SOLUTIONS

Chapter 8
Intrinsic Local Descriptions

and Manifolds

ProBLEM 8.1. Covariant Derivative and Connection
a.
Using Problem 5.4 we calculate

Xf—vxf=lim;.o 5 [f(a(d)) ()] —lims.o 5[f(@(0)) — P(a,p, a(@)f(p)] =
= lim,.o 5 [P(a. p. a@)E(p) £(p)] = 4 P(a. p, a())E(p)s=o = cn ,
this is in the normal direction by Problem 5.4 and since vxf is a tangent vector cn must be the normal
component of Xf, which normal component is (Xf, n(p))n.

b.

From the definition of geodesic and normal curvatures (and using Part a)
15(0) = %(0) — x4 (0) =Ty =g — (T2, n(0))n(0) = V17

C.

That this intrinsic derivative is zero implies (using part a) that the directional derivative y'(s)V is in
the normal direction, which implies (by Problem 5.4) that the vector field is parallel.

d.

Using part a we calculate
Vxsyf= (X+Y)f — (X+Y)f,n)n = Xf + Yf — (Xf + Yf, n)n = Xf +Yf — (Xf, n)n — (Yf, n)n = vxf +vyf
v xf = (@X)f = {(aX)f, n)n = a(Xf) — (a(XF), n)n = a[Xf —(Xf,n)n] = avxf.
Using part a and Problem 4.8 we calculate
vxrY =X(rY) —(X(rY),n)n= r(XY) — (HXY),n)n= r[XY — (XY, n)n]l = rvxY,
and, using the fact that Xf'is a scalar and that Y is perpendicular to n,

vxf Y =X{FY)—(X(Y),mn = [(X)Y +f(XY)] - (Xf)Y +f(XY),n)n=
= [(XF)Y +f(XY)] = £(XY),n)n = (Xf)Y +£(XY) = { £(XY),n)n = (Xf)Y+f vxY.
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*PrRoBLEM 8.2. Manifolds — Intrinsic and Extrinsic
*a.
Outline of a proof of Problem 8.2.a:
i. First we prove this in the case that the chart is a Monge patch y. The inverse y 'IM is just the orthogo-
nal projection of M onto R If f is C* then y'of is C* because it is just the projection onto the first two
coordinates. On the other hand, if y'of is C* then so is yo(y'of) = f.

ii. Now we look at x 'oy. This is one-to-one because it is the composition of one-to-one functions. If x is
defined on U and y is defined on V then x'oy is defined on y ' (x(U)My(V)) and maps it to
x '(x(U)Ny(V)). These are both open sets because they are the inverse image of open sets under a
continuous map.

iii. By step i, the function y'ox (the inverse of x'oy) is C. Since y 'ox is one-to-one and onto an open set
its differential d(y 'ox) (which is represented by a matrix for given basis in R?) is invertible. We can
then find the inverse of the matrix and since the entries of d(y 'ox) are C* the entries of its inverse
d(x'oy) are also C*. [You can use the Inverse Function Theorem (see Appendix B.3) but this is
overkill in this case because the hard part of the Inverse Function Theorem is to prove that the
function and its inverse are one-to-one and onto.]

b.

Let x be a local chart whose image contains a neighborhood of p. Look at the projection ® which
takes a neighborhood of p onto the tangent space at p. Then 7tox is a C* function from R” to R”. By the
Inverse Function Theorem (Appendix B.3), mox has a local C* inverse g. Then xog is a map from the
tangent space onto a neighborhood of p in M such that 7o(xog) is the identity. Thus, xog is a Monge
patch.

C.

By part b, M has a Monge patch y. The inverse y'IM is just the orthogonal projection of M onto R%
If x is another chart then y'ox is C* because it is just the projection onto the first two coordinates. Now
we look at x"'oy. This is one-to-one because it is the composition of one-to-one functions. If x is defined
on U and y is defined on V then x oy is defined on y'(x(U)Ny(V)) and maps it to x ' (x(U)Ny(V)). These
are both open sets because they are the inverse image of open sets under a continuous map. Since y 'ox is
one-to-one and onto an open set its differential d(y'ox) (which is represented by a matrix for given basis
in R?) is invertible. We can then find the inverse of the matrix and since the entries of d(y 'ox) are C* the
entries of its inverse d(x'oy) are also C*. [You can use the Inverse Function Theorem (see Appendix B.3)
but this is overkill in this case because the hard part of the Inverse Function Theorem is to prove that the
function and its inverse are one-to-one and onto.]

