CHAPTER VIII
THE COMMONER ORDINARY DIFFERENTIAL EQUATIONS

89. Integration by separating the variables. If a differential equa-
tion of the first order may be solved for y' so that

Yy =¢@y) or M y)de+ N y)dy=0 (e

(where the functions ¢, M, N are single valued or where only one spe-
cific branch of each function is selected in case the solution leads to
multiple valued functions), the differential equation involves only the
first power of the derivative and is said to be of the first degree. If,
furthermore, it so happens that the functions ¢, M, N are products of
functions of = and functions of y so that the equation (1) takes the form

¥ =¢,(x)b,(y) or M(x)M(y)dx + N () N(y)dy=0, (2)

it is clear that the variables may be separated in the manner

dy M () NG 4, '
¢2(y) = ¢ (xr)dx or N()d x + 2()dg/—O, 2"

and the integration is then immediately performed by integrating each
side of the equation. It was in this way that the numerous problems
considered in Chap. VII were solved.

As an example consider the equation yy’ + zy2 = z. Here

ydy + z(y2—1)dz =0 or gdyl+a:dz=0,
y —
and plog (2= 1) +322=C or (2 —1)e = C.

The second form of the solution is found by taking the exponential of both sides
of the first form after multiplying by 2.

In some differential equations (1) in which the variables are not-
immediately separable as above, the introduction of some change of
variable, whether of the dependent or independent variable or both,
may lead to a differential equation in which the new variables are sepa-
rated and the integration may be accomplished. The selection of the
proper change of variable is in general a matter for the exercise of
ingenuity ; succeeding paragraphs, however, will point out some special
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204 DIFFERENTIAL EQUATIONS

types of equations for which a definite type of substitution is known
to accomplish the separation.

As an example consider the equation zdy — ydr = x Va2 + y2 dx, where the varia-
bles are clearly not separable without substitution. The presence of Va2 4 y?
suggests a change to polar codrdinates. The work of finding the solution is :

z=rcosf, y=rsing, der=cosfdr— rsinédd, dy=sinfdr+ rcosfdf;
then zdy — ydx = r2d6, Va2 + y2de = 12 cos 0d (r cos §).
Hence the differential equation may be written in the form
r2df = r? cos @d (r cos §) or sec 8df = d (r cos §),

and log tan (} 4 + }w) =rcosd + C or lorrl—:’-i;lg x+ C.
cos
2 1 .2
Hence Vet vty = Ce*  (on substitution for 6).
x

Another change of variable which works, is to let ¥ = vz. Then the work is:

& (vder + 2dv) — vede = 22 V1 + v2de or dv = V1 + v?da.

dv
Then ﬁ = dz, sinh-lv =z + C, y = xsinh (x + C).
v

This solution turns out to be shorter and the answer appears in neater form than
before obtained. The great difference of form that may arise in the answer when
different methods of integration are employed, is a noteworthy fact, and renders a
set of answers practically worthless; two solvers may frequently waste more time -
in trying to get their answers reduced to a common form than each would spend in
solving the problem in two ways.

90. If in the equation y' = ¢ (x, y) the function ¢ turns out to be
¢ (y/x), a function of y/x alone, that is, if the functions 37 and N are
homogeneous functions of «, y and of the same order (§ 53), the differ-
ential equation is said to be komogeneous and the change of variable
y =wvx or x = vy will always result in separating the variables. The
statement may be tabulated as:

. dg/ . y=vx
if ¢>< > substitute { or z = vy, 3)

A sort of corollary case is given in Ex. 6 below.

x
As an example take y(l + e!zl)da; + e/ (y — z)dy = 0, of which the homogeneity
is perhaps somewhat disguised. Here it is better to choose z = vy. Then
I+e)dr+e(1—v)dy=0 and da =vdy + ydv.

dy 1+ e

Hence wt+e)dy+y(l+e)dv=0 or —+ dv =0.
Yy  v4e

Hence logy 4+ log (v + e)=C or z+ yev = C.
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If the differential equation may be arranged so that

dy . N dx u
o + X, (@)y = X,(x)y» or @ + Y () x = Y,(y)a, ©))

where the second form differs from the first only through the inter-
change of # and y and where X, and X, are functions of x alone and
¥, and Y, functions of y, the equation is called a Bernoulli equation ; and
in particular if » = 0, so that the dependent variable does not occur on
the right-hand side, the equation is called linear. The substitution
which separates the variables in the respective cases is

y=veJu@eE or g = ye- T, ®)

To show that the separation is really accomplished and to find a general
formula for the solution of any Bernoulli or linear equation, the sub-
stitution may be carried out formally. For

Z—‘Z = j—; o= J Xz _ lee‘fXd".
The substitution of this value in the equation gives
% o Fde — X,me” n[Hdz op i—: = X2e<1"‘)f £19% .
Hence vr=1—n) f Xet- m [ Xt dx, when n % 1,*
or g = (1 —n)en-0S Xxdr[ f Xpa-mf Mr‘dx]. (6)

There is an analogous form for the second form of the equation.

The equation (22y® + zy)dy = dx may be treated by this method by writing it as

g—z—yxzy%z sothat Y, =—y, Y, =93 n=2.

dy
1,2
Then let P S L L
1 2 1,2 1
Then d—z—yx=d—vefw+vye%y — yve?? =B A
dy dy dy
1
and do o _ ySu2er® or do_ et Vdy,
dy v2
. -1
and —1:(y2—2)e%y2+0 or 1:2_y2+ ce 27,
v z

This result could have been obtained by direct substitution in the formula
zl=n = (1 — n) e(""l)f Y‘dy[f)’ze(l'")f Ty dy] ,

but actually to carry the method through is far more instructive.

* If n=1, the variables are separated in the original equation.



- 206 DIFFERENTIAL EQUATIONS

EXERCISES
1. Solve the equations (variables immediately separable) :
(@) A+2)y+ (1 —y)ay =0, Ans. vy = Cer—.
(B) a(edy + 2 ydz) = zydy, L Vi-2ay+Vi-dz=0,
@) Q+19)de— v+ Vit ) +a)idy=0.

2. By various ingenious changes of variable, solve :

(a) (@ + v)% = a?, Ans. x + y = atan(y/a + C).
(B) (z—y*)dx + 2xydy =0, (v) 2dy — ydo = (2* + y?) dz,
@) y=2—y, (&) w+y+z+1=0.

3. Solve these homogeneous equations :
(@ @Vay—a)y +y=0, Ans. Va/y +logy = C.

4

(B) xer + y —zy’ =0, Ans. y + xloglog C/x = 0.
() @ + y?) dy = zyde, (@) oy —y =Var+ -

4. Solve these Bernoulli or linear equations :
(a) ¥ + y/x = 9?2, . Ans. zylog Cx + 1= 0.
(B) ¥ —yescx =cosx — 1, Ans. y =sinx + Ctan .
() zy’ +y =y?logx, Ans. y~1=logx + 1 + Cz.
(8) (1 4+ y?)dx + (tan—ly — z)dy, (¢) ydx + (ax?yr — 22)dy = 0,
(&) ey —ay=2+1, () vy’ + 1 y* = cosa.

5. Show that the substitution y = vx always separates the variables in the
homogeneous equation ¥’ = ¢ (y/x) and derive the general formula for the integral.’

6. Let a differential equation be reducible to the form

dy _ (alw + by + cl) aby — ab; # 0,
dr a5 + by + ¢, ’ or ab, — a‘zbl =0.

