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A

angle, 53

annulus, 19, 21, 22, 36

Archimedian Property, 27

area, 53, 60

atlas, 108, 110
compatible with, 109
maximal, 109

auger, 19, 36

B

base curve, 14, 15
biangle, 71
binormal, 38, 39
Bolyai, 21

C

catenoid, 91, 97, 156
center

extrinsic, 44

intrinsic, 44

of intrinsic curvature, 44

of normal curvature, 44
Christoffel symbols, 112, 119
circle

circumference, 14, 15, 97, 98, 99

geodesic, 97, 99

great, 16-18, 43, 71

intrinsic, 197
complete

Cauchy, 101

geodesically, 12, 100
computer exercise, 20, 21, 24, 31, 32, 35, 38, 41,

43, 46, 48,75, 85, 88, 91
cone, 8-11, 13-17, 24, 42-45, 48, 58, 60, 79, 81, 84,
88, 90, 96, 144

cone angle, 8-10, 12-16, 60, 88
connection, 105, 107, 111

cu

rvature of a curve, 18, 28, 32, 36

constant, 33

extrinsic, 7, 32, 43, 44, 46-48, 79, 80, 84, 150,
151

intrinsic (geodesic), 7, 17, 44-46, 49,71, 717,
79-81, 113, 151

intrinsic definition of intrinsic, 78

normal, 44, 46, 48, 49, 71, 83-85, 87, 89, 90,
102, 151

radius of, 35

scalar, 39, 84

scalar normal, 83

vector, 32-35, 37, 43-45, 69, 106, 145

curvature of a surface, 49, 64, 154

constant, 101, 102

Gaussian, extrinsic description, 84, 94

Gaussian, intrinsic description, 94, 95, 98, 101

Gaussian (intrinsic), 74, 80, 83, 87, 89, 93, 94,
96, 101-103, 115, 116, 119, 154

intrinsic, 71, 74, 80, 81, 83, 92

intrinsic, definition, 80

mean, 90, 91

principal, 84, 85, 87, 88

Riemann, 115-119

sectional, 116-119

curve

locally straight, 5
piecewise smooth, 79, 88
smooth, 5, 14, 28, 31, 32, 37

cylinder, 6-8, 12-15, 19, 20, 36, 41-45, 48, 58, 79,

D

81, 84, 88, 90, 96, 119, 143, 144

derivative, 28-31

covariant, 18, 72, 105-107, 111, 113, 116
directional, 61-64, 68, 77, 105, 106, 137
intrinsic directional, 106

partial, 42, 58, 67, 90
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developable, 13, 19, 102
differentiable, 5, 29, 31, 33, 61

w.r.t a chart, 107, 108
differential, 108, 110, 139
distortion, 23

E

eigenvalues and eigenvectors, 86, 136
Euclid, 13, 21, 121, 158
definition of right angle, 13
fifth (parallel) postulate, 11, 21
first postulate, 12, 100
fourth postulate, 13
excess, 71,73
exponential map, 98

F

f.o.v. (=field of view), 25-28, 32, 41, 50
limits in, 26, 27
first fundamental form, 53, 54
Frenét-Serret Equations, 39
Frenét frame, 38, 147
function
C!, 139, 140
smooth, 139, 140

G

Gauss, 21, 96
map, 83, 87, 88, 154
Gauss-Bonnet Formula, 74, 75, 79, 88
geodesic, 7-18, 20-23, 41, 43, 45-48, 52, 67, 69,
71,72,76,77,79, 84, 99-102
closed, 7
in local coordinates, 114
piecewise, 73, 76-79
triangle, 71-74, 79
geometric affine space, 27, 121
global, 7

H

helicoid, 18-20, 24, 48, 91, 97, 156
helix, 7, 19, 20, 30-32, 35-39, 80, 84, 90
holonomy, 71, 73, 75,79, 81, 88
of a simple closed piecewise smooth curve, 79
of a small geodesic triangle, 73
of a small simple polygon, 75

homogeneous, 21, 81, 102
hyperbolic geometry, 11, 21
hyperbolic plane, 21, 22, 103, 160, 166
annular, 21, 22, 42, 47, 81, 102, 103, 107, 110,
119
upper half plane model, 22, 23

I

indistinguishable, 5, 12, 25-28, 35, 41, 49, 50, 59,
96
Inverse Function, 140
isometric, 23, 42, 46, 81, 102
locally, 12, 36, 44, 54,72, 101, 102, 122
isotopy, 135