Now, let z be any other of the extrinsic charts for M. Then, by the previous argument, z is compati-
ble with y. Then X 'oz = (x'oy)o(y 'oz) is the composition of C* functions and is, thus, C*. Therefore, the
collection of extrinsic charts is an atlas for M.

d.

That a surface with a single chart is a C* manifold follows immediately from the definition. We now
check that the two charts, x and z, defined for the annular hyperbolic plane (with = 1) in Problem 1.8
are compatible. The compositions X 'oz(x,y) = X 'ox(x,In(y)) = (x,In(y)) and z 'ox(x,y) = (x,exp(y) are
both C¥, and thus the charts are compatible.

€.

If v and A are two curves containing the point p in M and x and y are two charts containing p, then
we can explicitly calculate:

x oy (0) = (x"'0 )'(0) & (y'oy)(0) = d(y 'ox)[(x o)’ (0)] = d(y 'ox)[(x'oA) (0)] = (y™'o1)(0).
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Thus, the definition does not depend on which chart containing p you choose.

We now show, for each chart y (containing p), that the function from the tangent space of R" at
g =y '(p) to T,M defined by dy(X,) = [t — y(q+1X,)] is one-to-one and onto. Let X, and Y, be two
tangent vectors at ¢ in R". Suppose that dy(X,) =[t - y(g+X,)] =[t-> y(g+1Y,)] =dy(Y,), then, by
definition, X, =(y'oy(g+1X,)) (0)=(y "' oy(g+rY,) (0)=Y,. This correspondence is onto
because, if y is any curve in M with Y(0) = p, then (y~' o 2 (0) = Y, is a tangent vector at ¢ in R", and
thus, [y] = dy(Y,).

Use the above one-to-one, onto correspondence (dependent on the chart y) define a vector space
structure on 7,M. If x is any other chart containing p then d(x'oy) is a linear isomorphism from the
tangent of R" at y™'(p) to the tangent space of R" at x"'(p) and dx(d(x'oy)(X,)) = (dxod(x'oy))(X,) =
d(xo(x'oy))(X,) = dy(X,). Thus, the vector space structure defined by dy will be the same as the struc-
ture defined by dx.

ProBLEM 8.3. Christoffel Symbols, Intrinsic Descriptions
a.
1. We calculate <x,-j, x1> = <X,~Xj, x1> =((VyX; + <X,-X<,-,n >n), X;) = <inxj, X, > + <<x,-x<,-,n >n, X, >, this
last term is equal to zero because n is perpendicular to x;. Thus,

<Xij,Xl > = <Vx,-Xj,Xl> = <%F§Xk,xl > = %Ffj-(Xk,Xl) = %Ffjgkl-

2. The matrix (g") is the inverse of the matrix (gx), which means that
Sl,gklg”” =1, when k = m, and Ellgk,g"” =0, when k # m.
Thus, we show that El‘,<x,;,-,xz >g”” = le(ﬁk‘, F’-‘-gkz)g”” = Zklﬁl‘,(l“g-gkzg””) = Zk)(l“f; El‘, gklg"”) =Ty.

ij
b.
If Y=ZYij is a (tangent) vector field (note that the Y’ are real valued functions), then (using
Problem 8.1.e)

Vs, Y= v, (VX)) = Z[(x,Y)x, + Y7, x;) | =
J J

= ?[(X,‘Yj)Xj + YJ(% FSX}J] = ?(X,‘Yj)Xj + ? Yj(% FEX/{) = %(X,‘Yk)xk + %(E Y/Tgxkj =

J
= Z(X,Y" +2 Fg-Yf)xk )
k J

We calculate, using properties of the directional derivative from Chapter 4:
xi(x;, %) = (X5, %0 )+ (x;, X ) and, thus, (x5, xx ) = x:(%;, x5 ) — (X, Xt ).
Applying this three times with different indices we get

<Xij’ Xk > = Xi<Xj, Xy > - <Xj, X,’k> =
= Xi<X<i’Xk > - (Xk<Xj’Xi > - <ij, X; >) =
= Xi\Xj, Xk —Xk<Xj, X; > +Xj<Xk, X;)— <Xk,x<,-,- >
Thus, <Xif’ X > - %[Xi<x<i’ Xk > - Xk<Xj’ Xi > + Xj<Xk,Xi>] = %[Xigjk —Xx&ji + ngki]~
d.

