gives a contradiction. We conclude that the sum of all

the spaces Vy is all of C(G, C). Let us state the result as a theorem.
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Theorem 7.23. For the finite group G, let {(R,, U,)} be a complete set of
inequivalent irreducible finite-dimensional representations of G, and let Vi, be
the linear span of the matrix coefficients of R,. Then

(a) the spaces Vg, are mutually orthogonal and are invariant under the left
and right regular representations £ and r,

(b) therepresentation (r, Vg, ) is equivalent to the direct sum of dim U, copies
of (Ra, Ua),

(c) the direct sum of the spaces Vg, is the space C (G, C) of all complex-
valued functions on G.

Moreover,

(d) the number of R, ’s is finite,

(e) dim Vg, = (dim U,)?,

(f) any irreducible subspace of (r, C (G, C)) that is equivalent to (R, Uy,) is
contained in Vg, .

Corollary 7.24. Let {(R,, U,)} be a complete set of inequivalent irreducible
finite-dimensional representations of the finite group G, and let d, = dim U,,. In
each U,, introduce an inner product making (R, Uy) unitary. For each «, let
{u(la), .. (a)} be an orthonormal basis of U,. Then the functions in C(G, C)
given by /|G|~ 'dy (Ra (x)v}“), vl.(“)) form an orthonormal basis of C(G, C).
Consequently every f in C(G, C) satisfies

FO =15 Zd > (X FORav ) ) (Raervf® v

i,j yeG

and

DIP =i Zd Y| 3 r R0 o)
xeG i,j yeG

REMARKS. The first displayed formula is the Fourier inversion formula
for an arbitrary finite group G and generalizes Theorem 7.17, which gives the
result in the abelian case; in the abelian case all the dimensions d,, equal 1, and the
functions (Ra (x) v](.a), vl-(a)) are just the multiplicative characters of G. The second
displayed formula is known as the Plancherel formula, a result incorporating
the conclusion about norms in Parseval’s equality (Theorem 3.11d).

PROOF. This follows form (a), (c), and (e) in Theorem 7.23, together with
Theorem 3.11 and the remarks made before the statement of Theorem 7.23. [

Corollary 7.25. Let {(R,, U,)} be a complete set of inequivalent irreducible
finite-dimensional representations of the finite group G, and let d, = dim U,,.
Then Y, d2 = |G|.
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PROOF. This follows by counting the number of members listed in the
orthonormal basis of C (G, C) given in Corollary 7.24. O

We shall make use of a second multiplication on the vector space C(G, C)
besides the pointwise multiplication that itself makes C (G, C) into a ring. The
new multiplication is called convolution and is defined by

(fix @) =Y ANAG) =) Ay ARG
yeG yeG

the two expressions on the right being equal by a change of variables. The first of
the expressions on the right equals the value of the function > yeg JIWEY) frat
x and shows that the convolution is an average of the left translates of f, weighted
by fi. Convolution is associative because

(fix (fax @) =D AL x MO0 =Y AWMAGx2 ) fR)
y v,z

=Y (i x AR = ((fi* L) * )0,

and one readily checks that C (G, C) becomes a ring when convolution is used as
the multiplication.

For any finite-dimensional representation (R, V') and any v in V, let us define
R(f)v=7>,.; f(x)R(x)v. Convolution has the property that

R(f1* f2) = R(fR(f2)
because
R(fi* f)v =) (fix LHYOR@Xv =" fitxy ") fa(y)R(x)v
=20y IO LMREYY =3, AWOR® (X, LOIRG)Y)
=2 iR R(f2)v = R(fi)R(f2)v.
We shall combine the notion of convolution with the notion of a “character.” If

(R, V) is a finite-dimensional representation of G, then the character of (R, V)
is the function y, given by

xg(¥) =TrR(x),

with Tr denoting the trace. Equivalent representations have the same character
since Tr(AR(x)A~") = Tr R(x) if A is invertible. Characters have the additional
properties that
() xg(gxg™") = xg(x) because Tr R(gxg™") = Tr(R(§IR()R(g)™") =
Tr R(x),
(1) Xg,@.@r, = Xg, T+ Xg, since the trace of a block-diagonal matrix
is the sum of the traces of the blocks.
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The character of a 1-dimensional representation is the associated multiplicative
character. Here is an example of a character for a representation on a space of
dimension more than 1; its values are not all in S!.

EXAMPLE. The dihedral group D, with 2n elements, defined in Section IV.1,
is isomorphic to the matrix group generated by

[ cos2n/n —sin2m/n _ (1 0

- (sin2n/n cos27r/n) and y= <0 —1) ’
The map carrying each matrix of the group to itself is a representation of D,, on
C?. The value of the character of this representation is 2 cos 277k/n on x* for

0 < k < n — 1, and the value of the character is 0 on y and on the remaining
n — 1 elements of the group.

Computations with characters are sometimes aided by the use of inner products.
If an inner product is imposed on a finite-dimensional complex vector space V
and if {v;} is an orthonormal basis, then the trace of a linear A : V. — V is given
by TrA = ), (Av;, v;). If R is a representation on V, we consequently have
Xr(x) =Y (R(X)v;, vy).

Proposition 7.26. Let R, R}, and R; be irreducible finite-dimensional repre-
sentations of a finite group G. Then their characters satisfy

@ Yo IXr®I =Gl
(®) > rcc Xr, () Xg,(x) = 0if Ry and R; are inequivalent.

PROOF. These follow from Schur orthogonality (Proposition 7.22): For (a),
let R act on the vector space V, let d = dim V, introduce an inner product with
respect to which R is unitary, and let {v;} be an orthonormal basis of V. Then
Proposition 7.22b gives

Y@= (X (R, vi))(Z,- (R(x)v;, v)))
=2 2 (R, vi)(R(X)vj, vj)
=, 1Gld"8;8; =Y, 1Gld™" = |G|.
Part (b) is proved in the same fashion, using Proposition 7.22a. (]

Let us now bring together the notions of convolution and character. A class
function on G is a function f in C(G, C) with f(gxg~') = f(x) for all g and
x in G. That is, class functions are the ones that are constant on each conjugacy
class of the group. Every character is an example of a class function. The class
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functions form a vector subspace of C (G, C), and the dimension of this vector
subspace equals the number of conjugacy classes in G. Class functions are closed
under convolution because if f and f, are class functions, then

(fixf)gxg ) =2, filexg 'y H ARG =X, Aitxg™ v " g) fa(g™" yg)
=Y. itz ) f2(x) = (fi * fL)().
On an abelian group every member of C (G, C) is a class function.
Theorem 7.27 (Fourier inversion formula for class functions). For the finite

group G, let {(Ry, Uy)} be a complete set of inequivalent irreducible finite-
dimensional representations of G. If f is a class function on G, then

1 -
0= 2 (yGZGﬂy)xRa(y))xRa(x).

REMARK. This result may be regarded as a second way (besides the one in
Corollary 7.24) of generalizing Theorem 7.17 to the nonabelian case.
PROOF. Using the result and notation of Corollary 7.24, we have
FO =161 Lda X (X FOI R, o) ) Ra)o, v,
o i,j ~yeG

Replace f(y) by f(gyg™") since f is a class function, and then change variables
and sum over g in G to see that |G| f (x) is equal to

G L de X (X F O Ra0 R0, Ru()0) ) (Ru(@)of, 0.

o i,j ~&Y

Within this expression we have

Y (Ra (M) Ra ()0}, Ro()v}™)
8

=3 (R Ra(@)v”, v, Ra@)v)”)

g.k
=2 (R, @V, v (Ra ()01, R ()0 )

8
= G5~ 0 v (Ry ()0, ) by Schur orthogonalit
T 4N T aY)Up > Vg y g y
= 0 o), )

= 7' 8ij X, -

o

Substituting, we obtain the formula of the theorem. O
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Corollary 7.28. If G is a finite group, then the number of irreducible finite-
dimensional representations of G, up to equivalence, equals the number of con-
jugacy classes of G.

PROOF. Theorem 7.27 shows that the irreducible characters span the vector
space of class functions. Proposition 7.26b shows that the irreducible characters
are orthogonal and hence are linearly independent. Thus the number of irreducible
characters equals the dimension of the space of class functions, which equals the
number of conjugacy classes. O

EXAMPLE. The above information already gives us considerable control over
finding a complete set of inequivalent irreducible finite-dimensional representa-
tions of elementary groups. We know that the number of such representations
equals the number of conjugacy classes and that the sum of the squares of their
dimensions equals |G|. For the symmetric group &3 of order 6, for example, the
conjugacy classes are given by the cycle structures of the possible permutations,
namely the cycle structures of (1), (I 2), and (1 2 3). Hence there are three
inequivalent irreducible representations. The sum of the squares of the three
dimensions is to be 6; thus we have two of dimension 1 and one of dimension 2.
The multiplicative characters 1 and sgn are the two of dimension 1, and the one
of dimension 2 can be taken to be the 2-dimensional representation of D3 whose
character was computed in the example preceding Proposition 7.26.

One final constraint on the dimensions of the irreducible representations of a
finite group G 1is as follows.

Proposition 7.29. If G is a finite group and (R, V) is an irreducible finite-
dimensional representation of G, then dim V divides |G|.