In case ab, — azb, # 0, the two lines a,x + by + ¢, =0 and a,x + by + ¢, =0
will meet in a point. Show that a transformation to this point as origin makes
the new equation homogeneous and hence soluble. In case a;b, — a,b; = 0, the
two lines are parallel and the substitution z = a,x + by or z =,z 4+ by will
separate the variables.

7. By the method of Ex. 6 solve the equations :

(@) By—Te+Tde+(Ty—3x+3)dy=0, Ans. (y—ax+ D)2y +2—-1)=0C.

B) Rz +3y—5)y+@Bx+2y—5)=0, (v) 4z+3y+1)de+ (r+y+1)dy=0,
. dy r—y—1\2

3) (24 =y@dz+2y—1), == (=)

(@) @zt =vir+2y-1) @ %= (o=s>)

. 8. Show that if the equation may be written as yf(zy)dz + zg (zy)dy = 0,
where f and g are functions of the product xy, the substitution v = xy will sepa-
rate the variables.

9. By virtue of Ex. 8 integrate the equations :
(@) (y + 22y? — 22y dr + 222ydy = 0, Ans. x + x%y = C (1 — ay).
(B) (v + 2y de + (¢ — a*y) dy = 0, ) (1 + ay)wyPde + (xzy — 1) edy = 0.
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10. By any method that is applicable solve the following. If more than one
method is applicable, state what methods, and any apparent reasons for choos-
ing one: -

(@) ¥ + ycosz = ynsin 2z, B) (2z% + 3% dx = (¢® + 2zy?)dy,

(v) Gz+2y—Dy' +224+y+1=0, (3) yv +zy’ =2,

(¢) ¥'siny + sinz cosy =sinz, ) Vat+22(l—y)=xz+y,

() @Y+ 2% +ay+ )y + @y — 2% —ay + Day’, (6) ¥ =sin(z—y),
_Y

(v) 2ydy — y2dx = (x + y)%e zdax, (x) 1—9?de =axy(z + 1)dy.

91. Integrating factors. If the equation Mdx + Ndy = 0 by a suita-
ble rearrangement of the terms can be put in the form of a sum of total
differentials of certain functions u, v,---, say

du+dv+---=0, then vw+v+...=C M

is surely the solution of the equation. In this case the equation is called
an exact differential equation. It frequently happens that although the
equation cannot itself be so arranged, yet the equation obtained from
it by multiplying through with a certain factor u(x, y) may be so
arranged. The factor u (z, y) is then called an integrating factor of the
given equation. Thus in the case of variables separable, an integrating
factor is 1/M_ N ; for

2771

1 | M, () Ny()
—— [MM,dx + NN,dy] = —2—~dx +—2<dy=0; 8
Mle[ 12 12 -/] NI(T) ]‘12(!/) Y ) ( )
and the integration is immediate. Again, the linear equation may be
treated by an integrating factor. Let

dy+ Xyde = X, de and p=e S Xidz s )
then eledx (l!/ + ‘Yleleda: !/(l$ — ef.l"da: X2([.’L‘ L (10)

or d [yef "'i"":] e X,dz, and g/ef Dz — f ¢J Xt X,de.  (11)

In the case of variables separable the use of an integrating factor is
therefore implied in the process of separating the variables. In the
case of the linear equation.the use of the integrating factor is somewhat
shorter than the use of the substitution for separating the variables.
In general it is not possible to hit upon an integrating factor by inspec-
tion and not practicable to obtain an integrating factor by analysis, but
the integration of an equation is so simple when the factor is known,
and the equations which arise in practice so frequently do have simple
integrating factors, that it is worth while to examine the equation to
see if the factor cannot be determined by inspection and trial. To aid
in the work, the differentials of the simpler functions such as
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dxy = xdy + ydzx, 1d(@ + )= adx + ydy,
Yy _ xdy — ydx ar_ yde — xdy
d'x == d tan - Prg 12)

should be borne in mind.

Consider the equation (rter — 2 may?)de + 2ma2ydy = 0. Here the first term
zterdr will be a differential of a function of £ no matter what function of « may be
assumed as a trial u.. With u = 1/x* the equation takes the form

efdx+2m(@—@>=det+mdy—2=0.
z2 3 2
The integral is therefore seen to be e + my2/z% = C without more ado. It may
be noticed that this equation is of the Bernoulli type and that an integration by
that method would be considerably longer and more tedious than this use of an
integrating factor..
Again, consider (z + y)dx — (x — y)dy = 0 and let it be written as

xde + ydy + yde —xdy =0; try n =]/(z‘2+y2);

zdz + ydy | yde —xdy

1 x
th =0 or —dlog(x?+ y%) + dtan-1= =0,
en PR PR 3 g (% + %) + v

and the integral is log Va2 + 32 + tan—1(z/y) = C. Here the terms zdx + ydy
strongly suggested x2 4+ y* and the known form of the differential of tan—1(z/y)
corroborated the idea. This equation comes under the homogeneous type, but the
use of the integrating factor considerably shortens the work of integration. ‘

92. The attempt has been to write Mdx + Ndy or u (Mdx + Ndy)
as the sum of total differentials du + dv 4 - - -, that is, as the differential
dF of the function w + v + ---, so that the solution of the equation
Mdx 4+ Ndy = 0 could be obtained as F= C. When the expressions
are complicated, the attempt may fail in practice even where it theoreti-
cally should succeed. It is therefore of importance to establish condi-
tions under which a differential expression like Pdx + Qdy shall be the
total differential 4F of some function, and to find a means of obtaining
F when the conditions are satisfied. This will now be done.

Suppose Pdx + Qdy = dF = F 1o + oF dy; 13)
or oy
_oF _eF P _dQ_ &F
then P=2 Q= 3y’ 9y 0w Bxdy

Hence if Pdx 4+ Qdy is a total differential dF, it follows (as in § 52) that
the relation P, = @, must hold. Now conversely if this relation does
hold, it may be shown that Pdx + Qdy is the total differential of a
function, and that this function is
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F=f P(x, y)de +fQ(%, y)dy -
3 (14)
or sz Qx, y)dy +f1’(;1,', Yo)dr,
Yo

where the fixed value z or y, will naturally be so chosen as to simplify
the integrations as much as possible.

To show that these expressions may be taken as F it is merely neces-
sary to compute their derivatives for identification with » and Q. Now

oFr o0 [(° 0
%=%f,‘ P(x, y)dx +%fQ(xo, y)dy = P(x, y),

oF 0 [(° 0 0
a—yzaf%P(x, y)dx+@f(2(x0, g/)(lg/:afl)dac—l-(z(wo, Y)-

These differentiations, applied to the first form of F, require only the
fact that the derivative of an integral is the integrand. The first turns
out satisfactorily. The second must be simplified by interchanging the
order of differentiation by y and integration by x (Leibniz’s Rule,
§ 119) and by use of the fundamental hypothesis that P, = Q.

o [° cor
@LP‘M"'Q(%’ g/)_—_[ —aTde-{-Q(xo, Y)

T aQ lx
=f 7 &+ Qay 9) = Q@ v)| + Q2 )= Q= )
The identity of P and @ with the derivatives of F is therefore estab-

lished. The second form of F would be treated similarly.