For a surface with geodesic rectangular (or polar) coordinates, we have
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h* 0 . h20
)= i) =
(g4) [0 1]and(g) [ 0 1]

I = %zl:g”[xlgll —xign +xignl=3g" xign —xigu +x1g11=5h72x;(h?) = 5h2(2hhy) = hi/h,

Thus, we can calculate

i = %Ellg”[&gu—ngn +x1gnl= %gzz[X1g12 —Xog1 +X1821]= ;zlxz(hz) =—hh,,
r,=r} = %Ellg”[ngu -Xign+xi1gnl= %g“[ngu —-Xi1gn+xignl= %h_z(Xz(hz)) =hy/h ,
[,=03= % ;gZI[Xlgzz —Xi821 tXog8nl= %gzz[xlgzz —X2821 +X28211=0
Flﬁz = % zl:gkl[ngzz — X182 +X2812] = %[gkl(ngzl —Xi182 +x2g12)+g"2[x2g22 — X282 +X2gzz]] =0

As derived in the solution to Problem 7.2.a, for the sphere,

h(u',u?)=cos’s, thus h; =0 and ho(u',u?)=—~%sin‘.
Thus, we calculate

Tl =hi/h=0,T3 =—hhy =+ cos’s sin’e, T, =T}, = hy/h = = tan s, all others zero.

ProBLEM 8.4. Intrinsic Curvature and Geodesics

a.
We calculate using the fact that, for any real-valued function f(s), v, () f(s)ls=a =f(a),
k(@) = V07 =Yy Z,0D'%, = Z[0/@0) )X + () Vx| =
= Z,-[((y*");')xj + (y<");V2i(.l,i);xixj] =2[(ODDx; + (D, 2L v, ] =
= AGDDX; + 2005, iG(a)x, = (GODxg + 2 ZiJ(y<’);(yi);Ff§-(y(a))xk =
=3G9+ @GN, e
b.

This follows immediately from part a because a curve is a geodesic if and only if x, = 0 at every
point along the curve.

c.
For geodesic coordinates x we have expressions for the Christoffel symbols from Problem 8.3.d.
Thus, we can say that, for a curve Y(s) = x(y'(s),Y(s)),

o(@) = 2] GO+ ETE @G0, s =

[+ D (1)) + 22291y (52, [xy +[(2)) — h((@)h (@) x2
and yis a geodesic if and only if
[+ HED (1)) + 2229 (1) (52),, | = 0 = [(2)] = h(H@)haG@) (1)) ]
for each a.

ProBLEM 8.5. Lie Brackets and Coordinate Vector Fields
a.

From Problems 8.2.a or 8.2.c it is clear that 1“5- =Tk

p S thus, VxXj = % FZXk = %Fﬁ-xk = VyXi.



Solutions: Chapter 8 — Intrinsic Local Descriptions and Manifolds 239

b.
Let a(x,y) =y then, since B is constant, V5 0B =A(0,0)B=0+ e, = (%A(x, y) =B(0,0)A =VgppA.

C.

In any geodesic coordinates x where the second coordinate curves are not extrinsically straight we
have x,X, = X»; equal to the extrinsic curvature which is perpendicular to the surface because the curves
are geodesics. However, expressing the tangent vectors in local coordinates x and using Problem 8.1 and
linearity, we can calculate

YXx), 2(¥x) = X(X)) X x(¥ix) = 2(X}) D[ (x,V)x; + Vi(xix;) ]
i Jj i J ! J

= 3 XL (V)X + X X0 V()
ij LJ

In this last expression the first term is a tangent vector and the last term is symmetric in i and j, thus,
X,Y-Y,X = 2, X, (x,Y)x; — £ Yo(xXDx; = 5[ X0 (x,¥7) - Yi(x.X0) ]x;
is a tangent vector. Then we can calculate

[X.Y], = VX()Y - VY(»)X = X,Y — (X,Y.m)n — Y,X + (Y,X,n)n =
X,Y - Y, X+ (Y,X,m)n — (X,Y,n)n = (X,Y - Y,X) - (X,Y- Y,X).mn =X,Y - Y,X,

where the last equality is because X,Y — Y, X is a tangent vector, and thus has no projection onto the
normal n.