For example, if |G| = p? with p prime, then it follows from Propositions
7.29 and 7.25 that every irreducible finite-dimensional representation of G has
dimension 1, and one can easily conclude from this fact that G is abelian. (See
Problem 14 at the end of the chapter.) Thus we recover as an immediate conse-
quence the conclusion of Corollary 4.39 that groups of order p? are abelian.

The proof of Proposition 7.29 is surprisingly subtle. We shall obtain the
theorem as a consequence of Theorem 7.31 below, a theorem that will be used
also in the proof of Burnside’s Theorem in the next section. Theorem 7.31 gives a
little taste of the usefulness of algebraic number theory, and we shall see more of
this usefulness in Chapter IX. The application to Burnside’s Theorem will use the
Fundamental Theorem of Galois Theory, whose proof is deferred to Chapter IX.

An algebraic integer is any complex number that is a root of a monic poly-
nomial with coefficients in Z. For example, V2 and %(1 +i/3) are algebraic
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integers because they are roots of X> — 2 and X? — X + I, respectively. Any
root of unity is an algebraic integer, being a root of some polynomial X" — 1.
The set of algebraic integers will be denoted in this chapter by O. Before stating
Theorem 7.31, let us establish two elementary facts about O.

Lemma 7.30. The set O of algebraic integers is a ring, and O N Q = Z.

PROOF. Suppose that x and y are complex numbers satisfying the polynomial
equations X" +a,,_ 1 x" "4 - -4a;x+ap = 0and y"+b,_1y" '+ - -+b;y+by =
0, each with integer coefficients. Form the subset of C given by

m—1n—1

M= > Zxky.
k=0 i=0

This is a finitely generated subgroup of the abelian group C under addition. It
satisfies

m n—1 n—1

xM =Y > Zxkyl C M+ Y Zy'x™
k=11=0 1=0
n—1
=M+ > IV (—ap_1x™ N — oo —ayx —ag) S M,
=0

and similarly yM € M. Hence (x £ y)M € M and xy C M.

To prove that O is a ring, it is enough to show that if N is a nonzero finitely
generated subgroup of the abelian group C under addition and if z is a complex
number with zN € N, then z is an algebraic integer. By Theorem 4.56, N is a
direct sum of cyclic groups. Since every nonzero member of C has infinite order
additively, these cyclic groups must be copies of Z. So N is free abelian. Let
Z1,--., 2y be a Z basis of N. Here n > 0. Since zN C N, we can find unique
integers ¢;; such that

n
2Zi = Z CijZj forl <i <n.
Jj=1
21
This equation says that the matrix C = [¢;;] has [ : | as an eigenvector with

eigenvalue z. Therefore the matrix z/ — C is singllzinar, and det(z — C) = 0.
Since det(z/ — C) is a monic polynomial expression in z with integer coefficients,
Z is an algebraic integer.

To see that ONQ = Z, let p and g be relatively prime integers with g > 0, and
suppose that p/q is aroot of X" +a,_ X" ' +-.-+a; X +ag witha,_y, ..., a
in Z. Substituting p/q for X, setting the expression equal to 0, and clearing
fractions, we obtain p" + a,_1p" " 'q + --- + a;pg"~' + apq" = 0. Since g
divides every term here after the first, we conclude that ¢ divides p". Since
GCD(p, g) = 1, we conclude that ¢ = 1. Thus p/q is in Z. O
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Lemma 7.30 allows us to see that if G is a finite group and y is the irreducible
character corresponding to an irreducible finite-dimensional representation R,
then x (x) is an algebraic integer for each x in G. In fact, the subgroup H of G
generated by x is cyclic and is in particular abelian. Corollary 7.21 says that R|
is the direct sum of irreducible representations of H, and Corollary 7.19 says that
each such irreducible representation is 1-dimensional. Thus in a suitable basis,
R} y 1s diagonal. The diagonal entries must be roots of unity (in fact, N ™ roots
of unity if x has order N), and x (x) is thus a sum of roots of unity. By Lemma
7.30, x (x) is an algebraic integer.

Theorem 7.31. Let G be a finite group, (R, V) be an irreducible finite-
dimensional representation of G, x be the character of R, and C be a conjugacy
class in G. Denote by x (C) the constant value of x on the conjugacy class C.
Then |C|x (C) / dim V is an algebraic integer.

PROOF. If f is any class function on G, then R(f) commutes with each R(x)
for x in G because R(f) = Zy F()R(y) yields

REORNHRE) ™ =Y FOIRCRMR@) ™ =Y fF(IRGxyx™)
y y
=2 fT'2)RE) = X fF(@DRE@) = R(f).

By Schur’s Lemma (Proposition 7.18), R(f) is scalar. If C is a conjugacy class,
then the function I thatis 1 on C and is O elsewhere is a class function, and hence
R(I¢) is a scalar A¢. As C varies, the functions /¢ form a vector-space basis of
the space of class functions. The formula (/¢ * I¢/)(x) = Zy Ic(MIc(y~'x)
shows that I¢ * I¢s is integer-valued, and we have seen that the convolution of
two class functions is a class function. Therefore I¢c * Ic: = Y nccrcrIcr for
suitable integers nccicr. Application of R gives Acicr = Y v necrcrher. If we
fix C and let A be the square matrix with entries Ac/cr = necrcr, We obtain

Acher = Z Acicrher.
C//

This equation says that the matrix A has the column vector with entries Ac» as
an eigenvector with eigenvalue A¢. Therefore the matrix Ao/ — A is singular,
and det(AcI — A) = 0. Since det(AcI — A) is a monic polynomial expression
in A¢ with integer coefficients, A¢ is an algebraic integer. Taking the trace of the
equation R(I¢c) = Acl,weobtain ) - x(x) = Acdim V. Since x (x) = x(C)
for x in C, the result is that |C|x(C)/dimV = A¢. Since A¢ is an algebraic
integer, |C|x (C)/dim V is an algebraic integer. ]
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PROOF THAT THEOREM 7.31 IMPLIES PROPOSITION 7.29. Proposition 7.26a
gives

Gl Yo X@OP XY iec IX@PF ICIx(C)\——
dmV _ dmV dim V _Z< dim V )X(C)'

Each term in parentheses on the right side is an algebraic integer, according to
Theorem 7.31, and therefore Lemma 7.30 shows that |G|/ dim V is an algebraic
integer. Since |G|/ dim V is in Q, Lemma 7.30 shows that |G|/ dim V is in Z. [J

5. Burnside’s Theorem

The theorem of this section is as follows.

Theorem 7.32 (Burnside’s Theorem). If G is a finite group of order p®q” with
p and g prime and with a + b > 1, then G has a nontrivial normal subgroup.

The argument will use the result Theorem 7.31 from algebraic number the-
ory, and also it will make use of a special case of the Fundamental Theorem
of Galois Theory, whose proof is deferred to Chapter IX. That special case is
the following statement, whose context was anticipated in Section IV.1, where
groups of automorphisms of certain fields were discussed briefly. Since the set
{1, 2mi/n 22mi/n o32mi/n 1 s linearly dependent over QQ, Proposition 4.1 in
that section implies that the subring Q[e¢>"//"] of C generated by Q and e>™/" is a
subfield and is a finite-dimensional vector space over Q. According to Example 9
of that section, the group I' = Gal(Q[e¢*™/"]/Q) of automorphisms of Q[e*"//"]
fixing every element of QQ is a finite group.

Proposition 7.33 (special case of the Fundamental Theorem of Galois Theory).
Let n > 0 be an integer, and put K = Q[e*"/"]. Let I be the finite group of
field automorphisms of K fixing every element of Q. Then the only members
of K such that o (8) = 8 for every o in I are the members of Q.

Lemma 7.34. Let G be a finite group, (R, V) be an irreducible finite-
dimensional representation of G, x be the character of R, and C be a conjugacy
classin G. If GCD(|C|,dim V) = 1 and if x is in C, then either R(x) is scalar
or x(x) =0.

PROOF. Define x(C) to be the constant value of x on C, and put « =
x(x)/dimV = x(C)/dimV. Since GCD(|C|,dim V) = 1, we can choose
integers m and n with m|C| 4+ ndim V = 1. Multiplication by « yields

m|C|x(C)

Jim V +nx(C) =a.
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Theorem 7.31 shows that the coefficients 'fﬁ'f;—‘? and x(C) of m and n on the
left side are algebraic integers, and therefore « is an algebraic integer. As we
observed toward the end of the previous section, x(x) = x(C) is the sum of
dim V roots of unity. Since & = x (C)/dim V, we see that |¢| < 1 with equality
only if all the roots of unity are equal, in which case R(x) is scalar. In view of
the hypothesis, we may assume that || < 1. We shall show that ¢ = 0.

Let K = Q[e*™/I°1] be the smallest subfield of C containing Q and the
complex number ¢?*//IG! and let I' be the group of field automorphisms of K
that fix every element of (. We know that K is finite-dimensional over Q and
that I" is a finite group, and Proposition 7.33 shows that the only members of K
fixed by every element of I are the members of Q.