Show that (x% + log y) dx + x/ydy = 0 is an exact differential equation and obtain
the solution. Here it is first necessary to apply the test P, = Q. Now

0 1 ox 1
— @+ logy)y==- and —==-.
oy ) Yy oxy Y
Hence the test is satisfied and the integral is obtained by applying the formula :
z . 0 1,
f (% + logy)dac+f—dy:§ac +zlogy=0C
0 Y
v 1
or f —dy+f(z2+log1)doc=:clogy+§x3:().
1y
It should be noticed that the choice of x, = 0 simplifies the integration in the first
case because the substitution of the lower limit 0 is easy and because the second

integral vanishes. The choice of y, = 1 introduces corresponding simplifications in
the second case.
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Derive the partial differential equation which any integrating factor of the differ-
ential equation Mdx + Ndy = 0 must satisfy. If u is an integrating factor, then

pMdx + pNdy = dF and a—"-}—lzﬂ
oy ox
o o (aN aM)
H MIZ_NZ= ——— 15
ence o = =5 > (15)

is the desired equation. To determine the integrating factor by solving this equa-
tion would in general be as difficult as solving the original equation; in some
special cases, however, this equation is useful in determining u.

93. It is now convenient to tabulate a list of different types of dif-
ferential equations for which an integrating factor of a standard form
can be given. With the knowledge of the factor, the equations may
then be integrated by (14) or by inspection.

EquaTioN Mdx 4+ Ndy =0: Facror p:
1
I. Homogeneous Mdx + Ndy = 0, m
II. Bernoulli dy 4+ X ydx = X y"dx, gy e [Fude,
1
IIL. M = yf (zy), N =g (zy), Mo — Ny
ooy
V. If _alN_af —F@), ofrs
o en
V. If E_M_al =£(), T,

phm—1— aypn—1-8,

Lk arbitrary.
ahm—1=ayfn~1-8

U determined.

VL. Type x*y®(mydx + nxdy) = 0,

VIL a®yB(mydx + naxdy) + xvy’(pydx + qxdy)= 0,

The use of the integrating factor often is simpler than the substitu-
tion y = vz in the homogeneous equation. It is practically identical
with the substitution in the Bernoulli type. In the third type it is
often shorter than the substitution. The remaining types have had no
substitution indicated for them. The proofs that the assigned forms
of the factor are right are given in the examples below or are left as
exercises.

To show that u = (Mx + Ny)~! is an integrating factor for the homogeneous
case, it is possible simply to substitute in the equation (15), which .u must satisfy,
and show that the equation actually holds by virtue of the fact that M and N are



COMMONER ORDINARY EQUATIONS 211

homogeneous of the same degree, — this fact being used to simplify the result by
Euler’s Formula (30) of § 53. But it is easier to proceed directly to show

e M 6<N> a<11)6(1¢) Ny
— = — or —(-——)=—(~——), where ¢ =_—=.
oy Mz + Ny ox \Mx + Ny oy \rl+ o ox\yl+ ¢ Mz
Owing to the homogeneity, ¢ is a function of y/z alone. Differentiate.
2L L e 1l oy 21 )
oy\el+ e zt(l+e)c y(A+¢)? 2 ox\yl+tg
As this is an evident identity, the theorem is proved.
To find the condition that the integrating factor may be a function of « only

and to find the factor when the condition is satisfied, the equation (15) which u
satisfies may be put in the more compact form by dividing by u.
J[la_"’_ Nla_"'zaiv'_ﬂ[ or Ma__IOg.“__Na_IOg“:ﬂ_ﬂ{, (15%)
®oy mor  ox oy oy or ox ey

Now if u (and hence log w) is a function of z alone, the first term vanishes and

dlogu M, — N,
& = N

f(x) or log,u:ff(x)dx.

This establishes the rule of type IV above and further shows that in no other case
can u be a function of  alone. The treatment of type V is clearly analogous.

Integrate the equation xty (3 ydx + 2xdy) + x2 (4 yde + 3xdy) = 0. This is of
type VII; an integrating factor of the form u = aPys will be assumed and the ex-
ponents p, ¢ will be determined so as to satisfy the condition that the equation be
an exact differential. Here

P=yuM=38zrpt4ys+2 4 41P+2yo‘+1" Q=uN=2gPt5y7+1 4 3 xp+38ys,

Then P, =38(c + 2)aP+4yo+1 4+ 4(s + 1) P+ 2y
=2(p+5)aPtay i+ 3(p + B2ty = Q.
Hence if 3(c+2)=2(p+5) and 4(c+1)=3(p + 3),

the relation P; = @, will hold. This gives ¢ =2, p = 1. Hence u = 232,
and fx(Sac"’y‘ + 423y%)de + dey = labyt + xty® = C
0

is the solution. The work might be shortened a trifle by dividing through in the
first place by «2. Moreover the integration can be performed at sight without the
use of (14).

94. Several of the most important facts relative to integrating factors
and solutions of Mdx + Ndy = 0 will now be stated as theorems and
the proofs will be indicated below.

1. If an integrating factor is known, the corresponding solution may
be found; and conversely if the solution is kndwn, the corresponding
integrating factor may be found. Hence the existence of either implies
the existence of the other.

2. If F = C and G = C are two solutions of the equation, either must
be a function of the other, as ¢ = &(F); and any function of either is

-~
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a solution. If w and v are two integrating factors of the equation, the
ratio /v is either constant or a solution of the equation ; and the prod-
uct of u by any function of a solution, as ud(/7), is an integrating fac-
tor of the equation.

3. The normal derivative dI"/dn of a solution obtained from the
factor u is the product u VM2 4+ N2 (see § 48).

It has already been seen that if an integrating factor u is known, the corre-
sponding solution F = C may be found by (14). Now if the solution is known, the
equation

dF = Fjdz + Fjdy = u(Mdz + Ndy) gives F,=uM, F,=uN;

and hence w may be found from either of these equations as the quotient of a
derivative of F by a coefficient of the differential equation. The statement 1 is
therefore proved. It may be remarked that the discussion of approximate solutions
to differential equations (§§ 86-88), combined with the theory of limits (beyond the
scope of this text), affords a demonstration that any equation Mdx + Ndy = 0,
where M and N satisfy certain restrictive conditions, has a solution ; and hence it
may be inferred that such an equation has an integrating factor.
If 4 be eliminated from the relations F, = uM, F, = uN found above, it is seen
that ,
MF, — NF; =0, andsimilarly, M@, — NG =0, (16)

are the conditions that F' and @ should be solutions of the differential equation.
Now these are two simultaneous homogeneous equations of the first degree in M
and N. If M and N are eliminated from them, there results the equation

FyG —F,Gy=0 or |5 U=J(F, 6)=0, (16))
x Ty

which shows (§62) that F and G are functionally related as required. To show
that any function & (F) is a solution, consider the equation

M, — N, = (MF, — NF,) &.

As F is asolution, the expression MF, — NF, vanishes by (16), and hence M®, — N&,
also vanishes, and & is a solution of the equation as is desired. The first half of 2
is proved.

Next, if x and » are two integrating factors, equation (15’) gives

Mblogu_ Nalogu: Malogv_ Nalogu Malogy./v_Nalogu/vzo‘
oy ox oy ox oy ox

On comparing with (16) it then appears that log (x/») must be a solution of the
equation and hence u/» itself must be a solution. The inference, however, would
not hold if u/» reduced to a constant. Finally if x is an integrating factor leading
to the solution F = C, then

dF = p(Mdx + Ndy), and hence ud(F)(Mdx + Ndy)= df<I> (F)dF.