*d.

Outline of a proof: This outline assumes that the reader has a familiarity with flows defined by
vector fields and with the theorem from analysis that a C' vector field always has a unique flow. For a
discussion of these results the interested reader can consult [An: Strichartz], Chapter 11, or [DG:
Dodson/Poston], VII.6 and VII.7. In the latter, the details of this outline are filled in.

1. Given a C' vector field V defined and nonzero in a neighborhood of p in M then there is a coordinate
chart x such that V = x,.

2. If V and W are two C' vector fields on M with flows ¢ and y; then the flows commute
a0 Wy =y, o ¢, wherever defined
if and only if [V,W], =0, for all p.

3. Use the flows to define the coordinate chart x.

ProBLEM 8.6. Riemann Curvature Tensors
a.
Outline of a proof:
Let p = x(0,0). Since the covariant derivative and the intrinsic curvature can both be defined in terms
of parallel transport, we look at parallel transport along the coordinate curves and use the abbreviations:

P1(9,a) = P(t >x(t,a),X(0,a),X(0, a)), P2(a,0) = P(t »x(a,1), X(a,0),x(a,0)).
Since P (g,0)[P,(0,0)V(p)lis the parallel transport V(p) along the second coordinate curve to the point

x(0,9) and then along the first coordinate curve to the point x(€,8) and P (e,d)[P;(g,0)V(p)lis the parallel
transport of V(p) along the first coordinate curve to x(€,0) and then along the second coordinate curve to
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x(€,0), then the angle 6 between these two parallel transports is the holonomy of the region R bounded by
the coordinate curves with "corners" p=x(0,0), x(¢,0), x(¢,0), x(0,0). (See Figure 8.4 in the text.)
Then, denote

P(e,0) = P1(g,0)[P2(0,0)V(p)] — P2 (&,0)[P1(e,0)V(p)].

Then note that £IP(e,8)I/IV] = 2sin(6/2), where we assign £IP| the same sign as 6 (positive, if counter-
clockwise). We can calculate

K(p) = limg ol (RYA(R)) = limg o(®/A(R)) = lim, 50 5oz (T ) s

Since this limit exists it is equal to the product

- 0 . HPEANVIY 1 @
lim. 5.0 75,67 <llm8~5-’0 @ )llm8~5-’0 AR®)
as long as two of these three limits exists. As the region gets smaller it becomes closer and closer to a

planar region and, thus, the angle 6 goes to zero and the first limit exists and is equal to 1. We look at the
inverse of the third limit

lim, .0 SA(R) = lim,.0 = [0 15 [gi(u", u?) du'du? = lim, 5.0 =I5 Jo1x1 (', u?)|1xo (', u?)| du'du? =
= Tim,5.0(+ Tl%1 (!, u?)| du')( §o1x2 (!, u2)] du?) = |x,(0, 0)|1x2(0, 0)|

Thus, [VIIx; lIx:|K(p) = lim, .o <22
Now, denoting V(x(a,b)) = V(a,b), we use the limit definition of covariant derivative, the fact that vy, is
continuous, and the fact that parallel transport is a linear isometry to conclude

Vi, Vs, V= Vg, lim,;qo 71V (a.0) = P2(.0)V(a.0)] —11m,;qovx1( [V(a,8) - P2(a,5)V(a,0)]) =
= limy. limo { [V(e,0) - Pa(e,0)V(e, 0)] —Py(e,0)+ [V(0.0)— P>(0.0)V(0,0)] } =
= limyoo lim,.o +3 LIV (E.0) = Pa(e.0)V (e, 0)— Pr(e.0)V(0.0) + Pr (e.0)[P2(0.)V (0. 0) ]}

Thus,

P(S(S)
Vx, VXZV llmg 50 "