Our element x of G has x!°! = 1. Thus every root of unity contributing
to x(x) is a |G|™ root of unity and is in K. Therefore the algebraic integer o
is in K. If o is in T, each of the |G|™ roots of unity is mapped by o to some
complex number x satisfying x!¢! = 1, and hence the member o () of K satisfies
lo ()] < 1. Also, o () is an algebraic integer, as we see by applying o to the
monic equation with integer coefficients satisfied by «, and we are assuming that
loe] < 1. Consequently 8 = [[ . o («) is an algebraic integer and has absolute
value < 1. A change of variables in the product shows that § is fixed by every
member of I', and we see from the previous paragraph that g is in Q. By Lemma
7.30, B is in Z. Being of absolute value less than 1, it is 0. Thus « = 0, and
x(x)=0. O

Lemma 7.35. Let G be a finite group, and let C be a conjugacy class in G
such that |C| = p* for some prime p and some integer k > 0. Then there exists
an irreducible finite-dimensional representation R # 1 of G with R(x) scalar for
every x in C. Consequently G is not simple.

PROOF. The conjugacy class C cannot be {1} because |{1}| # p* with k > 0.
Let x,, be the character of the right regular representation r of G on C (G, C). If
I, denotes the function that is 1 at g and is 0 elsewhere, then the functions /, form
an orthonormal basis of C(G, C), and therefore ., (x) = dec (r(x)1,, 1) =
dec (Ig-1, Ig). Every term on the right side is 0 if x # 1, and thus Theorem
7.23 gives

0= Xpe@) =14 dyx(x) forxeC, ()
x#1

the sum being taken over all irreducible characters other than 1, with d, being
the dimension of an irreducible representation corresponding to x. Let R, be an
irreducible representation with character y. Any yx such that p does not divide
d, has GCD(|C|, d,) = 1 since |C| is assumed to be a power of p. Arguing by
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contradiction, we may assume that no such x has R, (x) scalar, and then Lemma
7.34 says that x (x) = O for all such y. Hence (x) simplifies to

0=1+ Z dy x(x) forx € C. (33%)
x#1, p divides d,

Since x (x) is an algebraic integer, Lemma 7.30 shows that this equation is of the
form 1 + pB = 0, where § is an algebraic integer. Then 8 = —1/p shows that
—1/p is an algebraic integer. Since —1/p is in @, Lemma 7.30 shows that it
must be in Z, and we have arrived at a contradiction. Thus there must have been

some x with R, (x) scalar for x in C.
The set of g in G for which this R, has R, (g) scalar is a normal subgroup of
G that contains x and cannot therefore be {1}. Assume by way of contradiction
that G is simple. Then R, (g) is scalar for all g in G. Since R, is irreducible,
R, is 1-dimensional. Then the commutator subgroup G’ of G is contained in the
kernel of R,. Since R, # 1, G’ is not all of G. Since G’ is normal, G’ = {1},
and we conclude that G is abelian. But the given G has a conjugacy class with
more than one element, and we have arrived at a contradiction. O

PROOF OF THEOREM 7.32. Corollary 4.38 shows that a group of prime-power
order has a center different from {1}, and we may therefore assume that p # ¢,
a > 0,and b > 0. Let H be a Sylow g-subgroup. Applying Corollary 4.38,
let x be a member of the center Zy of H other than 1. The centralizer Zg({x})
is a subgroup containing H, and it therefore has order p“/qb . If @’ = a, then
x is in the center of G, and the powers of x form the desired proper normal
subgroup of G. Thus a’ < a. By Proposition 4.37 the conjugacy class C of x has
|G|/p¥q" = p*@ elements witha —a’ > 0. By Lemma 7.35, G is not simple.

0

6. Extensions of Groups

In Section IV.8 we examined composition series for finite groups. For a given
finite group, a composition series consists of a decreasing sequence of subgroups
starting with the whole group and ending with {1}, each normal in the next larger
one, such that the successive quotient groups are simple. The Jordan—-Holder
Theorem (Corollary 4.50) assured us that the set of successive quotients, up to
isomorphism, is independent of the choice of composition series. This theorem
raises the question of reconstructing the whole group from data of this kind.
Consider a single step of the process. If we know the normal subgroup and the
simple quotient that it yields at a certain stage, what are the possibilities for the
next-larger subgroup? We study this question and some of its ramifications in
this section, dropping any hypotheses that are not helpful in the analysis. Here is
an example that we shall carry along.
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EXAMPLE. Suppose that the normal subgroup is the cyclic group C4 and that
the quotient is the cyclic group C,. The whole group has to be of order 8, and
the classification of groups of order 8 done in Problems 39-44 at the end of
Chapter IV tells us that there are four different possibilities for the whole group:
the abelian groups C4 x C; and Cs, the dihedral group D4, and the quaternion
group Hg.

Let us establish a framework for the general problem. We start with a group E,
a normal subgroup N, and the quotient G = E/N. We seek data that determine
the group law in E in terms of N and G. For each member u of G, fix a coset
representative i in E such that u N = u. Since N is normal, the element i of E
yields an automorphism ( - )* of N defined by x* = iixii~'. In addition, the fact
that G is a group says that any two of our representatives i and v have

uv = a(u, v)uv for some unique a(u, v) in N.

The set of all elements a(u, v) for this choice of coset representatives is called a
factor set, and E is called a group extension of N by the group’® G.

The automorphisms and the factor set constructed above have to satisfy two
compatibility conditions, as follows:

(i) (V) = au, v)x* a(u, v)~! because (x*)’ = u(x")iu "' = avxv 'i~!
= (a(u, v)uv)x(a(u, vV)uv) ™' = au, v)x" a(u, v)~",
(1) a(v, w)a(u,vw) = a(u, v)a(uv, w) because (uv)w = a(u, v)uvw

= a(u, v)a(uv, w)uvw and u(vw) = ua(v, w)vw = a(, w)*uvw =
a(v, w)“a(u, vw)uvw.

Then the multiplication law in E is given in terms of the automorphisms and the

factor set by the formula

(i) (xu)(yv) = xy“a(u, v)uv by the computation (xi)(yv) = xy“uv =

xy*a(u, v)uv.

Conversely, according to the proposition below, such data determine a group E

with a normal subgroup isomorphic to N and a quotient £ /N isomorphic to G.

Proposition 7.36 (Schreier). Let two groups N and G be given, along with
a family of automorphisms x +— x" of N parametrized by « in G, as well as a
functiona : G x G — N such that

(@) (x")* =a(u, v)x*a(u,v)” forall ¥ and v in G,

) a(v, w)a(u, vw) = a(u, v)a(uv, w) for all u, v, w in G.
Then the set N x G becomes a group E under the multiplication

(©) (x,u)(y,v) = (xy"a(u, v), uv),

3Warning: Some authors say “group extension of G by N.”
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and this group has a normal subgroup isomorphic to N with quotient group
isomorphic to G. More particularly, the identity of E is (a(1, 1)~', 1), the map
x = (xa(1, 1)~', 1) of N into E is a one-one homomorphism that exhibits N as a
normal subgroup of E, and the map (x, ) — u of E onto G is a homomorphism
that exhibits G as isomorphic to E/N.

PROOF. Reverting to the earlier notation, let us write xu in place of (x, u) for
elements of E. Associativity of multiplication follows from the computation

(xiiyd)(zw) = (xy"a(u, v)uv)zw by (c)
= xy"a(u, v)z" a(uv, w)uvw by (¢)

= xy"a(u, v)z"%a(u, v)"'a(u, v)a(uv, w)Evw

= xy"au, v)z*%a(u, v)"'a(v, w) a(u, vw)avw by (b)
= x(yz”a(v, w))ua(u, vw)uvw by (a)
= (xit) (yz"a(v, w)vw) by (¢)
= (xu)(yvzw) by (c).

The identity is to be 1a(1, 1)~!. Before checking this assertion, we prove three
preliminary identities. Setting u = v = 1 in (a) and replacing x'! by x gives*

xl = a(l, Dxa(1, 1)_1 forall x € N. (*)
Setting v = w = 1 in (b) gives a(1, 1)*a(u, 1) = a(u, 1)a(u, 1) and hence
a(l, D* =a(u, 1) forallu € G. @)

Meanwhile, setting u = v = 1 in (b) gives a(l, w)'a(1, w) = a(l, Da(l, w)
and hence a(1, w)! = a(1, 1) for all w € G. The left side a(1, w)' of this last
equality is equal to a(1, )a(1, w)a(1, 1)~! by (x); canceling a(1, 1) yields

a(l,w) =a(l,1) forall w € G. )

Using these identities, we check that a(1, 1)~'1 is a two-sided identity by making
the computations

(xi)(a(1, D' = x(a, D™H*a(u, i by (c)
=x(a(l, )™H"a(l, D"a by (f)
= XU

4The effect of the automorphism x — x! is not necessarily trivial since the coset representative

1 of 1 is not assumed to be the identity. Thus we must distinguish between x! and x.
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and

@1, D)D) =al, D7 'y'a(l,v)v by (c)
= ya(l, ) ta(1, v)d by (%)
= yv by ().

Let us check that a left inverse for xii is a(1, )~"'a@=", u)~'(x* )~ lu-T1.
In fact,

(@, D a@ ™" )~ @ ) ) (i)
=a(l, D7 a@ ", ) ' &)X aw w1 by ()
=a(l, )7,

as required. Thus multiplication is associative, there is a two-sided identity, and
every element has a left inverse. It follows that E is a group.