It therefore appears that the factor u® (F) makes the equation an exact differen-
tial and must be an integrating factor. Statement 2 is therefore wholly proved.
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The third proposition is proved simply by differentiation and substitution. For

dF _oFdx oF dy _ M__‘_ Ndy
dn ez dn oy dn dn

And if T denotes the inclination of the curve F = C, it follows that

dy M . dy N dx M
tant = —=—"—, sintr=—=—s1——, —COST=— = ———————.
dx N dn /M2 4 N2 dn ~/32 f N2
Hence dF/dn = pV M2 + N2 and the proposition is proved.
EXERCISES
1. Find the integrating factor by inspection and integrate :
() 2dy — ydx = (x2 + y?)dx, B) (¥? —xy)de + x2dy =0,
(v) ydz — xdy + logadx = 0, ®) y(2xy + e)dx — evdy = 0,
(¢) 1+ ay)yde + (1 — zy)zdy = 0, ) (@—y?)de + 2zydy = 0,
(n) (xy? + y)de — zdy = 0, (6) a(zdy + 2ydx) = xydy,
(1) @+ 9?) (2de + ydy) + V1 + @ + ¥?) (yde — 2dy) = 0,
(K) z2yda: - (za + y3) dy =0, (7\) xdy — yde =z V2 — yzdy,
2. Integrate these linear equations with an integrating factor :
(a) ¥’ + ay = sinbz, (8) ¥ + ycotz = secx,
(M @+ 1)y =2y =@+ 1) (@) 42y +y = eunis,

and (B), (8), (¢) of Ex. 4, p. 206.
. 3. Show that-the expression given under II, p. 210, is an integrating factor for
the Bernoulli equation, and integrate the following equations by that method :
(a) ¥ — ytanz = ytsecw, B 3y +yP=2—1,
(v) ¥ + ycosx = ynsin 2z, () dz + 2zydy = 2 axdy®dy,
and (a), (), (¢), (n) of Ex. 4, p. 206.
4. Show the following are exact differential equations and integrate :
(@) (Bx2+62y?)dr+ (62%y+4y%)dy=0, () sinzcosydr + cosz sinydy =0,
(y) Bx—2y+ 1)+(2y—2m—3)dy=0, (3) (x3 + 3xy?)dx + (v + 32%)dy =0,
2a;y +1 ( ’—”) z 2
(¢) da:+ dy 0, () \1+ev/)de+ev(l—=)dy=0,
Y
(n) (»;ﬂ”(:t:2 + 2+ 2a:)dz + 2yexdy = 0, () (ysinz — 1)dx + (y — cosz)dy = 0.
5. Show that (Mx — Ny)-1is an integrating factor for type III. Determine

the integrating factors of the following equations, thus render them exact, and
integrate :

(@) (y + =) de + zdy =0, B) (* — zy)de + ?dy = 0,

) (@ + y?)de — 2zydy =0, (8) (x2y% + zy) ydx + (2%y% — 1)ady = 0,
(e) (VWzy—1)zdy— (Vz +l)ydz 0, (¢) 2%z + Bay + 2% dy =0,

and Exs. 3 and 9, p. 206.

6. Show that the factor given for type VI is right, and that the form given for
type VII is right if k satisfies &k (gm — pn) = ¢(a — v) — p (B — 9).
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7. Integrate the following equations of types IV-VII :
(@) (*+2y)de + (2 + 2y* —4a)dy =0,  (B) (2® + 4> + 1)de —2aydy = 0,
(v) Ba2+ 6xy3yH)de+ (22% + Bay)dy =0, (8) 222>+ y)— (FBPy—32)y’'=0,
(e) (2x%y —3yt)dr + Bx® + 2zy¥)dy =0,
(§) @—y)sin(Bx—2y)+ ¥'sin(x —2y) =
8. By virtue of proposition 2 above, it follows that if an equation is exact and
homogeneous, or exact and has the variables separable, or homogeneous and under
types IV=VII, so that two different integrating factors may be obtained, the solu-
tion of the equation may be obtained without integration. Apply this to finding
the solutions of Ex. 4 (8), (3), (v); Ex. 5 (a), (7).

9. Discuss the apparent exceptions to the rules for types I, III, VII, that is,
when Mz + Ny =0or Mz — Ny =0orgm—pn=0.

10. Consider this rule for integrating Mdx + Ndy =0 when the equation is known
to be exact : Integrate Mdr regarding y as constant, differentiate the result regard-
ing y as variable, and subtract from N ; then integrate the difference with respect
to y. In symbols,

C=f(de+Ndy)=fMdz+f(N—%fMda:)dy.

Apply this instead of (14) to Ex. 4. Observe that in no case should either this
formula or (14) be applied when the integral is obtainable by inspection.

95. Linear equations with constant coefficients. The type
dr —ly

dry
+ al dx™ -1

Odn

+ot e, T+ ey =X (@) an

-1 d
of differential equation of the nth order which is of the first degree in
y and its derivatives is called a linear equation. For the present only
the case where the coefficients a, a,, ---, @,_;, @, are constant will be
treated, and for convenience it will be assumed that the equation has
been divided through by «; so that the coefficient of the highest deriva-
tive is 1. Then if dlfferentlatlon be denoted by D, the equatlon may be
written symbolically as

O +aD M, D+ a)y =X, @am
where the symbol D combined with constants follows many of the laws

of ordinary algebraic quantities (see § 70).
The simplest equation would be of the first order. Here

d
é —ay=2X and y=ev" f e~ Xdz, (18)

as may be seen by reference to (11) or (6). Now if D — a, be treated
as an algebraic symbol, the solution may be indicated as

1 !
D — ((IX’ (18)

D—a)y=X and y=
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where the operator (D — «,)7! is the énverse of D — a,. The solution
which has just been obtained shows that the mtexpletahon which must
be assigned to the inverse operator is

= "l”fe““"'('*) dx, 19

where (%) denotes the function of z upon which it operates. That the
integrating operator is the inverse of D — a, may be proved by direct
differentiation (see Ex. 7, p. 152).

This operational method may at once be extended to obtain the solu-
tion of equations of higher order. For consider

Ty 1%+%Z/=X or (DP4aD+a)yy=X. (20

Let @, and @, be the roots of the equation D* + «,D 4 «, = 0 so that
the differential equation may be written in the form
[DP—(q,+e)D+agly=X or (D—a)(D—ayy=X. (20)

The solution may now be evaluated by a succession of steps as

1
D —a)y= D X = e"‘”fe‘“l””de,
1

1 1
— — e —agx | ,a1x — ayx
4 D_a2|:D_a1X] ‘ fe [6 fe de]
or Y= e f e<"1‘“2”[ f e‘“l"de]dx. (20"

The solution of the equation is thus reduced to quadratures.
The extension of the method to an equation of any order is immediate.
The first step in the solution is to solve the equation

D+aD - 4a, Dta,=0

so that the differential equation may be written in the form
P-—a)@—a) - (D—a)D-a)y=X; AT

whereupon the solution is comprised in the formula

y= anxfe(an_l—an)xf.'.fe(a‘—ag)zfe—alxX(dx)n, (17"/)

where the successive integrations are to be performed by beginning
upon the extreme right and working toward the left. Moreover, it
appears that if the operators D — a,, D — @, _;,---, D — a,, D — @, Were
successively applied to this value of ¥, they would undo the work here
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done and lead back to the original equation. As n integrations are
required, there will occur » arbitrary constants of integration in the
answer for y.

As an example consider the equation (D® — 4 D)y = 2. Here the roots of the
algebraic equation D® — 4D = 0 are 0, 2, — 2, and the solution for y is

y= %1);_21%12 - fe“fe-“e—“fe‘”ﬁ(dx)&

The successive integrations are very simple by means of a table. Then
fe%xzd:c — %12821 — %zeza: + }ehc + C"

fe—éxfeﬂ:v‘zZ(dz)Z - f(%zze_zx_ %ze—‘zr*_ %e-'z:c.l. Cle—iz)dz
= —ja%e 22— e 224 Cle~ 424 O,

y= feixfef4ffe2$m2(dx)3 = f(— 32?2 —} 4+ Ce~ 274 Cpe2?)dx
=—4ad -}z + Ce 224 Che?22+ C,.
This is the solution. It may be noted that in integrating a term like C e—4= the
result may be written as C e~ 42, for the reason that C, is arbitrary anyhow ; and,
moreover, if the integration had introduced any terms such as 2 e-2x, 1 €27, 5, these
could be combined with the terms C e-2x, C,e?2=, C; to mmphfy the form of
the results.
In case the roots are imaginary the procedure is the same. Consider

z"‘;+y—smx or (D*+41)y=sinz or (D+1i)(D—i)y=sinz.
Then y:DI_iD:_isinx:eixfe—““fe"xsinz(dz)g, i=V-—-1.