= lim;.o lim,.o +5{V(e,0) — P2(&,0)V(e,0) — P1(e,0)V(0,5) + P, (£,0)[P2(0,6)V(0,0)]1 = P(e,6) } =
=limy_ lim,—o +5{V(e,0) — P2(&,0)V(e, 0) — P1(&,6)V(0,6) + P2(¢,0)[P1(£,0)V(0,0)]} =
=1lims_o lim,-o 5{F[V(e, ) — P1(e,6)V(0,0)] — +[P1(e,6)V(e, 0) — P2(e,0)[P1 (g, 0)V(0,0)11} =
= lim,.o lim,.o ${+[V(e,6) = P1(e,6)V(0,5)] = P1(e,6)(+[V(e,0) = P1(e,0)V(0,0)) } =
=1limso 5{(7x, V)(0,0) = P2(&,0)[(V4, V)(0,0)1} = v, ((v4,V)(0,0)) .

Therefore,

P(ed)
=

P(e.0)

5| = VIIxilIx: K (p)]

limgﬁ—»()

V4, V5, V= 7y, V5, V| = |11m£540

b.
In part a we can set V equal to x; and then after parallel transport around the vector x;(0,0) will
change only in the x; direction, because the length of x; does not change and the change must be in the
tangent plane and, thus, be parallel to the x, direction, and thus,

((Vy, Vx,X1 — Vi, Vx, X1), X2>p =(x1, X1 XX2,X2)K(p)

because +((Vy, Vy,X1 — Vi, Vy, X1),X2), = X1 X1 X2 [ K(p)|1x2| = =(x1, X1 XX2,X2)K(p)  , where the left *
is positive when the change after parallel transport in the positive X,-direction and in this case the angle
of change (which is the holonomy) is positive, and thus K(p) is positive.

C.
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If F(X) is a vector field that depends linearly on another vector field X, then there is a trick that
works to check whether F,(X) depends only on X, . Let k be any real-valued function defined in a neigh-
borhood of p such that k(p) = 1, then F,(X) depends only on X, if and only if F,(kX) = k(p)F,(X) =
F,(X). Note that, in this case and because F is linear, if X = XXx; then F,(X) = ZX(p)F,(x;). So we now
calculate, k(p) is as above,

Vx,Vy(kZ) = vx, [((YK)Z + k(p)vyZ] = X, YK)Z + X, k)vy,Z + (Y ,k)Vx,Z + k(p)Vx, VY Z,
Yy, Vx(kZ) = vy, [(XK)Z + k(p)vxZ] = (Y, XK)Z + (Y ,k)vx, Z + (X,k)Vy, Z+k(p)Vy, VX Z,
VIx.Y], (kZ) = (YpXk)Z - (Xka)Z + k(p)v[X,Y],,Z

Thus, we can cancel terms and get
RP(X, Y)(kZ) = VXPVY(kZ) - VYpVx(kZ) - V[X,Y]p (kZ) =
=k(p)Vx,VYZ — k(p)Vy,VxZ — k(p)Vixy),Z = k(p)R,(X, Y)Z =R, (X, Y)Z.

Thus, we have established that R, depends on Z, and not on the rest of the field Z. Now we look at
whether it depends on Y,. We calculate

vxpkaZ - ka,,VXZ = (ka)VYZ + k(p)VXFVYZ - k(p)VYFVXZ,
Vixay, L = Vx,00 L = Viv,xL =V x vy, L+ Vipx,yL = k(p)Vy xZ = X,k)vy,Z + k(l?)[VX,,YZ - VY,,XZ]
Thus, R,(X,kY)Z =vVx,VivZ —Viy,VxZ—Vxsv),Z= k(p)R,(X,Y)Z, and by symmetry we have that R,
depends only on Y, and on X,.

d.
We calculate K(X/\Y) = p(X, Y, X, Y) = p(zl’XiXi, Zj ijj‘, Ek Xka, Eh Yhyh) = 2 2 Ek‘, %:RijthinXth.
L)

ProBrLEm 8.7. Intrinsic Calculations in Examples
a. the cylinder,

01
We also know all of these because the cylinder is locally isometric to the plane.

10
In geodesic rectangular coordinates (g;;) = [ ] =0, R} =0=Rjn, K(x; AX2) =0 .

b. the sphere,
In geodesic rectangular coordinates

c 2
sin“(¢/r) 0
(g,-,-(@,(ﬁ))—[ 0 1 J,
rh _ i;_ll -0, 1_,%1 = —hh, = sm(Q/r)cos(Q/r r ré] _ % - col('Q./r)’ others zero
sin?( r) sin”(4/r)
Ry, =K= rlz in=hK= ¢_/ , Rao1 = R212811 = rzW =R11822 =R