The map xu +— u of E into G is a homomorphism by (c), and it is certainly
onto G. Its kernel is evidently the subgroup of all elements xa(1, 1)~'1 in E.
Since

(xa(1, D7'T)(ya(1, D7'T) = xa(l, D (ya(l, D™H'a(1, DT by (c)
=xa(l, D7a(l, D(ya(l, H™H1 by ()
= xya(l, )71,

the one-one map x > xa(l,1)"'1 of N onto the kernel respects the group
structures and is therefore an isomorphism. In other words, the embedded version
of N is the kernel. Being a kernel, it is a normal subgroup. 0

EXAMPLE, CONTINUED. Let N = C4 = {1,r,r%,r3}and G = C> = {1, up}
with u% = 1. The group N has two automorphisms, the nontrivial one fixing 1
and r2 while interchanging r and 3. The automorphism of N from 1 € G has to
be trivial, while the automorphism of N from uy € G can be trivial or nontrivial.
In fact,

trivial for E = C4 x Cy and E = Cyg,

the automorphism is L
nontrivial for E = D4y and E = Hg.

In each case the automorphism does not depend on the choice of coset represen-
tatives. The factor sets do depend on the choice of representatives, however. Let
us fix 1 as the identity of £ and make a particular choice of #g for each E. Then
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the definition of factor set shows that a(1,1) = a(ug, 1) = a(l, ug) = 1, and
the only part of the factor set yet to be determined is a(ug, up). Let us consider
matters group by group. For C4 x C,, we can take ug to be the generator of the C;
factor; this has square 1, and hence a(ug, up) = 1. For Cg = {16, 92, ...,97},
let us think of N as embedded in E with r = 62. The element u can be any odd
power of 6; if we take uy = 0, then (9)? = 6% = r, and hence a(ug, ug) = r.
For E = Dy, the example following Proposition 7.8 shows that we may view the
elements as the rotations 1, r, 72, r> and the reflections s, rs, s, r3s for particular
choices of » and s. We can take 7 to be any of the reflections, and then (i9)> = 1
and a(ug, up) = 1. Finally for E = Hg = {£1, *i, &j, £k}, let us say that N
is embedded as {1, £i}. Then uy can be any of the four elements £j and £k.

Each of these has square —1, and hence a(ug, ug) = —1. For the choices we
have made, we therefore have
1 for E = C4 x Cy and E = Dy,
a(ug,upg) =3 r for E = Cg,

-1 for E = Hg.

The formula of Proposition 7.36a reduces to (x”)* = x"*¥ since N is abelian, and
it is certainly satisfied. The formula for Proposition 7.36b is a (v, w)"a(u, vw) =
a(u, v)a(uv, w). This is satisfied for E = C4 x Cy and E = Dy since a(-, -)is
identically 1. For the other two cases the values of a( -, -) lie in the 2-element
subgroup of N that is fixed by the nontrivial automorphism, and hence a (v, w)* =
a(v, w) in every case. The formula to be checked reduces to a(v, w)a(l, 1) =
a(l, Da(, w) by (1) ifu = 1, to a(1, Da(u, w) = a(l, 1)a(u, w) by (t) and
() if v = 1, and to a(1, Da(u, v) = a(u,v)a(l, 1) by (1) if w = 1. Thus all
that needs checking is the case that u = v = w = ug, and then the formula in
question reduces to a(ug, uo)a(l, 1) = a(ug, ug)a(l, 1) by () and (7).

Let us examine for a particular extension the dependence of the automorphisms
and factor set on the choice of coset representatives. Returning to our original
construction, suppose that we change the coset representatives of the members
of G, associating a member % to u € G in place of . We then obtain a new
automorphism of N corresponding to u, and we write it as x +— x* = uxu~!
instead of x > x* = uxii~'. To quantify matters, we observe that i lies in the
same coset of N as does i. Thus ¥ = o (u)i for some function : G — N, and
the function « can be absolutely arbitrary. In terms of this function «, the two
automorphisms are related by

=i = aaxi a() ! = a()xtaw) .

If the factor set for the system {u} of coset representatives is denoted by
{b(u, v)}, then we have b(u, v)a(uv)uv = b(u, V)uv = UV = a(w)ua(v)v =
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a(u)a(v)“a(u, v)uv. Equating coefficients of uv, we obtain
b(u,v) = a()a () au, v)a(uv) .

Accordingly we say that a group extension of N by G determined by automor-
phisms x — x* and a factor set a(u, v) is equivalent, or isomorphic, to a group
extension of N by G determined by automorphisms x > x* and a factor set
b(u, v) if there is a function & : G — N such that

= au)x o) and b(u,v) = a(w)a @) a, v)av)™!
for all ¥ and v in G. It is immediate that equivalence of group extensions is an
equivalence relation.

Proposition 7.37. Suppose that E| and E, are group extensions of N by G
with respective inclusions iy : N — E; and i, : N — E; and with respective
quotient homomorphisms ¢; : E; — G and ¢; : E; — G. If there exists a group
isomorphism @ : E; — E; such that the two squares in Figure 7.4 commute, then
the two group extensions are equivalent. Conversely if the two group extensions
are equivalent, then there exists a group isomorphism & : E; — E; such that the
two squares in Figure 7.4 commute.

N "5 E Y6
| el H
N 25 E-—2,¢6

FIGURE 7.4. Equivalent group extensions.

REMARKS. The commutativity of the squares is important. Just because two
group extensions of N by G are isomorphic as groups does not imply that they
are equivalent group extensions. An example is given in Problem 19 at the end
of the chapter.

PROOF. For the direct part, suppose that ® exists. For each u in G, select i in
E; with ¢ (1) = u. Then we can form the extension data {x — x“} and {a(u, v)}
for E relative to the normal subgroup i; (N) and the system {u | u € G} of coset
representatives. When reinterpreted in terms of N, E, and G, these data become
{i7'(x) = iy (")) and {i7 ! (a(u, v))}.

Application of @ to the coset i (N)u yields ir(N)P(u) since ®i; = iy, and
® (i) is a member of Ep with o (® (1)) = ¢ () = u. Setting u = (1), we
see that ®(i;(N)i) is the coset i (N)u of ir(N) in E,. Thus we can determine
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extension data for E; relative to i»(N) and the system {# | u € G}, and we can
transform them by i, ! to obtain data relative to N, E,, and G.

The claim is that the data relative to N, E;, and G match those for N, E, and
G. The automorphisms of N from E, are the maps i, ! ") =iy ! (x"""), where

X" = ux'u"". From i, = ®i; and the fact that each of these maps is one-one,
we obtain i, P= N 'd~! on io(N). Substitution shows that the automorphisms

of N from E, are

i (@) e i@ ) = i@ @)
=i '@ ' (a " =i (@ @)).

If we set x = ®(x) with x in i; (N), then the automorphisms of N from E, take
the form i 'x) > iy '(x"). Thus they match the automorphisms of N from E;.

In the case of the factor sets, we have uv = a(u, v)uv. Application of ® gives
UV = ®(a(u, v))uv. Thus the factor set for E, relative to N is {1'2_1 ®(a(u, v)}.
Since i, ' = N ! this matches the factor set for E; relative to N.

We turn to the converse part. Suppose that the multiplication law in E; is
(1w (y)v) = 1(x)i1(»)*i1(a(u, v))uv for x and y in N, and that the
multiplication law in E» is (i» (X)) (i2(y)D) = i»(x)i2(y)* i2(b(u, v))itv. Here it
and ¥ are preimages of u and v under ¢, and & and vV are preimages of # and v under
¢,. Define automorphisms of N by x* = if](il(x)“) and x*" = i;l(iz(x)”*).
We can then rewrite the multiplication laws as

(i1 (0)it) (i1 (9)D) = i1 (xy"a(u, v)av
and (i2(X)T) (12 (9)D) = ia(xy" b(u, v))itv.

The assumption that E is equivalent to E; as an extension of N by G means that
there exists a function « : G — N such that

= au)x o) ! and b(u,v) = a(w)a @) au, v)e(v)™!
for all # and v in G. Define ® : E; — E; by
(i1 (x)it) = ir(xa(u)” .
Certainly @ is one-one onto. It remains to check that ® is a group homomorphism

and that the squares commute in Figure 7.4.
To check that ® : E; — E; is a group homomorphism, we compare

O (i) (x)iai1 (y)0) = D (xy" alu, v))av = ir(xy"a(u, v)a@v)~)iv
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with the product

D (i1 (x)i) D (i1 (y) D) = in(xar(u) i (ya(v) v
= ir(xa(u) " (ya(v) ™) b(u, v))irv.

Since

a@) ™ (ya )™ b, v) = a@) ! (ya ()T a@)a(v) alu, v)o(uv) ™!
= (ya(v) D a(v)“au, v)a(uv)™

= y'a(u, v)a@uv)~,

these expressions are equal, and ® is a group homomorphism. Thus & is a group
isomorphism.
Now we check the commutativity of the squares. The computation

2@ (i1 (X)it) = @2 (i (xa ()™ i) = u = @1 (i1 (x)id)

shows that the right-hand square commutes.

For the left-hand square we use the fact recorded in the statement of Proposition
7.36 that iy (a(1, 1)~1)1 is the identity of E| and i»(b(1, 1)~ 1)1 is the identity of
E;. Therefore @iy (x) = ®(ij(xa(l, D™HI1) = ir(xa(l, D ta(1)"H1. Since
i»(x) = xb(1,1)7'1, the left-hand square commutes if b(1, 1) = a(1)a(l, 1).
This formula follows from (x) in the proof of Proposition 7.36 by the computation

b(1, 1) = a(Da)'a(l, Da()™" = aDa(l, DaWa(D)™ = a(Da(l, D,
and thus the left-hand square indeed commutes. (]

For the remainder of this section, let us assume that N is abelian. In this
case Proposition 7.36a reduces to the identity (x”)* = x*¥ for all ¥ and v in
G independently of the choice of representatives, just as it does in the example
we studied with N = C4 and G = (5. In the terminology of Section IV.7, G
acts on N by automorphisms.’> Suppose we fix such an action 7 : G — AutN
by automorphisms and consider all extensions of N by G built from 7. In our
example we are thus to consider E equal to C4 x C, or Cg, which are built with
the trivial t, or else E equal to D4 or Hg, which are built with the nontrivial 7 (in
which the nontrivial element of G acts by the nontrivial automorphism of N).