The formula for f ear gin berdr, as given in the tables, is not applicable when

a? 4+ b2 = 0, as is the case here, because the denominator vanishes. It therefore be-
comes expedient to write sin z in terms of exponentials. Then

eiz _ g— iz
2i

) X . . 11 .
Now ﬁewfe—ﬁuf(e%x—-l)(dz)?=2—%e'xfe—2w[%e2‘f—x + Cl]da:

__l_et.'t[l x + le—mxx_le—?w_*_ C e—2w+ C]
21 4

= eufe_zwfezz (d:::)2 for sinz =

21 21
zew 4 et .
=_§+T + e 4 Cyei.
el 4 e—ix eix — e—iw

Now  Cie-i 4 Cyeir = (C, + C) +(Cy— Cy)i

21
Hence this expression may be written as C, cosx + C,sinz, and then
y=—4zcosz 4+ C,cosz + C,sinz.

The solution of such equations as these gives excellent opportunity to cultivate the
art of manipulating trigonometric functions through exponentials (§ 74).
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96. The general method of solution given above may be considerably
simplified in case the function X (x) has certain special forms. In the
first place suppose X = 0, and let the equation be P(D)y = 0, where
P (D) denotes the symbolic polynomial of the nth degree in D. Suppose
the roots of P(D) = 0are a,, a,, - - -, @, and their respective multiplicities
are m,, My, -, My, so that

D —a)m--- (D —ay™(D—a)my=0

is the form of the differential equation. Now, as above, if

1 . -
(D——al) y=0, then y—(D—_al)—mlO—-e ff()((ll'> .
Hence y=e(C + C + Ca® + -+ C, xm7)
is annihilated by the application of the operator (D — a])’;'l, and there-
* fore by the application of the whole operator P (D), and must be a solu-
tion of the equation. As the factors in P (D) may be written so that

any one of them, as (D — a,)™, comes last, it follows that to each factor
(D — a;)™ will correspond a solution

Y = 5 (Cy 4+ Cigx + - -+ + Cimg™i™7), P(D)y; =0,
of the equation. Moreover the sum of all these solutions,

i=k

Y= 2, ¢ (Cat Cot + -+ Comg™ ), 1)
1=1

will be a solution of the equation; for in applying P (D) to ¥,
P(D)y=P(D)y,+ P(D)y,+ -+ P(D)y, = 0.

Hence the general rule may be stated that: The solution of the dif-
JSerential equation P(D)y = 0 of the nth order may be found by multiply-
ing each e** by a polynomial of (m — 1) st degree in x (where a is a root of
the equation P (D)= 0 of multiplicity m and where the coefficients of the
polynomial are arbitrary) and adding the results. Two observations
may be made. First, the solution thus found contains » arbitrary con-
stants and may therefore be considered as the general solution; and
second, if there are imaginary roots for P (D) = 0, the exponentials aris-
ing from the pure imaginary parts of the roots may be converted into
trigonometric functions.

As an example take (D* — 2D8 + D?%)y = 0. Therootsare 1,1,0,0. Hence the
solution is v = (0, + Cyz) + (C; + Cg2).
Again if (D* + 4)y =0, the roots of D* + 4 =0 are + 1 4 i and the solution is
y= Cle(1+i)x + ng(l—i)x + C3e(— 1+Dx 4 043(—1—2')1
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or y = e*(0.elr + Cpe— &) 4 e=2(Cyeir + C o)
=e*(C,cosx + C,sinx) + e~*(Cgcosx + C,sinz),
where the new C’s are not identical with the old C’s. Another form is
y=e*Acos(@+v)+ e*Bcos (z+ d),

where vy and 8, 4 and B, are arbijrary constants. For

. Gy Oy
Cycosz + Cysinz = VOE 4 Cg[mcosz+ ‘/012 - szsmx],

and if vy =tan—1 (_ %), then O cosz + Cysine = \/01'2 + Cz'zcos @+ 7).

Next if x is not zero but if any one solution I can be found so thdt
P(D)I=NX, then a solution containing n wrbitrary constants may be
Jound by adding to I the solution of P(D)y = 0. For.if

P(D)I=X and P(D)y=0, then PD)(I+y)=2X.

It therefore remains to devise means for finding one solution I. This
solution I may be found by the long method of (17""), where the inte-
gration may be shortened by omitting the constants of integration since
only one, and not the general, value of the solution is needed. In the
most important cases which arise in practice there are, however, some
very short cuts to the solution 7. The solution I of P(D)y = X is
called the particular integral of the equation and the general solu-:
tion of P(D)y = 0 is called the complementary function for the equa-
tion P(D) y = X.

Suppose that X ¢s a polynomial in x. Solve symbolically, arrange
P (D) in ascending powers of D, and divide out to powers of D equal to
the order of the polynomial X. Then

P(D)I = X, I=I%D)X=[Q(D)+§%] X, (22)

where the remainder R (D) is of Zigher order in D than X in @. Then
P(D)I=P(D)Q(D)X + R(D)X, R(D)X=0.

Hence Q(D)x may be taken as I, since P(D)Q(D)X = P(D)I = X. By

this method the solution I may be found, when X is a polynomial, as

rapidly as P (D) can be divided into 1; the solution of P(D)y = 0 may

be written down by (21); and the sum of I and this will be the required
solution of P(D)y = X containing » constants.

As an example consider (D® + 4D? 4 3 D)y = 22. The work is as follows :

1 11 111 4. .18 . R(D)
I= 2 = 2—_|-_ZD4 D2 2
3Df4DR D8 D34 4D4 A" D[3 o tar +P(1))]”
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1

H I= D)x? = —

ence Q(D) )

For D3 + 4D? + 3D = 0 the rootsare 0, — 1, — 3 and the complementary function

or solution of P(D)y = 0 would be C, + Cye~= 4+ Cze—3=, Hence the solution of
the equation P(D)y = z? is

y=0C,+ Cpe==+ Cye—3= 4 J 28 — 422 + 3§z,
It should be noted that in this example D is a factor of P (D) and has been taken out

before dividing ; this shortens the work. Furthermore note that, in interpreting
1/D as integration, the constant may be omitted because any one value of I will do.

1 4. 13
Y PRy )] D R S SR P
(3 PRdY )x 9% TpT T 7"

97. Next suppose that X = Ce**. Now De® = ae®®, D*e* = a*e*,

and P(D)e* =P(a)e™; hence P(D) [ Pfa) e"‘”] = Ce™,

But ]»‘(D)I = (™, and hence I = £ (23)

P(a)
is clearly a solution of the equation, provided @ is not a root of P (D) =
If P(«) =0, the division by P («) is impossible and the quest for I has
to be directed more carefully. Let a be a root of multiplicity m so that
P (D)= (D — a)"P (D). Then

P (D)(D — a)"I = Ce™, (D —a)"I = P((;a) e,
_Ce™x™ ,
and I=5 (u> f f (dx)™ = P (a) ol (23"

For in the integration the constants may be omitted. It follows that
when X = Ce*, the solution I may be found by direct substitution.
Now if X broke up into the sum of terms X = X, 4+ X, +--- and if
solutions 7, pr - were determined for each of the equations P(D)I,= X,
P(D)I,=X,,---, the solution I corresponding to X would be the sum
IL+1,4+---. Thus it is seen that the above short methods apply to

equations in which X is a sum of terms of the form Cxz™ or Ce**.