L

Lagrange multipliers, 86
Lie bracket, 114
linear algebra
affine span, 123
affine subspace, 123
affinely independent, 123
basis, 125
conjugate space, 137
covectors, 137
determinant, 134
geometric affine space, 121
image, 128
linear functional, 137
linear operator, 129
linear span, 125
linear subspace, 125
linear transformation, 128
linearly independent, 125
matrix, 128
nullity, 128
orthogonal, 126
orthogonal complement, 127
perpendicular, 126
rank, 128, 129
shear, 129, 132
tensor, 137
vector addition, 125
vector space, 125
linear operator, 106, 129
Lobatchevsky, 21
local, 4, 5, 7
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177

local coordinates, 13, 18, 48, 53-68, 85, 89, 107,

118
C!, 58, 67, 108
C?, 67, 86, 89
extrinsic, 13-16, 23

geodesic polar coordinates, 14, 15, 18, 66, 67,

69, 94,97,99, 113, 114

geodesic rectangular coordinates, 14, 15, 18,
20-22, 66-69, 94, 96, 97, 101, 113, 114

intrinsic, 13-15

Monge patch, 24, 58, 94, 108, 109, 144

patch, 13, 15, 42, 58, 67
lune, 71

M

manifold, 107, 108, 11, 139, 140
diffeomorphic, 109
differentiable, 107
smooth, 139
submanifold of R”, 109

matrix, 130
determinant of a, 93, 134, 135
symmetric, 86

Monge patch, 24, 58, 94, 108, 109, 144

N

normal, 62
curvature of a curve, 46-49, 64-66
extrinsic (to a curve), 46, 64
intrinsic (to a curve), 46, 55
line to a surface, 43, 44, 64
space, 50
space to a surface, 43
spherical image, 87
to a curve, 32, 35, 38, 39, 43, 45

to a surface, 46, 47, 52, 58, 62, 65, 69, 83-88

Q)

orientation, 135
osculating
circle, 35, 39, 90, 147
plane, 35, 37, 39, 146

P

parallel, 27, 38
vectors, 121

parallel transport, 18, 27, 28, 71-78, 105, 106, 160

along a piecewise geodesic, 76

extrinsic definition of, 77

intrinsic definition of, 78
parallel vector field, 76-79, 88, 106
parallelizable, 28

parametrized, 15, 28, 30, 31 50, 52, 61, 64

by arclength, 20-23, 31, 32, 35, 48, 52, 65, 67,

69, 77, 87,94, 96, 97, 102
with constant speed, 31, 52, 84
pixels, 26
planar
infinitesimally, 41
uniformly infinitesimally, 41
polygon, 74-76
geodesic, 74, 81
simple, 74, 75
small, 74, 81
polyhedron, 75
principal directions, 55, 84, 87-90, 93
not perpendicular, 85
product
box, 133
cross, 58, 39, 132
Euclidean inner, 126
inner, 55, 126, 127
triple, 102, 133

projection, 23, 29, 44, 46, 52-55, 83, 106, 111

onto a vector, 126, 131
onto the orthogonal complement, 131

Q

quadratic form, 86

R
Ribbon Test, 8, 46-48, 52, 102, 103

Riemannian metric, 53-60, 66, 69, 70, 91, 94, 101,

111, 119
right angle
Euclid's definition, 13
ruled surface, 47, 48, 102, 152
directrix, 48
rulings, 48

S

second fundamental form, 64, 66, 85-90, 93

shortest path, 2, 3,7, 8, 11, 12, 98-101
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smooth, 5, 12, 29
intrinsically, 12
span, 84, 125
sphere, 10, 16-18, 21, 41-46, 55-58, 61, 62, 65-68,
71,74, 75, 81-90, 96, 113, 119, 144
straight, 1-12, 16, 17, 47, 48

tensor, 39, 118, 137
Riemann curvature, 117-119
Theorem,
Cauchy-Schwarz, 127
Double Cross Formula, 133
Gram-Schmidt, 127

definitions, 1

infinitesimally, 4, 5, 28-33
intrinsically (= geodesic), 7, 17, 41
locally, 3-5

uniformally infinitesimally, 5

Hopf-Rinow-de Rham, 100
Invariance of Domain, 139, 140
Inverse Function, 23, 29, 108, 140
Mean Value, for planar curves, 38, 51
Mean Value, for space curves, 140

strake, 18-20, 36, 42, 48, 56-60, 65, 66, 68, 80, 81,
88,90, 94, 97, 143
summation convention, 59

Mean Value, for surfaces, 51
Principal Axis, 136
Theorema Egregium, 89, 92, 96

surface tolerance, 25, 41, 49
bounded, 51 torsion, 38, 39
bounding, 51 scalar, 39
212 torus, 79, 88
closed, 52 flat, 119
constant curvature, 101, 102
geodesically complete, 12, 100, 101 A%
intrinsically smooth, 12
minimal, 90-92 vector
non-orientable, 58 bound, 111, 121

free, 122

of revolution, 20, 21, 42, 47, 58, 87, 91, 144
orientable, 58

smooth, 12, 41-50, 58, 65, 83, 103

with boundary, 51

space, 27, 125

velocity, 5, 18, 30-34, 50-58, 73, 76, 84, 88
vector field, 58, 59, 76-78, 88, 105, 111, 112

flows on, 115

symmetry, 1-9, 16, 17, 20, 47, 52, 102, 121
T w
tangent, 17, 62 Weingarten map, 84
bundle, 111
direction, 29-32, 41 Z
line, 28, 29, 35, 37, 51 zoom, 5, 12, 25, 28, 41, 49
plane, 23, 41-44, 50-55, 77, 78, 96, 148
space, 27, 49, 55-58, 76, 84,98, 110, 111, 123,

139
vector, 18, 29-32, 35, 38, 41, 45, 50, 52, 55, 57,

61, 62, 65, 67-69, 76, 77, 84, 84