Since N is abelian, let us switch to additive notation for N and to ordinary
function notation for v (w), rewriting the formula of Proposition 7.36b as

t(u)a(v, w) +a(u, vw) = a(u, v) +a(uv, w).

5The formula (x¥)* = x*? correctly corresponds to a group action with the group on the left as
in Section IV.7.
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This condition is preserved under addition of factor sets as long as T does not
change, it is satisfied by the O factor set, and the negative of a factor set is again
a factor set. Therefore the factor sets for this T form an abelian group.

Two factor sets for this T are equivalent (in the sense of yielding equivalent
group extensions) if and only if their difference is equivalent to 0, and a(u, v) is
equivalent to O if and only if

a(u,v) =a@v) —a(u) — t(w)a(v)

for some function @ : G — N. The set of factor sets for this 7 that are equivalent
to 0 is thus a subgroup,® and we arrive at the following result.

Proposition 7.38. Let G and N be groups with N abelian, and suppose that
T : G — AutN is a homomorphism. Then the set of equivalence classes of
group extensions of N by G corresponding to the action t : G — AuthN is
parametrized by the quotient of the abelian group of factor sets by the subgroup
of factor sets equivalent to O.

The extension E corresponding to the O factor set is of special interest. In
this case the multiplication law for the coset representatives is uv = uv since
the member a(u, v) = 0 of N is to be interpreted multiplicatively in this product
formula. Consequently the map u — u of G into E is a group homomorphism,
necessarily one-one, and we can regard G as a subgroup of E. Proposition 4.44
allows us to conclude that E is the semidirect product G x, N. The multiplication
law for general elements of E, with multiplicative notation used for N, is

(xu)(yv) = x(z(u)y)uv.

It is possible also to describe explicitly the extension one obtains from the
sum of two factor sets corresponding to the same t, but we leave this matter
to Problems 20-23 at the end of the chapter. The operation on extensions that
corresponds to addition of factor sets in this way is called Baer multiplication.
What we saw in the previous paragraph says that the group identity under Baer
multiplication is the semidirect product.

The two conditions, the compatibility condition on a factor set given in Proposi-
tion 7.36b and the condition with « in it for equivalence to 0, are of a combinatorial
type that occurs in many contexts in mathematics and is captured by the ideas
of “homology” and “cohomology.” For the current situation the notion is that of
cohomology of groups, and we shall define it now. The subject of homological

One can legitimately ask whether an arbitrary @ : G — N leads to a factor set under the
definition a(u, v) = a(uv) — t(v)a(u) — a(v), and one easily checks that the answer is yes.
Alternatively, one can refer to the case n = 2 in the upcoming Proposition 7.39.
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algebra, which is developed in Chapter IV of Advanced Algebra, puts cohomology
of groups in a wider context and explains some of its mystery.

We fix an abelian group N, a group G, and a group action T of G on N
by automorphisms. It is customary to suppress 7 in the notation for the group
action, and we shall follow that convention. For integers n > 0, one begins with
the abelian group C" (G, N) of n-cochains of G with coefficients in N. This is
defined by

N ifn =0,
C"(G,N) = n .

{f:TlieiG—> N} ifn>0.
Inwords, C" (G, N) is the set of all functions into N from the n-fold direct product
of G with itself. The coboundary map 6, : C*(G, N) — C"t!(G, N) is the
homomorphism of abelian groups defined by

Gof)g)=g1f—f
and by

(Snf)(gl, ceey gi’l+l) = gl(f(g2’ ceey gi’l+l))
+ Y (=1 f (g1 s Qi1 8i&it1s it2s - -+ s &ntl)
i=1

+ (=" flgr, .., gn)

forn > 0. We postpone to the end of this section the proof of the following result.
Proposition 7.39. 6,5,y =0 foralln > 1.

It follows from Proposition 7.39 that image §,—; < ker§, for all n > 1. Thus
if we define abelian groups by

Z"(G,N) =kerd,,

0 forn =0,
B"(G,N) =1 |

image &, forn > 0,
then B"(G, N) C Z"(G, N) for all n, and it makes sense to define the abelian
groups

H"(G,N)=Z2Z"(G,N)/B"(G, N) forn > 0.

The elements of Z" (G, N) are called n-cocycles, the elements of B" (G, N) are
called n-coboundaries, and H"(G, N) is called the n™ cohomology group of G
with coefficients in N.

EXAMPLES IN LOW DEGREE.

DEGREE 0. Here (8o f)(u) = uf — f with f in N and u in G. The cocycle
condition is that this is O for all u. Thus f is to be fixed by G. We say that an f
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fixed by G is an invariant of the group action. The space of invariants is denoted
by N¢. By convention above, we are taking B°(G, N) = 0. Thus

H°(G, N) = NC.

DEGREE 1. Here (61 f)(u, v) = u(f()) — f(uv) + f(u) with f a function
from G to N. The cocycle condition is that

fuv) = f(u) +u(f)) forallu,v € G.

A function f satisfying this condition is called a crossed homomorphism of G
into N. A coboundary is a function f : G — N of the form f (1) = (§ox) (1) =
ux — x for some x € N. Then H!(G, N) is the quotient of the group of crossed
homomorphisms by this subgroup. In the special case that the action of G on N is
trivial, the crossed homomorphisms reduce to ordinary homomorphisms of G into
N, and every coboundary is 0. Thus H'!(G, N) is the group of homomorphisms
of G into N if G acts trivially on N.

DEGREE 2. Here f is a function from G x G into N, and
(62 /)(u, v, w) = u(f(, w)) — fluv, w) + fu, vw) — f(u,v).
The cocycle condition is that
u(f(w, w)) + fu, vw) = f(uv, w) + f(u, v) forallu,v,w € G.

This is the same as the condition that { f (#, v)} be a factor set for extensions of
N by G relative to the given action of G on N by automorphisms. A coboundary
is a function f : G x G — N of the form

fu,v) = (Sor)(u, v) = u(a(v)) — a(uv) + a(u) forsomeo : G — N.

This is the same as the condition that {— f («, v)} be a factor set equivalent to 0.
Thus we can restate Proposition 7.38 as follows.

Proposition 7.40. Let G and N be groups with N abelian, and suppose that
7 : G — AutN is a homomorphism. Then the set of equivalence classes of
group extensions of N by G corresponding to the action t : G — AuthN is
parametrized by H?(G, N).

Since group extensions have such a nice interpretation in terms of cohomology
groups H?, itis reasonable to look for a nice interpretation for H' as well. Indeed,
H' has an interpretation in terms of uniqueness up to inner isomorphisms for
semidirect-product decompositions. We continue with the abelian group N, a
group G, and a group action T of G on N by automorphisms. A semidirect product
E = G x; N is an allowable extension. Since G embeds as a subgroup of E, we
are given a one-one group homomorphism u + i of G into E. The construction
at the beginning of this section works with the set i of coset representatives, and
they have uv = uv.
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Suppose that the semidirect product can be formed by a second one-one group
homomorphism u + % of G into E. If we write i = a(u)u for a function
o : G — N, then we know from earlier in the section that the extensions formed
from {iz} and from {&} are equivalent. Because G maps homomorphically into E
for both systems, the factor sets are 0 in both cases. Consequently the function «
must satisfy

a(uv) —a(m) — t(u)a(v) =0.
This is exactly the condition that « : G — N be a 1-cocyle. Thus the group
Z'(G, N) parametrizes all ways that we can embed G as a complementary
subgroup to N in the semidirect product E = G x, N.

A relatively trivial way to construct a one-one group homomorphism u + u
from u + @ is to form, in the usual multiplicative notation, ¥ = Xy lﬁxo for
some xg € N. Thenu = Xy lﬁxoi =X, ! (t(u)(x0))u, and the additive notation
for a(u) has a(u) = t(u)(x9) — xo. Referring to our earlier computations in
degree 1, we see that « is in the group B'(G, N) of coboundaries.

The conclusion is that H!(G, N) parametrizes all ways, modulo relatively
trivial ways, that we can embed G as a complementary subgroup to N in the
semidirect product £ = G x; N.

As promised, we now return to the proof of Proposition 7.39.

PROOF OF PROPOSITION 7.39. For n = 1, we have

(8180 f) (u, v) = u((Bo f)(v)) — (o.f)v) 4 (0.f)(u)
=u(f = f)—@vf = )+ @f—f)=0.