As an example consider (D* —2D? 4 1)y = e®. The roots are 1, 1, — 1, — 1,
and a = 1. Hence the solution for I is written as .

D+ 12(D—1)2T=ex, (D—12I=}%er, I=}emal.

Then y =e=(C; + Cyx) + e==(C; + Cx) + § 722,
Again consider (D? — 5D + 6)y =z + em=. To find the I, corresponding to z,
divide. "
1 1 5 5
I =— o= (-4+—D+-- ) T+ —
VTG sD+ 2 <6+36 + 6 36"
To find the I, corresponding to em», substitute. There are three cases,
I, = ! mr, I, = ze37, I, = — ze?,

"
m2—5m+ 6
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according as m is neither 2 nor 3, or is 3, or is 2. Hence for the complete solution,
y = C,e8= 4 C,e2= + lz + —5—+ —l——em,
6 36 m?—5m+6
when m is neither 2 nor 3; but in these special cases the results are

y = C,68 + Cpe2= + 1z + J5 — we?7, y = 0,63 + C,e2= + 1o + 5 + xedx.

The next case to consider is where X is of the form cos Bx or sin Bur.
If these trigonometric functions be expressed in terms of exponentials,
the solution may be conducted by the method above; and this is per-
haps the best method when 4 Bi are roots of the equation P(D)=0.
It may be noted that this method would apply also to the case where
X might be of the form e**cos B or e**sin Bx. Instead of splitting the
trigonometric functions into two exponentials, it is possible to combine
two trigonometric functions into an exponential. Thus, consider the
equations

P (D) y = e** cos B, P(D)y = e**sin Bz,
and P(D)y = e= (cos Br + i sin Pr) = e+ B, 24)
The solution I of this last equation may be found and split into its
real and imaginary parts, of which the real part is the solution of the
equation involving the cosine, and the imaginary part the sine.

‘When X has the form cos Bz or sin Bz and + B¢ are not roots of the
equation P (D) = 0, there is a very short method of finding I. For

D*cos Br= — B*cos Bxr and D?sin Bz = — B%sin B
Hence if P(D) be written as P,(D*) + D P,(D? by collecting the even

terms and the odd terms so that P, and P, are both even in D, the
solution may be carried out symbolically as

1 1 1
LR R R T R B
T = Pl(— B — DP(— B) x 5
° "= BT+ PP BT ™ (25)

By this device of substitution and of rationalization as if D were a surd,
the differentiation is transferred to the numerator and can be performed.
This method of procedure may be justified directly, or it may be made
to depend upon that of the paragraph above.

Consider the example (D? 4+ 1)y = cosz. Here Bi =i is a root of D2 4+ 1=0.

As an operator D? is equivalent to — 1, and the rationalization method will not

work. If the first solution be followed, the method of solution is
R i 1 er 1 & 1 e 1 [zei ze—"f]—lxsinz
T D412 D241 2 D—idi D4 4i 4i T2

If the second suggestion be followed, the solution may be found as follows :
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1 . e
ir —

D2 NI = 1 si = e, = = —
(D*+ 1) cosz + isinz = e, D2+1e 21
z . 1 . 1,
Now I=_—(cosx + isinx)=-xsinz — -izrcosz.
21 2 2
Hence I=}zsinz for (D*+1)I=cosw,
and I=—1zcosz for (D*+1)I=sinz.

The complete solutionis  y = C, cosz + C,sinz + jzsinz,
and for (D? + 1)y =sinz, y = C;cosz + C,sinx — }z cosz.

As another example take (D2 — 3 D + 2)y = cosx. The roots are 1, 2, neither
is equal to 4+ Bi = + i, and the method of rationalization is practicable. Then

I= ! cosT = 1 cosa:—l+3Dcos:c— ! (cosx — 3sinx)
T D*-3D+2 “1-3D 10 10 '
The complete solution is y = C,e~* + Cye—2% 4 {5 (cosz — 3sinx). The extreme
simplicity of this substitution-rationalization method is noteworthy.

EXERCISES
1. By the general method solve the equations :
dzy dy 0. d d7fy _
(@) g+ 443y =2en, ® Th-3Th+3 0y =,
(v) (2—4D+2)y ==z, (9) (D3+D2—4D+4)y=a:,
(¢) (P + 5D +6D)y =xz, () (D% + D+ 1)y = zer,
() D2+ D+ 1)y =sin2z, @) (D3—4)y =z + e2=,
(¢) (D2+3D+2)y=x+ cosz, (x) (D*—4D%y =1-—sinz,
(\) (D2+ 1)y = cosz, (w) (D2 + 1)y = secz, () (D24 1)y =tanw.
2. By the rule write the solutions of these equations :
(@) (D2 +3D+2)y=0, 8) (D*+3D2+ D—5)y =0,
(v) D—=1)3y =0, @) (Dt+2D24+ 1)y =0,
() (DPP=3D2+ 4)y=0, @) (MH=—D—-9D2—-11D—4)y =0,
(1) (DP—6D249D)y =0, () (D*—4D*+8D2— 8D +4)y =0,
(¢) (D"‘——-2D‘+D3)y=0, (k) (DBP— D2+ D)y =0,
) (Dt=1)2y =0, (v) (D5 —13D% 4 262 4 82D + 104)y = 0.
3. By the short method solve (v), (3), (¢) of Ex. 1, and also:
(a) (DA —1)y =24, B) (P =612+ 11D —6)y =z,
(v) (DP+3D2+4+2D)y =2, ) DP—-3D2—6D+8)y=m=,
() (DP+8y=axt+2x+1, ) (DP—=38D2— D + 3)y = 2,
(n) (Dt—=2D + D)y ==z, @) (Dt+2D3+3D*4+2D+1)y=14+x+2?
() (DPB=-1y=2a2 (x) (D*—2D3 + D2)y =aB.
4. By the short method solve (a), (8), (f) of Ex. 1, and also:
(a) (D2—3D + 2)y =e~, By (DA—D*—-3D24+ 5D — 2)y = 3=,
(v) D2—2D+ 1)y =ex, (3) (D®—3D2+ 4)y = 32,
(e) (D24 1)y =2€* + 2 — 1, ) (DPB+1)y=3+e=*45e2x,
(n) (H+2D24+ 1)y =e*+ 4, @) (DP+3D24+3D+1)y=2e"72,
(¢) (D2—2D)y =e2= + 1, (x) (D +2D2+ D)y =e2* 4 22+ z,

() (D% = a?)y = ex 4 eb=, () (D2—2aD + a?)y =e*+ 1.
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5. Solve by the short method (n), (1), (x) of Ex. 1, and also :

(@) (D*— D—2)y =sinz, T LB (*+2D+ 1)y =8ar—cosa,
(v) (D? 4+ 4)y = 2% + coswz, ®) (D*+ D2— D —1)y =cos2i,
(€) (D% + 1)2y = cosw, ) (D¥— D2+ D— 1)y = cosu,
(1) (D2—56D+ 6)y =cosx — ez, (§) (D®—2D%—3D)y=32%+ sinz,
(1) (D2—1)2y =sinz, (k) (D?*+ 3D+ 2)y =e2=sinu,
(\) (D*—1)y =e=cosz, (v) (D®—3D%+4D—2)y = e+ cosx,
(v) (D2—2D+ 4)y =e=sinz, (o) (D2 + 4)y =sin3x + e* 4 22,
M _
() (D®+ 1)y =singzsinjz, (p) (D®+ 1)y=e2rsinz+eisinx\/3,
(c) (D2 + 4)y = sinz, (r) (D*+32D 4 48)y = z¢— 2+ + 2= cos 23,