K(Xl /\XZ) = gugn — gl]g“ = ;_2

c. the torus (S'x S") in R* with coordinates x(u',u?) = (cos u', sin u', cos u?, sin u?).
We compute

xi(u',u?) = (=sin u', cos u', 0, 0), xx(u',u*) = (0, 0, —sin u?, cos u?)
gn=gn=1, gn=gu= 0 I -—0 th—O Rjjn, K(x1 AX2)=0.
The name flat torus is appropriate because it is locally isometric to the plane.

d. the annular hyperbolic plane with respect to its natural geodesic rectangular coordinate
system. (See Problem 1.8.)
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In rectangular geodesic coordinates

2
exp(=y/r) 0
(gij(X,)’)) = 0 1
h 2(=ylr) ha _
f,=5=0, T} =-hh, ?( ejp) ——, ThL,=T} =% =2(71/, )others zero
-1 —exp-(=y/r —exp-{=y/r
Ry, =K==, R} =h’K=—7>—", Roo1 =R}ngu=—>—— =R} 82 =Run

_ Ron _ Ry _ =L
K(Xl /\XZ)— g1182 T gugn T y2

e. the 3-manifold S*XR < RY, that is the set of those points {(x,y,z,w)eR*| (x,y,z) € S’c R’ }.
In local coordinates, x(8,0,w) = (cos0 sing, sinB sin®, cosd, w), we compute

x1(0, ,w) = (—sinOsin @, cos 0, ¢,0,0), x2(0, §, w) = (cos O cos ¢, sin O cos ¢, —sin ¢, 0), x3 =(0,0,0, 1)

sin’¢ 0 0
(g)=| 0 10
0 O

kk

1
1"5- = %zl:gkl[xjgn — X8 +Xig1,-] = %8 [ngik —Xi&jj +Xigkj] )

and thus Ff; = 0 unless two of i, j, k are equal to 1. We compute

1 _Xign 2 _ Xi8127XaguitXig21 . 3 _ Xi8137X3811+X1831
Iy= 2Sinz¢—0’ Iy = 2 =-—singcos¢, I'y; = 2 =0
1 _ 1 _ Xgu-XigntXigin 1 _ 71 _ Xgnu-Xigistxigis
=0y = 2sin’g =cotd, I'i3=T73 = 2sin’g =0.

Then we compute, using
h — T 1 Th h I Th
Rijk —Xjrl'k + Z[ Fikrﬂ - X[ij - Z[ ijrﬂ,

that
R%lQ = X]F%z + Z[ Flzzrh - le—‘%z - Z[ rllzrél = 0 +O_ Xo COt¢ - COt2¢ =
COS2
:—xzcot(ﬁ—cotz(ﬁ:@—ﬁ =1,
R, =xoI'3 + 2, T4, T3, —xi T3, =X, T5, T2, =x5(—sin ¢ cos ¢) + 0 — 0 — cot f(—sin ¢ cos ¢) =
= (—cos ¢ cos ¢ + sin ¢ sin @) + cos>¢p = sin’ ¢
and thus

Roii =R} g1 =sin*¢p=R% 820 =Rion
K(X1/\X2)=%=%=1-
Then we compute
Rl; =xiT'}; +21FI33FL —x;I'; —le—‘lwl—‘él =04+0-0-0=0
R%l = X31—‘?1 +21FIMF§, — Xll—‘gl —le—‘éll—‘?l =04+0-0-0=0
R3i31 =Ri3i3 =K(x1 AX3)=0,
and
R§23 = X2F§3 +Z,F§3F§, - X3F%3 —21F123F§1 =0+0-0-0=0
Ry =x3T3 + XT3 — x0T -2, TLI3,=0+0-0-0=0
R33 =Ry =K(X2 AX3)=0 .

This makes sense since the surface in the x;,X, directions is a sphere of radius one and the surfaces in the
X1,X3 and X,,X; directions are cylinders, and thus have curvature zero.