For n > 1, we begin with

(81001181, -+ s gnr1) = 81((Bn=1 /) (g2, - -, ut1))
b ) Gut (Gl Gi8ite e s Gutt)
=i
+ (=" St )1y - 80)

=I1-+1I+4 1L

Here

I=g1g2(f(g3, ..., 8gns1)) + ;(—1)i7]gl(f(gz, s 8i&itls s nt1))

+(—=D"g1(f(g2,-..,8) =IA+IB +1C,

n .
II = _((Sn—lf)(glg% g37 AR ] gn)+2(_1)l(8n—lf)(gl9 ceey gigi+lv RIS ] gn+l)
i=2

= IIA + IIB,
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M= (=1)""g1(f (g2, g)) + (=1 (=1 f(182, &3 - - - - &)
n—1 .
+ (D" (=D f(81, - 8i&itts - 8n)
i=2

+ (D" =" f (g1, gn-1)
= [ITA + 1IIB + IIC + IIID.

Terms IIA and IIB decompose further as
HA = —g182(f (g3, - -+, &nt1)) + f(818283, 84, - - -+ &ns1)
n . |
=2 (=D" (g1, s &i&it1s -y 8nr1) — (1) f (8182, 83 -+ 8n)
i=3
= ITAa + ITADb + ITAc + ITAd,

n .
IB =3} (—1)gi(f(g2, .-, 8i&+1r---»&u+1))
=2

+ (=D*(=1) f(818283+ 84+ - - - » &nt1)

n .
+ Y (D=1 f(g182s -+ &igit1s---» &nt1)
=3
n Q=2 )
+ 2 (=D Y (=D f(g1, .., 8841 -5 8i&it1s -+ &ntl)
j=2

i=2

n . .

+ Y (D=1 (g1, s Gim18i8it1s - - -5 8ntl)
i=3
n—1 . .

+ > (=D'(=D"f(g1,---, 8i8i+18i+2 - - -+ &nt1)
i=2

n—2 .oon .
+ =D (DT (g it s 88 1 - vy 8nt1)
i= j=it2

n—1
+ ZZ(_I)I(_I)nf(glv <5 8i8i+1, ---7gn)

+(=D"=D"f(g1, .-, 8n—1)
= [IBa + IIBb + IIBc + IIBd + IIBe + IIBf 4 IIBg + IIBh + IIBi.

Inspection shows that we have cancellation between term IA and term [IAa, term
IB and term IIBa, term IC and term IIIA, term ITIAb and term IIBb, term IIAc and
term IIBc, term ITAd and term IIIB, term IIBd and term I1IBg, term [IBe and term
IIBf, term IIBh and term IIIC, and term IIBi and term IIID. All the terms cancel,
and we conclude that §,5,_1 f = 0. OJ
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7. Problems

Using Burnside’s Theorem and Problem 34 at the end of Chapter IV, show that
60 is the smallest possible order of a nonabelian simple group.

A commutator in a group is any element of the form xyx !y~

(a) Prove that the inverse of a commutator is a commutator.
(b) Prove that any conjugate of a commutator is a commutator.

Let a and b be elements of a group G. Prove that the subgroup generated by a
and b is the same as the subgroup generated by bab? and bab>.

A subgroup H of a group G is said to be characteristic if it is carried into itself
by every automorphism of G.

(a) Prove that characteristic implies normal.

(b) Prove that the center Zg of G is a characteristic subgroup.

(c) Prove that the commutator subgroup G’ of G is a characteristic subgroup.

In the terminology of the previous problem, which subgroups of the quaternion
subgroup Hg are characteristic?

Is every finite group finitely presented? Why or why not?
Let G = SL(2, R), and let G’ be the commutator subgroup.
(a) Prove that every element ((1) i ) isin G’.

(b) Prove that G’ = G.

(c) Prove that <_ (1) 7?) is not a commutator even though it is in G’.

Problem 53 at the end of Chapter IV produced a group G of order 27 generated

by two elements a and b satisfying a® = b*> = b~'aba=* = 1. Prove that G is
given by generators and relations as

G = (a, b; ag, b3, b_laba_4).
Let G, be given by generators and a single relation as

. -1 -1 —1,.,—1
Gn = (X1, Y10 ooy Xy Yus XIVIX] YT e XnYnXy Yy )

Prove that G,/ G), is free abelian of rank 2, and conclude that the groups G, are
mutually nonisomorphic as n varies. (Educational note related to topology: The
group G, may be shown to be the fundamental group of a compact orientable
2-dimensional manifold without boundary and with » handles.)

Prove that a free group of finite rank »n cannot be generated by fewer than n
elements.
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Let F be the free group on generators a, b, c, and let H be the subgroup generated

by all words of length 2.

(a) Find coset representatives g such that G is the disjoint union of the cosets
Hg.

(b) Find a free basis of H.

For the free group on generators x and y, prove that the elements y, xyx~!,

x2yx~2, x3yx 73, ..., constitute a free basis of the subgroup that they generate.

Conclude that a free group of rank 2 has a free subgroup of infinite rank.

Let G = C3 * C,. Prove that the only quotient groups of G, up to isomorphism,
are G itself, {1}, Cp, C2 x C7, and the dihedral groups D,, for n > 3.

Prove that if every irreducible finite-dimensional representation of a finite group
G is 1-dimensional, then G is abelian.

Let G be a finitely generated group, and let H be a subgroup of finite index.
Prove that H is finitely generated.

Let N be an abelian group, let G be a group, let T be an action of G on N by
automorphisms, and let n > 0 be an integer.
(a) Prove that if every element of N has finite order dividing an integer m, then
every member of H" (G, N) has finite order dividing m.
(b) Suppose that G is finite and that f is an n-cocycle. Define an (n — 1)-cochain
F by
Fgi, o 8n-) =2 f(81.--. 8n-1, &)
geG
By summing the cocycle condition for f over the last variable, express
|G|f(g1,--.,8n) in terms of F, and deduce that |G|f is a coboundary.
Conclude that every member of H" (G, N) has order dividing |G]|.

Let G be a finite group. Suppose that G has a normal abelian subgroup N, and
suppose that GCD(|N|, |G/N|) = 1. Prove that there exists a subgroup H of G
such that G is the semidirect product of H and N.

Let N be the cyclic group C», and let G be an arbitrary group of order 4. Identify
up to equivalence all group extensions of N by G.

Let N =Cj,and let E = EB:o:] (C2 @ C4). Regard E as an extension of N in
two ways—first by embedding N as one of the summands C» of E and then by
embedding N as a subgroup of one of the summands C4 of E. Show that the

quotient groups E /N in the two cases are isomorphic, that £ /N acts trivially on
N in both cases, and that the two group extensions are not equivalent.

Problems 20-23 concern Baer multiplication of extensions. Let N be an abelian
group, let G be a group, let T be an action of G on N by automorphisms, and let
E| and E; be two extensions of N by G relative to t. Write ¢; : E; — G and

©2

: E; — G for the quotient mappings. Let (E, E’) denote the subgroup of all
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members (e, e2) of E| x E» for which ¢1(e;) = ¢a(e2). Writing the operation in
N multiplicatively, let O = {(x, x~') € E| x E; | x € N}. The Baer product of E;
and E; is defined to be the quotient (E1, E»)/ Q. A typical coset of the Baer product
will be denoted by (e, e2) Q.

20. Prove that the homomorphism x — (x, 1) Q is one-one from N into (E;, E3)/Q,
that the homomorphism ¢ : (Eq, E2) — G defined by ¢(eq, e2) = ¢1(e) has
image G and descends to the quotient (E;, E2)/Q, and that the kernel of the
descended ¢ is the embedded copy of N. (Therefore (E, E>)/Q is an extension
of N by G, evidently relative to t.)

21. Foreachu € G, selectu € E; and u € E, with ¢1(il) = u = ¢o(i), and
define a(u, v) and b(u,v) for u and v in G by (xu)(yv) = a(u,v)uv and
(xw)(yv) = b(u, v)b(u, v). Show that (iz, #) Q has ¢((i1, #) Q) = u and that the
associated 2-cocyle for (E1, E2)/Q is a(u, v)b(u, v) if the group operation in N
is written multiplicatively.

22. Prove that Baer multiplication descends to a well-defined multiplication of equiv-
alence classes of extensions of N by G relative to 7, in the following sense:
Suppose that E1 and E/ are equivalent extensions and that E; and E, are equiv-
alent extensions. Let (E1, E2)/Q and (E{, E})/Q’ be the Baer products. Then
(E1, E2)/Q is equivalent to (E|, E})/Q’. Conclude that if Baer multiplication
is imposed on equivalence classes of extensions of N by G relative to t, then the
correspondence stated in Proposition 7.40 of equivalence classes to members of
H?*(G, N) is a group isomorphism.

Problems 23-24 derive the Poisson summation formula for finite abelian groups. If G
is afinite abelian group and Gisits group of multiplicative characters, then the Fourier
coefficient at x € G of a function finC(G,C)is f(X) = dec f(g))( (g). The

Fourier inversion formula in Theorem 7.17 says that f(g) = |G|~ ! erc f()()x (2).

23. Let G be a finite abelian group, let H be a subgroup, and let G/ H be the quotient
group. If ¢ is in G, write ¢ for the coset of ¢ in G/H. Let f be in C(G, C)
and define FA(i) =Y hen f(t+ h) as a function on G/H. Suppose that x is a
member of G that is identically 1 on H, so that x descends to a member x of
G//TJ. Prove that f(}() = f(j().