6. If X has the form e=*X,, show that I = P(lD) e X 1 %y

— X

=g D+a "
This enables the solution of equations where X, is a polynomial to be obtained by
a short method ; it also gives a way of treating equations where X is e2* cosBx or
eax sin B, but is not an improvement on (24) ; finally, combined with the second
suggestion of (24), it covers the case where X is the product of a sine or cosine by
a polynomial. Solve by this method, or partly by this method, (¢) of Ex. 1; (x), (A),
(»)y (), () of Ex. 5; and also

(@) (D?—2D + 1)y = 22z, (8) (P+3D2+3D+ 1)y =(2— a?)e7,
() (D2 + n?)y = ates, () (*—2D3—3D%+ 4D + 4)y = %,
(e) (D®*— 7D —6)y =e2*(1+ 1), (&) (D—1)2y = ex + cosx + x2ex,

(1) (D—1)%y =x — 2%, (6) (D? + 2)y = x%e3= + e*cos 2z,

(v) (D —1)y = ze* + cos’z, (k) (D*—=1)y =zsinz + (14 x2?) ez,

) (D? + 4)y =zsinz, () (D*+2D% + 1)y =x2cosax,

(v) (D% + 4)y = (xsin )2, (o) (D?— 2D + 4)2%y = ze~ cos V3.

7. Show that the substitution ¢ = ef, Ex. 9, p. 152, changes equations of the type
Dy + a@r—1Dr=1ly 4+ ... 4+ a, 12Dy + a,y = X () (26)

into equations with constant coefficients ; also that ax + b = ¢f would make a simi-
lar simplification for equations whose coefficients were powers of ax 4 b. Hence
integrate :

(a) (@2D? —zD + 2)y =z logx, B) @PD3—a2D2+2xD—2)y =23+ 3x,
(v) [(22—1)3D%+ (22—1) D—2]y=0, (3) (@2D? 4 3zD + 1)y = (1— a)-2,

(¢) @D +xD — 1)y =z logx, () [@+1)2D*— 4@+ 1)D + 6]y ==z,
(n) (@2D + 42D + 2)y = ez, @) (@3D?—322D+x)y=Ilogxsinloge +1,

(1) (@*D* + 623D 4 422D2 — 22D — 4)y = 22 + 2 cos log .

8. If L be self-induction, I resistance, C capacity, ¢ current, ¢ charge upon the
plates of a condenser, and f(t) the electromotive force, then the differential equa-
tions for the circnit are
A2y  Rdy q

+ =10, ®

g Ry @ Rdi i1
az " Lat " LC

' @ Tat T
Solve (a) when f(¢) = e~ %¢sin bt and (8) when f(¢) = sinbt. Reduce the trigonometric

part of the particular solution to the form K sin (b¢ + v). Show that if R is small
and b is nearly equal to 1/ VL C, the amplitude K is large.

(@) 1.
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.98. Simultaneous linear equations with constant coefficients. If
there be given two (or in general n) linear equations with constant
coefticients in two (or in general n) dependent variables and one inde-
pendent variable ¢, the symbolic method of solution may still be used
to advantage. Let the equations be

(a, D' +6, D a e+ (0D 0, D 4 4D,y =R (2), @7

(e,D? +e D7V Feye H(ED - d DT - d )y = S (1),
when there are two variables and where D denotes differentiation by ¢.
The equations may also be written more briefly as

P(Dyx +Q(D)y=R and Py D)x+ Q(D)y=>5.
The ordinary algebraic process of solution for 2z and y may be employed
because it depends only on such laws as are satisfied equally by the
symbols D, P (D), Q (D), and so on.
Hence the solution for x and y is found by multiplying by the ap-

propriate coefficients and adding the equations.

Q(D)|— Py(D) P(D)yx+Q(D)y =R,

— QD) P(D) PyD)x + QD) y = S.
Then [P,(D) QD) — Py(D) Q(D)]x =‘Q2(‘D) R —Q(D) S,
[P1<D) Q(D) — P(D) QI(D):I:[/ = P(D) S — P(D)R.
It will be noticed that the coefficients by which the equations are multi-
plied (written on the left) are so chosen as to make the coefficients of
a and y in the solved form the same in sign as in other respects. It may
also be noted that the order of P and @ in the symbolic products is im-
material. By expanding the operator P,(D) Q,(D)— P,(D) (D) a certain
polynomial in D is obtained and by applying the operators to R and
as indicated certain functions of ¢ are obtained. Each equation, whether

in z or in ¥, is quite of the form that has been treated in §§ 95-97.

27

As an example consider the solution for x and y in the case of

o BT _ W 4p 9y 2T 44 W g0,

ae a "
or 2D%—4)x — Dy = 2¢, 2Dr+ (4D —3)y=0.
Solve 41)—3‘ —2D I @12 — 4z — Dy = 2t
D |212—4| 2Dr4+(AD—3)y=0.
Then (4D —3)@2D2—4) + 212 = (4D — 3)2¢,

[2D° + 212 —4)(4D—3)]y = — (2D)24,
or  4QIDP—12—4D+3)r=8—06t A4Q2IP—12—4D+3)y=—4.

The roots of the polynomial in D are 1, 1, — 1} ; and the particular solution I, for
£ is — 1t, and I, for y is — 1. Hence the solutions have the form

C=(Cp 4 Clyet + Cem 8 — 41, y=(K, + K)ot + Ko 8 — 1.
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The arbitrary constants which are introduced into the solutions for
and y are not independent nor are they identical. The solutions must
" be substituted into one of the equations to establish the necessary relations
between the constants. It will be noticed that in general the order of the
equation in D for x and for y is the sum of the orders of the highest
derivatives which occur in the two equations, — in this case, 3 =2 + 1.
The order may be diminished by cancellations which occur in the formal
algebraic solutions for « and y. In fact it is conceivable that the coeffi-
cient P,Q, —P,Q, of x and y in the solved equations should vanish and
the solution become illusory. This case is of so little consequence in
practice that it may be dismissed with the statement that the solution
is then either impossible or indeterminate ; that is, either there are no
functions = and y of ¢ which satisfy the two given differential equations,
or there are an infinite number in each of which other things than the
constants of integration are arbitrary.

To finish the example above and determine one set of arbitrary constants in
terms of the other, substitute in the second differential equation. Then

2(Cyet + Coet 4 Cptet — § Ce™ 3 — 1) + 4 (K et + Kot + Kytet — § Ky 1)
—3(Ket 4+ Kptet + Kpe 3t — 1) =0,
or 20, +2C,+ K, + K,) + tet(2 Cy+ K,) — 8¢~ 3%(C, + 3K,) = 0.

As the terms e, tef, e 3t are independent, the linear relation between them can
hold only if each of the coefficients vanishes. Hence

C;+3K;=0, 2C,+K,=0, 2C +2C,+K,+K,=0,
and C;=—38K,, 2C,=—K,, 2C,=—K,.

Hence ¢ = (C, + Cyt)et— 3K3e'%‘— it, y=—2(C, + Czt)et+K3e‘%‘_%

are the finished solutions, where C\, C,, K; are three arbitrary constants of inte-
gration and might equally well be denoted by C,, C,, C;,or K, K,, K.

99. One of the most important applications of the theory of simultaneous equa-
tions with constant coefficients is to the theory of small vibrations about a state of
equilibrium in a conservative* dynamical system. If q,, q,, - - -, ¢, are n codrdinates
(see Exs. 19-20, p. 112) which specify the position of the system measured relatively

* The potential energy V is defined as — dV =dW = Q,dq; + Qodgs + -+ + Qndgn,
where ox oy oz ox o, ez,
'Q':X—1+Y—1+Z __1+.,,+‘1(__’_‘ Yn -2 4 7,220
T eg T e T Megs " og; i oq; o og;
This is the immediate extension of @, as given in Ex. 19, p. 112. Here dW denotes the
differential of work and dW = ZF;edr; = = (X;da; + Yidy; + Zidz;). To find Q; it is
generally quickest to compute d W from this relation with dx;, dy;, dzi expressed in terms
of the differentials dg;, ---, dg,. The generalized forces Q; are then the coefficients of
dg;. If there is to be a potential V, the differential d W must be exact. It is frequently
easy to find V directly in terms of ¢, ---, g, rather than through the mediation of

@1, ***, @q; when this is not so, it is usually better to leave the equations in the form

doT
—a = or = Q; rather than to introduce V and L.
dtog:  0g;
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to a position of stable equilibrium in which all the ¢'s vanish, the development of
the potential energy by Maclaurin’s Formula gives

Vi@is e @) =Vot+ Vil@1s oy -5 @)+ Val@1r Gar o s @) + -+,

where the first term is constant, the second is linear, and the third is quadratic, and
where the supposition that the ¢’s take on only small values, owing to the restriction
to small vibrations, shows that each term is infinitesimal with respect to the preced-
ing. Now the constant term may be neglected in any expression of potential energy.
As the position when all the ¢’s are 0 is assumed to be one of equilibrium, the forces
o=, o VG
0q, 0q, 0qn
must all vanish when the ¢’s are 0. This shows that the coefficients, (6V/2g:)o = 0,
of the linear expression are all zero. Hence the first term in the expansion is the
quadratic term, and relative to it the higher terms may be disregarded. As the
position of equilibrium is stable, the system will tend to return to the position
where all the ¢’s are 0 when it is slightly displaced from that position. It follows
that the quadratic expression must be definitely positive.

The kinetic energy is always a quadratic function of the velocities ¢y, ¢y, -, ¢
with coefficients which may be functions of the ¢’s. If each coefficient be expanded
by the Maclaurin Formula and only the first or constant term be retained, the
kinetic energy becomes a quadratic function with constant coefficients. Hence the
Lagrangian function (cf. § 160)

L=T-V="T(,q, &) — Vg9 )
when substituted in the formulas for the motion of the system, gives

Qn=

a set of equations of the second order with constant coefficients. The equations
moreover involve the operator D only through its square, and the roots of the equa-
tion in D must be either real or pure imaginary. The pure imaginary roots intro-
duce trigonometric functions in the solution and represent vibrations. If there were
real roots, which would have to occur in pairs, the positive root would represent
a term of exponential form which would increase indefinitely with the time, —a
result which is at variance both with the assumption of stable equilibrium and
with the fact that the energy of the system is constant.

When there is friction in the system, the forces of friction are supposed to vary
with the velocities for small vibrations. In this case there exists a dissipative func-
tion F(¢y, Gz, **+» ¢u) Which is quadratic in the velocities and may be assumed to
have constant coefficients. The equations of motion of the system then become

doL oL  oF _,  ~deL 2oL oF
atoq, oq, o

= =0,
dt eqn  Oqn

which are still linear with constant coefficients but involve first powers of the
operator D. It is physically obvious that the roots of the equation in D must be
negative if real, and must have their real parts negative if the roots are complex ;
for otherwise the energy of the motion would increase indefinitely with the time,
whereas it is known to be steadily dissipating its initial energy. It may be added
that if, in addition to the internal forces arising from the potential V" and the
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frictional forces arising from the dissipative function F, there are other forces
impressed on the system, these forces would remain to be inserted upon the right-
hand side of the equations of motion just given.

The fact that the equations for small vibrations lead to equations with constant
coefficients by mneglecting the higher powers of the variables gives the important
physical theorem of the superposition of small vibrations. The theorem is: If with
a certain set of initial conditions, a system executes a certain motion ; and if with
a different set of initial conditions taken at the same initial time, the system
executes a second motion ; then the system may execute the motion which consists
of merely adding or superposing these motions at each instant of time; and in
particular this combined motion will be that which the system would execute under
initial conditions which are found by simply adding the corresponding values in
the two sets of initial conditions. This theorem is of course a mere corollary of the
linearity of the equations.

.

EXERCISES
1. Integrate the following systems of equations :
(a)y Dx — Dy + ¢ = cost, D¥*x— Dy + 3z — y = ¢2¢,
(B) 83Dr + 3w+ 2y =e¢, 4r — 3Dy + 3y = 34,
(v) D —3x—4y =0, DY+ zxz4+y=0,
(5)_“___:;‘1-‘/:&, () —dt=—"2_ __ W |
: y—Tx 2x+4 by 3r+4y 2x+4+ 5y
() tDr+2@x—y)=1, tDy+z+ 5y =1t
() Dr =ny — mz, Dy = Iz — nx, Dz = mx — ly,
(0) D2t —3z—4y+3=0, Dy +z—8y+5=0,

() DPe—4DSy + 4D2r—2 =0, Diy—4D%c+4D% —y=0.

2. A particle vibrates without friction upon the inner surface of an ellipsoid.
Discuss the motion. Take the ellipsoid as

y2  (z—c)?

@ B

=1; then z:Csin(ﬁ/t+Cl>, y:Ksin(—%t+Ki>.
a

3. Samne as Ex. 2 when friction varies with the velocity.

4. Two heavy particles of equal mass are attached to a light string, one at the
middle, one at one end, and are suspended by attaching the other end of the string
to a fixed point. If the particles are slightly displaced and the oscillations take
place without friction in a vertical plane containing the fixed point, discuss the
motion.

5. If there be given two electric circuits without capacity, the equations are

iy di, di

L Ty 22+ M+ Ryiy = B,

+ M% + Ry, = E,,
dt
where i;, i, are the currents in the circuits, L, L, are the coefficients of self-
induction, R,, R, are the resistances, and M is the coefficient of mutual induction.
(@) Integrate the equations when the impressed electromotive forces E,, E, are
zero in both circuits. (8) Also when E, =0 but E; = sin pt is a periodic force.
() Discuss the cases of loose coupling, that is, where M2/L,L, is small; and the
case of close coupling, that is, where M2/L, L, is nearly unity. What values for p
are especially noteworthy when the damping is small ? i
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6. If the two circuits of Ex. 5 have capacities C;, C, and if ¢,, ¢, are the
charges on the condensers so that i, = dg,/dt, i, = dg,/dt are the currents, the
equations are

2
LAV P T L,y Bl g Y b

Vi e Tyt =Ee Lo ae Ty T,
Integrate when the resistances are negligible and E1= E,=0. If T| = 211-\/0 L,
and T, =27 4 C,L, are the perlods of the individual separate circuits and

_27rMVCC a,nd if T, = T,, show that V T? 4 6% and V T? — 62 are the

independent perlods in the coupled circuits.

7. A uniform beam of weight 6 1b. and length 2 ft. is placed orthogonally
across a rough horizontal cylinder 1 ft. in diameter. To each end of the beam is
suspended a weight of 1 1b. upon a string 1 ft. long. Solve the motion produced
by giving one of the-weights a slight horizontal velocity. Note that in finding the
kinetic energy of the beam, the beam may be considered as rotating about its
middle point (§ 39).