24. (Poisson summation formula) With f and F as in the previous problem, apply
the Fourier inversion formula for G/H to the function F, and derive the formula

1 —~
h) = —— .
hEZHfm =15 i weEZwHZIﬂw)w(r)

(Educational note: This formula is often applied with # = 0, in which case it
reducesto ) .y f(h) = WIHI > 0cC. wly=1 1 (@).)
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Problems 25-28 continue the introduction to error-correcting codes begun in Problems
6373 at the end of Chapter IV, combining those results with the Poisson summation
formula in the problems above and with notions from Section VI.1. Let [F be the field
Z./27., and form the Hamming space F”. Define a nondegenerate bilinear form on [F”
by (a,¢) = !, aic; for a and ¢ in F". Recall from Chapter IV that a linear code
C is a vector subspace of F”*. For sucha C, let C 1 as in Section V1.1 be the set of all
a € F" such that (a, ¢) = 0 for all ¢ € C; the linear code C~+ is called the dual code.
A linear code is self dual if C+ = C.

25. (a)
(b)

(©)
(d)

(e)
®

Show that the codes 0 and F”* are dual to each other.

Show that the repetition code and the parity-check code are dual to each
other.

Show that the Hamming code of order 8 is self dual.

Show that any self-dual linear code C has dim C = n/2, and conclude that
the Hamming code of order 2" with r > 3 is not self dual.

Show that any member c of a self-dual linear code C has even weight.
Show that if a linear code C has C € C* and if every member ¢ of C has
even weight, then ¢ — %wt(c) mod 2 is a group homomorphism of C into
Z./27. Here wt(c) denotes the weight of c.

26. Regard F" as an additive group G to which the Fourier inversion formula of
Section 4 can be applied.

(@)

(b)

()

Show that one can map G to " by x = a, with x(c) = (=)@ and
that the result is a group isomorphism. (Therefore if f is in C([", C), we
can henceforth regard f as a function on F".)

Show under the identification in (a) that if f is in C(F", C), then f(a) =
> e £©(=1)@9 for a in F™.

Suppose that the function f € C(F", C) is of the special form f(c) =
]_[?:1 fi(ci) whenever ¢ = (cy,...,c,). Here each f; is a function on
the 2-element group F. Prove that f(a) = [T',, ﬁ(a,-) whenever a =
(ai,...,an). Here ]7, is given by the formula of (b) for the case n = 1:

fila) =3 . cp file)(=D)%e.

27. Fix two complex numbers x and y. Define fy : F — C to be the function
with fo(0) = x and fyp(1) = y. Define f : F — C to be the function with
) =TT, folei) = x"UA W) where wt(c) is the weight of c.

()
(b)

Show that fb(o) =x+4+Yy and ‘7'0(1) =x—y.
Show that f(a) = (x + y)nfwt(a)(x _ y)wt(a).

28. Let C be alinear code in F”*. Take G to be the additive group of F” and H to be
the additive group of C. Regard C* as an additive group also.

(@)

Map G/H to CL by x > a, with x(c) = (—1)@9. Show that this
mapping is a group isomorphism.
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(b) Applying the Poisson summation formula of Problem 24, prove that

Y f) = —— Y F@

heC |CL| aeCt
for all f in C(F", C).

(c) (MacWilliams identity) Let We(X,Y) = Y 7_o Ne(C)X" kYK, where
Ni(C) is the number of members of C with weight k, be the weight-
enumerator polynomial of C, and let W1 (X, Y) be defined similarly.
By applying (b) to the function f in the previous problem, prove that
We(x,y) = |CL|_1WCL(X + y,x — y) for each x and y. Conclude from
Corollary 4.32 that weight-enumerator polynomials satisfy We(X,Y) =
ICH T Wer (X + Y, X — Y).

(d) The polynomials W¢ (X, Y) were seen in Chapter IV to be X" for the 0
code, (X + Y)" for the code F", X" + Y" for the repetition code,
J((X+Y)"+(X —Y)") for the parity-check code, and X8 +14X*Y*+Y? for
the Hamming code of order 8. Using relationships established in Problem 25,
verify the result of (c) for each of these codes.

(e) Suppose that C is a self-dual linear code. Applying (c) in this case, exhibit
Wc(X,Y) as being invariant under a copy of the dihedral group Dg of
order 16. (Educational note: If the polynomial W¢ (X, Y) is invariant also
under X — i X, as is true for the Hamming code of order 8, then W¢ (X, )
is invariant under the group generated by Dg and this transformation, which
can be shown to have order 192.)

Problems 29-31 concern an unexpectedly fast method of computation of Fourier
coefficients in the context of finite abelian groups, particularly in the context of cyclic
groups. They show for a cyclic group of order m = pq that the use of the idea
behind the Poisson summation formula of Problem 24 makes it possible to compute
the Fourier coefficients of a function in about pg (p +¢) steps rather than the expected
m? = p*q? steps. This savings may be iterated in the case of a cyclic group of order
2" so that the Fourier coefficients are computed in about n2" steps rather than the
expected 22" steps. An organized algorithm to implement this method of computation
is known as the fast Fourier transform. Write the cyclic group C,, as the set
{0, 1,2, ..., m—1} of integers modulo m under addition, and let ¢,, = e2mi/m For k
in Cp, define a multiplicative character x, of C,, by x,(k) = (;,’,"l)k. The resulting m
multiplicative characters satisfy x, xn* = Xn+n’,» and they exhaust é:,, since distinct
multiplicative characters are orthogonal. It will be convenient to identify x, with
X (1) = 5.

29. In the setting of Problem 23, suppose that G = C,, with m = pgq; here p and g
need not be relatively prime. Let H = {0, ¢, 2¢q, ..., (p—1)g} be the subgroup
of G isomorphic to C,, so that G/H = {0,1,2,...,g—1} is isomorphic to
C,. Prove that the characters x of G identified with ¢, ¢}, o glabe
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are the ones that are identically 1 on H and therefore descend to characters
of G/H. Verify that the descended characters y are the ones identified with

{;), g‘ql, §q2, ey {571. Consequently the formula f()() = F()'() of Problem 23

provides a way of computing f at £%, ¢2. z27, ..., ¢~ V? from the values of

F. Show that if F is computed from the definition of Fourier coefficients, then
the number of steps involved in its computation is about g2, apart from a constant
factor. Show therefore that the total number of steps in computing fat these
special values of x is therefore on the order of g + pq.

In the previous problem show for each k with 0 < k < p—1 that the value of fat

{,’,‘,, b +k, ,%,p +k, e {,,(1"71)17 * can be handled in the same way with a different

F by replacing f by a suitable variant of f. Doing so for each k requires p times
the number of steps detected in the previous problem, and therefore all of f can
be computed in about p(g% + pq) = pq(p + q) steps.

Show how iteration of this process to compute the Fourier coefficients of each F,
together with further iteration of this process, allows one to compute the Fourier
coefficients for afunctionon C,, m, ..., inaboutmymy - - - m, (m1+mo+- - -+m,)
steps.

Problems 32-36 concern contragredient representations and the decomposition of the
left regular representation of a finite group G. They make use of Problems 24-28 in
Chapter I, which introduce the complex conjugate V of acomplex vector space V. In
the case that V is an inner-product space, those problems define (u, U)V = (v, )y,
and they show that if £, € V' is given by £,(u) = (u,v)y = (v, ”)V’ then the

mapping £, <> v is an isomorphism of V/ with V.

32.

33.

34.

35.

36.

Show that the definition (€, , £,,)v = (v1, V)3 makes the isomorphism of V'
with V preserve inner products.

If R is a unitary representation of G on the finite-dimensional complex vector
space V, define the contragredient representation R¢ of G on V' by R°(x) =
R(x~1)!. Prove that R°(x)€, = £g(»)y and that RC is unitary on V'.

Show that the matrix coefficients of R are the complex conjugates of those of
R and that the characters satisfy xp. = Xz.

Give an example of an irreducible representation of a finite group G that is not
equivalent to its contragredient.

Let ¢ be the left regular representation of G on C (G, C), and let Vg be the linear
span in C (G, C) of the matrix coefficients of an irreducible representation R of
dimension d. Prove that the representation (¢, V) of G is equivalent to the direct
sum of d copies of the contragredient R°.

Problems 37—-46 concern the free product C, * C3 and its quotients. The problems
make use of the group of matrices SL(2, Z/mZ) of determinant 1 over the com-
mutative ring Z/mZZ, as discussed in Section V.2. One of the quotients of C * C3
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will be PSL(2, Z) = SL(2, Z)/{scalar matrices}, and these problems show that the
quotient mapping can be arranged to be an isomorphism. Other quotients will be
the groups G,, = (X, Y; X2, v3, (XY)™) with m > 2. These arise in connection
with tilings in 2-dimensional geometry. The isomorphism C; * C3 = PSL(2, Z)
leads to a homomorphism that will be called o, carrying G,, onto PSL(2, Z/mZ) =
SL(2, Z/mZ)/{scalar matrices}, the image group being finite. The problems show
that the homomorphism oy, : G,, — PSL(2, Z/mZ) is an isomorphism for the cases
in which G, arises from spherical geometry, namely for 2 < m < 5, and that the
homomorphism is not an isomorphism for m = 6, the case in which G,, arises from
Euclidean geometry.

37. Show that the elements (? 7(1)) and (_(1) _1) generate SL(2, Z) by arguing as

follows: if the subgroup I' of SL(2, Z) generated by these two elements is not
SL(2, Z), choose an element (’z Z) outside I having max(Ja|, |b|) as small as

possible, and derive a contradiction by showing that a suitable right multiple of
it by elements of I" is in I".

38. By mapping X +— x = <?_(1)> mod+/ and Y — y = (7? 7}>mod:|:1,

produce a group homomorphism ® of Cr,xC3 = (X, ¥; X2, Y3) onto PSL(2, Z).

39. Letx, y,and @ : C; x C3 — PSL(2, Z) be as in the previous problem.
(a) For any member (‘Z Z) mod £/ of PSL(2, Z), define 1 ((‘Z Z) mod :|:I)

— max(lal, |b]) and v ((62) mod :I:I) — max(|c|, |d|). Prove that if

z = (‘; Z) mod £/ in PSL(2, Z) has ab < 0, then u(zyx) > wu(z) and
u(zy~'x) > pu(z), while if cd < 0, then v(zyx) > v(z) and v(zy~'x) >
V().

(b) Prove that ;(zx) = u(z) and v(zx) = v(z) for all z in PSL(2, Z).

(¢) Show that there are only 10 members z of PSL(2, Z) for which the two
conditions w(z) = 1 and v(z) = 1 both hold.

(d) A reduced word in C; * C3 is a finite sequence of factors X, Y, and ¥ -1
with no two consecutive factors equal and with no two consecutive factors
YY~!or Y~'Y. Prove for any reduced word aj - - - a, in C3 % C3, where
eacha;jisone of X, Y, and Y’l,that,u(QD(al ceeay)) = w( D@y an—1))
and that v(®(a; ---a,)) = v(P(ay---ay—1)).

(e) Deduce that the homomorphism @ is an isomorphism.

40. Let I'(m) be the group of all matrices M in SL(2, Z) such that every entry of
M — I is divisible by m.
(a) Prove that passage from a matrix in SL(2, Z) to the same matrix with its
entries considered modulo m gives a homomorphism &,, : SL(2,Z) —
SL(2, Z/mZ) with ker G, = T (m).
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(b) Prove that if o, 8, and m are positive integers with GCD(«, B, m) = 1,
then there exists an integer r such that GCD(« + mr, ) = 1. (One
way of proceeding is to use Dirichlet’s theorem on primes in arithmetic
progressions.)

(¢) Prove that image 65, = SL(2, Z/m7Z), i.e., G, is onto.

Let®,, : Co%C3 — G, bethe homomorphism defined by the conditions X +— X
and Y — Y. Let H,, be the smallest normal subgroup of PSL(2, Z) containing
(xy)"™ mod +I. Let G, : SL(2, Z) — SL(2, Z/mZ) be the homomorphism of
the previous problem.

(a) Why is &, well defined?

(b) Why is H,, = ®(ker ©,,,)?

(c) Define PSL(Z/mZ) = SL(2,7Z/mZ)/{scalar matrices}. Why does the
composition of g, followed by passage to the quotient descend to a ho-
momorphism oy, of PSL(2, Z) onto PSL(2, Z/mZ)?

(d) If K € PSL(2, Z) is the kernel of o, why is H,, € K,,,?

(e) Show that if ¢ is any integer, then the following members of K, lie in the

subgroup Hy,: (1 'm) mod £/, (t’ln 0) mod +17, (I'Hm tm ) mod 1/,

01 1 —tm 1—tm
and <1+tm - ) mod £1.
tm 1—tm
With G, defined as above, exhibit homomorphisms of various groups G,, onto
the following finite groups:
(a) G3whenm =2bysending X — (1 2)and Y +— (1 2 3).
(b) A4 whenm = 3 by sending X > (1 2)(3 4)and Y — (1 2 3).
(c) G4 whenm =4bysending X — (1 2)andY > (2 3 4).
(d) Us whenm =5 by sending X > (1 2)(3 4)and Y — (1 3 5).

This problem shows how to prove that H,, = K,, for 2 < m < 5, and it asks

that the steps be carried out for m = 2 and m = 3. Recall from the remark

with Lemma 7.11 that Lemma 7.11 is valid for all groups in determining a set

of generators of a subgroup from generators of the whole group and a system of

coset representatives. The lemma is to be applied to the group PSL(2, Z) and

the subgroup K,,. Generators of PSL(2, Z) are taken as by = x mod +/ and

by = y mod £1.

(a) For the case m = 2, find members g1, . .., g¢ of PSL(2, Z) such that the six
cosets of PSL(2, Z)/ K, are exactly K»gy, ..., K2g6.

(b) Still for the case m = 2, find g,-bip(g/b;)_l forl <i<2and1 <j <6
Lemma 7.11 says that these 12 elements generate K.

(c) Using Problem 41e and any necessary variations of it, show that each of
the 12 generators of K7 in (b) lies in the subgroup H,, and conclude that
H, = K>.
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(d) Repeat steps (a), (b), and (c) for m = 3. There are 12 cosets K3g; of
PSL(2, Z)/K3. (Educational note: There are 24 cosets for PSL(2, Z)/K4
and 60 cosets for PSL(2, Z)/Ks.)

Take for granted that H,, = K,,, for 2 < m < 5. Deduce the isomorphisms

(a) G, =PSL(2,7Z/27) = Gs.

(b) Gz =PSL(2,Z/3Z) = 4. (This group is called the tetrahedral group.)
(¢) G4 =PSL(2,Z/4Z) = G4. (This group is called the octahedral group.)
(d) Gs =PSL(2,Z/57Z) = AUs. (This group is called the icosahedral group.)
A translation in the Euclidean plane R? is any function Tap(x,y) =
(a + x,b + y), the rotation about the origin clockwise through the angle 6

cosf —sinf

is the linear map Ry given by the matrix ( ), and the rotation about

sinf  cosf
(x0, y0) clockwise through the angle 6 is the linear map given by (x, y) +—

Ro(x — x0, y — yo) + (x0, o)

(a) Prove that RyT (4 p) Rg_l = TRy(a,b)-

(b) Prove that the union of the set of translations and all the sets of rotations
about points of R? is a group by showing that it is the semidirect product
of the subgroup of rotations about the origin and the normal subgroup of
translations.

Fix a triangle T in the Euclidean plane with vertices arranged counterclockwise
at a, b, c and with angles 7 /2 at a, w/3 at b, and 7 /6 at c. Let r, be rotation
clockwise through 7 at a, rp be rotation clockwise through 277 /3 at b, and r. be
rotation counterclockwise through /3 at c.

(a) Show thatr2 = 1,7} = 1,78 = 1, and rc = rarp.

(b) Show that the member rpr,rpr,rp of the group generated by r, and rp, is a
nontrivial translation and therefore that the generated group is infinite.

(¢) Conclude that G 2 PSL(2,Z/6Z). (Educational note: If T denotes the
union of 7" and the reflection of T in one of the sides of T, it can be shown
that the group generated by r, and rp, is isomorphic to G and tiles the plane
with copies of T'.)

Problems 47-52 establish a harmonic analysis for arbitrary representations of finite
groups on complex vector spaces, whether finite-dimensional or infinite-dimensional.
Let G be a finite group, and let V be a complex vector space. For any representation
R of G on V, one defines R(f)v =7, 5 f(x)R(x)vfor finC(G,C)andvinV,
just as in the case that V is finite-dimensional. The same computation as in Section
VII.4 shows that the formula R(f; * f2) = R(f1)R(f>) remains valid when V is
infinite-dimensional.

47.

Let (R, V1) and (R3, V») be irreducible finite-dimensional representations of G
on complex vector spaces, and let xp and xp, be their characters. Using Schur
orthogonality, prove that

(a) x R ¥ XR, = 0 if R and R, are inequivalent,



48.

49.

50.

51.

52.
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(b) Xg, * Xg, = |Gldg Xp,» where djp = dim V.

With (R, V) given, let (R, V) be any irreducible finite-dimensional represen-

tation of G, and define E,, : V — V by E, = |G|_1dﬂ,R(E), where x, is the

character of R, and where d, = dim V.

(a) Prove that E2 = E,.

(b) Prove that E,Eg = EgE, = 0 if (Rg, Vg) is an irreducible finite-
dimensional representation of G such that R, and Rg are inequivalent.

Observe foreachvin V that {R(x)v | x € G} spans a finite-dimensional invariant
subspace of V. By Corollary 7.21, each v in V lies in a finite direct sum of finite-
dimensional invariant subspaces of V on each of which R acts irreducibly. Using
Zorn’s Lemma, prove that V is the direct sum of finite-dimensional subspaces
on each of which R acts irreducibly. (If V is infinite-dimensional, there will of
course be infinitely many such subspaces.)

Suppose that Vj is a finite-dimensional invariant subspace of V such that R Vo
is equivalent to some R,, where R, is as in Problem 48. Prove that E, is the
identity on Vj.

Deduce that if {(Rg, Vg)} is a maximal collection of inequivalent finite-
dimensional irreducible representations of G, then ) pEp = 1 onV and the
image of E, is the set of all sums of vectors in V lying in some finite-dimensional
invariant subspace Vj of V such that R| Vo is equivalent to Ry. (Educational note:
Consequently V is exhibited as the finite direct sum of the spaces image E,,
each space image E,, is the direct sum of finite-dimensional irreducible invariant
subspaces, and the restriction of R to any finite-dimensional irreducible invariant
subspace of image E,, is equivalent with Ry,.

Suppose that (R, V,,) is a 1-dimensional representation of G given by a multi-
plicative character w. Prove that the image of E,, consists of all vectors v in V
such that R(x)v = w(x)v for all x in G.





